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CONTROL AND SOLUTION OF "ALGEBRAIC PROBLEMS" 

Abstract. The control provokes the adaptation of the models activated by the pupil 
during the problem solving process in order to create an ad hoc model for the solution: 
we are studying the control movement (descending or ascending) during the solution 
of algebraic exercises. 

There are semantic controls linked to the objectives and meaning and syntactic 
controls linked to formai procedures and rules. 

1. Models and control 

The term control has acquired particular importance in our research: in fact, in 
problem solving the pupil recalls, uses and constructs models which suit his purpose and 
the action which links the subjective pole (what the pupil knows) to the objective pole 
(what the pupil produces) is precisely control. 

As we see it, control is therefore the action which provokes the adaptation of the 
models activated by the pupil during the problem-solving process in order to create a 
model which suits the situation, namely an ad hoc model for the problem which needs to 
be solved. 

The reference framework for the analysis of control takes into account the degree 
of structuring and the degree of applicabiHty of the models at hand, thus enabling us to 
present the following four cases: 

1. the model is formed and appropriate to the problem; 

2. the model is formed but not appropriate to the problem; 

3. the model is not formed but appropriate to the problem; 

4. the model is not formed and not appropriate to the problem. 

In case 1 (in which the model is already ad hoc) and case 4 (in which the model 
cannot become ad hoc) control is not decisive; it is in cases 2 and 3 that the pupil produces, 
or does not produce, an ad hoc model for the problem precisely due to the action of control. 
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It is therefore important to ask ourselves whether control is activated, 

- when it becomes evident; 

- what is it revealed by; 

- what is it càused by; 

- what it produces. 

On the basis of our research on control we can now affirm that: 

It appears at times when the problem is assimilated 

at times when a strategy is elaborated 

at times when a choice is acted upon 

at times when the chosen answer is verified 

at times of comparison 

at times of doubt 

at times of impasse 

It is revealed by pauses 

questions 

gestures 

re-reading the text 

tests 

It is caused by 

It produces 

the interaction between information/models/products 

conflicts between different models 

the rigidity of standard and stereotype models 

the non-appropriateness of current models 

the incomplete formation of the current model 

knowledge-related obstacles 

the choice of starting model 

the evolution of the model: adjustment/formation 

changes in the model 

changes in strategy 

When control is activated, it is manifested by descendant and ascendant dynamics'. 

descending from the mental model to the actions which produce the temporary solution; 

ascending from the solution produced to a new mental model. 

Let us return to cases 2 and 3 which were described above and examine their control 
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dynamics. In case 2 the model was formed in earlier situations, for which it was relevant, 
but it is not appropriate to the present situation and, in its present form, will not lead to 
the solution of the problem; the control is initially of the descendant type, from the pupil's 
representations to his actions, but what is produced by the pupil must provide information 
which may lead to modifìcations at the representative level, thus using an ascendant-type 
control. In case 3 the model is not formed and its subsequent construction takes place 
using an ascendant-type control whose purpose is to integrate the elements necessary to the 
solution of the problem by exploring the piane of actions; the model formed in this way 
then exerts a descendant-type control ori actions. 

The descendant/ascendant movement of control produces a series of problem-
interpretative cycles, linked to one another to form a chain of re-interpretations of the 
problem-solving situation: it is during the transition phases from one interpretation to 
another that light is thrown on the variables involved in the situation. 

2. Control in psychology 

The term control, which we have used in the analysis of the pupil's actions in 
problem-solving situations, has been taken from psychological research and transferred 
into the context of research into mathematics teaching by interpreting the psychologist's 
subjects as pupils: the problem-solving process is in fact seen nere as being centred on 
the subject/pupil in relation to whom it is possible to identify questions and results in 
psychology to be transferred to didactics so as to interpret the data observed and to construct 
a general explanation. 

In particular, we referred to the theoretical framework on which Saada-Robert 
based his interpretations of individuai problem-solving protocols, in which the cognitive 
activity in problem-solving situations is described as a microgenesis of functional units 
under construction which uses partially adapted models and leads to the formation of a 
representative ad hoc model for the problem set. During the microgenesis which constitutes 
the solution of a problem, representation fulfils the dual function of significantly linking 
appropriate knowledge and the data of the situation (translation function) and organising 
knowledge according to the conditions of the situation itself (control function). 

In Saada-Robert's own words: 

"La microgénèse de la résolution d'un problème sera envisagée ici sous un doublé 
aspect: celui des changements de significations concernant les schèmes utilisés, 
pratiques ou conceptuel (liés à des modèles formés antérieurement) et concernant 
les objets (réels ou de pensée y compris leurs relations) et celui des transformations 
de contròie, concernant Vorganisation des actions et des significations enfonction 
dubut". 
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In the passage quoted the term "schème" indicates, in line with the meaning given 
to it by Vergnaud, "la meilleure unite pour étudier la représentation", defined by Vergnaud 
himself as the "conceptualisation du réel à travers les connaissances pour agir efficacement". 

We have translated the passage from Saada-Robert as follows : 

Microgenesis of the resolution of a problem 

changes in meaning of the 
practical or conceptual 
PATTERNS USED 

better units to 
studythe 
représentation 

linked to previously 
created models transformations of control 

concerning the organisation of 
actions and meanings in 
relation to the aim 

With reference to transformations of control, Saada-Robert again emphasizes that: 

"ils'agitde transformation relatives au decoupage opere sur le problème (réduction 
heurìstique). Elles visettila formation d'un bon"objet-à-penser", d'un micromonde 
de travail privilégié, en méme temps que celle d'un prototype de résolution". 

Control therefore appears to be a set of mechanisms which organise the meanings 
constructed by the individuai during the solution of a problem, namely during the functional 
path towards its solution. 

3. Control in problem-solving 

The term control is also used by Schoenfeld who attempts to understand the nature 

of mathematica! thought through problem-solving. 
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For this purpose he focuses attention on resources, heuristics, control and belief 

systems which he presents in the following table. 

Knowledge and Behaviour Necessary for an Adequate Characterization 

of Mathematical Problem-Solving Performance 

Resources: Mathematical knowledge possessed by the individuai that can be brought to bear 
on the problem at hand 

Intuitions and informai knowledge regarding the domain 
Facts 
Algorithmic procedures 
"Routine" nonalgorithmic procedures 
Understandings (propositional knowledge) about the agreed-upon rules for working 
in the domain 

Heuristics: Strategies and techniques for making progress on unfamiliar or nonstandard 
problems; rules of thumb for effective problem solving, including: 

Drawing figures; introducing suitable notation 
Exploiting related problems 
Reformulating problems; working backwards 
Testing and verification procedures 

Control: Global decisions regarding the selection and implementation of resources and 
strategies 

Planning 
Monitoring and assessment 
Decision-making 
Conscious metacognitive acts 

Belief Systems: One's "mathematical world view", the set of (not necessarily conscious) 
determinants of an individuala behaviour 

About self 
About the environment 
About the topic 
About mathematics 

Schoenfeld writes: 

"The idea is that mathematical performance depends not only on what one knows 

but on how one uses that knowledge, and with what efficiency". 

He adds that an important factor is: 

"the set of understandings about mathematics that establish the psychological context 

within which individuals do mathematics". 

Schoenfeld pursues his research in line with this theoretical framework and analyses 

protocols by breaking them down into episodes relating to the four centres of interest 

identified above. 
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His aim is to describe the behaviour of a good problem solver; in other words, to 
construct a general model for problem solving, or a model of cognitive function during this 
activity. 

This contextdiffers from that present in our research in which the terms control 
and model assume other meanings: our observations of pupils cannot be interpreted within 
such a systematic framework. 

Nevertheless, the problem-solving terminology might be used to interpret our 
material. 

4. Algebraic manipulation 

Having interpreted algebra as a literal language, we now aim to focus attention on 
the construction and structuring stage of this language: in particular, our field of research 
is the structural aspect of literal language which gives meaning to formai transformations. 

For this purpose we will examine pupils who are thought to have overcome the letter 
introduction phase and work using literal calculation. 

This brings us to a very tricky didactic question which is worth examining; it is 

disguised by the term algebraic manipulation. 

I quote from Thorpe: 

"Whether it is the manipulation of algebraic expréssions or the manipulation of 
algebraic equations, there is room far discussion and research on how proficient 
pupils in today's technological world need to be in manìpulative skills. Just as the 
widespread availability of calculators has removed much ofthe rationalefor insisting 
on a high level ofcompetence in the algoriihmsofarithmetic, the growing availability 
of microcomputers and symbol manipulation software is about to remove much of 
the rationale far insisting that algebra pupils attain a high level of competence in 
symbol manipulation ". 
The pupil thus needs to understand which structure attributes meaning to what he 

does when he manipulates algebraic expréssions which only mean something in this context. 

And Thorpe cites Pollak: 

"They will also need to understand something about why algebraic manipulation 
worlcs, the logie behind it. In the past, such recognition skills and conceptual 
understanding have been learned as a by-product of manìpulative drill, iflearned at 
ali The challenge is now to teach skills and understanding even better while using 
the power ofmachines to avoid large time allotments to tedious drill" (Conference 
Board of the Mathematica! Sciences, 1983). 
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Manipulation is therefore what is required to pass from what one has to what one 
wants to have; it is what stems from semantic comprehension; it is what is aimed at general 
algebraic processes. 

The word manipulation is therefore freed from the negative connotation with which 
it is sometimes marked and raised to the level of useful, necessary, significant knowledge: 
when manipulating algebraic symbols one must know where they come from, what they 
mean, how and why they can be modified. The aim of algebraic teaching therefore 
shifts from acquiring skills in algebraic manipulation towards acquiring understanding at a 
conceptual level. 

5. Literal calculation as problem-solving 

The question at the basis of our research on algebraic manipulation is therefore: 
what is the control movement shown during the solution of an algebraic problem? 

The control which interests us at this stage of the research is that exercised by the 
pupil without any outside influence; in other words, it is the control which leads the pupil 
to form his own solution to the problem, which may or may not be the true one; it is 
the pupil's inner control which is brought into play between his models and his actiòns of 
symbolic writing. 

The exercises considered here are normal algebraic exercises rather than algebraic 
procedures used to solve problems of a different nature. 

The pupils, aged between 14 and 16, are observed during the manipulation of 
algebraic expressions, thinking of 

literal calculation as the problem to be solved. 

In order to create an experimental device to suit our research in which 

* control is necessary; 

** the means of control are evident, 

we chose to make the pupils work on algebra exercises 

- with a non-immediate objective, that is to say exercises in which the rules to be 
applied must be found by re-elaborating data (direct exercises), 

- involving the completion of an incomplete algebraic equality so that the equality 
becomes true (inverse exercises). 

We set the following exercises since their solution would oblige pupils to control 
themselves 
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FACTORIZE 

la)a2-b2+a3-a2b = 

16) p2 q2 p3 p2 q 

3) 4x2 - 9y2 - Ì2x4- 9.= 

4) 4a2 - 4o44- 64 - 4ab2 = 

2) y3 - x2 4- y2 - xy2 = 

56) 

66) 

COMPLETE, SO THAT THE EQUALITY BECOMES TRUE 

òa) ( ) • bx = SOx2 + 5ax 

Af "v 4* *<K 

y y4 by 

6o) ( . , . . . . ) • bx = 3x2 + I0a2x 

1 
la) 4o • ( ) = -a2x 4- lOflx2 

76) 

13) 

- ^ • 

ha ',......>.. 8 o - 3 
1 — 13) 

a 2 - l o + ' l a 2 - l 

14) 
1 •••••• 3a — x 

a — x'a. + x a2 — x2 

15) 
bb2x2 2a2-2 x 

15) 
6 ~ a-1 

8) 4o.- ( . ; . . . .) = \a2x 4- 10x2 

9) ( ) • 3x = 9x2 - Syz2x 

10) ( ) • Sx = hx2 4- 12a2z 

11) 76 • ( ) = -62x - 10a6 

12) 76- ••(.-.;...) = - 6 2 x - 1 0 a 

16) 

17) 

18) 

3x2 - 3 2ay' y 

a 
6 — 6x 

x + 1 

2a; 4- 2 z2 - 1 

106-lOo •-.. 
2a 4- 26 a2 - 62 

The pupil receives the text of the exercise with instructions to read and solve the 
exercise, thinking aloud: it is explained to the pupil that he must say what he is doing and 
what he is thinking while he is doing it, justifying what he does and thinks if and when he 
feels this is necessary, not with the idea of having to explain to others. 

The words must mediate his thoughts. 

In this way we found ourselves using the observation method known as thinking 
aloud which was first developed in the 30s but only recently gained support in concomitance 
with the construction, by cognitive psychology, of a more powerful theoretical reference 
framework (based on the ideas of information and memory) and in parallel with the 
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possibility of using more reliable recording instruments (e.g. video recorders). 

6. A problem-solving process 

The materiate used to analyse the problem-solving process are, at this stage, 

a) the pupil'swritten solution; 

b) the video recording of the entire process. 

We include a sample transcription of the materials produced in a three-column 
protocol in which the first column contains ali that was said by the solver; the second 
contains everything that the solver wrote, placed in chronological sequence with what was 
said, and indicates errors and impasses; the third column contains the interpretation of the 
problem-solving process and identifies the phases of control. 

The following protocol refers to one of the problems to be completed. 

5a 8a - 3 
a2 - 1 a + 1 ~ a2 - 1 

COMPLETE, 
SO THAT THE 
EQUALITY 
BECOMES TRUE 

I must complete this 
equality by writing 
something as the 
numerator so that the 
sum becomes true. 

- the pupil selects his 
objective 

• descending control 
semantic control 

Let me start with the 
denominator. 

- selects his strategy 
• descending control 

The denominator 
equals one of the sum's 
denominators 

• ascending control 
symbolic/perceptive 
control 

but I don't know 
where to put (a + 1) 

- is in doubt as to what 
to do 

• ascending control 
The least common 
multiple... 

- recalls a procedure 
• descending control 

(involving resources) 
Now I understand: 
I can factorize 5a 8a - 3 

1 — ( o - l ) ( a + l) ( a - l ) ( a + l) a + 1 a2 - 1 

The denominator is 
O.K. 

-

I must take ali the 
factors with the 
highest exponent 

- recalls a rule 
• descending control 

(involving resources) 
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They're equal; let me take 
the first 

I've got to find something 
that, added to the first... 
no 

using the l.c.m. I must .... 
no 

I'm writing it down 
again, as if it were 
(a2 - 1) : (a2 - 1) = 1 

1 • 5a = 5a 
I've got it; 

( a 2 - l ) : ( a + l ) = a 2 - l ; 
no 
(a2 - 1) : (a + 1) = a - 1 

I've got to find a number 
that, when multiplied by 
(a + 1), is right when added 
to 5a; 

8a; 
so I've got to find 3a 

perhaps it's ... -f 

This gives me (a — 1) 

That -3 must be in the 
second addendum; 

which means it's +3 

no... 
it must end up as - 3 . 

Let me write it down again; 
perhaps it'll come to mind. 
I must find a number that 
added... 

ERROR 

ERROR 

BLOCK produced by the 
addition that guides the solution 

5 a + +3 _ 8 a - 3 
o 2 - l ~ a2 - 1 

- comes back to the 
objective 

• descending control 
semantic control 

- comes back to l.c.m. 
• descending control 

- applies a rule 
• descending control 

(involving resources) 

• ascending control 
• descending control 

syntactic control 

• descending control 
syntactic control 

• ascending control 
(from the objective) 

• descending control 
syntactic control 

• ascending control 
textual control 

- comes back to the 
objective to overcome 
the obstacle: the 
meaning remains the 
same 
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I can take this away from 
tha t 

This is wrong; it can't be 
do ne; it 's wrong because it 
won't give 1....; 
do ne in this way it's wrong 

If Pm left with (a - 1) 
(a + 1) , . . . 
it'll give Sa 

Perhaps I've got it now 

ba 8 a - 3 

a2 - 1 a2 - 1 

BLOCK créated by the compa-
rison of the denominators a2 — 1 
and a + 1 which differ from each 
other. 

5a 
+ ( a - l ) ( a + l ) a + 1 

5a 8 a - 3 
+ ( a - l ) ( a + l ) a + 1 

5a 
+ 

a" - l 
8 a - 3 

( a - l ) ( a + l) a + 1 a2 - 1 

5a + 3a - 3 8a - 3 

a 2 - l a 2 - l 

- changes strategy 

• ascending 
control 
symbolic/perceptive 
control 

uses the previous 
strategy again 

- returns to the 
addition 

- rewrites the text 
and completes the 
solution correctly 
by writing 3 in the 
empty space 

- checks the solution 
• descending control 

syntactic control 

Protocols constructed in this way allow a sequential interpretation of the problem-
solving process: they entail the "real time" involvement of strategies - resources - controls 
which influence one another throughout the entire process. 

7. Interpretation of problem-solving process 

From the synchronous interpretation of strategies - resources, - controls provided 
by the protocols it is possible to pass to overall interpretations relating to one of the above 
aspects; these are constructed by working back over the entire problem-solving process in 
question. 

For example, a possible interpretation concerning strategies, taken from the protocol 
reported above, is represented in the following diagram (see next page). 

It can be seen that, from the point ofview ofpupils' strategies, the problem-solving 
process may be likened to a series ofopen cycles, each of which starts with a representation 
of the problem (which prompts the pupil to proceed at the level of actions) and leads to 
a new representation (matured from what it has produced). Each cycle corresponds to a 
temporary representation of the problem, one within which the pUpil is working at the time. 
From this point of view the solution ofa problem appears to be a series of reinterpretations 
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what 
resources 
dolneed? 

Jr-

objective: verìfy the equality 

U: addition of fractions «- subtraction of fractions 

common denominata 

H-> Lem. 

te factorization 

difference of squares 
as a product 

T 

Howdoluse 
them? 

which result in the adjustment of the starting model until an adequate model is produced: 
control is the action which links the two levels of organisation of thought and the products 
of actions with an ascending and descending movement. 

If we turn our attention, on the other hand, to the resources required for the task (both 
in terms of knowledge, but also knowing how to use knowledge), a possible interpretation 
of the protocol illustrated earlier is given in the following diagram (see next page), which 
translates the successive steps of the problem-solving process (taken more from the spoken 
than the written record). 

It can be seen that the organisation of resources is hierarchical and corresponds 
to a breakdown of the general objective info sub-objectives: control acts as a descendant-
type control at the moment of the choice of resources and their instrumentai use for the 
attainment of the objective, and as an ascendant-type control during the stage when the 
resources are adapted to the context of the problem to be solved. 

The analysis of the transformations of control in the above protocol confirms our 
overall affirmation: control is manifested in the choice and elaboration of strategies, during 
the recali and use of theoretical knowledge and rules, the comparison with objectives and 
verifìcation, doubt and impasse at the level of semantic and syntactic anticipated thinking 
and action, the correcting of errors made; control is revealed by pauses, re- reading the 
text, attempted answers, changes in writing; control is caused by the rigidity of the model 
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cholceof strategy 
focused on addition 

Asc. 

CONTROL 

Oesc. 

passage to strategy 
focused on subtraction 

partial writings which 
record what is 
produced working by 
attempted anticipateci 
thinking 

IMPASSE 

return to strategy 
focused on addition 

compiete writing 
focused on subtrac­
tion which allows 
structured anticipateci 
thinking 

ORGANIZATION 

writing of the resuìt 
which is the solution 
of the exercise and 
verification 

SUCCESS 

focused on addition which allows only one procedure to be elaborated by trial and error, by 
the interference between différent interpretations of a text, by the understanding of formai 
texts; control causes the choice of the starting strategy and its internai sub-objectives, the 
passage to the model focused on subtraction with the subsequent recovery of the strategy 
focused on addition, the correcting of errors at a syntactic level and of the "impasse" created 
by the + sign relating to the addition which "guides" the solution under the influence of 
the objective of the exercise. 

There are semantic controls linked to the objectives and meanings, and syntactic 
controls linked to formai procedures and rules. 

In conclusion, it may be said that the problem-solving process is a complex system 
whose analysis requires the use of concepts and languages taken from more than one 
interpretative sector: our analysis of the protocols is based on the individuala cognitive 
reinterpretation of the situation which can be described using the key words of problem-
solving. 
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