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Differential Geometry

F. Tricerri

LOCALLY HOMOGENEOUS RIEMANNIAN
MANIFOLDS

Abstra'et. A Riemannian manifold is locally homogeneous if the pseudogroup
of the local isometries acts transitively on it. A complete locally homogeneous
Riemannian manifold is locally isometric to a globally homo'geneous
Riemannian space. This is not longer true if we drops the completeness
-aésumption The aim of the present paper is to dlscuss this phenomenon

 in some detail.

1. In’trc'iduc_ti_on'

A Riemannian -manifold (M g) is locally homogeneous if the
pseudogroup of the local isometries acts transitively on it.

I (M,g) is in- addition complete, then its universal Rlema,nma,n
covermg is globally homogeneous. Therefore, (M,g) is loca.lly isometric to
a Riemannian homogeneous space G/H, endowed with a G-invariant metric.

This is no longer true if we drop the completeness assumptlon In fa.ct
in such a case, there exist locally homogeneous Riemannian manifolds which
are not locally isometric to any Riemannian homogeneous spa.ces (see [3] [5] -
and {9]).

The aim of the present paper is to discuss this phenomenon in some
detail.

Qur approach is .developping as follows.

We start by recalling that (M,g) is locally homogeneous if and 6nly if
there exists a metric linear connection V with parallel torsion and curvature
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_ _tensor ﬁelds {we say that V is mvamant by paraﬂehsm or that it is an Ambrose-
Smger co:mect:on) |

To each connection of thls kind it is possﬂ)Ie to a,tta.ch an a,lgebralc
ob ject, the so—ca.lled mﬁmtesunal model. Conversely, to each infinitesimal
‘model corresponds a umquely deﬁned (up to local isometries) locally
_homogeneous Riemannian manifold (see [5] and section 2). o

The Nomlzu construction associates to each infinitesimal model (and

therefore to each Ambrose Smger connectlon) a Lie algebra g together witha

reductive decomposmon p=Vah(hisa suba,lgebra. of gand [h, V] C V) The
infinitesimal model is regular if the connected subgroup H, with Lie algebra
b, of the simply connected Lie group G, whose Lie algebra is g, is closed in G.
- In such a case, the locally homogeneous Riemannian manifold (M, g) is locally

. lsometnc to the homogeneous space G/H endowed with a smta.ble G-invariant -

Riemannian metric (section 2).

" The converse also holds and it will be proved i in section 5 (see Theorem
5.2, which is a slightly 1mprovement of a result of A. Spiro. Its proof is
msplred by [10]) The key point in proving these results i is the existence of the
canonical AS-connection (see[4] and section 4). This connection is a purely
Rlema,nma,n invariant. In particular, the Lie algebra go assocw.ted with it
~via the Nomizu construction is isomorphic to the Lie algebra of the Killing
generators introduced by K. Nomizu in [7]. Recall that in the case of a simply
connected homogeneous space this a,lgebra. is isomorphic to the L1e algebra of
the 1sometry group (see [7] and n.4). | -

It follows - from Theorem 5.2 tha,t, lf (M g) is loca,lly 1sometnc to a
globally homogeneous Riemannian space, then all the 1nﬁn1te51ma.l mooels :
a,ssocmted with it are ‘regular. Moreover, 1t is also possible to prove

~ that the trensvect:on algebra. of each infinitesimal model is regula,r” (see

Theorem 6.1). This gives at once the existence of simple examples of locally
homogeneous R1emanman manifolds which are not isometric to any globally

homogeneous Rlema.nma.n space (see section 6). o

~ As remarked by O. Kowalski (see the introduction and Rema.rk 4.3
of [5]), these examples show that there exist manifolds endowed with a
linear connection with parallel torsion and curvature which are not affinely
djffeomorphlc to any reductlve homogeneous space (in contrast with the claim
of [6] p.60).



413

2. Géneral facts
' The ba.sxc facts about locally homogeneous Rlema,nman ma.mfolds is
conta.med m the followmg theorem '

THEOREM 2.1. A Rlema.nman manifold (M g) is locally homogeneous_ -

if a,nd only if there exrsts a metric connection V such that
(2.1) . VI'=VR' =0,

Where T and R' are the torsion and the curvature of the connection V.

Proof If such a connection v exists, then the pa.ra.llel transport (w.r.
to V) along a curve connectmg two points p and ¢ can be extended to a -
local isometry f sending p to ¢ (see f. ex. [11]). Conversely, the canonical
‘connection constructed in [4] (see also section 4) always satisfies (2.1).
Each connection satisfying (2.1) is called an Ambrose-Singer connection
or brleﬂy an AS-connection.
- Each AS-connection has a Ila.tura,l a.ssoma.ted algebraac object, na,mely
its infinitesimal model. _
An mﬁmtestmal model on Euclidean vector space V endowed with the
inner product <>isa paar (T, K) of tensors on V,
T:V— End(V) X —>TX,
K:VxV—Ead(V), (X,Y)— Kxy
such that | | |
(2.2) TxY = -TyX, Kxy = -Kyx .
(23) (KxyZ,W)+(KxyW,Z)=0.
(24) Kxy -T=Kxy -K=0. |
(2.5) KxyZ+ KyzX+KzxY +Tr,yZ +Tr,zX +Tr,xY =0.
(2.6) KryvZ+ Kp,zX + I(szY =0. |

In (2.4) K xy is acting as derivation on the tensors.
Two ‘infinitesimal models (T,K) on V, and (T',K') on V', are
isomorphic if there exists an isometry F': V — V' such that

Tpx FY = FTxY
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; a‘,n('lll_. |
| - KpxpyFZ = F-Ii'XyZ
- The mﬁmtesxma,l model a,ssocxa.ted with an AS- connectlon V is defined -
by ta.kmg V= = TpM and putting <>= gp, T= T' K =R,. In fact (2.2) and

 (2.3)are t11v1a,lly satisfied. The Ricci identities glve (2.4). Moreover (2.5) and
(2.6) follow from the Bianchi identities.

- Of course, if we choose another point p of M, we get simply an
mﬁm tesimal model which is Zisomorphic to the prewous one.. :

Conversely we have

THEOREM 2. 2. ([5]). Let (T, Ix) be an infinitesimal model on V. Then,

there exists a Iocally homogeneous Riemannian manifold (M,g) and an AS- -

connection V on it, whose infinitesimal model is JSomorphm to the given one.
Moreover, (M g) is umquely defined up to local isometries. |

“Two locally homogeneous Riemannian mamfolds (M,g) and (M 'q)
with isomorphic mf_imtesnma,l models are locally isometric. ~Indeed, any
isometry F between V. = T,M and V' = Ty, M', preserving (T,K)
and (T'-_, K '), can be extended to a local affine dnﬂ'eomorplusm f between
the corresponding AS-connections V and V' on (M,g) and (M',¢'). This
 diffeomorfism turns out to be an lsometry, because its dlﬂ'erentla.l at p coincides
with the isometry F (see f.ex. [11]). |

" We refer to [10] for a proof of Theorem 2.2 by using the theory of
: tra.nsforma,t:on pseudogroups.

- The Nomizu construction associates -a Lle algebra. g W1th edC]l'
' 'mﬁmte&mal model (T, K) on V in the following way. Let so(v) be the Lie

_ a.lgebra of the skewsymmetnc endomorphxsms of V. Let h be the suba,lgebra, '
~of s0(v) defined by

(2.7) h= {A Eso(v)/A T=AK= 0}

Note that K XY is an element of h for all X, Y. Then, the Lie algebra g
is the direct sum of V and b endowed with the following brackets

(2.8) | [X,Y]=-TxY + Kxy ,
(29 [A,X] = A(X),
(2.10) [A,B]= AB - BA,
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where X Y are elements of V and A B belong to h

Let G’ be the connected and simply connected Lie group whose L1e ; _' _

algebra. is g and H its connected subgroup corresponding to h. If H i is cIosed
in G, then the infinitesimal model is called regular.

In such a case, the locally homogeneous Riemannian mamfold (M, q)
associated with (T, K) in the sense of Theorem 2.2 is locally isometric to the
~ homogeneous space G/ H endowed with the G-mvarla,nt; metric induced by the
inner product of V. In fact, g = V@ b is a reductive decomposition of the
Lie algebra of G. Then, the “canonical connection of second kind” associated
w1th this decomposition is an AS-connection, whose torsion and curvature
~ at the origin O coincide with 7' and K (see [2] vol. II). Therefore, (M, g) is
locally lsometnc toG/H.

The converse holds, but it is a more dellca,te question and it will be
proved only in section 5.

3. The AS-cdnnectioné-

Some technical facts conéelning AS-connections, their infinitesimal
models and the Lie algebras obtained by the Nomizu. construction will be
useful in the sequel. We collect and prove them in this section.

Let V be an AS-connection on (M, g). Denote by D the Lev1 Civita
connectlon of the metuc g and put

(3.1) __ - §'=v-D.

Then the torsion of V is given by

(3.2) | T,Y = §4Y — §L.X,
and
(33)  2(SkY,Z) = g(TXY, 2) - o(TY 2, X) + (THX,Y),

for any vector fields X,Y,Z on M. Since Vg = 0, from (3.2) and (3.3) we
get at-once thatV7T' = 0 if and only if VS’ = 0. On the other hand, the
curvatures of V and D are related by :

(3.4) Rxy = Ryy ~ [Sx:Syl+ 51,y -



‘Hence, from .V""R'_ = 0, we get
a5 ~ VR=0.
o More in gené'r_al,f we ha.vé
| PRO-POSITIO&_ 3.1, Lé_t v -bé an A.S'-‘éb_n.necﬁon._on (M,g). Then,
|  V(D™R)=0 |
for all m 20 |

. Proof. Asremarked above, the proposition is true if m = 0. We prove
that it is true for all m by induction on m. Let V(D”‘R) be equal to zero for
all r < m-— 1. Then , we have

(VD RN Tr - Tons) = X (S5 D™ B)) o Tins)
+(Sgy vy D™ IR)(Yg, o Ymga) + (8% - D" RYVxYa,.. ., Yimga)
oot (85 DUTIRY(Y:, ., Ymga) = =V (8%, - D™ R)) (Ya,. ., Vi)
+ (S, 1 -D_’“fIRR(Yz_,...,YmH) - | |
= ((S%m ~[Vx, 8] - D™ R)'(Yza R
since Vy D™= 1R 0. Now, recall that |
'(36) . (VxS')y = - [V, Syl - Suyv -

Then, _the propomtxon follows at once from V.S" =0
~ Asan lmmedxa,te corolla,ry we get '

__ PROPOSITION 3.2. Let V be an AS- connectlon on (M,g). Then, the
drﬂ'erence tensor ﬁeld §h = V D satisfies.

DX(DmR) = —SX -D™R,
forall m > 0. | |

A simple computation also gives -
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PRrOPOSITION 3.3. Let V be an A.S' connection on (M g) a.nd let A._
be any endomorph:sm of T,M. Then .

(A : (Dm+1.fz)p) (Xo, Xa, .. S &)
= (1A, Si,] + Sx) - (D™ B)p ) (X, s Xmga)
+ (S, - (A (D™R)p) X1, s Xnsa)
for all tangent vectbre Xo, X1,..., X mta at p. |
Finally, we have | |
PROPOSITION 3.4. Let V be an AS-connection, §' = V — D and

(T, K) its_inﬁnites’imeﬂ model on V. = TpM. Let A be an element of
={Aeso(v)/A-T = A - K =0}, then A- (DmR)p = 0 for all m 2 0.

Proof. Let S be the value of § at p. If A is an element of b, from (3. 3)
and A-T = A.(T,) =0, we get

A-5=0.
On the other hand, A-K = A- R, = 0. Then, (3.4) implies
A 'Rp = 0 B

. Hence, Pr0p031t10n 3.3 and an inductive argument give A- (DmR)p = 0_-
for all m > 0. ' . _

4. The canonical connection
Among the AS-connections of a locally homogeneous Riemannian -

‘manifold (M,g) there exists one which is canonically defined. In order to |

describe this connection we need some more concepts. '

For each integer r > 0, let a(p, r) be the Lie subalgebra of 50(TPM)
defined by

(41)  o(p,r) = (A€ s0(TyM)/A-D™Ry=0,0< m <1},
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where D°R - R. These L1e a,lgebra,s give rise to a ﬁltra.tlon of 50(TpM ) Let
k(p) be the first integer for which .

(42) . o (p,k(p)) _g(p,k(p)+1)

In general k(p) varies from ‘point to pomt But, since (M g) is locally
hiomogeneous, k(p) = k is a constant. We call this mteger the Singer invariant

of (M,g)(k < 3n, see [1] p. 165)

Denote by h(p) the Lie algebra g(p,k) = g(p,k + 1). Let h(p)"' be the
orthogonal complement of h(p) in 50(TpM ) w.r.t. the scalar product mduced

by the metric gp- In other words, __

r)(p)l {A € ao(TpM)/tra.ce(AB) =0 for all B € b(p)}.
Note that lj(p) is adyy)-invariant, since _
t.r;a.ce([A, B],.B') = —trace([B, B'], A)
for &ll A, B,B' in s0(TyM). |

THEOREM 4.1, ([5]) Let (M, g) be a locally homogeneous Riemannian
‘manifold. Then, there exists a umque AS-connection Vg such that, for all p
inM, :

Se € b(P)J'

- where So = Vo - D is the d:fference tensor field between Vo and the Lew
: _C:wta connect:on D. :

| Tlus connection is called the canonical AS-connection of (M, g).

The Lie algebra g, associated with the canonical connection by the
Nomlzu construction has several remarkable properties.

Denote by (To, K o) the mﬁnlteSImaJ model on V = TpM associated with
'VO(TO = (Tg)p, Ko = (RO)P)
" Then, we have

PROPOSITION 4.2. The subalgebra, go={AE€ so(v)/A To=A-Kog="
=0} of go coincides with g(p).
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Proof. By Proposition 3. 4 we have ho C b(p). Thus, it remains to
prove that h(p) is contained in ho. Let A be an element of b(p). Since
h(p) = g(p,k) = g(p,k + 1), from Proposxtlon 3.3 we get |

(14, (S0)el + (So)s ) - (D™ R), =
for all m < k where So = (So)p Therefore, |
(4, (S0)e] + (50)az € 'J(P)

- On the other hand, (S5) 4x is an el'emen!; of f)(p)'L

" Moreover, h(p)L is ady(py- Jnva.rlant Hence, also [A, (5g)z] is-an element
of f)(p) It follows that

(A-S0)x = [4,(So)x]+ (So)ax = 0.

Then, (3.2) and (3.4) imply that A € ho as claimed..
As a corolla,ry we have

PROPOSITION 4.3. IfAc f](p) = _q(p, k) = o(p, k -f--l), then
| A-(D™R),=0
for all m > 0 (and not only form < k+1).

~ Following K Nomizu [7], we s&y that a pair (X A) where X i isa tangent
vector at pand A € 50(TpM ) isa Kjllmg generator at p if

(4.3) 3 A-(D™R), = (—DX(DmR)) :
for all m > 0. The set ¢(p) of the Killing generators at pis a Lie algebra w.r.t.
the following bracket | | .

(44 [(X.4),(7.B)] = [A(Y) - B,y + 1A, B]]_ .

Of course, this notion is meaningful for any Riemannian manifold (M, g).
In such a casey ¥(p) may vary with p. But, if (M,g) is locally homogeneous,
then all the Lie algebras €(p) are isomorphic and we have
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PROPOSITION 4.4. The L:e algebra, go associated with the ca,nomca,l
connection Vg of a locally homogeneous Riemannian manifold (M,g) is
1somorphm to the Lie algebra E(p) of the Klllmg generators at some pomt '
P of M. ' : :

Proof Proposmon 3:2 1mp11es that ( , (So) X) is a Killiﬁg generator
at p, for each tangent vector X. ' '
Hence, if (X Al ) is a.nother Klllmg generator at P,

A A - (Sl))X

in an element of f](p) = bo. Therefore, X + A is a well- defined element of
go=V @ ho- Define : :

(4.5) | - '__¢(X,,_4')'=X+A.

Then, ¢ is an injective linea,r' map of &(p) into go. This map. is also
surjective. In fact, if A € b(p) = bo, then (X A+ (S{]) )_is a Killing
generator at p, since

(A+(So)x) - (D™R)p = ~(S)x - (D™ R)y
:for_ allm >0 (Proposition 4.3). Then, |
| | qb(X A+(So)x)—X+A

. Fma,lly, ¢> is a morplusm of Lie algebras. Na,mely, if ¢(X Al ) '
X+ A qS(YB’) Y + B, wehave

([, B')]) (4v) - B(x), (Rp)xy+[A'B])
= {40) - BX) ~ (So)xY + (So)y X, (Bp)xy + [(So)x (so)y]
- [ASoy] + [B.(s0x] +14,8). |

| sin_ce-. A-5=0,weget

(SD)AY—BX—(SO)XYHSO)X = [A,(So)Y]
- [Ba (So)x] — (SO)(To)XY '
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Then, L |
o([x, 4),(%,B)]) = (A@) - BX) - (To)XY}
(ko)xy + (4, B])
by (34). Hence, o
| ¢([(X A’),(Y,B’)D = [qﬁ(X; A, 9(Y, B")]. |

as claimed. : _
For next applications, the followilig proposition will be useful.

ProposiTion 4.5. I (M,g) is a simply-connected homogeneotis
Riemannian manifold, then the Lie algebra of its isometry group (i.e., the
Lie algebra of the Killing vector fields) is isomorphic to the Lie algebra of the -
Killing generators B(p) -

This result follows at once from the Corolla,ry at page 117 of [7], by

taking in account that all the points of a homogeneous Rlemanma.n mamfold
are “regular”.

5. Local and global homogeneity

| The infinitesimal model associated with the canonical AS- connection Vo
of a locally homogeneous Rlemanma,n ma,rufold (M g) will be called canonical .
mﬁmtes;mal mode] Then, we have

TuroreM 5.1. ([10)) If (M,g) is locally isometric to a globally
~ homogeneous Riemannian ma,mfold (M ',g ), then its ca,nomca.l mﬁmtemmal
model is regular.

~ Proof. 1t is not restrictive to _suppose M’ simply connected. |
Then, M' = G/H, where G is the connected component of its isometry

group and H is the 1sot10py group of some pomt O of M . Of course, H is
closed in G.



: Let G' be the umversa,l covenng groupof G. Denote by 7 the projection
o of G' onto G. Then, G’ a.cts isometrically on M! as follows.

G xM'—>M' (a,p)—rﬂ'(a)(p)

| The isotropy group H of O in G is dr‘l(H) Hence, H’ is closed in
G and connected, since G' and H' are simply connected. G and G' have
isomorphic Lie a,lgebra,s and also H and H'. Because of Theorem 4.5, the Lie
algebra of G' is isomorphic to the Lie algebra of the I\lllmg generators E' (0)
of (M',4q"). | -
~ On the other llalld ¥(0) is lSOﬂlDlpth to E(p) since (M, g) and (M',¢")
are locally isometric. Therefore, the Lie algebra of G' is isomorphic to go
(Proposition 4.4). Moreover, the Lie algebra of H' is lsomorphlc to the Lie
subalgebra of ¥(p), whose elements are the Killing generators at p of type
(0,A). Hence, it is isomorphic to the subalgebra g of g. |
Since H' is closed in G', the canonical infinitesimal model is regular.
The previous result can be extended to each AS-connection. In fact we
have. _ T

THEOREM 5.2. Let V be any AS-connection on (M,g). If (M,g)
is locally isometric to a globally homogeneous Riemannian space, then the
infinitesimal model a,ssocmted to V is regular. '

Proof We shall get a contradiction by supposmg that the mﬁmtesnma.l
-model associated to V is not regul.—u‘ :

Let g and go be the Lie a,lgeblas a,ssocmted to V and Vg by the Nomizu
- comstruction. We have : : _

- 'g—Veango—-VQho, | .
gince h isa L1e quba.lgebra, of ho (Proposition 3.4 and Proposmon 4. 2)

Let Go be the simply connected Lie group whose Lie algebra. is
gg. Denote by G the connected Lie subgroup of Gy corresponding to the
subalgebra g. Let G be the universal covering group of G and 7 the projection |
of G on G (covering map). Let H be the connected subgroup of G, whose Lle'
~ algebra is h. The sxtua,tlon is summarized by the following diagram:
' H C G

TrIl I
H=7r(H) ¢ GCGo
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| If H is not closed, then H is connected but not closed in G. Otherwise

"l(H ) and H should be closed in G. Namely, 7 is continous and H is just
the connected component of the identity of w“‘(H ). On the other hand, the
“topology of G is finer than the induced topology Therefore, the subgroup H
cannot be closed in Gy too.

Denote by HG0 and HE the closures of H in Go and in Q, respectwely
(i.e., the smallest closed subgroups of Go and G containing H). Of course,
these groups are connected. Let Hg be the connected subgroup of Go, whose
Lie algebra is ho. Hy is closed since the ca,nomca,l 111ﬁ1ute31ma.l model is regular.
Then we have ' B

HcHEC HS nGgCc HO C 1l C Gy,

wh.ere the first i.nclﬁsion is proper. By considering the oorreSpondihg Lie

algebras, we get | | : : _
ho 2 Lie (HE) > p

“and |

g2 Lie (HE)>h.

Therefore, h = hoN g D b, which is a contradiction.

6 Constru_c_t_ion_ of the examples

1t follows from Theorem 5.2 that it is sufficient to _produce a non-
regular infinitesimal model in order to get an oxamplé of locally homogeneous
Riemannian ma,mfold which cannot be locally isometric to any Rlemanman
homogeneous space. -

But the construction of the Lie algebra g = V & b sta.rtmg from the
infinitesimal model (T, K) could not be an easy task. In fact, it requires the
computation of fj, which may be unpleasent.

In order to avoid these problems, and to get mmple exa,mples, we follow
an idea of O. Kowalski (see [3]).

Let (T, K') be any infinitesimal model on V. From 2. 4 we get

(6.1) (Kxy,Kzv] = Kgevzv + Iszfxy_v :
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- There'fore, the opera.tors Kxy span a subalgebra §' of § = {4 e -
| 30(’-’-’)/:4 T=A-K "“0} Hence . o

9—V®h

isa suba.lgebra, of g ThlS is called the transvection algebra of (T, Ix)

" Let G' be the mmply connected Lie group whose Lie a,lgebla is g. and
H' its connected subgroup correspondmg to B’ Then we have

- THEOREM 6.1, If the locally homogeneous Rfema,nma,n maanifold
(M ; g) associated with the infinitesimal model (T,K) is locally isometric to a
Riemannian homogeneous space (i.e., if (T K) is regular), then H' is closed

in G'. -
Thrs theorem is essentla.lly due to 0. Kowa,lskr [3]
We provide here a direct proof

roof The infinitesimal model is regular. Therefore, (M, g) is loca,lly
isometric to G [H, where G is the simply connected Lie group corresponding
to the Lie algebra g = V @ and, as usual, h = {4 € 50(v)/A-T = A-K = 0}.
G /H carries an AS- connection V whose torsion and curvature at the origin
O coincide with T' and K (V is identified with To(G/H) in the usual way). It
is the “canonical” connection correspondmg to the reductive decomposition
g = V &b (see section 2). Then; also the transvection group of V and its -
universal covering are acting tra,nsitively on G/ H by isometries. The universal
covering of the transvection group of V is iSomorphie to G'. Moreover, H' is
~ closed in G’ as showed by the Lemma 1.19, p.28 of [11] (see also the rema,rk'
- at page 31 which cha.ra.ctenzes the Lie algebra. of the group G') and therefore

the theorem is proved. . :

We shall finish by producmg a sunple example.

~Let G be the product SU(2) x SU (2) and H its (one pa.ra.meter)
subgroup of the dlagonal matrices of I:he form : o

_ em:t- .
_ e—wzt
' eiﬁt _ : y

e—i8t

where a, 3 are constant and 3 # 0. If the ratio a/ﬂ is irrational, then H is
not closed in G. -
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Let g = su(2) @ su(2) be the L1e a.lgebra, of G and l) its subalgebra.-

. correspondlng to H.

- Let V be the orthogonal complement of h w.r.t. the Klllmg form of g..
Define T and K by _

'(q.’z) | - TyY = [X Y]V ,
(6.3) - Kxy=adxy),

where (X, Y]V and [X, Y]f] denote the pro _]eCtIOIlS of the bracket [X Y] on V
and b, respectlvely

It is easy verified tha.t (T K)is an mﬁmtes;ma,l model onV. Moreover
the transvection algebra g’ associated to (T, K) in the sense described above
is isomorphic to g. Therefore, (T IS) is non-regular if o/ (3 is irrational..

This example can be easily generalized. Na,mely, let G be a simply -
connected Lie group. Let H be a connected subgroup of G such that there
exists a reductive decomposition g = V- EB b of the Lie algebra g of G (h is
the Lie algebra of H and [h,V] C V). Suppose that there exists an Ad(H)-
invariant inner product <> on V. Moreover, let _

ad'b———>adh,X——>adX,

be an lsomorphlsm If we define T and K by (6.2) and (6 3), we get an
infinitesimal model on V. Its transvectmn algebra is isomorphic to g and
therefore (T, K) is non-regular as soon as H is not closed in G.
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