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CONTINUED FRACTIONS AND FACTORING

Abstract. Legendre found that the continued fraction expansion of /N having odd period
leads directly to an explicit representation of N as the sum of two squares. Similarly, it is
shown here that the continued fraction expansion of v/N having even period directly pro-
duces a factor of a composite N. Shanks’ infrastructural method is then revisited, and some
consequences of its application to factorization by means of the continued fraction expansion
of /N are derived.
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1. Introduction

Continued fractions have always held great fascination, for both aesthetic reasons and
practical purposes. Among the many clever properties of periodic continued fractions,
Legendre found how to obtain the representation of an integer N as the sum of two
squares, in his own words, "sans aucun tdtonnement" from the continued fraction ex-
pansion of v/N when the period is odd [11]. In particular, this property holds for any
prime p congruent 1 modulo 4, [11, 16]. As a kind of counterpart to Legendre’s finding,
this paper shows how to obtain a factor of a composite N directly from the continued
fraction expansion of v/N when the period is even. In particular, this is certainly possi-
ble when both prime factors of N are congruent 3 modulo 4.

Based on this result, derived from peculiar properties of continued fraction convergents,
and on an adaptation of Shanks’ infrastructural machinery, a factoring algorithm is pro-
posed whose complexity depends on the accuracy of the evaluation of certain integrals
of Dirichlet’s. The paper is organized as follows. Section 2 summarizes the properties
of the continued fraction expansion of v/N. In Section 3, some new properties of the
convergents are proved, and Shanks’ infrastructural method is revisited and applied to
a sequence of quadratic forms generated from the convergent of the continued fraction
expansion of /N. Section 4 discusses the factorization of composite numbers N when
the period of the continued fraction expansion of /N is even. Lastly, Section 5 briefly
reports some conclusions.

2. Preliminaries

A regular continued fraction is an expression of the form

ey ap +



84 M. Elia

where ag, ai, as,...,a;,... is a sequence, possibly infinite, of positive integers. A

convergent of a continued fraction is a sequence of fractions %, each of which is
m

obtained by truncating the continued fraction at the m-th term. The fraction 2—:; is
called the m-th convergent [5, 8, 12]. The first few initial terms of the convergent of ()
are

@ _ 4o zﬂ __apa; +1 12 _apaiay +ap+ay

BO_ 1’ Bl_ ay ’ Bz_ ajar +1 T
Numerators and denominators of the m-th convergent satisfy the second-order recur-
rences

Ay = apAm—1+An_> Ag=ag, Al =apa; +1

2 m mtim n bl ) , v m > 2;
@ { By = amBy—1+ B2 , Bo=1, Bi=a -

further, we have [5, p.85] the relationships

(3) AuBp_1 —Ap_1Bn = (71)”’71

(4) AmBmfz _Amszm = (_1)M72am .

Equation @) shows that numerator and denominator of the m-th convergent are rela-
tively prime.

A continued fraction is said to be definitively periodic, with period 7, if, starting from
a finite n,, a fixed pattern af, db,...,d, repeats indefinitely. Lagrange showed that
any definitively periodic continued fraction represents a positive number of the form
a+bv/N,a,bcQ,ie. an element of F = Q(v/N), and conversely that any such pos-
itive number is represented by a definitively periodic continued fraction [5, 16]. The
maximal order of F is denoted Op. Let G(F/Q) = {1,6} be the Galois group of F over
Q, where 1 denotes the group identity, and the action of the automorphism o, called
conjugation, is defined as 6(a + bv/N) = a — by/N. The field norm Np(a) of a € I is
defined to be Ny(a) = ac(a).

In the continued fraction expansion of \/N, the period of length T begins immedi-
ately after the first term ag, and consists of a palindromic part formed by T — 1 terms
ai,an,...,az,a;, followed by 2ag. Periodic continued fractions of this sort are con-
ventionally written in the form

) VN = [ag,a1,az,. .., a2,a1,2a0] ,

where the over-lined part is the period. Note that the period of the irrational N

starts immediately without anti-period; in this case, the continued fraction is called
purely periodic and is denoted [ay,az,...,a2,a1,2ag).

ao+\/ﬁ
)

Carr’s book [2, p.70-71] gives a good collection of properties of the continued fraction
expansion of /N, which are summarized in the following, with the addition of some
properties taken from [5, 16, 13]:
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1. Let ¢, and r, be the elements of two sequences of positive integers defined by
the relation

VNten o e
T'n " \/N+Cn+l

with ¢ = L\/NJ ,and ro =N — a%; the elements of the sequence ay,as,...,a,...
are thus obtained as the integer parts of the left-side fraction

= |2

I'n

(6)

2. Let ap = |V/N| be initially computed, and set ¢y = ag, ro = N — a%, then se-
quences {cy }n>0 and {r, },>0 are produced by the recursions
(N

N—c2
m+1
am+1 = \\ R o

ap+cm

J s Cm+1 = m+1Ym — Cm s Fm+1 =
r"l

'm

These recursive equations, together with @), allow us to compute the sequence
{am }m>1 using rational arithmetical operations; however, the iterations may be
stopped when a,, = 2ag, having completed a period.

3. The n-th convergent to v/N can be recursively computed as

(8) ﬂ _ anAnfl +An72 n> 1 7
Bn aanfl +Bn72

with initial conditions A_y =1,B_; =0, Ag = ag, and By = 1.

4. The sequence of ratios 2—: assumes the limit value /N as n goes to infinity, due
to the inequality
1

9
Ban-H

‘A"—\/ﬁ‘<
B,

since A, and B, go to infinity along with n. Furthermore, A VN, if n is even,

and /;—Z > /N if n is odd [8, p-132]. Therefore, any convergent of even index is
smaller than any convergent of odd index.

5. The true value of /N is the value which (§) becomes when the "approximated"
quotient a,, as defined in (B), is substituted with the complete quotient %
This gives

VN — (VN + cn1)An_1 + ra_1An—

(\/N+ Cn—1 )Bn—l +rp-1By2 ’

6. The value ¢y = ag is the greatest value that ¢, may assume. No a, or r, can be
greater than 2ay.
If r, = 1 then a,+| = aop. For all n greater than 0, we have ag — ¢, < ry,.
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7. The first complete quotient that is repeated is %, and ay, ro, and ¢y com-
mence each cycle of repeated terms.

8. Through the first period (or cycle) of length 7, the elements a;_;, rr_;_», and
¢r—j1 are respectively equal to aj, rj, and c;.

9. The period length cannot be greater than Za%. This bound is very loose and was
tightened by Kraitchik [17, p.95], who showed that T is upper bounded by

9) 0.72V/NInN N>7 .

However, the period length has irregular behavior as a function of N, because it
may assume any value from 1, when N = M? +1, to values close to the order
O(v/NInN) [16].

10. The element ¢, = A, + B,v/N € OF is associated to the m-th convergent.

Numerators and denominators of the convergents satisfy interesting relations [12, p.92-
95]
(10)

ApAr 1 +Ar 2 —NB; | = 0

A1Ar 2 +AoAr 3 —N(B1Br_2+BoB:3) =0

AjAc j 1 +Aj 1Arj 2 —N(BjBr_j 1 +Bj 1B j2)=0 3<j<t-3.

Besides these properties, the following equations, [16, p.329-332], are used in the
proofs:

(11) { Ar=2a0Ar—1 + A2

By =2a0By 1 +B; 2

AiBi1 — A 1By = (_1)1_1
(12) Ar_1Br 2 —Ar 2B = (_1)t72
ABy 5 —Aq 2By = 2“0(—1)ﬁc

A2 =—apAr—1 +NB_|
13
(13) { By =Ac—1—apBr—y
Ar=apAr_ 1 +NB;_
14
(14 { By =Ar—1 +aoBr—)

REMARK 1. The smallest positive solution of Pell’s equation x> — Ny? = (+1)
is ¢r_1, whenever a solution exists. If {1,\/N } is an integral basis of T, then c¢_;

coincides with the fundamental positive unit €y of F. If {1, 1+2\W } is an integral basis

of I, then ¢;_; may be either gy or 8(3). An easy way to check whether ¢;_| = 8(3) is to
solve in Q the equation (x+yv/N)3 = A;_| +B;_1V/N, which is equivalent to verifying
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whether some solution of the following Diophantine equation is a rational number with
2 as denominator

64x” —48A;_1x% + (2TNB2_| — 15A2_)x* —A3 | =0

-1 T
If a rational solution x, of this equation exists, the corresponding y, can be computed

e =
asy, = s

The following proposition describes how to move from one period to another.
PROPOSITION 1. The sequence {cy, }m>0 satisfies the relation
(15) Cmkt = CmCs | VmkeN |

Proof. The two dependencies, with respect to m and k, are disposed of separately.
The claimed equality is trivial for m = k = 0, and fixing k = 1, equation (I4) allows
us to write ¢; = apcr_1 +VNer_1 = (ao+vN)er_1 = (Ag+Bov/N)cr_1. Then, by the
recurrences () and the periodicity of the a;s, we can write

Cor1 = a1¢c+ o1 = a1 (Ao +BoVN)er—1 + ¢y = g -

Clearly, we can iterate by using the recurrences (@) and the symmetry of the a;s to
obtain the relation cry,, = ¢;,¢r—1, which shows that multiplication by ¢;_ is equivalent
to a translation by T. The conclusion is immediate by iterating on k. O

3. Convergents and quadratic forms

Let A, = A,zn - NB,Zn denote the field norm of ¢,, = Ay + VNBy € Op. Several
properties of convergents are better described considering, besides the sequence A =
{Am}m>0, a second sequence Q = {Q,, = AyAu—1 — NByBim—_1}m>1. Using ), the
following relation can be shown

(16) QL —AyAyi1 =N Ym>0 .
The elements of the sequences A and € satisfy the recurrent relations

(17) { At :a51+1Am+2am+IQm+Am—l m>1

Qm+1 = Qm +am+1Am
with initial conditions Ag = a(z) —N, Ay = (1+apa;)? —Na?} and Q; = (1 +apay)ap —

Na. Using (D), it is immediate to see that ¢;y+1 = | Q| and 11 = |Aml.
Introducing the matrix

(18) T(am)=| 2am lm
0
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and defining the column vector A, = [Ap,2Q, Am_l]T, equations (7)) can be written
as

(19) Ami1 =T(ams1)Am Ym>1 .
Iterating this relation, we have
(20) Am+n = T(am+n)T(am+n71) tee T(aerZ)T(aerl)Am = ]-‘(m,n)Am v m,n > 1 )

where T, ,) = H’j":t;’ 41T (a;) is a matrix that only depends on the sequence of coeffi-

cients ;. Furthermore, from (Il) we may derive the relation
Q%hL] - 951 = Am(AmH _Amfl) V' m 2 17
which allows us to write equation (7)) as

(21) { A1 = Apt + a1 (L1 + Qi) Vm>1.

Qi1 = Qp+am1An

DEFINITION 1. Let Y be the sequence of quadratic forms fo,(x,y) = Apx® +
2Q,,xy + Ap_1y?, m > 1, defined by means of the sequences A and Q.

Note that it may sometimes be convenient to denote a quadratic form simply with the

triple of coefficients, i.e. the 3-dimensional vector A,,; further, due to equation (L6,
all quadratic forms in Y have the same discriminant 4N .

REMARK 2. The absolute values of A,,;, and Q,, are bounded as
1
|A] <2a—\/ﬁg2\/ﬁ . |Qu<VN Ym>1.
m+1

The bound 2+v/N for A,, is well known, [8, Theorem 171, p.140], and can be slightly
tightened considering the following chain of inequalities

|47, —NB,,| = B},

A A B,, |A,
;Jﬁ’(;+\/ﬁ)§” An /N +2VN
m m

m+1 m
B, |A B 1 B
< |G VA < B
Bin+1 | Bm Bit1 m+1 am+1Bm + Bn—1
1 1 B 1
=2—VN+—5—-2VN L <2—VN .
am+1 Bm+1 am+1 (am+13m + Bmfl) Am+1

The bound for |Q,,| is an immediate consequence of equation (I8), we have A, Ay <
0 since the signs in the sequence A alternate; consequently

Q2 =N+AuApi1 <N |

thus taking the positive square root of both sides, the inequality |€,,| < v/N is obtained.
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3.1. Periodicity and Symmetry

The sequences A and Q are periodic in the same way as the sequence of coefficients
anm, although their periods are even, and may be T or 2t depending on whether 7 is even
or odd. Further, within a period, there exist interesting symmetries.

THEOREM 1 (Periodicity of A). Starting with m = 1, the sequence A =
{Am}m>0 is periodic with period T or 2t depending on whether T is even or odd.
The elements of the first block {Ay}},_o C A satisfy the symmetry relation A, =
(—D)*A——2, VO<m<T—2.

Proof. The period of the sequence A is T or 27, as a consequence of equation (X)),

because the norm of A;_j ++/NBy_1 is (—1)".

The symmetry of the sequence A within the T elements of the first period follows from

the relations

(22) At—m—2 = (*l)milA‘c—lAm + (*l)mNBr—le
B‘CfmfZ = (_1)'nA‘clem + (_ l)milB‘tflAm

which are proved using the recurrences (@) together with (I3)) and ([I4) [16, p.329-330];

the transformation defined by (Z2)) is identified by the matrix

) OSI’}’ZST—Z,

*Ar—l NB‘C—I
23 M. =
(23) -1 By A
‘We have
A2, —NB2 , , = (Ar1Ay—NB_1By)*> —N(—A_1By+Bi1An)?
= (AL —NB,)(A;_| —NB;_ )= (~1)%(4} —NBj,

that is Ar—,;—2 = (—1)%A,,. Actually, equation (Z2) can be written in the form
24)  Av w2+ VNBr 2= (—1)"""(Ar_1 +VNBi 1)(An— VNB,)

or more compactly as ¢z 2 = (—1)""Ter_16(cp). O

THEOREM 2 (Periodicity of Q). The sequence Q = {Qy,}m>1 is periodic of
period T or 2T depending on whether T is even or odd. The elements of the first block
{Qn}F | C Q satisfy the symmetry relation
Q1 =(-1D"Q,, Vm<1t-2.

Proof. The periodicity of the sequence Q follows from the property expressed by equa-
tion ([3), noting that

Q= 5 ((A5+ VVB))((Aj-1 — VNB; 1)+ (A~ VNB))((Aj-1+VNB; 1)

The symmetry property of the sequence Q within a period follows from (22)) in the
same way as does that of the sequence A; we have

ATflfjA(T_l)_j_l 7NB’cflij(‘:—l)—j—1 = 7(AT,1AJ' 7NBT,IBJ')(AT,1AJ',1 7NB»clej,1)
+N(Ar_1Bj —B:_1Aj)(A—1Bj—1 —B:_1A;_1)
= —(A7 | —NB; |)(AjAj 1 —NB;B; 1)

T—1

that is, Qr—j—l = (—1)T+IQ]‘. O
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The two quadratic forms f,(x,y) = Apx® + 2Q,xy + A1y and fro_n(x,y) =
Ay 12— 2Q,xy + A,,y2 are associated respectively to the positions n and T— 1 —n,
as a consequence of the symmetries of the sequences A and Q shown by Theorems
M and DI, within the first block of length T in Y. It should be noted that f,,(x,y) and
Jr—1-m(x,y) are improperly equivalent.

Key matrix. Clearly, the column vectors A,, and A;_,,_ are transformed one into
the other by an involutory matrix J of determinant 1

Am_1 0 0 1 Am
20, |=10 -1 0 20,
Am 1 0 0 Am—1

Using the matrices T (a,) and equation (Z0), and applying to A,, the sequence of ma-
trices T(am+1), T (am+2), - .., T(ar—1—m) in reverse order, we obtain A_j_p

(25) AT—I—m:T(a’t—l—m)"'T(anH—l)Am = Am:JT(G’C—I—m)"'T(a)n+l)Atn .

Assuming 7T is even, this equation implies that A, is an eigenvector of eigenvalue 1 of
the matrix

Ep=JT(ar1-m)- T (ams1) :]T(amH)T(am)~-T(a%_])T(a )T(G%H)"‘T(amﬂ)

Nla

since T (ar—1—y) = T (an+1) by the symmetry of the sequence {an}fl;ll. Observing that
JT (an)J =T (ay,)~" and J? = I, we have

(26)

En = (T(an2l)IT(@na))] o (T (ag T (as)T(ag 1) T(ane2)
T(an2)™" - T(az_y) T (ag)T(az_y)-- T(ans2)

(T(ay1) -+ Tlan2)) IT(a3)(T(as_) - T(an2)) -

It follows that the matrix E,, has the same characteristic polynomial z3 —z> —z + 1 as
JT (a% ), i.e. E,, has eigenvalue — 1 with multiplicity 1, and eigenvalue 1 with geometric
multiplicity 2.

Assuming 7 is odd, the symmetries of the sequences {a,}"_}, {A,}*_!, and {Q,}*_},
refer to an even number T — 1 of terms, and equation (I8) is written as

Dy = (T(an2))UT(@ns3)d)] -+ (IT(as2) )T (@sa) T (ans2)
Tans) ™" Taz) T (ass)-+ (@)

2

(T(azz)T(ans2)) U (T(asz) -+ T(ani2)) -

2

27

It follows that the matrix D, has the same characteristic polynomial 2+2—z7-1
of J, i.e. D, has eigenvalue 1 with multiplicity 1, and eigenvalue —1 with geometric
multiplicity 2.

An example may clarify the method.
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EXAMPLE 1. Consider the continued fraction expansion of /386, which has
period T =12
[[19],[1,1,1,4,1,18,1,4,1,1,1,38]]
Consider the vector Az = [7,—30,—23], since T— 1 — 3 = 8 the vector Ag by symmetry

is [-23,30,7], i.e. As =JA3. However, Ag may be obtained by multiplying Az by a
convenient sequence of matrices

Ag=TAT()T(18)T(1)T(4)A3
Since Az = JAg, we have the equation A3 =JT(4)T(1)T(18)T(1)T (4)As, that is

9801 1980 400
Az =| —=97020 —19601 —-3960 |A3 = Az =E3A3 ,
240100 48510 9801

i.e. Az is an eigenvector of E3 for the eigenvalue 1.
The characteristic polynomial of E3 is found to be Z3 —Z? —Z +1 = (Z+1)(Z —1)?
which is the same of the matrix JT (ag), with

324 18 1
T;=T(18)=| 36 1 0] ;
1 0 0

note that 5 = 6, and in position 5 we find the vector As = [2,—36,—31] whose first
entry gives the factor 2 of 386.

THEOREM 3. The correspondence m < A, is one-to-one for 1 <m <7, i.e. all
quadratic forms fu(x,y) within a period are distinct.

Proof. The proof is by contradiction. Suppose, contrary to the theorem’s claim, that
An, = Ay, =X for some ny < ny, then equation (200) implies the existence of a matrix
Pyon, = H;finlﬂ T(aj) such that A,, = Py,n, As,. Thus X must be an eigenvector, for
the eigenvalue 1, of the non-negative (positive whenever ny —ny > 2) matrix P,,,,
which is the product of non-negative matrices.

If np = n; + 1, it is direct to compute the characteristic polynomial p(x) of Pyn, =
T(an,)

3

p(x) =2 — (ap, +1)x* = (ap, +Dx+1

which is a 3-degree reciprocal polynomial which has a single root —1, and the remain-
ing roots are certainly different from 1, because a,, # 0; thus, in this case, X cannot
exist.
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To prove in general that X does not exist, we observe that any P,,,, has a reciprocal
characteristic polynomial g(x) of degree 3, because we have

q(x) =det <M3 - 1"_21 T(aj)> =det (7»13 —J ln—zl T(aj)J) =det (7»13 - ﬁ T(a;

j=ni+1 Jj=ni+1 j=ni+1

j=n1+1 j=ni+1

-1
q(x) = det <7J3— H T(aj)> = det M3—( H T(aj)) ,

where the last equality is justified by [9, Theorem 1.3.20, p.53]. The reciprocal poly-
nomial ¢(x) has an eigenvalue equal to either —1 or 1. If the eigenvalue is —1, which
occurs when ny —n; is odd, the eigenvector X does not exist. If the eigenvalue is 1,
which occurs when ny — ny is even, there is a second eigenvector for the same eigen-
value, because we have

).

—1
ny np
JA,,Z:JP,,Z,,IA,,I:JPnz,,,JJA,,]:( I1 T(aj)> JA, = < I1 T(aj)) JAn, =T Ay,

Jj=n1+1 Jj=n1+1

Then, X and JX should be distinct eigenvectors (because Q,, # 0 for every ny) of the
same eigenvalue 1 of multiplicity one, which is impossible.

In conclusion, the eigenvector X of eigenvalue 1 does not exist, so m « A,E is a one-
to-one mapping within each period. O

3.2. Odd period

In [11, p.59-60], Legendre describes a constructive method for computing the repre-
sentation of a positive (square-free) N as the sum of two squares, by means of the
continued fraction expansion of V/N. This result is stated as a theorem with a different
proof from that of Legendre [11, p.60].

THEOREM 4. Let N be a positive integer such that the continued fraction ex-
pansion of /N has odd period t. The representation of N = x> +y? is given by x = A =

andyzﬂ%.

PROOF. Since 7 is odd, by the anti-symmetry in the sequence {An};;%, we have
Avi = —As, so that the quadratic form A%X2 +2Q51 XY +A%Y2 has dis-

criminant 4A2 | +4Q2 | = 4N, which shows the assertion. o
= =

3.3. Even period

Let N be a square-free composite integer such that the continued fraction of v/N has
even period. We say that ¢;_; = Ar_| + Br— N splits N whenever A;_; + 1 and
Ar_1 — 1 are divisible by proper factors, say m; and m,, of N = mm,, respectively.
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LEMMA 1. If the period T of the continued fraction expansion of \/N is even,
we have
A=A and Q;=-—-Q

with Q._1 = —ay.
Proof. Since A;_; =1, we have Qil —Ar_ o =N, thus Q; | = —/N+ A;_» because

T— 1 is odd. Considering the Taylor series around the origin for the square root, we
have

2
Y o i \F( = ...)Wjao.

Using equation (I7) with m =t — 1 we have

A=At 2 +aq (ZQ‘C—I + a‘CA’C—l) =Ar 3 .
Thus, equation ([ZI)) finally gives Q¢ = —Q_. 0O
LEMMA 2. Let T be even, and define the integer Y € Op by the product
T—1
Y= H (\/NJF (71)QO) )
m=0

then 5l = (Ac-1 + Br- WA =

Proof. The norm of G( 7 is patently 1, thus it remains to prove that ( ) lies in Op. We
have

Yy H VN+(-D"Q L(VN+(=1)"Q,)2 = (VN4 (—1)"Q,,)>
@ p \/7_’_(_])}?19 rg) Qm_N _,,LI() AmAmfl '

Observing that H o (AmAn_1) =TT5_ A2 by the periodicity of the sequence {Ay, }m,
it follows that G(Y) is a perfect square. Con31der1ng the following identity

\/N‘F(*l)mgm _ (_l)mAm*I *Bmfl\/]v
An Ap—Bu,VN 7

we have that the base of the square giving % is

Tilw_ril m—ml\/i__ %w
rLI() Am _}—Io( ) _B \F _( 1) Atfl—Brfl\/N o

Now, A_; = 1 and B_| = 0 by definition, thus

(28) Hw+1>%<AH+BT W)= (e |

m

which shows the claimed property. O

. . ’Y _ 2
and in conclusion s = Ci1



94 M. Elia

The close connection between the continued fraction expansion of /N and the factor-
ization of N is proved using the matrix M;_; defined in equation (23). Note that the
matrix Mz_; is involutory, or neg-involutory, since its square is either plus or minus
the identity matrix b, i.e. Mi | = (—=1)*hL. If T is even, the eigenvalues of matrix
M are =1, and M+_ is involutory. If T is odd, the eigenvalues are +i, and M,_; is
neg-involutory.

THEOREM 5. Ifthe period t of the continued fraction expansion of /N is even,
the element ¢;_1 in Q(v/N) splits 2N, and a factor of 2N is located at positions % +
Jt j=0,1,..., in the sequence A = {¢,G(cm) tm>1.

Proof. 1t is sufficient to consider j = 0, due to the periodicity of A. Since 7T is even,
M:_ is involutory and has eigenvalues +1 with corresponding eigenvectors

A1 —(=1)" By 1"
X(h):[ ol d( ), le} with d =ged{Ar | —(=1)",B;_1} h=0,1.

Considering equation (Z2Z) written as
Avj2 | _ ()it A;
{ Bej } A N

we see that Y() = [Aj,Bj]T is an eigenvector of M;_i, of eigenvalue (—1)/~! if and

only if j satisfies the condition T— j—2 = j, thatis j = "’52 =1Tp. From the comparison

of X and Y(™)_ we have

A —(—1)T! By
n d

(29) As,

where the equalities are fully motivated because gcd{A,, By, } = 1. Direct computa-
tion yields

(A= (- P -NBL | (D)% 1A 41
(30) Ay = pe =2 7 :

which can be written as A%O — NB%0 =2(—1)%! %; dividing this equality by 2% we
have

dATo 1 2 To—1
2 _NEBT():(_l)O .
d
Noting that gcd{A,, By, } = 1, it follows that Zf:;(’ is certainly a divisor of 2N, i.e.
A |2N. O

EXAMPLE 2. Consider N =3-5-7-11-19=21945, the period of the continued
fraction of /21945 is 10, and is fully shown in the following table for the sequences A
and Q
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1A | 9
1] 1

0 | -41 | 148
1| 64 |-139
2 | -129 | 117
3| 16 | -141
4 21 | 147
5116 |-147
6 | -129 | 141
7 | 64 |-117
8 | -41 | 139
9 [ 1 |-148
10 | -41 | 148

In position j = % =4 we find 21, a factor of N, as expected. The same factor 21 can

be found by considering the fundamental unit cg = 3004586089 + 20282284+/21945,
in fact we have 3004586089 — 1 = 23. (3-7) -42292 and the second factor 5-11-19
may be obtained from 3004586089 + 1 =2-(5-11°-19)-109%.

In principle, in many cases the above Theorem B yields a factor of N; however there
are examples in which only the factor 2 appears.

EXAMPLE 3. Let N = 8527 x 8537 = 72794999 be a composite number. The
period of v/N is T= 3864 and in position 1931 we do not find a factor of N but Ajg3; =2
which is a factor of 2N.

It would be interesting to find a general condition that can discriminate the various
situations, i.e. whether a factor of N is found or not. This objective can be achieved
almost in full when N = pgq is the product of two primes, a case that cleverly shows the
difficulty of the whole problem.

3.4. Factoring N = pgq

When N = pq is the product of two distinct primes, the analysis of section 3.3 may be
further pursued, leading to the following remarkable property:

PROPOSITION 2. If p = q = 3 mod 4, the fundamental unit € (or the cube 8(3))
splits N = pq, then A% is equal to (q|p)p, with p < q.

This proposition is given without the proof, which uses units and splitting of primes in
quadratic number fields (see [6, 4, 10]); further, the complete classification in terms of
residues of p and g modulo 8, proved in [6],. is reported in Table [Tl for easy reference.
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4. Factorization

Gauss recognized that the factoring problem was important, although very difficult,

... Problema, numeros primos a compositis dignoscendi, hosque in fac-
tores suos primos resolvendi, ad gravissima ac utilissima totius arithmeti-
cae pertinere, et geometrarum tum veterum tum recentiorum industriam
ac sagacitatem occupavisse, tam notum est, ut de hac re copiose loqui su-
perﬂuumforet. . C. F. GAUSS [Disquisitiones Arithmeticae ART.
329]

and, in spite of much effort, various different approaches, and the problem’s increased
importance due to the large number of cryptographic applications, no satisfactorily
factoring method has yet been found.

Many factorizations make use of the regular continued fraction expansion of v/N, com-
bined with the idea of using quadratic forms [7, 13]. The infrastructure method, pro-
posed by Shanks [15], considers the subset ¥ = {f,(x,¥) }1<m<t—1 in the periodic
sequence Y = {f,(x,y)} - of reduced principal quadratic forms. It should be re-
marked that the forms f,,(x,y) = Apx? 4+ 2Q,,xy + A, 1y? in Y are reduced following
a different convention from that commonly adopted [1].

DEFINITION 2. A real quadratic form f(x,y) = ax*> + 2bxy + cy* of discrimi-
nant 4N is said to be reduced if, defining ¥ = min{|al,|c|}, b is the sole integer such
that /N — |b| < k < /N + |b|, with the sign of b chosen opposite to the sign of a.

DEFINITION 3. The distance between f,11(x,y) and fin(x,y) is defined to be
VN + (=1)"Q,, >
IN— (1",

The distance between two quadratic forms fi(x,y) and f,(x,y), with m > n, is defined
to be the sum

1
31) d(ferlvfm) = Eln (

m—1

(32) d(fu fa) = Y d(fjr1.£) -
j=n

Taking the above definitions, Shanks showed that, by the Gauss composition law of
quadratic forms with the same determinant, followed by reduction, the set ¥ equipped
with the distance d(fin+1,fn) modulo R = Inc;_; resembles a cyclic group, with
Jfr—1(x,y) playing the role of identity. Composition followed by reduction affords big
steps (giant steps) within ¥, thus two operators were further defined [3, p.259] to allow
small steps (baby steps), precisely

1. One-step forward: The operator p™ that transforms one reduced quadratic form
into the next in the sequence Y, is defined as

2 _
p*(la,20,c)) = [P

,Zbl,d] )
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where b; is 2b; = [2b mod (2a)] 4 2ka with k chosen in such a way that —|a| <
by <|al.

2. One-step backward: The operator p~ that transforms a reduced quadratic form
into the immediately preceding quadratic form in the sequence Y is defined as

2 _
o~ (a,2b,c]) = [e, 26y, L=

],
where b is 2b) = [—2b mod (2¢)] 4 2kc with k chosen such that —|c| < b} < [c|.

The infrastructure machinery was used to compute the fundamental unit, the regulator,
and the class number [3], with complexity smaller than 0(\/N ), although not of poly-
nomial complexity in N. From a different perspective, by Theorem Bl in many cases a
factor of N is exactly positioned in the middle of a period of the sequence A. Therefore,
instead of trying to find special quadratic forms randomly located in W (the principal
genus), or some ambigue form in some non-principal genus, we may try to localize
the position of some factor of N within a period whose length T is unknown. Then,
it is shown that, by extending the infrastructure machinery to the whole sequence Y,
some factors of N can be computed with a complexity substantially bounded by the
complexity required to evaluate an integral of Dirichlet’s at a given accuracy: the more
precise the evaluation of the integral, the less complex the factorization; at the limit,
it is of polynomial complexity; clearly, to be more accurate in the integral evaluation,
greater complexity is required. To pursue this idea, we briefly review and adapt the
previous definitions of the infrastructure components to the new task. Let us recall that
the quadratic forms f, (x,y) are primitive, i.e. gcd{A,2Q.,,An—1} =1, and at least
one between |A,,| and |A,,—| is less than /N and 0 < |Q,,| < v/N. Further, since ¢;_;
is either equal to the positive fundamental unit of F = Q(v/N) or equal to its cube, the
regulator of O is either Ry = Inc;_1, or Rp = %ln ¢z—1. The following observations
are instrumental to motivate the procedure:

1. The sign of A, is the same as that of ,,, which is opposite to that of A,,, thus
in the sequence Y the two triplets of signs (—,+,+) and (+, —, —) alternate.

2. The distance of f,,(x,y) from the beginning of Y is defined by referring to a
properly selected hypothetical quadratic form, i.e. fo(x,y) = fr(x,y) = fo(x,y) =
Aox* — 24/N — Agxy + y*, which is located before fi(x,y), that is d(fu, fo) is
given by @2) if m < 1, and by d(fi, fo) = d(fin mod 1, Jo) + kR if kTt < m <
(k+1)t.

3. Let "o" denote the form composition fy,(x,y) e f,(x,y) in Y, that is the Gauss
composition [3] of f,,(x,y) and f,(x,y) followed by a reduction performed with
the minimum number of steps, ending with a reduced form whose triplet of signs
is (—,+,4+) if m and n have the same parity, and (4, —,—) otherwise. This
distance defined by (BI) holds in Y with good approximation, and is compatible
with the "e" operation, that is we have

f[(m,n)(‘xﬂy) = fm(x7y).fn(x7y) = d(fé(m,n)vf()) ~ d(fn17f0)+d(fn7f0) :
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It is remarked that the error affecting this distance estimation is of order O(InN)
as shown by Schoof in [14].

nan

4. Shanks [15] observed that, within the first period, the composition law "e" in-
duces a structure similar to a cyclic group for the addition of distances modulo
the "regulator".

5. Between the elements of Y the distance is nearly maintained by the giant steps,
and is rigorously maintained by the baby steps.

THEOREM 6. The distance d(fz, fo) is exactly equal to Incy_, i.e. this distance
d(fx, fo) is either the regulator Ry or 3Ryp. The distance d(f% ,fo) is exactly equal to

jd(f‘cafO)-

Proof. The distance between f; and fj is the summation
V(5 N+(EDQ VN +(-1)/Q;
d(fr,fo Zd(f]+l7f] /; (/Z()f ( 1) > (H\/, ( IJ.Q .

Recalling that N — Q? = —AjA; 1 >0, and taking into account the periodicity of the
sequence A, the last expression can be written with rational denominator as

Lo (F O e 1 N0 (G V(1)
Eln (}I}) “AA >—zln (HA§>_IH (H(_l)/lAj> .

j=0 j=0

1 L
(=D 1a;

which has field norm one and is an element of the order Oy, is actually the unit ¢4

by equation (B8). The connection between Inc;_; and the regulator is motivated by

Remark [

The equality d( iz Jfo) = %d (fx, fo) is an immediate consequence of the symmetry of

the sequence f,,(x,y) within a period. O

The conclusion follows from Lemma B, showing that the product H

Since Theorem Bl guarantees that, when T is even, a factor of N is located in the positions
% + k7 of the sequence Y, Shanks’ method allows us to find such a factor, if In(c;—;),
or an odd multiple of it, is exactly known. Now, a formula of Dirichlet’s gives the
product

33) hgRp — ?L 1,x) = E ( ) (sin%)

where Ry is the regulator, L(1,%) is a Dedekind L-function, D = N if N = 1 mod 4 or
D = 4N otherwise, and character  is the Jacobi symbol in this case. If the product
hrRy is known exactly (computed), for example using equation (B3), the distance from
the beginning of the sequence where the quadratic form can be found [1,2Q¢_1,A¢_5]
is known. Since this distance is an integer multiple of the regulator, and our target is to
find a quadratic form that is located in the middle of some period, then
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. if Ay is odd, a factor of N is found in the position at distance thR]F or 3'”FR]F
from the beginning;

2. If hp is even, in a position at distance hl”‘zRF, or 3-E°E RI“ the quadratic form

[1,2Q;_1,A_5] is found, (which reveals a posteriori that hp is even); in this

case, the procedure can be repeated with target the position at distance th]F , or

3hFRF again, either a factor of N is found or hp is found to be a multiple of 4.

Clearly the process can be iterated ¢ times until “2R% s an odd multiple of Ry,
and a factor of N is found.

When the factor m; of N is found, the second factor is my = mﬂ thus the procedure
can be iterated to find all factors of N. Mimicking Shanks’ infrastructure, giant steps
are performed to get close to forms at distance kI;F , or 3“‘%, for some 1 < k < hy, then

baby steps are performed to get the exact position.

5. Conclusions

It has been shown that the complexity of factoring a composite number 4N is upper
bounded by the complexity of evaluating, at a certain degree of accuracy, the product
hpRp, as defined by Dirichlet using the L(1,%y) function, and also that is not necessary
to know hp and Rp separately. The more precise the evaluation of the product hrRp,
the less complex the factoring 2N; if we are lucky, the complexity could be polyno-
mial in N. It is an open problem to find which is the best compromise between the
approximate evaluation of ApRyp and the computational complexity for obtaining such
approximation. In this context, the following expression, taken from [3, p.262], may
be useful for efficiently evaluating the product ArRp as a function of N

oo g () (Se(f3) o (3)

where the complementary error function erfc(x), and the exponential integral function
E|(x), can be closely approximated [18, p.297-299]

o ])n 2n+1

erfe(z f/ e dr =1 —erf(z Z 1)

oo e—fZ =
E] (Z):/l Tdt —Y— ll’l

As a last observation, the arguably, a fast (how fast is open) algorithm for factoring
is achievable by combining results of Dirichlet, Shanks, and the above observations,
which were suggested by Legendre’s finding that continued fractions permit the repre-
sentation of primes as the sum of two squares explicitly computed.
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pmod8 | gmodS8 Split? (plq) Avjri T mod 4
3 3 Yes =1 | —(plg)p | 1+(pla)
3 Yes 1| —(plg)p | 1+(pla)
7 3 Yes =1 | —(ple)p | 1+(plg)
7 7 Yes +1 | —(plgp | 1+(plg)
5 3 Yes 1 P 0
3 5 Yes 1 —-p 2
5 3 Yes —1 2p 0
3 5 Yes -1 —2p 2
5 7 Yes 1 P 0
7 5 Yes 1 —-p 2
5 7 Yes -1 —2p 2
7 5 Yes —1 2p 0
I 3 No I =2 2
1 3 Yes 1 P AND 0
1 3 No/Yes 1 —2,-2p 2
3 1 No -1 -2 2
3 1 Yes 1 2p AND 0
3 1 No/Yes | —2,—p 2
7 1 No —1 2 0
7 1 No 1 2 AND 0
7 1 Yes 1 —p,—2p 2
1 7 No —1 2 0
1 7 No/Yes 1 2,p.2p 0
5 I No I 1.3
5 1 No 1 AND 1,3
5 1 Yes 1 -p AND 2
5 1 Yes 1 P AND 0
1 5 No -1 1,3
1 5 No 1 AND 1,3
1 5 Yes 1 —-p AND 2
1 5 Yes 1 )4 AND 0
5 5 No -1 1.3
5 5 No 1 AND 1,3
5 5 Yes 1 -p AND 2
5 5 Yes 1 4 AND 0
T T No -1 1.3
1 1 No 1 AND 1,3
1 1 Yes 1 -p AND 2
1 1 Yes 1 p AND 0

Table 7.1: p < g¢q



