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SOME MYERS TYPE THEOREMS AND HITCHIN–THORPE
INEQUALITIES FOR SHRINKING RICCI SOLITONS, II

Abstract. This expository paper is a continuation of the previous expository paper on some
compactness criteria and the validity of the Hitchin–Thorpe inequality for shrinking Ricci
solitons (H. Tadano, Rend. Semin. Mat. Univ. Politec. Torino 73 (2015), 183–199). The
Myers type theorems and the validity of the Hitchin–Thorpe inequality for shrinking Ricci
solitons presented in the previous expository paper shall be improved. We also introduce
diameter bounds and a gap theorem for compact self–shrinkers of the mean curvature flow.

1. Ricci Solitons

In this expository paper, we shall continue the survey in [52] on recent progress of
compactness criteria and the validity of the Hitchin–Thorpe inequality for shrinking
Ricci solitons. Ricci solitons were introduced by R. Hamilton [23] and are natural
generalizations of Einstein manifolds. They correspond to self-similar solutions to the
Ricci flow and often arise as singularity models of the flow [6, 24]. The importance of
Ricci solitons was demonstrated in a series of three papers by G. Perelman [42, 43, 44],
where Ricci solitons played crucial roles in his affirmative solution of the Poincaré
conjecture.

DEFINITION 1. A complete Riemannian manifold pM,gq is called a Ricci soliton
[23] if there exists a vector field V P XpMq satisfying the equation

(1.1) Ricg�1
2

LV g� λg

for some constant λ P R, where Ricg denotes the Ricci curvature of pM,gq and LV is
the Lie derivative in the direction of V . We refer to V as a potential vector field. We say
that the soliton pM,gq is shrinking, steady, and expanding described as λ ¡ 0,λ � 0,
and λ   0, respectively. A typical example of Ricci solitons is an Einstein manifold,
where V is given by a Killing vector field. In such a case, we say that the soliton is
trivial. When V is replaced with the gradient vector field ∇ f for some smooth function
f : M Ñ R as V � ∇ f , the soliton pM,gq is called a gradient Ricci soliton. We refer to
f as a potential function. Then (1.1) becomes the equation

(1.2) Ricg�Hess f � λg,

where Hess f denotes the Hessian of the potential function f .
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EXAMPLE 1. A typical example of gradient Ricci solitons is the Gaussian soliton
pRn,g0q which satisfies

Ricg0 �Hess f ��1
2

g0,

where g0 is the canonical flat metric on Rn and the potential function is given by
f pxq � � 1

4 |x|2. This is a complete non-compact shrinking or expanding Ricci soli-
ton, respectively.

G. Perelman [42] proved that any potential vector field on compact Ricci solitons
must be the sum of a gradient vector field and a Killing vector field. It is well-known
now that compact steady and expanding Ricci solitons must be trivial, as well as com-
pact shrinking Ricci solitons in dimensions two and three [6]. Examples of compact
non-trivial shrinking Kähler–Ricci solitons have been discovered by N. Koiso [26], H.-
D. Cao [5], X.-J. Wang and X. Zhu [60], and F. Podestà and A. Spiro [45]. Examples of
non-compact non-trivial Kähler–Ricci solitons have been constructed by M. Feldman,
T. Ilmanen, and D. Knopf [15], and A. S. Dancer and M. Y. Wang [13].

2. Some Compactness Theorems

In this section, we shall introduce some improvements on the compactness theorems
for complete Riemannian manifolds presented in [52]. Throughout this paper, we as-
sume that pM,gq is an n-dimensional smooth connected Riemannian manifold without
boundary. Let X ,Y,Z PXpMq be three smooth vector fields on M. For any smooth func-
tion f : M Ñ R, a gradient vector field and a Hessian of f are defined, respectively,
by

gp∇ f ,Xq � d f pXq and Hess f pX ,Y q � gp∇X ∇ f ,Y q.
The Riemannian curvature, the Ricci curvature, and the scalar curvature are defined,
respectively, by

RpX ,Y qZ � ∇X ∇Y Z�∇Y ∇X Z�∇rX ,Y sZ,

RicgpX ,Y q �
ņ

i�1

gpRpei,XqY,eiq, and R�
ņ

i�1

Ricgpei,eiq,

where teiun
i�1 is an orthonormal frame of pM,gq.

One of the most important problems in Riemannian geometry is to investigate
the relation between topology and geometric structure on Riemannian manifolds. J.
Lohkamp [35] proved that in dimensions at least three, any manifold admits a com-
plete Riemannian metric of negative Ricci curvature.

THEOREM 1 (J. Lohkamp [35]). Any n-dimensional manifold M, n ¥ 3, admits a
complete Riemannian metric whose Ricci curvature is everywhere negative.

Hence, in dimensions at least three, there are no topological obstructions to the ex-
istence of a complete Riemannian metric of negative Ricci curvature. However, the
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situation of Riemannian metrics of positive Ricci curvature is quite different from that
of Riemannian metrics of negative Ricci curvature. The celebrated theorem of S. B.
Myers [39] implies the compactness of a complete Riemannian manifold under some
positive lower bound on the Ricci curvature.

THEOREM 2 (S. B. Myers [39]). Let pM,gq be an n-dimensional complete Rieman-
nian manifold. Suppose that there exists some positive constant λ ¡ 0 such that the
Ricci curvature satisfies Ricg ¥ λg. Then pM,gq must be compact with finite funda-
mental group. Moreover, the diameter of pM,gq has the upper bound

diampM,gq ¤ π
c

n�1
λ

.

Theorem 2 may be considered as a topological obstruction to the existence of a com-
plete Riemannian metric whose Ricci curvature is bounded from below by a positive
constant. To give a nice compactness criterion for complete Riemannian manifolds is
one of the most interesting problems in Riemannian geometry. Theorem 2 has been
widely generalized in various directions by many authors, see [1, 4, 9, 21, 22, 37, 62]
for example. The first generalization was established by W. Ambrose [1], where the
positive lower bound on the Ricci curvature as in Theorem 2 was replaced with some
integral condition on the Ricci curvature along some geodesics.

THEOREM 3 (W. Ambrose [1]). Let pM,gq be an n-dimensional complete Rieman-
nian manifold. Suppose that there exists some point p P M for which every geodesic
γ : r0,�8qÑM emanating from p satisfies» �8

0
Ricgp9γpsq, 9γpsqqds��8.

Then pM,gq must be compact.

On the other hand, motivated by relativistic cosmology, G. J. Galloway [21] proved
another generalization by perturbing the positive lower bound on the Ricci curvature
as in Theorem 2 by the derivative in the radial direction of some bounded function.

THEOREM 4 (G. J. Galloway [21]). Let pM,gq be an n-dimensional complete Rie-
mannian manifold. Suppose that there exist some constants λ¡ 0 and L¥ 0 such that
for every pair of points in M and minimal geodesic γ joining those points, it holds

Ricgp9γ, 9γq|γpsq ¥ λ� dϕ
ds
psq,

where ϕ is some smooth function of the arc length satisfying |ϕ| ¤ L along γ. Then
pM,gq must be compact. Moreover, the diameter of pM,gq has the upper bound

diampM,gq ¤ π
λ

�
L�

b
L2�pn�1qλ



.
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Note that by taking L � 0, Theorem 4 is reduced to Theorem 2. One of the most
important features of Theorem 3 and 4 is that the Ricci curvature is not required to be
everywhere non-negative. On the other hand, J. Cheeger, M. Gromov, and M. Taylor [9]
established a further generalization of Theorem 2 assuming some asymptotic condition
on the Ricci curvature outside some domain of a complete Riemannian manifold.

THEOREM 5 (J. Cheeger, M. Gromov, and M. Taylor [9]). Let pM,gq be an n-
dimensional complete Riemannian manifold. Suppose that there exist some point p PM
and positive constants r0 ¡ 0 and ν¡ 0 such that

(2.1) Ricgpxq ¥ pn�1q
� 1

4 �ν2
�

r2pxq gpxq

for all x P M satisfying rpxq ¥ r0, where rpxq denotes the distance between p and x.
Then pM,gq must be compact. Moreover, the diameter of pM,gq from p has the upper
bound

diamppM,gq ¤ r0 exp
�π

ν

	
.

Note that Theorem 5 is not true if ν � 0 in (2.1). In fact, J. Cheeger, M. Gromov,
and M. Taylor [9] pointed out that a metric on the n-dimensional real space Rn which
is of the form dr2� rgpθq outside some domain satisfies the asymptotic condition (2.1)
with ν� 0, where gpθq is the standard metric on the sphere Sn�1.

In the previous expository paper [52], we have introduced some generalizations of
Theorem 3 and 4. In this section, we shall introduce further generalizations of Theorem
3 and 4, as well as Theorem 5 to the case of smooth metric measure spaces via (m–
) Bakry–Émery and (m–) modified Ricci curvatures. We first recall definition of a
smooth metric measure space.

DEFINITION 2. A smooth metric measure space is a complete Riemannian manifold
pM,gq with the weighted volume form dµ :� e� f dvolg, where f : M Ñ R is a smooth
function on M and dvolg is the Riemannian density with respect to the metric g. For a
smooth metric measure space pM,gq and m P RYt�8uzt0u, we put

(2.2) Ric f :� Ricg�Hess f and Ricm
f :� Ricg�Hess f � 1

m
d f bd f

and call them a Bakry–Émery Ricci curvature and an m–Bakry–Émery Ricci curvature,
respectively. We refer to f as a potential function. More generally, for a smooth vector
field V P XpMq and m P RYt�8uzt0u, we put

RicV :� Ricg�1
2

LV g and Ricm
V :� Ricg�1

2
LV g� 1

m
V�bV�,

where V� is the metric dual of V with respect to g. We call them a modified Ricci
curvature and an m–modified Ricci curvature, respectively. We refer to V as a potential
vector field. Note that if the potential vector field V is replaced with the gradient vector
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field ∇ f for some smooth function f : M Ñ R as V � ∇ f , then the modified and m–
modified Ricci curvatures are reduced to the Bakry–Émery and m–Bakry–Émery Ricci
curvatures, respectively. We also put

(2.3) ∆ f :� ∆g�∇ f �∇ and ∆V :� ∆g�V �∇
and call them a Witten–Laplacian and a V –Laplacian, respectively. Here, ∆g is the
Laplacian with respect to g.

Note that if f : M ÑR is a constant function in (2.2) and (2.3), then the (m–) Bakry–
Émery Ricci curvature and Witten–Laplacian are reduced to the Ricci curvature and
Laplacian, respectively. As in the classical case, for all smooth functions u,v on M
with compact support, we have»

M
gp∇u,∇vqdµ��

»
M
p∆ f uqvdµ��

»
M

up∆ f vqdµ.

Moreover, D. Bakry and M. Émery [3] proved that for any smooth function u on M, we
obtain

(2.4)
1
2

∆ f |∇u|2 � |Hessu|2�Ric f p∇u,∇uq�gp∇∆ f u,∇uq,

which may be regarded as a natural extension of the Bochner–Weitzenböck formula

(2.5)
1
2

∆g|∇u|2 � |Hessu|2�Ricgp∇u,∇uq�gp∇∆gu,∇uq.

The (m–) Bakry–Émery and (m–) modified Ricci curvatures have recently received
much attention in various areas of mathematics as they naturally extend a lot of inter-
esting theorems via Ricci curvature to the case of smooth metric measure spaces such
as eigenvalue estimates [19], Li–Yau Harnack inequalities [30], and comparison theo-
rems [61]. Moreover, they have recently been important tools in the optimal transport
theory [58]. Since the (m–) Bakry–Émery and (m–) modified Ricci curvatures are gen-
eralizations of the Ricci curvature, a natural question to ask is whether Theorem 2, 3,
4, and 5 remain valid in the case of the (m–) Bakry–Émery and (m–) modified Ricci
curvatures.

In this section, we shall introduce some compactness theorems via (m–) Bakry–
Émery and (m–) modified Ricci curvatures. Although some of these compactness the-
orems were already introduced in the previous expository paper [52], we here recall
them for the reader’s convenience.

2.1. Compactness theorems via Bakry–Émery and modified Ricci curvatures

First, we shall introduce some compactness theorems via Bakry–Émery and modified
Ricci curvatures. A natural question to ask is whether we may replace the positive
lower bound on the Ricci curvature as in Theorem 2 with a positive lower bound on the



88 H. Tadano

Bakry–Émery and modified Ricci curvatures. However, a positive lower bound on the
modified Ricci curvature does not imply the compactness of a complete Riemannian
manifold. In fact, the shrinking Gaussian soliton pRn,g0q is non-compact although it
has a positive lower bound on the Bakry–Émery Ricci curvature.

G. Wei and W. Wylie [61] established a Myers type theorem via Bakry–Émery Ricci
curvature assuming that the potential function is bounded.

THEOREM 6 (G. Wei and W. Wylie [61]). Let pM,gq be an n-dimensional complete
Riemannian manifold. Suppose that there exists some positive constant λ ¡ 0 such
that the Bakry–Émery Ricci curvature satisfies Ric f ¥ λg. If the potential function
satisfies | f | ¤ H for some non-negative constant H ¥ 0, then pM,gq must be compact.
Moreover, the diameter of pM,gq has the upper bound

(2.6) diampM,gq ¤ π
c

n�1
λ

� 4Hapn�1qλ .

M. Limoncu [34] proved another Myers type theorem by showing

(2.7) diampM,gq ¤ π?
λ

b
n�1�2

?
2H

under the same assumption as in Theorem 6. Note that the diameter estimate (2.7)
is sharper than (2.6) if H ¡ pn�1qπ

8 p?2π� 4q. On the other hand, the author [49]
established a new diameter estimate which is sharper than (2.6) and (2.7) without any
assumption.

THEOREM 7 ([49]). Let pM,gq be an n-dimensional complete Riemannian manifold.
Suppose that there exists some positive constant λ ¡ 0 such that Ric f ¥ λg. If the
potential function satisfies | f | ¤ H for some non-negative constant H ¥ 0, then pM,gq
must be compact. Moreover, the diameter of pM,gq has the upper bound

diampM,gq ¤ π?
λ

c
n�1� 8H

π
.

M. Limoncu [34] also proved a Myers type theorem via Bakry–Émery Ricci cur-
vature assuming some decay condition on the norm of the gradient vector field of the
potential function.

THEOREM 8 (M. Limoncu [34]). Let pM,gq be an n-dimensional complete Rie-
mannian manifold. Suppose that there exists some positive constant λ ¡ 0 such that
Ric f ¥ λg. If there exist some point p P M and non-negative constant k ¥ 0 such that
the potential function satisfies

|∇ f |pxq ¤ k
rpxq
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for all x P Mztpu, where rpxq denotes the distance between p and x, then pM,gq must
be compact. Moreover, the diameter of pM,gq from p has the upper bound

diamppM,gq ¤ π?
λ

?
n�1�4k.

M. Fernández-López and E. García-Río [16] established a Myers type theorem
via modified Ricci curvature assuming that the norm of the potential vector field is
bounded.

THEOREM 9 (M. Fernández-López and E. García-Río [16]). Let pM,gq be an n-
dimensional complete Riemannian manifold. Suppose that there exists some positive
constant λ¡ 0 such that the modified Ricci curvature satisfies RicV ¥ λg. Then pM,gq
is compact if and only if the norm of the potential vector field |V | is bounded on pM,gq.

However, no upper diameter estimate was given in Theorem 9. M. Limoncu [33]
established an upper diameter estimate assuming some upper bound on the norm of the
potential vector field.

THEOREM 10 (M. Limoncu [33]). Let pM,gq be an n-dimensional complete Rie-
mannian manifold. Suppose that there exists some positive constant λ ¡ 0 such that
RicV ¥ λg. If the potential vector field satisfies |V | ¤ K for some non-negative con-
stant K ¥ 0, then pM,gq must be compact. Moreover, the diameter of pM,gq has the
upper bound

(2.8) diampM,gq ¤ π
λ

�
K?

2
�
c

K2

2
�pn�1qλ

�
.

The author [50] improved the diameter estimate (2.8) by showing

(2.9) diampM,gq ¤ 1
λ

�
2K�

b
4K2�pn�1qλπ2



under the same assumption as in Theorem 10. Recently, by applying the generalized
mean curvature comparison theorem to the excess function, J.-Y. Wu [63] established
a new diameter estimate which is sharper than (2.8) and (2.9).

THEOREM 11 (J.-Y. Wu [63]). Let pM,gq be an n-dimensional complete Rieman-
nian manifold. Suppose that there exists some positive constant λ ¡ 0 such that
RicV ¥ λg. If the potential vector field satisfies |V | ¤K for some non-negative constant
K ¥ 0, then pM,gq must be compact. Moreover, the diameter of pM,gq has the upper
bound

diampM,gq ¤ 1
λ

�
2K�π

a
pn�1qλ

	
.

An interesting problem on smooth metric measure spaces is to establish Ambrose
and Galloway type theorems via (m–) Bakry–Émery and (m–) modified Ricci curva-
tures. S. Zhang [65] established an Ambrose type theorem via Bakry–Émery Ricci
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curvature assuming that the potential function has at most linear growth in the distance
function.

THEOREM 12 (S. Zhang [65]). Let pM,gq be an n-dimensional complete Rieman-
nian manifold. Suppose that there exists some point p P M for which every geodesic
γ : r0,�8qÑM emanating from p satisfies» �8

0
Ric f p9γpsq, 9γpsqqds��8.

If there exist some constants α and β such that the potential function satisfies f pxq ¤
αrpxq�β for all x P M, where rpxq denotes the distance between p and x, then pM,gq
must be compact.

More generally, we may prove an Ambrose type theorem via modified Ricci curva-
ture which may be considered as a generalization of Theorem 9.

THEOREM 13 ([51]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exists some point p PM for which every geodesic γ : r0,�8qÑ
M emanating from p satisfies» �8

0
RicV p9γpsq, 9γpsqqds��8.

If the potential vector field satisfies |V | ¤ K for some non-negative constant K ¥ 0,
then pM,gq must be compact.

M. P. Cavalcante, J. Q. Oliveira, and M. S. Santos [7] established a Galloway
type theorem via Bakry–Émery Ricci curvature assuming that the potential function
is bounded.

THEOREM 14 (M. P. Cavalcante, J. Q. Oliveira, and M. S. Santos [7]). Let pM,gq
be an n-dimensional complete Riemannian manifold. Suppose that there exist some
constants λ¡ 0 and L¥ 0 such that for every pair of points in M and minimal geodesic
γ joining those points, it holds

Ric f p9γ, 9γq|γpsq ¥ λ� dϕ
ds
psq,

where ϕ is some smooth function of the arc length satisfying |ϕ| ¤ L along γ. If the
potential function satisfies | f | ¤ H for some non-negative constant H ¥ 0, then pM,gq
must be compact. Moreover, the diameter of pM,gq has the upper bound

(2.10) diampM,gq ¤ π
λ

�
L�

b
L2�tpn�1q�2

?
2Huλ



.

The author [51] improved the diameter estimate (2.10) by showing

(2.11) diampM,gq ¤ 1
λ

�
2L�

b
4L2�tpn�1qπ�8Huλπ
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under the same assumption as in Theorem 14. Note that by taking L � 0, Theorem
14 with (2.11) is reduced to Theorem 7. On the other hand, the author [51] proved a
Galloway type theorem via modified Ricci curvature assuming some upper bound on
the norm of the potential vector field.

THEOREM 15 ([51]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exist some constants λ¡ 0 and L¥ 0 such that for every pair
of points in M and minimal geodesic γ joining those points, it holds

RicV p9γ, 9γq|γpsq ¥ λ� dϕ
ds
psq,

where ϕ is some smooth function of the arc length satisfying |ϕ| ¤ L along γ. If the
potential vector field satisfies |V | ¤ K for some non-negative constant K ¥ 0, then
pM,gq must be compact. Moreover, the diameter of pM,gq has the upper bound

diampM,gq ¤ 1
λ

�
2pL�Kq�

b
4pL�Kq2�pn�1qλπ2



.

Note that by taking L� 0, Theorem 15 is reduced to Theorem 10 with (2.9).

Y. Soylu [48] established a Cheeger–Gromov–Taylor type theorem via Bakry–Émery
Ricci curvature assuming that the potential function is bounded.

THEOREM 16 (Y. Soylu [48]). Let pM,gq be an n-dimensional complete Riemannian
manifold. Suppose that there exist some point p PM and positive constants r0 ¡ 0 and
ν¡ 0 such that

Ric f pxq ¥ pn�1q
� 1

4 �ν2
�

r2pxq gpxq

for all x PM satisfying rpxq ¥ r0, where rpxq denotes the distance between p and x. If
the potential function satisfies | f | ¤ pn� 1qH for some non-negative constant H ¥ 0,
then pM,gq must be compact. Moreover, the diameter of pM,gq from p has the upper
bound

diamppM,gq ¤ r0 exp

�
1
ν2

c
π2ν2�8H2�4H

b
π2ν2 p1�4ν2q�4H2

�
.

On the other hand, the author [54] proved a Cheeger–Gromov–Taylor type theorem
via modified Ricci curvature assuming some decay condition on the norm of the poten-
tial vector field.

THEOREM 17 ([54]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exist some point p PM and positive constants r0 ¡ 0 and ν¡ 0
such that

RicV pxq ¥ pn�1q
� 1

4 �ν2
�

r2pxq gpxq
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for all x P M satisfying rpxq ¥ r0, where rpxq denotes the distance between p and x.
If there exists some non-negative constant k ¥ 0 such that the potential vector field
satisfies

|V |pxq ¤ pn�1qk
rpxq and k   ν2

for all x PM satisfying rpxq ¥ r0, then pM,gq must be compact. Moreover, the diameter
of pM,gq from p has the upper bound

diamppM,gq ¤ r0 exp

�
2k�

a
4k2�pν2� kqπ2

ν2� k

�
.

An interesting problem is to improve the growth conditions on the norm of the poten-
tial vector field as in Theorem 9, 10, 11, and 15. M. Fernández-López and E. García-
Río [16] also proved the compactness of a complete Riemannian manifold assuming
some growth condition on the norm of the potential vector field in terms of the distance
function.

THEOREM 18 (M. Fernández-López and E. García-Río [16]). Let pM,gq be an n-
dimensional complete Riemannian manifold. Suppose that there exists some positive
constant λ ¡ 0 such that RicV ¥ λg. If there exist some point p P M, constants α, β,
and θ P p0,1q such that the potential vector field satisfies

|V |pxq ¤ αrpxqθ�β

for all x P M, where rpxq denotes the distance between p and x, then pM,gq must be
compact.

Theorem 18 was improved by the author [51] by showing that the compactness of
a complete Riemannian manifold may still be obtained assuming some linear growth
condition on the norm of the potential vector field in terms of the distance function,
as well as assuming that the modified Ricci curvature is not required to be everywhere
non-negative.

THEOREM 19 ([51]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exist some constants λ¡ 0 and L¥ 0 such that for every pair
of points in M and minimal geodesic γ joining those points, it holds

RicV p9γ, 9γq|γpsq ¥ λ� dϕ
ds
psq,

where ϕ is some smooth function of the arc length satisfying ϕ ¥ �L along γ. If there
exist some point p P M and constants α   λ and β such that the potential vector field
satisfies

(2.12) |V |pxq ¤ αrpxq�β

for all x P M, where rpxq denotes the distance between p and x, then pM,gq must be
compact.
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By taking L � 0 and V � ∇ f for some smooth function f : M Ñ R in Theorem
19, we may recover a Myers type theorem via Bakry–Émery Ricci curvature due to S.
Zhang [65].

THEOREM 20 (S. Zhang [65]). Let pM,gq be an n-dimensional complete Rieman-
nian manifold. Suppose that there exists some positive constant λ ¡ 0 such that
Ric f ¥ λg. If there exist some point p P M and constants α   λ

2 and β such that
the potential function satisfies

(2.13) f pxq ¤ αprpxq�βq2

for all x P M, where rpxq denotes the distance between p and x, then pM,gq must be
compact.

The shrinking Gaussian soliton pRn,g0q satisfies

Ricg0 �Hess f � 1
2

g0,

where g0 is the canonical flat metric on Rn and the potential function is given by
f pxq � 1

4 |x|2. The shrinking Gaussian soliton is an example to show that Theorem
20 is not true if α � λ

2 , since the shrinking Gaussian soliton is non-compact. Hence,
the growth condition (2.13) with α  λ

2 is sharp in obtaining the compactness of a com-
plete Riemannian manifold under a positive lower bound on the Bakry–Émery Ricci
curvature. The same observation is also true for (2.12) with α  λ, since the potential
function of the shrinking Gaussian soliton satisfies |∇ f |pxq � 1

2 |x|.

2.2. Compactness theorems via m–Bakry–Émery and m–modified Ricci curva-
tures with positive m

Next, we shall introduce some compactness theorems via m–Bakry–Émery and m–
modified Ricci curvatures with positive m. It is known that the m–Bakry–Émery and
m–modified Ricci curvatures with positive m are more natural generalizations of the
Ricci curvature than the Bakry–Émery and modified Ricci curvatures. Z. Qian [46]
established a Myers type theorem via m–Bakry–Émery Ricci curvature with positive m
without making any assumption on the potential function.

THEOREM 21 (Z. Qian [46]). Let pM,gq be an n-dimensional complete Riemannian
manifold. Suppose that there exists some positive constant λ ¡ 0 such that the m–
Bakry–Émery Ricci curvature satisfies Ricm

f ¥ λg, where m P p0,�8q. Then pM,gq
must be compact. Moreover, the diameter of pM,gq has the upper bound

diampM,gq ¤ π
c

n�m�1
λ

.

M. Limoncu [33] generalized Theorem 21 to the case of the m–modified Ricci curva-
ture with positive m. Note that no condition on the potential vector field was assumed.
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THEOREM 22 (M. Limoncu [33]). Let pM,gq be an n-dimensional complete Rie-
mannian manifold. Suppose that there exists some positive constant λ¡ 0 such that the
m–modified Ricci curvature satisfies Ricm

V ¥ λg, where m P p0,�8q. Then pM,gq must
be compact. Moreover, the diameter of pM,gq has the upper bound

diampM,gq ¤ π
c

n�m�1
λ

.

On the other hand, M. P. Cavalcante, J. Q. Oliveira, and M. S. Santos [7] established
an Ambrose type theorem via m–Bakry–Émery Ricci curvature with positive m.

THEOREM 23 (M. P. Cavalcante, J. Q. Oliveira, and M. S. Santos [7]). Let pM,gq be
an n-dimensional complete Riemannian manifold. Suppose that there exists some point
p PM for which every geodesic γ : r0,�8qÑM emanating from p satisfies» �8

0
Ricm

f p9γpsq, 9γpsqqds��8,

where m P p0,�8q. Then pM,gq must be compact.

The key ingredient in proving Theorem 23 is the Riccati inequality

Ricm
f pBr,Brq ¤ � 9m f � pm f q2

n�m�1
,

which may be derived by applying the Bochner–Weitzenböck formula (2.4) to the dis-
tance function rpxq :� dpp,xq. Here m f :� ∆ f r. Recently, Y. Li [31] proved that for
any smooth function u on M, we have

(2.14)
1
2

∆V |∇u|2 � |Hessu|2�RicV p∇u,∇uq�gp∇∆V u,∇uq.

Note that if the potential vector field V is replaced with the gradient vector field ∇ f for
some smooth function f : M Ñ R as V � ∇ f , then (2.14) is reduced to the Bochner–
Weitzenböck formula (2.4). By applying the Bochner–Weitzenböck formula (2.14) to
the distance function rpxq :� dpp,xq, we may obtain the Riccati inequality

Ricm
V pBr,Brq ¤ � 9mV � pmV q2

n�m�1
,

where mV :� ∆V r. By using this Riccati inequality, we may prove an Ambrose type
theorem via m–modified Ricci curvature with positive m quite similarly to Theorem 23.

THEOREM 24 ([51]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exists some point p PM for which every geodesic γ : r0,�8qÑ
M emanating from p satisfies» �8

0
Ricm

V p9γpsq, 9γpsqqds��8,

where m P p0,�8q. Then pM,gq must be compact.
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M. Rimoldi [47] established a Galloway type theorem via m–Bakry–Émery Ricci
curvature with positive m.

THEOREM 25 (M. Rimoldi [47]). Let pM,gq be an n-dimensional complete Rieman-
nian manifold. Suppose that there exist some constants λ ¡ 0 and L ¥ 0 such that for
every pair of points in M and minimal geodesic γ joining those points, it holds

Ricm
f p9γ, 9γq|γpsq ¥ λ� dϕ

ds
psq,

where ϕ is some smooth function of the arc length satisfying |ϕ| ¤ L along γ and m P
p0,�8q. Then pM,gqmust be compact. Moreover, the diameter of pM,gq has the upper
bound

diampM,gq ¤ 1
λ

�
2L�

b
4L2�pn�m�1qλπ2



.

On the other hand, M. P. Cavalcante, J. Q. Oliveira, and M. S. Santos [7] proved a
Galloway type theorem via m–modified Ricci curvature with positive m.

THEOREM 26 (M. P. Cavalcante, J. Q. Oliveira, and M. S. Santos [7]). Let pM,gq
be an n-dimensional complete Riemannian manifold. Suppose that there exist some
constants λ¡ 0 and L¥ 0 such that for every pair of points in M and minimal geodesic
γ joining those points, it holds

Ricm
V p9γ, 9γq|γpsq ¥ λ� dϕ

ds
psq,

where ϕ is some smooth function of the arc length satisfying |ϕ| ¤ L along γ and m P
p0,�8q. Then pM,gqmust be compact. Moreover, the diameter of pM,gq has the upper
bound

(2.15) diampM,gq ¤ π
λ

�
L�

b
L2�pn�m�1qλ



.

The author [51] improved the diameter estimate (2.15) by showing

diampM,gq ¤ 1
λ

�
2L�

b
4L2�pn�m�1qλπ2



under the same assumption as in Theorem 26. Note that by taking L � 0, Theorem 26
is reduced to Theorem 22.

L. F. Wang [59] established a Cheeger–Gromov–Taylor type theorem via m–Bakry–
Émery Ricci curvature with positive m.

THEOREM 27 (L. F. Wang [59]). Let pM,gq be an n-dimensional complete Rieman-
nian manifold. Suppose that there exist some point p PM and positive constants r0 ¡ 0
and ν¡ 0 such that

Ricm
f pxq ¥ pn�m�1q

� 1
4 �ν2

�
p1� rpxqq2 gpxq
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for all x PM, where rpxq denotes the distance between p and x, and m P p0,�8q. Then
pM,gq must be compact. Moreover, the diameter of pM,gq from p has the upper bound

diamppM,gq   exp
�

2π
ν



�1.

The author [54] proved a Cheeger–Gromov–Taylor type theorem via m–modified
Ricci curvature with positive m.

THEOREM 28 ([54]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exist some point p PM and positive constants r0 ¡ 0 and ν¡ 0
such that

Ricm
V pxq ¥ pn�m�1q

� 1
4 �ν2

�
r2pxq gpxq

for all x PM satisfying rpxq ¥ r0, where rpxq denotes the distance between p and x, and
m P p0,�8q. Then pM,gq must be compact. Moreover, the diameter of pM,gq from p
has the upper bound

diamppM,gq ¤ r0 exp
�π

ν

	
.

2.3. Compactness theorems via m–Bakry–Émery and m–modified Ricci curva-
tures with negative m

Traditionally, the m–Bakry–Émery and m–modified Ricci curvatures have been in-
vestigated when m is a positive constant or infinity. However, the m–Bakry–Émery
and m–modified Ricci curvatures with negative m have recently been investigated
[27, 38, 40, 41, 64]. W. Wylie [64] established a Myers type theorem via m–Bakry–
Émery Ricci curvature with negative m, which may be compared with Theorem 6 and
7.

THEOREM 29 (W. Wylie [64]). Let pM,gq be an n-dimensional complete Rieman-
nian manifold. Suppose that there exists some positive constant λ¡ 0 such that

Ric�pn�1q
f :� Ricg�Hess f � 1

n�1
d f bd f ¥ pn�1qλg.

If the potential function f is bounded, then pM,gq must be compact. Moreover, the
diameter of pM,gq has the upper bound

diampM,gq ¤ π?
λ

�
umax

umin


 1
n�1

,

where u :� expp f q, and umax and umin denote, respectively, the maximum and minimum
values of u.
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The key ingredient in proving Theorem 29 is the Riccati type inequality

(2.16) v2 Ric�pn�1q
V pBr,Brq ¤ �Br

�
v2∆V r

�� v2 p∆V rq2
n�1

due to W. Wylie [64], which may be derived by applying the Bochner–Weitzenböck
formula (2.14) to the distance function rpxq :� dpp,xq, where

v :� exp
�

fγ

n�1



, fγptq :�

» t

0
gγpsqpV pγpsqq, 9γpsqqds,

and γ� γpsq is a fixed geodesic. By using this Riccati type inequality, we may prove a
Myers type theorem via m–modified Ricci curvature with negative m, assuming some
decay condition on the norm of the potential vector field.

THEOREM 30 ([55]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exists some positive constant λ¡ 0 such that

(2.17) Ric�pn�1q
V :� Ricg�1

2
LV g� 1

n�1
V�bV� ¥ pn�1qλg.

If there exist some point p P M and constants k ¥ 0 and l ¡ 0 such that the potential
vector field satisfies |V |pxq ¤ k expp�lrpxqq for all x P M, where rpxq denotes the dis-
tance between p and x, then pM,gq must be compact. Moreover, the diameter of pM,gq
has the upper bound

diampM,gq ¤ π?
λ

�
exp
�

k
l



 2
n�1

.

A natural problem is to generalize Theorem 29 and 30 by establishing Ambrose,
Galloway, and Cheeger–Gromov–Taylor type theorems via m–Bakry–Émery and m–
modified Ricci curvatures with negative m. The key ingredient in proving Theorem 3
is the Riccati inequality

RicgpBr,Brq ¤ � 9m� m2

n�1
,

which may be derived by applying the Bochner–Weitzenböck formula (2.5) to the dis-
tance function rpxq :� dpp,xq. Here m :� ∆gr is the mean curvature. See [8] for details.
By using the Riccati type inequality (2.16), the author [55] proved an Ambrose type
theorem via m–Bakry–Émery Ricci curvature with negative m, which may be compared
with Theorem 29.

THEOREM 31 ([55]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exists some point p PM for which every geodesic γ : r0,�8qÑ
M emanating from p satisfies» �8

0
Ric�pn�1q

f p9γpsq, 9γpsqqds��8.

If the potential function f is bounded and Ric�pn�1q
f ¡ 0, then pM,gq must be compact.
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We may prove an Ambrose type theorem via m–modified Ricci curvature with neg-
ative m assuming some decay condition on the norm of the potential vector field.

THEOREM 32 ([55]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exists some point p PM for which every geodesic γ : r0,�8qÑ
M emanating from p satisfies» �8

0
Ric�pn�1q

V p9γpsq, 9γpsqqds��8.

If there exist some constants k¥ 0 and l ¡ 0 such that the potential vector field satisfies
|V |pxq ¤ k expp�lrpxqq for all x PM, where rpxq denotes the distance between p and x,
and Ric�pn�1q

V ¡ 0, then pM,gq must be compact.

On the other hand, we may prove a Galloway type theorem via m–modified Ricci
curvature with negative m.

THEOREM 33 ([55]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exist some constants λ¡ 0 and L¥ 0 such that for every pair
of points in M and minimal geodesic γ joining those points, it holds

Ricm
V p9γ, 9γq|γpsq ¥ λ� dϕ

ds
psq,

where ϕ is some smooth function of the arc length satisfying |ϕ| ¤ L along γ and m P
p�8,0q. If the potential vector field satisfies |V | ¤ K for some non-negative constant
K ¥ 0 such that 0¤K  ?�λm, then pM,gq must be compact. Moreover, the diameter
of pM,gq has the upper bound

diampM,gq ¤ 2mpL�Kq�
a

4m2pL�Kq2�pn�1qpm2λ�mK2qπ2

mλ�K2 .

By taking m��pn�1q and V � ∇ f for some smooth function f : M ÑR in Theo-
rem 33, we may obtain a Galloway type theorem via m–Bakry–Émery Ricci curvature
with negative m, which may be compared with Theorem 29.

COROLLARY 1 ([55]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exist some constants λ¡ 0 and L¥ 0 such that for every pair
of points in M and minimal geodesic γ joining those points, it holds

Ric�pn�1q
f p9γ, 9γq|γpsq ¥ λ� dϕ

ds
psq,

where ϕ is some smooth function of the arc length satisfying |ϕ| ¤ L along γ. If the
potential function satisfies |∇ f | ¤ K for some non-negative constant K ¥ 0 such that
0 ¤ K  aλpn�1q, then pM,gq must be compact. Moreover, the diameter of pM,gq
has the upper bound

diampM,gq ¤ 2pn�1qpL�Kq�pn�1q
a

4pL�Kq2�ppn�1qλ�K2qπ2

pn�1qλ�K2 .
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We may prove a Cheeger–Gromov–Taylor type theorem via m–modified Ricci cur-
vature with negative m assuming some decay condition on the norm of the potential
vector field.

THEOREM 34 ([55]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exist some point p PM and positive constants r0 ¡ 0 and ν¡ 0
such that

Ricm
V pxq ¥ pn�1q

� 1
4 �ν2

�
r2pxq gpxq

for all x PM satisfying rpxq ¥ r0, where rpxq denotes the distance between p and x, and
m P p�8,0q. If there exists some non-negative constant k ¥ 0 such that the potential
vector field satisfies

|V |pxq ¤ pn�1qk
rpxq and k   m�

a
m2�4pn�1qmν2

2pn�1q
for all x PM satisfying rpxq ¥ r0, then pM,gq must be compact. Moreover, the diameter
of pM,gq from p has the upper bound

diamppM,gq ¤ r0 exp

�
2mk�

a
4m2k2�pm2ν2�m2k�pn�1qmk2qπ2

mν2�mk�pn�1qk2

�
.

By taking m ��pn�1q and V � ∇ f for some smooth function f : M Ñ R in The-
orem 34, we may obtain a Cheeger–Gromov–Tylor type theorem via m–Bakry–Émery
Ricci curvature with negative m, which may be compared with Theorem 29.

COROLLARY 2 ([55]). Let pM,gq be an n-dimensional complete Riemannian mani-
fold. Suppose that there exist some point p PM and positive constants r0 ¡ 0 and ν¡ 0
such that

Ric�pn�1q
f pxq ¥ pn�1q

� 1
4 �ν2

�
r2pxq gpxq

for all x PM satisfying rpxq ¥ r0, where rpxq denotes the distance between p and x. If
there exists some non-negative constant k ¥ 0 such that the potential function satisfies

|∇ f |pxq ¤ pn�1qk
rpxq and k   �1�?1�4ν2

2

for all x PM satisfying rpxq ¥ r0, then pM,gq must be compact. Moreover, the diameter
of pM,gq from p has the upper bound

diamppM,gq ¤ r0 exp

�
2k�

a
4k2�pν2� k� k2qπ2

ν2� k� k2

�
.

We here summarize Myers, Ambrose, Galloway, and Cheeger–Gromov–Taylor type
theorems introduced in Section 2.
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Curvature

Type
Myers Ambrose Galloway Cheeger–Gromov–Taylor

Ricg Theorem 2 Theorem 3 Theorem 4 Theorem 5

Ric f Theorem 6, 7 Theorem 12 Theorem 14 Theorem 16

RicV Theorem 9, 10, 11 Theorem 13 Theorem 15 Theorem 17

Ricm
f pm¡ 0q Theorem 21 Theorem 23 Theorem 25 Theorem 27

Ricm
V pm¡ 0q Theorem 22 Theorem 24 Theorem 26 Theorem 28

Ricm
f pm  0q Theorem 29 Theorem 31 Corollary 1 Corollary 2

Ricm
V pm  0q Theorem 30 Theorem 32 Theorem 33 Theorem 34

3. Diameter Bounds for Compact Ricci Solitons

In this section, we shall introduce some lower and upper diameter bounds for compact
shrinking Ricci solitons. Although these diameter bounds were already introduced
in the previous expository paper [52], we here recall them to compare with a lower
diameter bound for compact self–shrinkers of the mean curvature flow which shall be
introduced in Section 5.

We recall some useful facts on gradient Ricci solitons. Since any compact Ricci
soliton must be a gradient Ricci soliton, we here assume that pM,gq is a gradient Ricci
soliton satisfying (1.2). First, by taking the trace of (1.2), we obtain

(3.1) R�∆g f � nλ.

By combining (3.1) and the second Bianchi identity, we may obtain a nice formula
between the potential function and the scalar curvature.

PROPOSITION 1 (R. Hamilton [24]). Let pM,gq be an n-dimensional gradient Ricci
soliton satisfying (1.2). Then the potential function satisfies

(3.2) R�|∇ f |2�2λ f �C

for some real constant C.

We denote by fmax and fmin the maximum and minimum values of the potential
function on a compact gradient Ricci soliton, respectively. We also denote by Rmax and
Rmin the maximum and minimum values of the scalar curvature on a compact Ricci
soliton, respectively.
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PROPOSITION 2 (M. Fernández-López and E. García-Río [17]). Let pM,gq be an n-
dimensional compact shrinking Ricci soliton satisfying (1.2). Then the potential func-
tion satisfies

(3.3) 2λ fmax�2λ fmin ¥ Rmax�nλ.

Moreover, if the soliton has positive Ricci curvature, then

(3.4) 2λ fmax�2λ fmin � Rmax�Rmin.

By combining the maximum principle for the Laplacian and (3.2), we may obtain a
gradient estimate of the potential function on a compact shrinking Ricci soliton.

PROPOSITION 3 (M. Fernández-López and E. García-Río [18]). Let pM,gq be an n-
dimensional compact shrinking Ricci soliton satisfying (1.2). Then the potential func-
tion satisfies

(3.5) |∇ f |2 ¤ Rmax�R.

3.1. Lower diameter bounds

From now on, we assume that the dimension of a Ricci soliton is bigger than or equal
to four. Diameter bounds for compact shrinking Ricci solitons have recently been
investigated by many authors [2, 12, 17, 19, 20, 49, 50, 53]. In particular, a lower
diameter bound for compact non-trivial shrinking Ricci solitons was first investigated
by M. Fernández-López and E. García-Río [17] in terms of the Ricci curvature and the
range of the potential function.

THEOREM 35 (M. Fernández-López and E. García-Río [17]). Let pM,gq be an n-
dimensional compact non-trivial shrinking Ricci soliton satisfying (1.2). Then the di-
ameter of pM,gq has the lower bound
(3.6)

diampM,gq ¥max

#c
2p fmax� fminq

C�λ
,

c
2p fmax� fminq

λ� c
,2

c
2p fmax� fminq

C� c

+
.

In Theorem 35 and throughout this paper, the numbers

C :� max
vPT M

tRicgpv,vq : |v| � 1u and c :� min
vPT M

tRicgpv,vq : |v| � 1u

denote, respectively, the maximum and minimum values of the Ricci curvature on the
unit sphere bundle over pM,gq. Note that cg¤ Ricg ¤Cg.

When the soliton has positive Ricci curvature, the diameter estimate (3.6) may be
written in terms of the range of the scalar curvature.

COROLLARY 3 (M. Fernández-López and E. García-Río [17]). Let pM,gq be an n-
dimensional compact non-trivial shrinking Ricci soliton satisfying (1.2). Suppose that
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the soliton has positive Ricci curvature. Then the diameter of pM,gq has the lower
bound

(3.7) diampM,gq ¥max

#d
Rmax�Rmin

λpC�λq ,

d
Rmax�Rmin

λpλ� cq ,2

d
Rmax�Rmin

λpC� cq

+
.

Based on the lower diameter bound (3.7), M. Fernández-López and E. García-Río
[18] proved that if a compact Ricci soliton is sufficiently close to an Einstein manifold,
then the soliton must be Einstein.

COROLLARY 4 (M. Fernández-López and E. García-Río [18]). Let pM,gq be an n-
dimansional compact shrinking Ricci soliton satisfying (1.2). Then pM,gq is trivial if
and only if one of the following conditions holds:

(1) Ricg ¥
�

1� Rmax�Rmin

pn�1qλπ2�Rmax�Rmin



λg,

(2) cg¤ Ricg ¤
�

λ� cpRmax�Rminq
pn�1qλπ2



g for some c¡ 0,

(3) cg¤ Ricg ¤
�

1� 4pRmax�Rminq
pn�1qλπ2



cg for some c¡ 0.

Hence, Corollary 4 gives us a gap phenomenon between Einstein manifolds and
non-trivial Ricci solitons. M. Fernández-López and E. García-Río [18] also proved a
similar gap theorem in terms of the L2-norm of the gradient vector field of the potential
function.

THEOREM 36 (M. Fernández-López and E. García-Río [18]). Let pM,gq be an n-
dimensional compact shrinking Ricci soliton satisfying (1.2). Then pM,gq is trivial if
and only if

|Ricg�λg| ¤ �Λ�
a

Λ2�8pn�1qλΛ
4pn�1q ,

where Λ :� 1
volpM,gq

³
M |∇ f |2 denotes the average of the L2-norm of ∇ f .

Note that H. Li [29] proved a similar gap theorem to Theorem 36 for compact
Kähler–Ricci solitons. We may also prove a gap theorem for compact Ricci solitons
in terms of the scalar curvature. If a compact Ricci soliton is trivial, then the scalar
curvature satisfies R � nλ, and therefore we have Rmax � nλ. We may characterize a
compact Ricci soliton to be trivial by giving some upper bound on Rmax�nλ in terms
of the L2-norm of the gradient vector field of the potential function.

THEOREM 37 (M. Fernández-López and E. García-Río [18]). Let pM,gq be an n-
dimensional compact shrinking Ricci soliton satisfying (1.2). Then pM,gq is trivial if
and only if

Rmax�nλ¤
�

1� 2
n



1

volpM,gq
»

M
|∇ f |2.
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On the other hand, a universal lower diameter bound for compact non-trivial shrink-
ing Ricci solitons was first established by A. Futaki and Y. Sano [20] in the relation to
the study of the first non-zero eigenvalue of the Witten–Laplacian.

THEOREM 38 (A. Futaki and Y. Sano [20]). Let pM,gq be an n-dimensional compact
non-trivial shrinking Ricci soliton satisfying (1.2). Then the diameter of pM,gq has the
lower bound

(3.8) diampM,gq ¥ 10π
13
?

λ
.

The lower diameter estimate (3.8) has been improved by many authors [2, 12, 19].
In particular, a sharper lower diameter estimate was given independently by Y. Chu and
Z. Hu [12] and by A. Futaki, H. Li, and X.-D. Li [19].

THEOREM 39 (Y. Chu and Z. Hu [12] and A. Futaki, H. Li, and X.-D. Li [19]). Let
pM,gq be an n-dimensional compact non-trivial shrinking Ricci soliton satisfying (1.2).
Then the diameter of pM,gq has the lower bound

(3.9) diampM,gq ¥ 2p?2�1qπ?
λ

.

Theorem 39 says that if the diameter of a compact shrinking Ricci soliton pM,gq
satisfies the inequality

diampM,gq   2p?2�1qπ?
λ

,

then the soliton pM,gq must be trivial. Hence, Theorem 39 gives us a gap phenomenon
between Einstein manifolds and non-trivial Ricci solitons. An interesting problem is
to improve the diameter estimate (3.9). Base on the gradient estimate (3.5), we may
prove a lower diameter bound for compact shrinking Ricci solitons in terms of the
scalar curvature.

THEOREM 40 ([53]). Let pM,gq be an n-dimensional compact non-trivial shrinking
Ricci soliton satisfying (1.2). Then the diameter of pM,gq has the lower bound

(3.10) diampM,gq ¥ Rmax�nλ
2λ
?

Rmax�Rmin
.

Note that if the maximum value of the scalar curvature is sufficiently large, then the
diameter estimate (3.10) is sharper than (3.9).

3.2. Upper diameter bounds

Theorem 10 and 11 are closely related to an upper diameter bound for compact shrink-
ing Ricci solitons. Theorem 35 and Corollary 3 give a lower diameter bound for com-
pact non-trivial shrinking Ricci solitons in terms of the range of the potential function,
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as well as in terms of the range of the scalar curvature. Stimulated by these lower di-
ameter bounds, M. Fernández-López and E. García-Río [17] conjectured that an upper
diameter bound for compact shrinking Ricci solitons would also be given in terms of
the range of the potential function, as well as in terms of the range of the scalar cur-
vature. By combining the diameter estimate (2.9) and the gradient estimate (3.5), we
may give an upper diameter bound for compact shrinking Ricci solitons in terms of the
range of the scalar curvature.

THEOREM 41 ([50]). Let pM,gq be an n-dimensional compact shrinking Ricci soli-
ton satisfying (1.2). Then the diameter of pM,gq has the upper bound

diampM,gq ¤ 1
λ

�
2
?

Rmax�Rmin�
b

4pRmax�Rminq�pn�1qλπ2



.

By combining Theorem 11 and the gradient estimate (3.5), J.-Y. Wu [63] gave a
sharper diameter estimate for compact shrinking Ricci solitons.

THEOREM 42 (J.-Y. Wu [63]). Let pM,gq be an n-dimensional compact shrinking
Ricci soliton satisfying (1.2). Then the diameter of pM,gq has the upper bound

(3.11) diampM,gq ¤ 2
λ
?

Rmax�Rmin�π
c

n�1
λ

.

Thanks to the relation (3.4), when the soliton has positive Ricci curvature, the diam-
eter estimate (3.11) may be written in terms of the range of the potential function.

COROLLARY 5. Let pM,gq be an n-dimensional compact shrinking Ricci soliton
satisfying (1.2). Suppose that the soliton has positive Ricci curvature. Then the diame-
ter of pM,gq has the upper bound

diampM,gq ¤ 2

c
2p fmax� fminq

λ
�π
c

n�1
λ

.

4. The Hitchin–Thorpe Inequality for Compact Ricci Solitons

In this section, we shall introduce some validities of the Hitchin–Thorpe inequality for
four-dimensional compact shrinking Ricci solitons. J. A. Thorpe [57] and N. Hitchin
[25] proved independently that if a four-dimensional compact manifold M admits an
Einstein metric, then the Euler number χpMq and signature τpMq must satisfy the in-
equality

2χpMq ¥ 3|τpMq|.
This inequality is known as the Hitchin–Thorpe inequality and has various geometric
implications. For instance, if a four-dimensional compact manifold M does not satisfy
the inequality, then M never admit any Einstein metric. Hence, the Hitchin–Thorpe
inequality may be considered as a topological obstruction to the existence of an Ein-
stein metric on a four-dimensional compact manifold. On the other hand, C. LeBrun
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[28] proved that there are infinitely many four-dimensional compact simply connected
Riemannian manifolds which do not admit any Einstein metric, but nevertheless satisfy
the strict Hitchin–Thorpe inequality

2χpMq ¡ 3|τpMq|.

Since a Ricci soliton is a natural generalization of an Einstein manifold, we may
expect some topological obstruction to the existence of a four-dimensional compact
Ricci soliton. The validity of the Hitchin–Thorpe inequality for four-dimensional com-
pact shrinking Ricci solitons was first investigated by L. Ma [36] assuming some upper
bound on the L2-norm of the scalar curvature.

THEOREM 43 (L. Ma [36]). Let pM,gq be a four-dimensional compact shrinking
Ricci soliton satisfying (1.2). If the scalar curvature satisfies»

M
R2 ¤ 24λ2volpM,gq,

then the soliton must satisfy the Hitchin–Thorpe inequality.

M. Fernández-López and E. García-Río [17] proved the validity of the Hitchin–
Thorpe inequality assuming some upper diameter bound in terms of the Ricci curvature.

THEOREM 44 (M. Fernández-López and E. García-Río [17]). Let pM,gq be a four-
dimensional compact non-trivial shrinking Ricci soliton satisfying (1.2). If the diameter
of pM,gq has the upper bound

diampM,gq ¤max

#c
2

C�λ
,

c
2

λ� c
,2

c
2

C� c

+
,

then the soliton must satisfy the Hitchin–Thorpe inequality.

We may also prove the validity of the Hitchin–Thorpe inequality assuming some
upper diameter bound in terms of the scalar curvature.

THEOREM 45 ([53]). Let pM,gq be a four-dimensional compact non-trivial shrink-
ing Ricci soliton satisfying (1.2). If the diameter of pM,gq has the upper bound

diampM,gq ¤ 2
?

2p?2�1qπ?
Rmax�Rmin

,

then the soliton must satisfy the Hitchin–Thorpe inequality.

On the other hand, the validity of the Hitchin–Thorpe inequality for four-
dimensional compact shrinking Ricci solitons may also be obtained assuming some
lower diameter bound in terms of the scalar curvature.
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THEOREM 46 ([50]). Let pM,gq be a four-dimensional compact shrinking Ricci soli-
ton satisfying (1.2). If the diameter of pM,gq has the lower bound

(4.1)

�
2�

c
4� 3

2
π2

�?
Rmax�Rmin

λ
¤ diampM,gq,

then the soliton must satisfy the Hitchin–Thorpe inequality.

Theorem 46 follows from Theorem 41 and 43. By combining Theorem 42 and 43,
we may prove another validity of the Hitchin–Thorpe inequality for four-dimensional
compact shrinking Ricci solitons.

THEOREM 47 ([56]). Let pM,gq be a four-dimensional compact shrinking Ricci soli-
ton satisfying (1.2). If the diameter of pM,gq has the lower bound

(4.2)
�

2�
?

6
2

π

?

Rmax�Rmin

λ
¤ diampM,gq,

then the soliton must satisfy the Hitchin–Thorpe inequality.

Note that since

2�
?

6
2

π  2�
c

4� 3
2

π2,

the condition (4.2) is sharper than (4.1). In Theorem 47, if the soliton has constant
scalar curvature, then the soliton appears as an Einstein manifold and the assumption
(4.2) is trivially satisfied. Hence, Theorem 47 may be regarded as a certain generaliza-
tion of the Hitchin–Thorpe inequality [25, 57] for four-dimensional compact Einstein
manifolds of positive Ricci curvature.

5. Self–Shrinkers of the Mean Curvature Flow

In this section, we shall introduce some diameter bounds and a gap theorem for com-
pact self–shrinkers of the mean curvature flow. Let x : M ÑRn�p be an n-dimensional
submanifold in the pn� pq-dimensional Euclidean space. When we evolve the position
vector field x in the direction of the mean curvature H⃗, it gives rise to a solution to the
mean curvature flow

x : M�r0,T q Ñ Rn�p,
Bx
Bt
� H⃗.

DEFINITION 3. The immersed manifold M is called a self–shrinker if there exists a
positive constant λ¡ 0 such that

(5.1) H⃗ ��λxK,

where K denotes the projection onto the normal bundle of M.
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It is well-known that [32] any self–shrinker satisfies

(5.2) |H⃗|2� λ
2

∆|x|2 � nλ and ∇|x|2 � 2xT ,

where ∆ and ∇ denote the Laplacian and Levi–Civita connection with respect to the
induced metric on M, respectively. Note that the first equation in (5.2) corresponds to
(3.1). Define a potential function on M by

ϕ :� λ
2
|x|2� n

2
.

Define a Witten–Laplacian by

∆ϕ :� ∆�∇ϕ �∇.

Then we have a similar formula to (3.2) for a self–shrinker of the mean curvature flow.

PROPOSITION 4 ([53]). Let x : M Ñ Rn�p be an n-dimensional self–shrinker satis-
fying (5.1). Then the potential function satisfies

(5.3) |H⃗|2�|∇ϕ|2�2λϕ� nλ.

We denote by ϕmax and ϕmin the maximum and minimum values of the potential
function on a compact self–shrinker, respectively. Recall that the gradient estimate
(3.5) follows from (3.2). Thanks to (5.3), we may prove a similar gradient estimate of
the potential function on a compact self–shrinker.

PROPOSITION 5 ([53]). Let x : M Ñ Rn�p be an n-dimensional compact self–
shrinker satisfying (5.1). Then the potential function satisfies

(5.4) 2λϕmax�2λϕmin ¥ |H⃗|2max�nλ

and

(5.5) |∇ϕ|2 ¤ |H⃗|2max�|H⃗|2,

where |H⃗|max and |H⃗|min denote, respectively, the maximum and minimum values of the
norm of the mean curvature.

Recently, many similarities between gradient shrinking Ricci solitons and self–
shrinkers of the mean curvature flow have been pointed out by many authors [10, 11,
14, 19, 32]. In particular, A. Futaki, H. Li, and X.-D. Li [19] proved a lower diameter
bound for compact self–shrinkers of the mean curvature flow in the relation to the study
of the first non-zero eigenvalue of the Witten–Laplacian.

THEOREM 48 (A. Futaki, H. Li, and X.-D. Li [19]). Let x : M Ñ Rn�p be an n-
dimensional compact self–shrinker satisfying (5.1) such that xpMq is not a minimal
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submanifold in Sn�p�1pa n
λ q and hα

i j be the components of the second fundamental
form of M. Then the diameter of pM,x�g0q has the lower bound

diampM,x�g0q ¥ πb
3
2 λ� 1

2 K0

,

where g0 is the canonical flat metric on the Euclidean space Rn�p and

K0 :� max
1¤i¤n

��¸
α,k

hα
ikhα

ki

�.

Theorem 40 essentially follows from the formula (3.3) and the gradient estimate
(3.5). By using the corresponding formula (5.4) and the corresponding gradient esti-
mate (5.5), we may prove a lower diameter bound for compact self–shrinkers of the
mean curvature flow in terms of the mean curvature.

THEOREM 49 ([53]). Let x : M ÑRn�p be an n-dimensional compact self–shrinker
satisfying (5.1) such that xpMq is not a minimal submanifold in Sn�p�1pa n

λ q. Then the
diameter of pM,x�g0q has the lower bound

diampM,x�g0q ¥ |H⃗|2max�nλ

2λ
b
|H⃗|2max�|H⃗|2min

.

We may prove a gap theorem for compact self–shrinkers in terms of the mean cur-
vature. If a compact self–shrinker of the mean curvature flow has constant norm of the
mean curvature, then the norm satisfies |H⃗|2 � nλ, and therefore we have |H⃗|2max � nλ.
We may characterize a compact self–shrinker to have constant norm of the mean cur-
vature by giving some upper bound on |H⃗|2max � nλ in terms of the L2-norm of the
gradient vector field of the potential function.

THEOREM 50 ([53]). Let x : M ÑRn�p be an n-dimensional compact self–shrinker
satisfying (5.1). Then the self–shrinker has constant norm of the mean curvature if and
only if

|H⃗|2max�nλ¤
�

1� 2
n



1

volpM,x�g0q
»

M
|∇ϕ|2.

References

[1] W. AMBROSE, A theorem of Myers, Duke Math. J. 24 (1957), 345–348.

[2] B. ANDREWS AND L. NI, Eigenvalue comparison on Bakry–Emery manifolds, Comm. Partial Differ-
ential Equations 37 (2012), 2081–2092.

[3] D. BAKRY AND M. ÉMERY, Diffusion hypercontractives, Séminaire de probabilités, XIX, 1983/84,
177–206, Lecture Notes in Math., 1123, Springer, Berlin, 1985.

[4] E. CALABI, On Ricci curvature and geodesics, Duke Math. J. 34 (1967), 667–676.



Myers Type Theorems and Hitchin–Thorpe Inequalities for Ricci Solitons, II 109

[5] H.-D. CAO, Existence of gradient Kähler–Ricci solitons, Elliptic and parabolic methods in geometry
(Minneapolis, MN, 1994), 1–16, A. K. Peters (ed.), Wellesley, MA, 1996.

[6] , Recent progress on Ricci solitons, Recent advances in geometric analysis, 1–38, Adv. Lect.
Math. (ALM), 11, Int. Press, Somerville, MA, 2010.

[7] M. P. CAVALCANTE, J. Q. OLIVEIRA, AND M. S. SANTOS, Compactness in weighted manifolds and
applications, Results Math. 68 (2015), 143–156.

[8] J. CHEEGER, Critical points of distance functions and applications to geometry, Geometric topology:
recent developments (Montecatini Terme, 1990), 1–38, Lecture Notes in Math., 1504, Springer, Berlin,
1991.

[9] J. CHEEGER, M. GROMOV, AND M. TAYLOR, Finite propagation speed, kernel estimates for functions
of the Laplace operator, and the geometry of complete Riemannian manifolds, J. Differential Geom. 17
(1982), 15–53.

[10] Q. CHEN, J. JOST, AND H. QIU, Omori–Yau maximum principles, V –harmonic maps and their geo-
metric applications, Ann. Global Anal. Geom. 46 (2014), 259–279.

[11] X. CHENG AND D. ZHOU, Volume estimate about shrinkers, Proc. Amer. Math. Soc. 141 (2013),
687–696.

[12] Y. CHU AND Z. HU, Lower bound estimates of the first eigenvalue for the f –Laplacian and their
applications, Q. J. Math. 64 (2013), 1023–1041.

[13] A. S. DANCER AND M. Y. WANG, On Ricci solitons of cohomogeneity one, Ann. Global Anal. Geom.
39 (2011), 259–292.

[14] Q. DING AND Y. L. XIN, Volume growth, eigenvalue and compactness for self–shrinkers, Asian J.
Math. 17 (2013), 443–456.

[15] M. FELDMAN, T. ILMANEN, AND D. KNOPF, Rotationally symmetric shrinking and expanding gra-
dient Kähler–Ricci solitons, J. Differential Geom. 65 (2003), 169–209.

[16] M. FERNÁNDEZ-LÓPEZ AND E. GARCÍA-RÍO, A remark on compact Ricci solitons, Math. Ann. 340
(2008), 893–896.

[17] , Diameter bounds and Hitchin–Thorpe inequalities for compact Ricci solitons, Q. J. Math.
61 (2010), 319–327.

[18] , Some gap theorems for gradient Ricci solitons, Internat. J. Math. 23 (2012), 1250072, 9
pages.

[19] A. FUTAKI, H. LI, AND X.-D. LI, On the first eigenvalue of the Witten–Laplacian and the diameter
of compact shrinking solitons, Ann. Global Anal. Geom. 44 (2013), 105–114.

[20] A. FUTAKI AND Y. SANO, Lower diameter bounds for compact shrinking Ricci solitons, Asian J.
Math. 17 (2013), 17–32.

[21] G. J. GALLOWAY, A generalization of Myers theorem and an application to relativistic cosmology, J.
Differential Geom. 14 (1979), 105–116.

[22] , Compactness criteria for Riemannian manifolds, Proc. Amer. Math. Soc. 84 (1982), 106–
110.

[23] R. HAMILTON, The Ricci flow on surfaces, Mathematics and general relativity (Santa Cruz, CA, 1986),
237–262, Contemp. Math., 71, Amer. Math. Soc., Providence, RI, 1988.

[24] , The formation of singularities in the Ricci flow, Surveys in differential geometry, Vol. II
(Cambridge, MA, 1993), 7–136, Int. Press, Cambridge, MA, 1995.

[25] N. HITCHIN, Compact four-dimensional Einstein manifolds, J. Differential Geom. 9 (1974), 435–442.

[26] N. KOISO, On rotationally symmetric Hamilton’s equation for Kähler–Einstein metrics, Recent topics
in differential and analytic geometry, 327–337, Adv. Stud. Pure Math., 18-I, Academic Press, Boston,
MA, 1990.

[27] A. V. KOLESNIKOV AND E. MILMAN, Brascamp–Lieb–type inequalities on weighted Riemannian
manifolds with boundary, J. Geom. Anal. 27 (2017), 1680–1702.



110 H. Tadano

[28] C. LEBRUN, Four-manifolds without Einstein metrics, Math. Res. Lett. 3 (1996), 133–147.

[29] H. LI, Gap theorems for Kähler–Ricci solitons, Arch. Math. (Basel) 91 (2008), 187–192.

[30] X.-D. LI, Liouville theorems for symmetric diffusion operators on complete Riemannian manifolds, J.
Math. Pures Appl. 84 (2005), 1295–1361.

[31] Y. LI, Li–Yau–Hamilton estimates and Bakry–Emery–Ricci curvature, Nonlinear Anal. 113 (2015),
1–32.

[32] H. LI AND Y. WEI, Lower volume growth estimates for self–shrinkers of mean curvature flow, Proc.
Amer. Math. Soc. 142 (2014), 3237–3248.

[33] M. LIMONCU, Modifications of the Ricci tensor and applications, Arch. Math. (Basel) 95 (2010),
191–199.

[34] , The Bakry–Emery Ricci tensor and its applications to some compactness theorems, Math. Z.
271 (2012), 715–722.

[35] J. LOHKAMP, Metrics of negative Ricci curvature, Ann. of Math. 140 (1994), 655–683.

[36] L. MA, Remarks on compact Ricci solitons of dimension four, C. R. Acad. Sci. Paris, Ser. I 351 (2013),
817–823.

[37] P. MASTROLIA, M. RIMOLDI, AND G. VERONELLI, Myers–type theorems and some related oscilla-
tion results, J. Geom. Anal. 22 (2012), 763–779.

[38] E. MILMAN, Beyond traditional curvature–dimension I: new model spaces for isoperimetric and con-
centration inequalities in negative dimension, Trans. Amer. Math. Soc. 369 (2017), 3605–3637.

[39] S. B. MYERS, Riemannian manifolds with positive mean curvature, Duke Math. J. 8 (1941), 401–404.

[40] S. OHTA, pK,Nq–Convexity and the curvature–dimension condition for negative N, J. Geom. Anal. 26
(2016), 2067–2096.

[41] S. OHTA AND A. TAKATSU, Displacement convexity of generalized relative entropies, Adv. Math. 228
(2011), 1742–1787.

[42] G. PERELMAN, The entropy formula for the Ricci flow and its geometric applications, Preprint (2002),
arXiv:math/0211159.

[43] , Ricci flow with surgery on three-manifolds, Preprint (2003), arXiv:math/0303109.

[44] , Finite extinction time for the solutions to the Ricci flow on certain three-manifolds, Preprint
(2003), arXiv:math/0307245.

[45] F. PODESTÀ AND A. SPIRO, Kähler–Ricci solitons on homogeneous toric bundles, J. Reine Angew.
Math. 642 (2010), 109–127.

[46] Z. QIAN, Estimates for weighted volumes and applications, Quart. J. Math. Oxford Ser. (2) 48 (1997),
235–242.

[47] M. RIMOLDI, A remark on Einstein warped products, Pacific J. Math. 252 (2011), 207–218.

[48] Y. SOYLU, A Myers–type compactness theorem by the use of Bakry–Emery Ricci tensor, Diff. Geom.
Appl. 54 (2017), 245–250.

[49] H. TADANO, Remark on a diameter bound for complete Riemannian manifolds with positive Bakry–
Émery Ricci curvature, Diff. Geom. Appl. 44 (2016), 136–143.

[50] , An upper diameter bound for compact Ricci solitons with application to the Hitchin–Thorpe
inequality, J. Math. Phys. 58 (2017), 023503, 8 pages.

[51] , Some Ambrose- and Galloway-type theorems via Bakry–Émery and modified Ricci curva-
tures, Pacific J. Math. 294 (2018), 213–231.

[52] , Some Myers type theorems and Hitchin–Thorpe inequalities for shrinking Ricci solitons,
Rend. Semin. Mat. Univ. Politec. Torino 73 (2015), 183–199.

[53] , Remark on a lower diameter bound for compact shrinking Ricci solitons, Diff. Geom. Appl.
66 (2019), 231–241.



Myers Type Theorems and Hitchin–Thorpe Inequalities for Ricci Solitons, II 111

[54] , Some Cheeger–Gromov–Taylor type compactness theorems via m–Bakry–Émery and m–
modified Ricci curvatures, Preprint (2016).

[55] , Some compactness theorems via m–Bakry–Émery and m–modified Ricci curvatures with
negative m, Preprint (2016).

[56] , An upper diameter bound for compact Ricci solitons with application to the Hitchin–Thorpe
inequality. II, J. Math. Phys. 59 (2018), 043507, 3 pages.

[57] J. A. THORPE, Some remarks on the Gauss–Bonnet integral, J. Math. Mech. 18 (1969), 779–786.

[58] C. VILLANI, Optimal transport. Old and new., Grundlehren der Mathematischen Wissenschaften, 338,
Springer-Verlag, Berlin, 2009.

[59] L. F. WANG, A Myers theorem via m–Bakry–Émery curvature, Kodai Math. J. 37 (2014), 187–195.

[60] X.-J. WANG AND X. ZHU, Kähler–Ricci solitons on toric manifolds with positive first Chern class,
Adv. Math. 188 (2004), 87–103.

[61] G. WEI AND W. WYLIE, Comparison geometry for the Bakry–Emery Ricci tensor, J. Differential
Geom. 83 (2009), 377–405.

[62] D. WRAITH, On a theorem of Ambrose, J. Aust. Math. Soc. 81 (2006), 149–152.

[63] J.-Y. WU, Myers’ type theorem with the Bakry–Émery Ricci tensor, Ann. Global Anal. Geom. 54
(2018), 541–549.

[64] W. WYLIE, Sectional curvature for Riemannian manifolds with density, Geom. Dedicata 178 (2015),
151–169.

[65] S. ZHANG, A theorem of Ambrose for Bakry–Emery Ricci tensor, Ann. Global Anal. Geom. 45 (2014),
233–238.

AMS Subject Classification: Primary 53C21, Secondary 53C20, 53C25

Homare TADANO,
Department of Mathematics, Faculty of Science Division I, Tokyo University of Science
1-3 Kagurazaka, Shinjuku, Tokyo 162-8601, JAPAN
e-mail: tadano@rs.tus.ac.jp

Lavoro pervenuto in redazione il 18.04.2018.


