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NUMERICAL SOLUTION OF THE
FRACTIONAL OSCILLATION EQUATION

BY A REFINABLE COLLOCATION METHOD*

Abstract. Fractional Calculus is widely used to model real-world phenomena. In fact, the
fractional derivative allows one to easily introduce into the model memory effects in time
or nonlocality in space. To solve fractional differential problems efficient numerical meth-
ods are required. In this paper we solve the fractional oscillation equation by a collocation
method based on refinable bases on the semi-infinite interval. We carry out some numerical
tests showing the good performance of the method.

1. Introduction.

Fractional calculus arises in several fields, from physics to continuum mechanics, from
signal processing to electromagnetism [8, 9, 13]. In particular, fractional differential
equations are widely used to describe physical systems since the nonlocal behavior of
the fractional derivative allows one to easily model long-range memory effects in time.

Analytical solutions of fractional differential problems can be obtained just in
very few cases and, usually, they are given in term of special functions or series expan-
sions that cannot be accurately evaluated. For this reason, in recent years the interest
towards the construction of efficient numerical methods for fractional differential prob-
lems has been growing. For a review on numerical methods for fractional differential
problems see, for instance, the books [1, 11] and the detailed bibliography in the pa-
pers [10, 21, 24]. Among the variety of numerical methods commonly used in this
field, global methods seem particularly attractive. In these methods the solution is ap-
proximated by an expansion on a local basis: a clever choice of the basis allows to
approximate accurately the nonlocal behavior of the fractional derivative.

The refinable collocation method introduced in [18] is a global method in which
the solution is expanded in a refinable basis whose fractional derivatives have a closed
form easy to evaluate. The coefficients of the expansion are obtained by solving a linear
system that involves the collocation matrices of the refinable basis and of its fractional
derivatives. The method was successfully used to solve linear and nonlinear fractional
differential problems [18, 19, 21]. In this paper we use this method to numerically
solve the fractional oscillation equation.

The paper is organized as follows. In Section 2 we briefly describe the fractional
oscillation equation we are interested in. The main features of the collocation method
we use are outlined in Section 3 while the numerical results are reported in Section 4.
Finally, in Section 5 we draw some conclusions.

*Dedicated to Catterina Dagnino on the occasion of her retirement
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2. The fractional oscillation equation.

The oscillation equation of fractional order has the form [3, 12, 15]

(2.1)
Dγ

t y t µγ y t f t , t 0 , 1 γ 2 ,

y 0 y0 , y 0 y1 ,

where µ 0 is the stiffness coefficient and f t C 0, is the driving force. The
symbol Dγ

t y t denotes the Caputo fractional derivative defined as

(2.2) Dγ
t y t :

1
Γ k γ

t

0

y k τ
t τ γ 1 k dτ , k 1 γ k ,

where
Γ α :

0
τα 1 e τ dτ

is the Euler’s gamma function. For details on fractional calculus and fractional deriva-
tives see, for instance, [3, 23].
Equation (2.1) can be seen as a generalization of the classical linear oscillation equation

(2.3)
y t µ2 y t f t , t 0 ,

y 0 y0 , y 0 y1 ,

whose analytical solution is

(2.4) y t y0 cos µt
y1

µ
sin µt

t

0
f t τ sin µτ dτ .

Using the Mittag-Leffler function [4]:

Eγ,β z
n 0

zn

Γ γn β
, γ,β 0 , z C ,

the solution to Equation (2.1) can be expressed in a closed form as [3, 5, 15]

(2.5) y t y0 Eγ,1 µγ tγ y1 t Eγ,2 µγ tγ
t

0
f t τ τγ 1 Eγ,γ µγ τγ dτ .

By setting f t 0 and y1 0, Equation (2.5) reduces to

(2.6) y t y0 Eγ,1 µγ tγ ,

which in turn, reduces to the classical solution of the harmonic oscillator

(2.7) y t y0 cos µt
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when γ 2. It is worth noting that, while the solution to the classical oscillation equa-
tion exhibits an infinite number of zeros, the solution to the fractional oscillation equa-
tion has a finite number of zeros that increases when γ 2. Moreover, the amplitude
of the oscillation decreases when t [5]. This means that in the fractional oscilla-
tion equation the damping is an intrinsic effect that is generated just by the fractional
derivative.
The solution to the oscillation equation for different values of γ and different driving
forces f t is shown in Figure 1.

Figure 1: The analytical solution of the oscillation equation when y0 1, y1 0,
f t 0 (left) and y0 0, y1 0, f t cos 2 t (right) for γ 1.5 (green dashed
line), 1.7 (red dotted line), 1.9 (blue dash-dotted line). The analytical solution when
γ 2 is displayed as a red solid line. Here, µ 1.5.

3. The collocation method in refinable spaces.

Refinable spaces are embedded approximating subspaces of L2 R satisfying the sep-
aration and density properties [2, 14]. They can be generated by the translates and
dilates of a refinable function, i.e., a function satisfying a refinement equation:

(3.8) ϕ t
ℓ Z

ak ϕ 2 t ℓ , t R ,

where the coefficient sequence aℓ R,ℓ Z is the refinement mask. The existence of
a unique solution to Equation (3.8) is related to the properties of the mask (see [2] for
details). Here, we assume that the mask is compactly supported on 0,N so that ϕ is
compactly supported too, with supp ϕ 0,N . Moreover, we assume that ϕ belongs to
L2 R and that its integer translates form a L2-stable basis. Let ϕ jℓ t 2 j 2ϕ 2 j t ℓ
denote any of the integer translates and dilates of ϕ. The sequence of closed spaces

Vj span ϕ jℓ t ,ℓ N 1, N 2, . . . , j Z , t 0, ,

forms a multiresolution analysis of L2 0, , i.e., the spaces Vj satisfy
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(i) Vj Vj 1, j Z; (ii) j ZVj L2 0, ;

(iii) j ZVj 0 ; (iv) f t Vj f 2 t Vj 1;

(v) ϕ x ℓ ,ℓ N 1, N 2, . . . is a L2-stable basis for V0.

For any j held fix, we approximate the solution to the differential problem (2.1) by
an approximating function that belongs to the refinable space Vj, i.e.,

(3.9) y j t
ℓ N 1

c jℓ ϕ jℓ t .

In practical applications the solution to the differential problem (2.1) is approximated
in a finite interval I 0,T with T a positive integer, so that the sum in (3.9) is a finite
sum since just the refinable functions having support intersecting I give a contribution
to y j t when t I .
Let us denote by N j the set of the indexes ℓ such that suppϕ jℓ I 0 . Then, in the
collocation method the unknown coefficients c jℓ,ℓ N j are determined by requiring
that

(3.10) y j t
ℓ N j

c jℓ ϕ jℓ t , t I ,

solves the differential problem (2.1) on a set of collocation points tp,0 p P
belonging to the discretization interval I .
Since Equation (3.8) allows to efficiently evaluate ϕ jℓ on dyadic nodes [14], we choose
as collocation points the dyadic points of the interval I , i.e.,

(3.11) tp p 2s, p 0,1, . . . ,Ns , Ns 2sT ,

where s 0 is the collocation level. Thus, the collocation method applied to (2.1) gives

(3.12)
Dγ

t y j tp µγ y j tp f tp , p 1,2, . . . ,Ns ,

y j 0 y0 , y j 0 y1 .

Substituting (3.10) in the previous equations, we obtain the linear system

(3.13)

A js µγ B js Cjs Fs ,

Φ js 0 Cjs y0 ,

Φ js 0 Cjs y1 ,

where Cjs c jℓ,ℓ N j
T is the unknown vector, Φ js t ϕ jℓ t ,ℓ N j is the vector

of the basis functions evaluated in t,

A js Dγ
t Φ js tp , p 1,2, . . . ,Ns ,

B js Φ js tp , p 1,2, . . . ,Ns ,
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are the collocation matrices of the refinable basis, and

Fs f tp , p 1,2, . . . ,Ns
T ,

is the known term. The linear system has Ns 2 2sT 2 equations and N j
2 jT N 1 unknowns. To guarantee the existence of a unique solution, the collocation
level s and the multiresolution level j have to be chosen so that Ns 2 N j. We notice
that when Ns 2 N j there is not a great flexibility in the choice of the parameters s
and j. For instance, for N 3 the only choice is s j. To have higher flexibility, we
set 2sT 2 2 jT N 1. Thus, (3.13) results in an overdetermined linear system that
can be solved in the least squares sense. In this case particular attention should be paid
to fulfill the initial conditions.

4. Numerical tests

In this section we show the approximated solutions we obtained by the collocation
method (3.12) when applied to the oscillation equation (2.1) with different driving
forces f t and different values of γ, the order of the fractional derivative. In the tests
we used as approximating spaces the refinable spaces

Vj span Bn jℓ t Bn 2 jt ℓ ,ℓ n, n 1, . . . ,2 j T , j j0 , t I ,

generated by the polynomial B-spline Bn t of degree n. The explicit expression of Bn
can be obtained, for instance, by the finite difference of the truncated power function
tn max 0, t n:

Bn t :
1
n!

∆n 1 tn ,

where ∆n denotes the finite difference operator of order n [25]. We recall that the
polynomial B-splines are refinable functions associated with the binomial mask [2].
Details on the evaluation of the fractional derivatives of the B-spline basis Bn jℓ t on
a finite interval can be found in [16, 22].
In the tests we set s j 1 so that the time step is ∆t 2 j 1. The discretization
interval is set to I 0,15 .
To analyze the performance of the collocation method we evaluate the L2-norm of the

approximation error: e j 2
T
0 e j t 2 dt , e j t y t y j t , and the numerical

convergence order: ρ j log2 e j 1 2 e j 2 .

4.1. Example 1

In the first example we set f t 0 and y 0 1, y 0 0. The exact solution is
given by Equation (2.6) and reduces to the classical harmonic oscillation (2.7) when
γ 2 (cf. [13]). The numerical solution y3 and the absolute value of the error e3 t for
n 4 and different values of γ are displayed in Figure 2. The L2-norm of the error and
the numerical convergence order as a function of the multiresolution level j are listed
in the tables below for the B-splines of degree n 3 and n 4 in the case when γ 1.3.
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n 3 n 4
j e j 2 ρ j
1 6.91e-02
2 3.28e-02 1.077
3 1.49e-02 1.135
4 6.18e-03 1.272
5 2.41e-03 1.356

j e j 2 ρ j
1 6.19e-02
2 3.11e-02 0.995
3 1.55e-02 0.999
4 7.77e-03 1.001
5 3.88e-03 1.003

Figure 2: Example 1: The numerical solution y3 t (left) and the error e3 t (right)
for γ 1.3 (blue solid line with markers), 1.5 (green dashed line), 1.7 (red dotted line),
1.9 (blue dash-dotted line). The exact solution when γ 2 is displayed as a red solid
line. Here, µ 1.5 and n 4.

4.2. Example 2

In the second example we set f t 1 and y 0 0, y 0 0. The exact solution is
[15]

y t tγ Eγ,γ 1 µγ tγ .

The numerical solution and the absolute value of the error for n 4 and different values
of γ are displayed in Figure 3. The L2-norm of the error and the numerical convergence
order as a function of the multiresolution level j are listed in the tables below for the
B-splines of degree n 3 and n 4 in the case when γ 1.5.

n 3 n 4
j e j 2 ρ j
1 5.61e-02
2 2.82e-02 0.990
3 1.41e-02 0.999
4 7.04e-03 1.005
5 3.49e-03 1.012

j e j 2 ρ j
1 4.83e-02
2 2.44e-02 0.989
3 1.22e-02 0.996
4 6.11e-03 0.999
5 3.06e-03 1.000
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Figure 3: Example 2: The numerical solution y3 t (left) and the error e3 t (right)
for γ 1.5 (green dashed line), 1.7 (red dotted line), 1.9 (blue dash-dotted line). Here,
µ 0.9 and n 4.

4.3. Example 3

In the last example we set f t cos λ t and y 0 0, y 0 0. The exact solution
is [15]

y t
t

0
cos λ t τ τγ 1 Eγ,γ µγ τγ dτ .

The numerical solution and the absolute value of the error for n 4 and different values
of γ are displayed in Figures 4. Top panels refer to the case λ 2 and µ 1.5 while
bottom panels refer to λ µ 1.5. In the first case, after a transient period, the solution
becomes oscillatory while in the latter case the amplitude of the solution increases with
time (cf. [15]).
The L2-norm of the error and the numerical convergence order as a function of the
multiresolution level j are listed in the tables below for the B-splines of degree n 3
and n 4 in the case when λ µ 1.5 and γ 1.5.

n 3 n 4
j e j 2 ρ j
1 4.85e-02
2 2.33e-02 1.061
3 1.08e-02 1.106
4 4.65e-03 1.216
5 1.82e-03 1.356

j e j 2 ρ j
1 4.42e-02
2 2.23e-02 0.991
3 1.12e-02 0.997
4 5.58e-03 0.998
5 2.79e-03 1.000

5. Conclusions

In this paper we used the collocation method introduced in [18] to solve the oscillation
equation (2.3). The numerical tests show that the method gives good results when using
the polynomial B-splines as approximating functions. In all the examples the error is
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Figure 4: Example 3: The numerical solution y3 t (left) and the error e3 t (right)
for γ 1.3 (blue solid line with markers), 1.5 (green dashed line), 1.7 (red dotted line),
1.9 (blue dash-dotted line). Top panels refer to the case λ 2 and µ 1.5; bottom
panels refer to the case λ µ 1.5. In both cases n 4.

in the order of 10 2 or less. We note that the error is smaller when γ goes to 2, i.e.,
when approaching the classical oscillation equation of integer order. The behavior of
the L2-norm of the error when j increases, shows that the method is convergent with
convergence order close to 1 (cf. [18]). On the other hand, the approximation error
depends slightly on the degree of the B-spline. The method can be used also with other
refinable bases, for instance, fractional B-splines [26], fractional GP refinable functions
[17] or nonstationary refinable functions [20]. For these functions, refinable bases on
the interval can be constructed following the techniques given in [6]. Some preliminary
tests can be found in [18, 19, 21].
To conclude, we observe that the collocation method (3.12) can be generalized by
approximating y t with a refinable operator like the operators introduced in [7]. This
will be the subject of a forthcoming paper.

Acknowledgments

This work was partially supported by grants University of Roma “La Sapienza”, Ricerca
Scientifica 2017 and INdAM-GNCS, Project 2018 “Sviluppo di modelli e metodi com-



Numerical Solution of the Fractional Oscillation Equation 185

putazionali per l’elaborazione di segnali e immagini”.

References

[1] BALEANU D., DIETHELM K., SCALAS E., TRUJILLO J.J., Fractional Calculus: Models and Numer-
ical Methods, World Scientific, 2016.

[2] DAUBECHIES I., Ten Lectures on Wavelets, CBMS-NSF Regional Conference Series in Applied Math-
ematics, vol. 61, SIAM, Philadelphia, 1992.

[3] DIETHELM K., The Analysis of Fractional Differential Equations: An Application-Oriented Exposition
using Differential Operators of Caputo Type, Springer, 2010.

[4] GORENFLO R., KILBAS A.A., MAINARDI F., ROGOSIN S.V., Mittag-Leffler Functions, Related Top-
ics and Applications, Springer Monographs in Mathematics, Springer, 2014.

[5] GORENFLO R. AND MAINARDI F., Fractional Oscillations and Mittag-Leffler Functions, in: Pro-
ceedings of the International Workshop on the Recent Advances in Applied Mathematics (RAAM ’96),
Kuwait University, Department of Mathematics and Computer Science, Kuwait, 1996, pp. 193–208.

[6] GORI L., PEZZA L., PITOLLI F., Recent Results on Wavelet Bases on the Interval Generated by GP
Refinable Functions, Applied Numerical Mathematics, 51 4 (2004), 549–563.

[7] GORI L. AND PITOLLI F., Refinable Functions and Positive Operators, Applied Numerical Mathe-
matics, 49 3-4 (2004), 381–393.

[8] HILFER R. (ed.), Applications of Fractional Calculus in Physics, World Scientific, 2000.

[9] KILBAS A.A., SRIVASTAVA H.M., TRUJILLO J.J., Theory and Applications of Fractional Differential
Equations, Elsevier Science (North-Holland), 2006.

[10] LI C., CHEN A., Numerical methods for fractional partial differential equations, International Journal
of Computer Mathematics, (2017), DOI: 10.1080/00207160.2017.1343941.

[11] LI C., ZENG F., Numerical Methods for Fractional Calculus, A Chapman & Hall Book/CRC Press,
2015.

[12] MAINARDI F., Fractional Relaxation-Oscillation and Fractional Diffusion-Wave Phenomena, Chaos,
Solitons & Fractals, 7 9 (1996), 1461–1477.

[13] MAINARDI F., Fractional Calculus and Waves in Linear Viscoelasticity: An Introduction to Mathe-
matical Models, World Scientific, 2010.

[14] MALLAT S., A Wavelet Tour of Signal Processing, Academic Press, 1999.

[15] NARAHARI ACHAR B.N., HANNEKEN J.W., CLARKE T., Response Characteristics of a Fractional
Oscillator, Physica A, 309 (2002), 275–288.

[16] PELLEGRINO E., PEZZA L., PITOLLI F., A Collocation Method in Refinable Spaces for the Numerical
Solution of Fractional Dynamical Systems, in preparation.

[17] PEZZA L., Fractional GP Refinable Functions, Rendiconti di Matematica, Serie VII, 27 (2007), 73–87.

[18] PEZZA L. AND PITOLLI F., A Multiscale Collocation Method for Fractional Differential Problems,
Mathematics and Computers in Simulations, 147 (2018), 210–219.

[19] PEZZA L. AND PITOLLI F., A Fractional Spline Collocation-Galerkin Method for the Time-Fractional
Diffusion Equation, Communications in Applied and Industrial Mathematics, 9 (2018), 104–120.

[20] PITOLLI F., Bell-shaped Nonstationary Refinable Ripplets, Advances in Computational Mathematics,
42 (2016), 1427–1451.

[21] PITOLLI F., A Fractional B-spline Collocation Method for the Numerical Solution of Fractional
Predator-Prey Models, Fractal and Fractional, 18 2 (2018) 13, doi:10.3390/fractalfract2010013.

[22] PITOLLI F., Optimal B-Spline Bases for the Numerical Solution of Fractional Differential Problems,
Axioms, 7 (2018) 46, doi:10.3390/axioms7030046.

[23] PODLUBNY I., Fractional Differential Equations, Academic Press, 1998.



186 E. Pellegrino - L. Pezza - F. Pitolli

[24] PODLUBNY I., SKOVRANEK T., DATSKO B., Recent advances in numerical methods for partial frac-
tional differential equations, in: Proceedings of the 2014 15th International Carpathian Control Con-
ference (ICCC), Velke Karlovice, Czech Republic, 2830 May 2014, pp. 454–457.

[25] SCHUMAKER L.L., Spline Functions: Basic Theory, Cambridge University Press, 2007.

[26] UNSER M., BLU T., Fractional Splines and Wavelets, SIAM Review, 42 (2000), 43–67.

AMS Subject Classification: 65T60, 65L60, 65D07

Enza PELLEGRINO
Department of Industrial and Information Engineering and Economics
University of L’Aquila
Via G. Gronchi 18, 67100 L’Aquila, Italy
e-mail: enza.pellegrino@univaq.it

Laura PEZZA, Francesca PITOLLI
Department of Basic and Applied Sciences for Engineering
University of Roma “La Sapienza”
Via A. Scarpa 16, 00161 Roma, Italy
e-mail: laura.pezza,francesca.pitolli@uniroma1.it

Lavoro pervenuto in redazione il 16-5-19.


