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ON THE UNIQUENESS OF SOLUTIONS TO A CLASS OF
SEMILINEAR ELLIPTIC EQUATIONS BY SERRIN’S

SWEEPING PRINCIPLE

Abstract. We present an alternative proof of the uniqueness of saddle-shaped solutions to
equations of Allen-Cahn type that vanish on the Simons cone, a property which was origi-
nally shown by X. Cabré in 2012. An interesting feature of our approach is that we combine
Serrin’s sweeping principle with the maximum principle in domains with small volume to
deal with the singularity at the vertex of the cone. Exploiting further this approach, we
revisit some other related uniqueness results. Moreover, we can establish new uniqueness
properties for positive solutions to a class of defocusing Gross-Pitaevskii equations.

1. Introduction

We consider the semilinear elliptic equation

(1.1) ∆u f u ,

with f a reasonably smooth odd function such that

(1.2) f 0 in 0,1 , f 1 0.

The typical example is f u u u3 which gives rise to the well known Allen-Cahn
equation from phase transition models. Entire solutions of such equations and their
connections to minimal surface theory have been the subject of intense investigations
over the last years (see [19]).

An important class of entire solutions for such Allen-Cahn type equations in
even dimensions R2m, m 1, are the saddle-shaped solutions that we briefly recall
(see [12, 13, 14] for more details). For x x1, ,x2m R2m, consider the two radial
variables:

s x2
1 x2

m
1
2 , t x2

m 1 x2
2m

1
2 .

A saddle-shaped solution of (1.1) is a solution u which depends only on s and t, satisfies
u 1, is positive in s t , and is odd with respect to s t , i.e., u t,s u s, t

in R2m. In particular, every saddle-shaped solution vanishes on the Simons cone

(1.3) C s t O where O s t .

Existence of a saddle-shaped solution u C2,α R2m for all 0 α 1 to (1.1)
was established by variational methods in [12], assuming that f C1 R and conditions
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for f in the interval 0,1 that are even more general than (1.2). If in addition f
C2,α R for some 0 α 1, and

(1.4) f 0 in 0,1 ,

uniqueness of a saddle-shaped solution was established in [14]. This was accomplished
by proving that a maximum principle holds in O s t for the linearized operator
at every saddle-shaped solution, and by combining this with the common asymptotic
behaviour of all saddle-shaped solutions at infinity which was established in [13] (see
(1.5) below for more details). Interestingly enough, a key ingredient for showing this
maximum principle in O, which was also used for showing various important qual-
itative properties of the solution, was a maximum principle in the ”narrow" domain
t s t ε with ε 0 small. The aforementioned asymptotic behaviour at infinity

of saddle-shaped solutions is the following: Denoting

U x u0
s t

2
for x R2m s t 2dist x, O ,

where u0 is uniquely determined by the one-dimensional problem

u0 f u0 , z R; u0 0 0, u0 1,

it holds

(1.5) u U x 0 and ∇u ∇U x 0 uniformly as x .

Under slightly weaker regularity conditions, this uniqueness result was shown
much earlier if m 1 in [18]. Roughly, this was achieved by considering the quotient
of two saddle-shaped solutions and showing that it is equal to one using integrations
by part. Remarkably, still on the plane, the same uniqueness property was established
without assuming the concavity assumption (1.4) away from u 1 in [24] by the sliding
method (see also [6]). As was observed in [14], the aforementioned techniques for
m 1 do not apply, at least directly, to the case m 2.

In this short note we will provide an alternative proof of the aforementioned
uniqueness result of [14]. Our strategy will be to adapt Serrin’s sweeping princi-
ple [35], that has already been used successfully since the early seventies to show
uniqueness of positive solutions for the corresponding problem with Dirichlet bound-
ary conditions in bounded and smooth domains (see for example [37, pg. 40-41]). The
unboundedness feature of the cone will be taken care of by the common asymptotic be-
haviour (1.5) of saddle-shaped solutions at infinity. On the other hand, to deal with the
singularity at its vertex we will apply in small balls around it the maximum principle for
domains with small volume, see [5] (see also [17], the review [11] and the references
therein). In the aforementioned reference, this type of maximum principle was incorpo-
rated in the method of moving planes to allow for non-smooth domains, where Hopf’s
boundary point lemma that was used in the original approach of [22] does not apply in
general. Actually, as is explained in [36], the method of moving planes can be put in
the general framework of Serrin’s sweeping principle. It is therefore natural to adopt
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the point of view of [5] to extend the method for showing uniqueness by the sweeping
principle to the case of non-smooth domains. In fact, using this approach, we can also
give an alternative proof of the maximum principle of [14] for the associated linearized
operator at the saddle-shaped solution. All of this will be carried out in Section 2. We
will exploit further this approach in Section 3 to revisit a classical uniqueness result
for positive solutions to (1.1) in bounded domains with Dirichlet boundary conditions,
without any smoothness assumption on the boundary. Moreover, we will consider the
uniqueness of positive solutions to a class of Gross-Pitaevskii equations in the whole
space.

2. The main result

Our main result is the following, which clearly implies the aforementioned uniqueness
result for saddle-shaped solutions.

THEOREM 1. Suppose that f is locally Lipschitz continuous on 0, , f 0
in 0,1 , f 1 0, and

(2.1)
f u

u
is nonincreasing in 0, .

Then, problem (1.1) has at most one positive solution u C2 O C Ō with u 1,
which vanishes on O, where the latter domain is as in (1.3).

Proof. We begin by obtaining some rough estimates for such solutions near O and at
infinity. Under our assumptions on f , it is well known that there exists a large radius R
such that the radial problem

∆u f u in BR; u 0 on BR,

has a unique positive solution uR, which is radial and decreasing in r x (see for
instance [15] for the existence part, and the references in Subsection 3.1 herein for the
uniqueness). Actually, the main property that we will use is that by Hopf’s boundary
point lemma we have ruR 0 at r R (recall that f 0 0). Now let u be a solution
as in the assertion of the theorem and let BR y be any ball of radius R that is contained
in the closure of O (possibly touching O). Using Serrin’s sweeping principle (we will
demonstrate this later in more generality), it follows that

(2.2) u x uR x y , x BR y .

In fact, since the sum of the squares of the principal curvatures of the cone tends to
zero at infinity, each point on O sufficiently far from the origin can be touched by a
ball BR y Ō. Hence, u satisfies

(2.3) u x 1 as dist x, O

and

(2.4) u x cdist x, O if dist x, O 1 as x ,
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for some c 0. Note that the above two relations hold uniformly for all such solutions
u. On the other hand, the following estimate which follows directly from the above
relation and Hopf’s boundary point lemma depends on each solution u: Given any
δ 0 small, there exist numbers cδ 0, rδ 0 such that

(2.5) u x cδdist x, O if dist x, O rδ and x O Bδ O ,

where Bδ Bδ 0 . On the other side, since by standard elliptic regularity estimates all
such solutions are uniformly bounded in C1 away from the vertex, we get the following
crude upper bound:

(2.6) u x Cδdist x, O if x O Bδ O ,

for some Cδ 0.
We can now proceed to the main part of the proof. Let u,v be two solutions as

in the assertion of the theorem. We claim that

(2.7) λu v in O,

provided that λ 1 is sufficiently large. In light of (2.3), (2.4), (2.5) and (2.6), given
δ 0, we deduce that there exists λδ 1 such that

λδu v in O Bδ O .

We will show next that the above relation remains true in Bδ O, provided that δ 0
is chosen sufficiently small. To this aim, let us suppose to the contrary that λδu
v is negative somewhere in Bδ O. Then, in each connected component of the set
x Bδ O : λδu v the function v λδu is a positive lower solution to a linear

equation of the form

(2.8) ∆ϕ q x ϕ 0 with q bounded uniformly in δ,

and vanishes on the boundary (the bound for q L can be chosen to be the Lipschitz
constant of f on 0,1 ). By choosing δ 0 sufficiently small (from now on fixed), we
find that this is impossible by the maximum principle for domains with small volume
(see [5, 11, 17]).

We will show next that property (2.7) holds for all λ 1. For this purpose, we
define

λ inf µ 1 : property 2.7 holds for λ µ, ,

and we will show that λ 1 (we know that 1 λ λδ). Let us suppose to the
contrary that

λ 1.

Firstly, since λ u is an upper solution to (1.1) and v is a solution, we deduce by
the strong maximum principle that λ u v 0 in O. From (1.5) we obtain for x O:

lim
x

∇ λ u v λ 1 u0 0 0.
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We point out that the proof of (1.5) in [13] does not require the solutions to be doubly
radial in s, t. Pushing further the validity of the above estimate with the help of Hopf’s
boundary point lemma, we obtain that

∇ λ u v c1 on O Bc
δ,

for some c1 0. In turn, since u,v are bounded in C1,α for all α 0,1 away from the
origin, we get

λ u v c2dist x, O in t s t d Bc
δ

for some c2,d 0 (at this point we used again that the cone becomes flat at infinity).
Then, thanks to (2.6), we must have that

(2.9) λu v 0 in t s t d Bc
δ for λ λ ε,λ

for some small ε 0.
By the definition of λ and the above relation, there should be

λn λ with λn λ and xn s t d Bδ O

such that

(2.10) λnu v xn 0.

We claim that

(2.11) xn Bδ O for large n.

Indeed, if not, by virtue of (2.3), passing to a subsequence if needed, we may assume
that dist xn, O d with d d

2
, , and that xn (by the strong maximum

principle for λ u v). Then, we infer from (1.5) that

λnu v xn λ 1 u0 d 0,

which contradicts (2.10). Therefore, relation (2.11) holds. However, this is impossible
by (2.9) and the maximum principle for domains with small volume as before (applied
to v λnu).

Consequently, it holds λ 1 which implies that v u in O. Analogously we
have that u v in O, which completes the proof of the theorem.

REMARK 1. It is easy to check from the proof of (1.5) in [13] and that of the
above theorem that the assertion of the latter continues to hold if O is a cone which is
smooth away from its vertex and has zero mean curvature.

REMARK 2. The behaviour near the origin of all saddle-shaped solutions to
(1.1), with f as in (1.2), to leading order should be that of a harmonic function that
vanishes on C and is positive in O. Clearly, the function s2 t2 is such a harmonic
function. Moreover, by a result of [2] all such harmonic functions behave in the same
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way near the origin. Therefore, all saddle-shaped solutions should behave as a positive
multiple of s2 t2 near the origin. If so, as is indeed the case when m 1 (see [24, Sec.
4]), then the use of the maximum principle in domains with small volume in the above
theorem may be avoided (at least for the proof of (2.7)) for showing the uniqueness of
a saddle-shaped solution.

Analogously, we can also prove the maximum principle of [14] for the lin-
earized operator at the saddle-shaped solution.

PROPOSITION 1. Under the assumptions of Theorem 1 with f C1, let Ω
O s t be an open set and c C Ω with c 0 in Ω. Then, the maximum principle
holds in Ω for the linear operator

M ∆ f u x c x I.

That is, if ϕ C2 Ω C Ω̄ satisfies

(2.12) M ϕ 0 in Ω, ϕ 0 on Ω and limsup
x , x Ω

ϕ x 0,

then ϕ 0 in Ω.

Proof. We will show that ϕ max ϕ,0 is identically equal to zero. Note that ϕ is
a nonnegative weak lower solution of M 0 in O with c extended as zero in O Ω (see
[4]). More precisely, it holds

M ϕ 0 weakly in O, ϕ 0 on O and lim
x , x O

ϕ x 0.

We will show that ϕ 0 by sweeping from above with the family of positive upper
solutions λu, λ 0 . In view of the proof of Theorem 1, the only point to pay attention
to is on the behaviour of ϕ on O far away from the origin, as it could be that ϕ
crosses it with a non-zero slope there. Fortunately, this is not the case because it holds

(2.13)
ϕ x

dist x, O 0 as x , x O,

as we will show in the remaining part of the proof.
Let x0 O be far away from the origin. We consider the unique solution ψ of

the problem:

∆ψ f u x ϕ in B2 x0 O; ψ ϕ on B2 x0 O.

Since ϕ is a weak lower solution to the above problem (because M cI ϕ 0
weakly), we deduce by the maximum principle in the weak setting (see [39]) that

(2.14) 0 ϕ ψ on B2 x0 O.
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On the other side, since ϕ 0 uniformly on B2 x0 O as x0 , by standard
elliptic regularity estimates, we infer that

ψ
ν

0 on B1 x0 O uniformly as x0 ,

where ν denotes the outer unit normal to O (this works because the curvatures of O
do not blow-up at infinity, see [23, Ch. 3]). Consequently, the desired relation (2.13)
follows at once from (2.14) and the above relation. The proof of the proposition is
complete.

REMARK 3. Besides for the purpose of showing uniqueness of a saddle-shaped
solution, the above proposition was applied in [14] to the equations satisfied by us,ut ,ust
and others for establishing various monotonicity and convexity properties of the saddle-
shaped solution. In those cases, the coefficient c satisfied c x as x 0. There-
fore, the assertion of Proposition 1 in these cases can be shown by using the usual
maximum principle near the vertex of the cone instead of that for domains with small
volume.

3. Related results

3.1. Uniqueness of positive solutions for (1.1) in bounded domains

The following theorem is well known when the domain is smooth, as in that case
Hopf’s boundary point lemma applies and the sweeping argument goes through in the
standard way (see [33, 37]). Actually, still in a smooth domain, this result can be traced
back to Krasnoselskii [30] from the early sixties. Since then, there have been several
different proofs and extensions (see for instance [3, 9, 10, 26]). To the best of our
knowledge, the strongest result is contained in [28], where Theorem 2 is proven with-
out even assuming that f is locally Lipschitz, thus covering the model sub-linear non-
linearity f u up with 0 p 1 (strict monotonicity in (2.1) is assumed however).
The proof in [28] is rather involved and proceeds by establishing a weak comparison
principle for (1.1), making use of Green’s formula and Sard’s theorem with the help of a
mollifier. On the other hand, at the sole expense of assuming that f is locally Lipschitz
continuous, we can give a simple direct proof analogously to Theorem 1. Furthermore,
we can show that the maximum principle holds for the associated linearized operator.

THEOREM 2. Assume that Ω Rn, n 1, is a bounded domain with continuous
boundary. Then, problem (1.1) admits at most one positive solution u C2 Ω C Ω̄
with Dirichlet boundary conditions on Ω, provided that f satisfies the assumptions of
Theorem 1. Moreover, the analogous assertion of Proposition 1 holds if f is C1.

Proof. The proof of this result is completely analogous to those of Theorem 1 and
Proposition 1, but simpler since we do not have to worry about things at infinity. There-
fore, we just indicate the main difference which is the following. Letting u,v be two
solutions as in the assertion of the theorem, we now take a domain D Ω so that the
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set Ω̄ D Ω has sufficiently small volume for the maximum principle to apply to the
linear equation corresponding to (2.8) in subdomains of Ω D̄ where the function q is
bounded by the Lipschitz constant of f on 0,max u L Ω , v L Ω .

REMARK 4. The uniqueness proof in the aforementioned reference [28] makes
use at some points of the fact that the Laplacian is self-adjoint. On the other hand,
our approach works equally well if we replace ∆ in (1.1) by a general second order
elliptic operator.

3.2. Uniqueness of positive solutions to the Gross-Pitaevskii equation

A Bose-Einstein condensate is described by a ground state which is a positive solution
of

(3.1)
∆u V x u gu3 0, x Rn, n 1,

u 0 as x ,

where V is a smooth trapping potential such that

(3.2) liminf
x

V x ,

and g 0 is a constant (see [27] and the references therein for more details). It was
shown in the aforementioned reference that, under the above assumptions, problem
(3.1) admits at most one positive solution. The proof was based on the approach in
[10]. More precisely, they considered the quotient of two solutions and showed that it
is equal to one. However, as it was not clear how such a quotient behaves at infinity,
they also had to multiply the equation satisfied by the quotient by some cutoff function
and argue in the spirit of a well known Liouville type theorem of [7] (they showed this
for n 2 but it is easy to check that their arguments carry over to arbitrary dimen-
sions because u,v decay exponentially fast at infinity). A simple proof can be given
in analogy to Theorem 2, by taking a large ball such that the maximum principle for
the corresponding linear problem (2.8) applies outside of it. More generally, using this
approach we can show the following result.

THEOREM 3. If V,G C Rn , n 1, and G 0 is non-trivial, the following
problem

(3.3)
∆u V x u G x u3 0, x Rn,

u 0 as x ,

has at most one positive solution u C2 Rn such that

3Gu2 V 0

for sufficiently large x . Moreover, if such a solution u exists, the associated linearized
operator

M ∆ 3Gu2 V I
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satisfies the maximum principle (2.12) in any domain Ω Rn.

REMARK 5. Establishing the above theorem using Serrin’s sweeping principle
in the ”traditional" way would require knowledge of the sharp decay rate of positive
solutions to (3.3). In fact, this property plays the role of Hopf’s lemma in the case of
domains with nonempty boundary (recall the proof of Theorem 1 and the references
preceding Theorem 2). However, to the best of our knowledge, this information is
only available in the case of (3.1) for V radial and diverging at infinity as some power
of x . This was shown recently in [9] (in the context of coupled Gross-Pitaevskii
systems) based on a useful result of [32] for the decay of solutions of a class of linear
Schrödinger equations.

REMARK 6. Problem (3.3) with V 1 and G 0 such that G x as x
has been studied from the existence point of view in the recent paper [31] when the

diffusion is small (i.e. when there is a small positive parameter in front of the Laplacian
conveying a singular perturbation).

REMARK 7. It follows from the proof of [21, Prop. 1.1] that the differential
equation in (3.1) with V radial and continuous admits at most one radial positive solu-
tion in L2 Rn .

REMARK 8. We observed in [29] that problem (3.1) in even dimensions with a
smooth radial potential V satisfying (3.2), in the small diffusion regime mentioned in
Remark 6, admits saddle-shaped solutions that vanish on the Simons cone. By combin-
ing ingredients from the proofs of Theorems 1, 2 we can now deduce their uniqueness
(and also of the validity of the analogous maximum principle of Proposition 1).

REMARK 9. Similarly to Theorem 3, one can give a simple proof of the unique-
ness of a positive solution to the following problem:

(3.4) u xu u3 α 0, x R; x
1
2 u 1 as x , u 0 as x ,

where α 0. When α 0, it is well known that the above problem (3.4) is solved
uniquely by the so called the Hastings-McLeod solution [25] (note that the ODE in that
case is non other than the second Painlevé transendent). On the other hand, when α 0
the above problem came up in the recent paper [16] where, in particular, existence of a
positive solution is proven.

REMARK 10. The following boundary value problem in the half-line

(3.5) u
n 1

r
u

k
r2 u u u3 0; u 0 0, u 1,

for some k 0 (note that the first two terms make the radial Laplacian in Rn), arises
in the study of vortices to the Ginzburg-Landau system (see [8, 20]). The uniqueness
of a positive solution u C2 0, C 0, to the above problem is contained in the
aforementioned references and proceeds along the lines of [10] once the behaviour of
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solutions near r 0 is understood (it can be shown that u r arb near r 0 for
some a,b 0 depending on k). On the other hand, using Serrin’s sweeping principle
as before, the uniqueness of a positive solution follows without worrying about the
behaviour at the origin. Indeed, the third term blows-up at the origin with the correct
sign so that the maximum principle holds for the corresponding linear equation to (2.8)
in a small interval 0,δ . We can similarly show that the associated linearized operator
of (3.6) satisfies the maximum principle in any interval.

Similar comments apply to the ODE problem arising in the study of ”trapped"
vortices in BECs:

(3.6) u
n 1

r
u V r u

k
r2 u u3 0; u 0 0, u 0,

(see [34, 38] and the references therein; recall also the preamble to our Theorem 3). A
uniqueness result for this problem, following the result of [21] discussed in Remark 7,
can be found in [1].
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