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Rend. Sem. Mat. Univ. Politec. Torino
Vol. 74, 2 (2016), 7 – 7
Bruxelles-Torino Talks in PDE’s –Turin, May 2–5, 2016

PREFACE

This issue of “Rendiconti” contains most of the talks given at the conference “Bruxelles-
Turin talks in PDE’s” held in Turin, May 2–5, 2016 and with scientific committee
composed of Veronica Felli, Angela Pistoia, Susanna Terracini, Denis Bonheure, En-
rico Serra, and the second editor of the present issue. This conference was a joint
initiative of the research groups in Turin and Brussels to give the floor to young re-
searchers in nonlinear analysis and partial differential equations. During four days, the
invited speakers have given an overview of the new trends in several topics of nonlinear
analysis and PDE. We thank the above-named colleagues, Annalisa Piccolo, member
of the organizing committee and, of course, all the participants.

The Editors
Marino Badiale, Paolo Caldiroli
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C. Léna

EXAMPLES OF SPECTRAL MINIMAL PARTITIONS

Abstract. We study a minimal partition problem on the flat rectangular torus. We give
a partial review of the existing literature, and present some numerical and theoretical work
recently published elsewhere by V. Bonnaillie-Noël and the author, with some improvements.

1. Introduction

1.1. Minimal partitions

The topic of spectral minimal partitions has been actively investigated by the shape
optimization community during recent years. In addition to its intrinsic interest, it has
many applications, for instance in condensed matter physics, mathematical ecology or
data sorting. In this review, we focus on one specific problem, for which the quantity
to be optimized depends on the Dirichlet Laplacian eigenvalues. This problem is in-
timately connected with the nodal patterns of Laplacian eigenfunctions. Although we
begin by recalling quite general results on minimal partitions in two dimensions, the
paper then focus on the model problem of the flat rectangular torus. For the most part,
we review the numerical and theoretical results obtained by the author in collaboration
with V. Bonnaillie-Noël in [2]. We also present a new lower bound on transition val-
ues which improves existing estimates (Proposition 2). We point out that the authors
previously studied circular sectors in a similar way [3].

Let Ω be a bounded open set in R2 or in a 2-dimensional Riemannian mani-
fold. For any open subset D of Ω, let pλkpDqqk¥1 be the eigenvalues of the Dirichlet
Laplacian in D, arranged in non-decreasing order and counted with multiplicities. A
k-partition of Ω is a family D � pD1, . . . ,Dkq of open, connected and mutually disjoint
subsets. We define its energy as ΛkpDq �max1¤i¤k λ1pDiq. A k-partition D� is called
minimal if it has minimal energy, which we denote by LkpΩq.

Let us introduce some additional notions, which enable us to describe the regu-
larity of minimal partitions. We say that the k-partition D � pD1, . . . ,Dkq is strong if it
fills the set Ω, that is to say if

Ω� Int
�
Yk

i�1Di

	
zBΩ.

In that case, we define the boundary of D as NpDq :�Yk
i�1BDizBΩ. We say that D is

regular if it is strong and if NpDq satisfies the following properties.

i. It is a union of regular arcs connecting a finite number of singular points (inside
Ω or possibly on BΩ).

ii. At the singular points, the arcs meet with equal angles (taking into account BΩ
if necessary).
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10 C. Léna

Point ii is called the equal angle meeting property. Let us note that these properties
of NpDq are also satisfied by the nodal set of a Dirichlet Laplacian eigenfunction.
However, in this latter case, the singular points inside Ω are crossing points, so the
number of arcs meeting there must be even. This number can be odd in the case of a
minimal partition.

Existence and regularity of minimal partitions follow from the work of several
authors: D. Bucur, G. Buttazzo, and A. Henrot [5]; L. Caffarelli and F.-H. Lin [6];
M. Conti, S. Terracini, and G. Verzini [7]; B. Helffer, T. Hoffmann-Ostenhof, and S.
Terracini [11]. In the rest of the paper, we refer to the results by Helffer, Hoffmann-
Ostenhof, and Terracini.

THEOREM 1. Let Ω be a bounded open set in R2 with a piecewise-C1,� bound-
ary and satisfying the interior cone property. Then, for any positive integer k,

i. there exists a minimal k-partition of Ω;

ii. any minimal k-partition of Ω is regular up to 0-capacity sets.

Reference [11] also establishes the subpartition property, which we use at the
end of the present paper.

THEOREM 2. Let D � pDiq1¤i¤k be a minimal k-partition of Ω. Let I be a
subset of t1, . . . ,ku with k1 :� 7I, k1   k, such that

ΩI :� Int

�¤
iPI

Di

�
is a connected open set. Then the sub-partition DI � pDiqiPI is the unique minimal
k1-partition of ΩI (up to 0-capacity sets).

COROLLARY 1 (pair compatibility condition). Let D � pDiq1¤i¤k (k ¥ 3) be a
minimal k-partition of Ω. For any two neighbors Di and D j, the second eigenvalue of
the Dirichlet Laplacian on Di, j :� Int

�
DiYD j

�
is simple, and Di and D j are the nodal

domains of an eigenfunction associated with λ2pDi, jq.

1.2. Nodal partitions

If u is an eigenfunction of the Dirichlet Laplacian in Ω, the connected components of
the complement of its zero set are called its nodal domains. Let us denote by νpuq the
number of nodal domain of u. The family Du � pDiq1¤i¤νpuq of all the nodal domains
of u is the nodal partition associated with u. Given a regular k-partition D � pDiq1¤i¤k,
we say that two domains Di and D j are neighbors if they have a common boundary not
reduced to points, that is to say if the set Di, j :� Int

�
DiYD j

�
is connected.

THEOREM 3. A minimal k-partition of Ω is nodal if, and only if, it is bipartite,
that is to say if we can color its domains with only two colors such that two neighbors
have a different color.
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THEOREM 4 (Courant, 1923). If u is an eigenfunction associated with λkpΩq,
νpuq ¤ k.

THEOREM 5 (Courant-sharp characterization). The nodal partition associated
with the eigenfunction u is minimal if, and only if, u is Courant-sharp, that is to say
associated with λkpΩq, where k � νpuq.

In particular, a minimal 2-partition is always the nodal partition associated with
a second eigenfunction. Theorem 5 allows one to give explicit examples of minimal
partitions, in domains Ω for which the eigenvalues and eigenfunctions of the Laplacian
are explicitly known: see for instance [11, 1]. Combined with topogical arguments
and covering surfaces, it can also be used to produce examples of non-nodal minimal
partitions [12, 9, 15]. Let us add that while minimal partitions are in general not nodal
for the Dirichlet Laplacian [11, Corollary 7.8], they are always nodal for a magnetic
Laplacian, with a suitable magnetic potential of Aharonov-Bohm type, as was proved
by B. Helffer and T. Hoffmann-Ostenhof [8] (see also [13, 1, 10]).

2. Transitions for the flat torus

2.1. Statement of the problem

Let us now describe our model problem. We consider the flat rectangular torus of
length a and width b: Tpa,bq � pR{aZq�pR{bZq . The set of its eigenvalues is

tλm,npa,bq ; pm,nq P N2
0u,

with

λm,npa,bq � 4π2
�

m2

a2 �
n2

b2



,

and a corresponding basis of eigenfunctions is given by

ua,b
m,npx,yq � φ

�
2mπx

a



ψ
�

2nπy
b



,

where φ,ψ P tcos,sinu.
We first consider the partition of Tpa,bq into k equal vertical strips: Dkpa,bq �

pDiq1¤i¤k, with

Di �
�

i�1
k

a,
i
k

a


�p0,bq .

Its energy is ΛkpDkpa,bqq � k2π2{a2. We investigate the following question: for which
values of b P p0,1s is Dkp1,bq a minimal partition of Tp1,bq. More specifically, let us
define the transition value

bk � suptb P p0,1s ; Dkp1,bq is a minimal k-partition of Tp1,bqu.
The following result justifies the term transition value (see [2, Proposition 2.1]).
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PROPOSITION 1. The partition Dkp1,bq is minimal for all b P p0,bks.

We want to localize as precisely as possible this transition value. Let us first
recall a result of Helffer and Hoffmann-Ostenhof [9].

THEOREM 6. If k is even, bk � 2{k. If k is odd, bk ¥ 1{k.

We want to improve the lower bound when k is odd. This can be done by
considering the following auxiliary optimization problem. For b P p0,1s , we consider
the infinite strip Sb � R�p0,bq and we define

bS
k � sup

 
b P p0,1s ; jpbq ¡ k2π2( , with jpbq � inf

Ω�Sb,|Ω|¤b
λ1pΩq.

As seen in [2, Theorem 1.9], bk ¥ bS
k if k is odd. The following estimate gives a

quantitative improvement of Theorem 6 and of [2, Theorem 1.9]

PROPOSITION 2. For any integer k ¥ 2, 1{
a

k2�1{8¤ bS
k   1{?k2�1.

As was pointed out to us by Bernard Helffer, the method of covering surfaces in
[9] leads quite naturally to the following conjecture.

CONJECTURE 1. For any odd integer k ¥ 3, bk � 2{?k2�1.

It can actually be proved that bk ¤ 2{?k2�1 (see [2, Proposition 2.8]). The
conjecture is supported by the numerical study. Proposition 2 shows that, for any odd
integer k ¥ 3, bS

k   2{?k2�1. New ideas would therefore be needed to prove Conjec-
ture 1.

2.2. Proof of Proposition 2

Let us sketch the proof of Proposition 2. It is a direct consequence of the following
proposition, after rescaling.

PROPOSITION 3. For V ¥ 1{2,

π2
�

1� 1
8V 2



¤ JpV q   π2

�
1� 1

V 2



, where JpV q :� inf

Ω�S1,|Ω|¤V
λ1pΩq.

Let us note that in Proposition 3, and in the rest of this section, we define λ1pΩq
for any open set in R2, possibly unbounded and of infinite volume, as the infimum of a
Rayleigh quotient:

λ1 pΩq :� inf
uPH1

0 pΩqzt0u

³
Ω |∇u|2 dx³

Ω u2 dx
.

The upper bound of JpV q is obtained immediately by considering the rectangle
p0,V q�p0,1q, which cannot be minimal, since the normal derivative of the first eigen-
function on its free boundary is not constant. The lower bound is harder to prove. The
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first part of the proof relies on a symmetrization argument. For all V ¡ 0, we define an
open subset CV of S by

CV :�
"
px1,x2q P R2 :

����x2� 1
2

����  gpx1q
*

with gpx1q :�min
�

1
2
,

V
4x1



.

LEMMA 1. For all V ¡ 0, JpV q ¥ λ1 pCV q.

Proof. Let Ω be an open subset of S, of volume V . We perform two successive Steiner
symmetrizations, with respect to the lines x1 � 0 and x2 � 1

2 , and denote by Ω� the
resulting set. We have, according to the definition of Steiner symmetrization,

Ω� �
"
px1,x2q P R2 :

����x2� 1
2

����  f px1q
*

,

where f : R Ñ �
0, 1

2

�
is an even function, non-increasing in r0,�8q. Since f is non-

increasing, we have, for all x1 P p0,�8q,

x1 f px1q ¤
» x1

0
f ptqdt ¤

» �8

0
f ptqdt � V

4
,

and therefore f px1q ¤ V
4x1

. This implies that f px1q ¤ gpx1q, and therefore Ω� � CV .
Since the first Dirichlet Laplacian eigenvalue is non-increasing with respect to Steiner
symmetrization and the inclusion of domains, we obtain

λ1 pCV q ¤ λ1 pΩ�q ¤ λ1pΩq.
Passing to the infimum, we get the desired result.

To conclude the proof of Proposition 3, we obtain an explicit lower bound of
λ1 pCV q. For h¡ 0, let us define the ordinary differential operator Ph by

Ph :��h2 d2

dt2 �π2pt2�1q�,

with pt2�1q� :�max
�
0, t2�1

�
. This operator is positive and self-adjoint, with com-

pact resolvent. It therefore has discrete spectrum, and we denote by µ1phq its first
eigenvalue.

LEMMA 2. For all V ¡ 0, λ1 pCV q ¥ π2�µ1
� 2

V

�
.

Proof. Let u be a smooth function compactly supported in CV . We have»
CV

|∇u|2 dx�
» �8

�8
dx1

» 1
2�gpx1q

1
2�gpx1q

dx2

�
|Bx1u|2�|Bx2u|2

	
.

For a given x1, the one-dimensional Poincaré inequality on the segment�
1
2
�gpx1q, 1

2
�gpx1q
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gives us » 1
2�gpx1q

1
2�gpx1q

|Bx2 u|2 dx2 ¥ π2

4gpx1q2
» 1

2�gpx1q

1
2�gpx1q

u2 dx2.

We obtain therefore»
CV

|∇u|2 dx¥
» 1

2�gpx1q

1
2�gpx1q

dx2

» �8

�8
dx1

�
|Bx1 u|2� π2

4gpx1q2 u2



.

We now denote by ν1pV q the first eigenvalue of the ordinary differential operator

QV :�� d2

dx2
1
� π2

4gpx1q2 .

According to the variational characterization of ν1pV q, we get» �8

�8
dx1

�
|Bx1 u|2� π2

4gpx1q2 u2


¥ ν1pV q

» �8

�8
u2 dx1

for all x2 P p0,1q, and therefore»
CV

|∇u|2 dx¥ ν1pV q
»

CV

u2 dx.

By density, the inequality holds for any u P H1
0 pCV q, and therefore λ1 pCV q ¥ ν1pV q.

The change of variable x1 � pV{2qt shows that QV is unitarily equivalent to Ph � π2

with h� 2
V , which establishes the desired result.

LEMMA 3. If h¤ 4, µ1phq ¥ π2h2

32 .

Proof. For any h¡ 0, Rh ¤ Ph, where Rh is the differential operator

Rh :��h2 d2

dt2 �W ptq, with W ptq :�
"

0 if |t|   ?2;
π2 if |t| ¥ ?2.

We therefore have µ1phq ¥ ξ1phq, with ξ1phq the first eigenvalue of Rh.
The spectrum of Rh is known explicitly (it is a Schrödinger operator with a

square well potential, studied in most textbooks on quantum mechanics, see for in-
stance [14, Chapter 2, Section 9]). We find ξ1phq � h2

2 ρ2
1phq, where ρ1phq is the small-

est positive solution of the equation ρ tanpρq �
a

2π2{h2�ρ2. It is easily seen that the
assumption h¤ 4 implies ρ1phq ¥ π{4, and thus µ1phq ¥ ξ1phq ¥ π2h2{32.

Gathering all the previous estimates, we obtain, when V ¥ 1{2,

JpV q ¥ λ1pCV q ¥ ν1pV q ¥ π2�µ1

�
2
V



¥ π2� π2

8V 2 .
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3. Numerical study of the flat torus

3.1. Algorithm and results

We performed in [2] a numerical study of our model problem, using the method in-
troduced by B. Bourdin, D. Bucur and É. Oudet [4], with some modifications. In their
work, they looked for partitions which are optimal with respect to the sum of the eigen-
values. They passed to a relaxed formulation, looking for indicator functions instead
of domains, and penalizing overlapping supports. They then discretized the resulting
optimization problem, through a five points finite difference method for the Laplacian,
and performed the optimization iteratively, with the projected gradient algorithm. We
made the following changes to their algorithm. First, we considered general ℓp-norms
for the energy, rather than just the ℓ1-norm, in order to approach the maximum by tak-
ing a larger p. We also added a last step, in which we built a strong partition from the
result of the optimization algorithm, and evaluated its energy without relaxation. As
pointed out in [4], the algorithm proves to be quite sensitive to the initial condition, due
to the non-convexity of the problem. For each value of k and b, we therefore ran the
algorithm several times with different initial conditions, and chose the results giving
the lowest energy.

(a) b� 0.7 (b) b� 0.72 (c) b� 1

Figure 1: 3-partitions of T p1,bq for some values of b .

Figure 1 presents some results of the numerical optimization. Comparing the
partitions in Figures 1(a) and 1(b), we see that b3 seems close to the value 1{?2 �
0.7071 given by Conjecture 1. It appears in fact slightly higher in our numerical com-
putations, possibly because of the approximations introduced in the algorithm. These
results also suggest a transition mechanism from Figure 1(a) to Figure 1(b). Indeed,
we can construct a 3-partition of Tp1,1{?2q, with the same energy as D3p1,1{?2q
but of a different topological type. It is represented on Figure 2, and is obtained by
projecting on Tp1,1{?2q a nodal 6-partition of the double covering Tp2,1{?2q (see
[2, Section 2.3]). The partition on Figure 1(b) could then be obtained by a deformation
which splits each singular point of order 4 into two singular points of order 3.

Finally, Figure 1(c) strongly suggests that for b quite larger than 1{?2, min-
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Figure 2: 3-partition of Tp1,1{?2q

imal partitions of Tp1,bq are close to hexagonal tilings. These tilings can be ex-
plicitly constructed, and their energy is an upper bound of L3pTp1,bqq, smaller that
Λ3pD3p1,bqq for some values of b. Figure 3 summarizes the information thus obtained
on L3pTp1,bqq. The solid line represents λ1 for a tiling hexagon, which is the energy of
the hexagonal tiling, the dashed line the energy of D3p1,bq, and the crosses the results
of the numerical optimization. The transition around b � 1{?2 clearly appears. We
obtained similar results for k P t4,5u.

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

65

70

75

80

85

90

1

3
b
c

3
=

1
√

2

b

 

 

Λ
3
(D

3
(1,b))=9π2

λ
1
(H

3
(b))

Numerical estimates

Figure 3: Upper bounds of L3pTp1,bqq

We constructed explicitly hexagonal tilings of the same topological type as the
numerical results and satisfying the equal angle meeting property [2, Section 4]. The
results are summarized in the following theorem, from [2, Section 1.3].

THEOREM 7. For k P t3 , 4 , 5u , there exists bH
k P p0,1q such that, for any b P

pbH
k ,1s , there exists a tiling of Tp1,bq by k hexagons that satisfies the equal angle

meeting property. We denote by Hkpbq the corresponding tiling domain, and we have

LkpTp1,bqq ¤min
�
k2π2,λ1pHkpbqq

�
, @b P pbH

k ,1s .
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More explicitly, we can choose

bH
3 �

?
11�?3

4
� 0.396 , bH

4 �
1

2
?

3
� 0.289  b4 � 1

2
,

and

bH
5 �

?
291�5

?
3

36
� 0.233 .

In order to test the minimality of these tilings, we used the pair compatibility
condition (see [2, Section 4.5]). Indeed, if one of these tilings is a minimal k-partition of
Tp1,bq, Corollary 1 implies that λ1pHkpbqq � λ2p2Hkpbqq, with 2Hkpbq any one of the
polygonal domains obtained by gluing two copies of Hkpbq along corresponding sides.
Numerically, this condition does not seem to be met for b close to 1{?2 when k� 3, to
1{2 when k� 4, and to 1{?6 and 1 when k� 5. Hexagonal tilings therefore appear not
to be minimal under these conditions. This idea is supported by the numerical values
of the energy, and by the slight curvature visible in the boundary of the numerically
obtained partitions. Let us finally point out that when k � 5 and b � 1, the numerical
result is very close to the partition into 5 squares represented on Figure 4 (see [2,
Section 4.4]).

1

3

5
5

2

44

1

3

Figure 4: 5-partition of Tp1,1q

These numerical findings reveal a rich structure for minimal partitions of the
flat rectangular torus. A better understanding would however require faster numerical
algorithms and new theoretical methods.
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L. Abatangelo

SHARP ASYMPTOTICS FOR THE EIGENVALUE FUNCTION
OF AHARONOV-BOHM OPERATORS WITH A MOVING POLE

Abstract. In this breif note we present several results obtained in collaboration with V. Felli.
They concern the behavior of eigenvalues for a magnetic Aharonov-Bohm operator with half-
integer circulation and Dirichlet boundary conditions in a planar domain. In particular, they
contain sharp asymptotics for eigenvalues as the pole is moving in the interior of the domain,
approaching a zero of an eigenfunction of the limiting problem along a general direction.

1. Introduction

In this brief note we present several results obtained in collaboration with V. Felli
which are essentially proved in the papers [1] and [2]. They concern the behavior
of eigenvalues for a magnetic Aharonov-Bohm operator with half-integer circulation
and Dirichlet boundary conditions in a planar domain. As it will appear in the sequel,
these operators are special as they present a strong singularity at a point (pole), for
which they cannot be considered small perturbations of the standard Laplacian. In
particular, the two aforementioned papers address the challenging question about the
possible determination of the first term of the Taylor expansion of the function a ÞÑ λa,
where a is the operator’s pole and λa is one of its simple eigenvalues.

Indeed, if Ω is a Lipschitz open bounded and simply connected set in R2 and if
λ0 is a simple eigenvalue for the Aharonov-Bohm operator with the pole located at 0,
the function a ÞÑ λa can be shown to be analytic in a neighborhood of 0 ([21]).

We devote the second section to show the functional setting and to state the
results in a rigorous way. This part will take some technical definitions and several
references.

In the third section we briefly present how the general problem and the partic-
ular results presented here deal with the so-called spectral minimal partitions. This
is a wider research topic, it was initiated by some seminal papers by B. Helffer, T.
Hoffmann-Ostenhof, S. Terracini and others. In this section we would like to stress our
contribution in this direction.

The last section contains the main ideas for the proofs of the results. The inter-
ested reader can find them in full details in the papers [1] and [2].
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2. Statement of the results

For a� pa1,a2q P R2 and γ P RzZ, we consider the vector potential

Aγ
apxq � γ

� �px2�a2q
px1�a1q2�px2�a2q2 ,

x1�a1

px1�a1q2�px2�a2q2



,

x� px1,x2q P R2ztau,

which generates the Aharonov-Bohm magnetic field in R2 with pole a and circulation γ;
such a field is produced by an infinitely long thin solenoid intersecting perpendicularly
the plane px1,x2q at the point a, as the radius of the solenoid goes to zero and the
magnetic flux remains constantly equal to γ.

We will focus on the case of half-integer circulation, so we will assume γ� 1{2
and denote

Aapxq � A1{2
a pxq � A0px�aq, where A0px1,x2q � 1

2

�
� x2

x2
1� x2

2
,

x1

x2
1� x2

2



.

In the spirit [7], [22] and [23], we are interested in studying the dependence on the pole
a of the spectrum of Schrödinger operators with Aharonov-Bohm vector potentials, i.e.
of operators pi∇�Aaq2 acting on functions u : R2 Ñ C as

pi∇�Aaq2u��∆u�2iAa �∇u�|Aa|2u.

Let Ω�R2 be a bounded, open and simply connected domain. For every a PΩ,
we introduce the space H1,apΩ,Cq as the completion of tu P H1pΩ,CqXC8pΩ,Cq :
u vanishes in a neighborhood of au with respect to the norm

}u}H1,apΩ,Cq �
�
}∇u}2

L2pΩ,C2q�}u}2
L2pΩ,Cq�

��� u
|x�a|

���2

L2pΩ,Cq


1{2
.

It is easy to verify that H1,apΩ,Cq �  
u P H1pΩ,Cq : u

|x�a| P L2pΩ,Cq(. We also
observe that, in view of the Hardy type inequality proved in [20], an equivalent norm
in H1,apΩ,Cq is given by�

}pi∇�Aaqu}2
L2pΩ,C2q�}u}2

L2pΩ,Cq
	1{2

.

We also consider the space H1,a
0 pΩ,Cq as the completion of C8

c pΩztau,Cqwith respect
to the norm } � }H1

a pΩ,Cq, so that H1,a
0 pΩ,Cq �  

u P H1
0 pΩ,Cq : u

|x�a| P L2pΩ,Cq(.
For every a PΩ, we consider the eigenvalue problem

(Ea)

#
pi∇�Aaq2u� λu, in Ω,

u� 0, on BΩ,
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in a weak sense, i.e. we say that λ P R is an eigenvalue of problem (Ea) if there exists
u P H1,a

0 pΩ,Cqzt0u (called eigenfunction) such that»
Ω
pi∇u�Aauq � pi∇v�Aavqdx� λ

»
Ω

uvdx for all v P H1,a
0 pΩ,Cq.

From classical spectral theory, the eigenvalue problem pEaq admits a sequence of real
diverging eigenvalues tλa

kuk¥1 with finite multiplicity; in the enumeration λa
1 ¤ λa

2 ¤
�� � ¤ λa

j ¤ . . . , we repeat each eigenvalue as many times as its multiplicity. We are
interested in the behavior of the function a ÞÑ λa

j in a neighborhood of a fixed point
b PΩ. Up to a translation, it is not restrictive to consider b� 0. Thus, we assume that
0 PΩ.

In [7, Theorem 1.1] and [21, Theorem 1.2] it is proved that, for all j ¥ 1,

(1) the function a ÞÑ λa
j is continuous in Ω.

A strong improvement of the regularity (1) holds under simplicity of the eigenvalue.
Indeed in [7, Theorem 1.3] it is proved that, if there exists n0 ¥ 1 such that

(2) λ0
n0

is simple,

then the function a ÞÑ λa
n0

is of class C8 in a neighborhood of 0; this regularity result is
improved in [21, Theorem 1.3], where, in the more general setting of Aharonov-Bohm
operators with many singularities, it is shown that, under assumption (2) the function
a ÞÑ λa

n0
is analytic in a neighborhood of 0. Then the question of what is the leading

term in the asymptotic expansion of such a function (at least on a single straight path
around the limit point 0) naturally arises. This may also shed some light on the nature
of 0 as a critical point for the map a ÞÑ λa when the limit eigenfunction has in 0 a zero
of order k{2 with k ¥ 3 odd.

Let us assume that there exists n0 ¥ 1 such that (2) holds and denote λ0 � λ0
n0

and, for any a P Ω, λa � λa
n0

. From (1) it follows that, if a Ñ 0, then λa Ñ λ0. Let
φ0 P H1,0

0 pΩ,Cqzt0u be an eigenfunction of problem pE0q associated to the eigenvalue
λ0 � λ0

n0
, i.e. solving #

pi∇�A0q2φ0 � λ0φ0, in Ω,

φ0 � 0, on BΩ,

such that »
Ω
|φ0pxq|2 dx� 1.

In view of [11, Theorem 1.3] we have that

(3) φ0 has at 0 a zero of order
k
2

for some odd k P N,

see [7, Definition 1.4]. We recall from [11, Theorem 1.3] and [23, Theorem 1.5] that
(3) implies that the eigenfunction φ0 has got exactly k nodal lines meeting at 0 and
dividing the whole angle into k equal parts.

A first result relating the rate of convergence of λa to λ0 with the order of van-
ishing of φ0 at 0 can be found in [7], where the following estimate is proved.



22 L. Abatangelo

THEOREM 1 ([7], Theorem 1.7). If assumptions (2) and (3) with k ¥ 3 are
satisfied, then

|λa�λ0| ¤C|a| k�1
2 as aÑ 0

for a constant C ¡ 0 independent of a.

As already mentioned, the latter theorem pursue the idea that the asymptotic
expansion of the function a ÞÑ λa has to do with the nodal properties of the related
limit eigenfunction.

The first result we present is essentially proved in the paper [1] and establishes
the exact order of the asymptotic expansion of λa�λ0 along a suitable direction as |a|k,
where k is the number of nodal lines of φ0 at 0 which coincides with twice the order
of vanishing of φ0 in assumption (3). In addition, we detected the sharp coefficient of
the asymptotics, which can be characterized in terms of the limit profile of a blow-up
sequence obtained by a suitable scaling of approximating eigenfunctions.

In order to state properly the first result, we need to recall some known facts
and to introduce some notation. By [11, Theorem 1.3], if φ0 is an eigenfunction of
pi∇�A0q2 on Ω satisfying assumption (3), there exist β1,β2 P C such that pβ1,β2q �
p0,0q and

(4) r�k{2φ0prpcos t,sin tqq Ñ β1ei t
2 cos

� k
2

t
	
�β2ei t

2 sin
� k

2
t
	

in C1,τpr0,2πs,Cq

as r Ñ 0� for any τ P p0,1q.
Let s0 be the positive half-axis s0 � tpx1,x2q P R2 : x2 � 0 and x1 ¥ 0u. We ob-

serve that, for every odd natural number k, there exists a unique (up to a multiplicative
constant) function ψk which is harmonic on R2zs0, homogeneous of degree k{2 and
vanishing on s0. Such a function is given by

(5) ψkpr cos t,r sin tq � rk{2 sin
�

k
2

t



, r ¥ 0, t P r0,2πs.

Let s :� tpx1,x2q P R2 : x2 � 0 and x1 ¥ 1u and R2
� � tpx1,x2q P R2 : x2 ¡ 0qu. We

denote as D1,2
s pR2

�q the completion of C8
c pR2�zsq under the norm p³R2

�
|∇u|2 dxq1{2.

From the Hardy type inequality proved in [20] and a change of gauge, it follows that
functions in D1,2

s pR2
�q satisfy the following Hardy type inequality:»

R2
|∇φpxq|2 dx¥ 1

4

»
R2

|φpxq|2
|x� e|2 dx, for all φ PD1,2

s pR2
�q,

where e� p1,0q. Then

D1,2
s pR2

�q �
!

u P L1
locpR2�zsq : ∇u P L2pR2

�q, u
|x�e| P L2pR2

�q, and u� 0 on s
)
.

The functional

Jk : D1,2
s pR2

�q Ñ R, Jkpuq � 1
2

»
R2
�

|∇upxq|2 dx�
»
BR2

�zs
upx1,0qBψk

Bx2
px1,0qdx1,
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. .0 .a .r

Figure 1: a approaches 0 along the tangent r to a nodal line of φ0.

is well-defined on the space D1,2
s pR2

�q; we notice that Bψk
Bx2

vanishes on BR2
�zs0, so that»

BR2
�zs

upx1,0qBψk

Bx2
px1,0qdx1 �

» 1

0
upx1,0qBψk

Bx2
px1,0qdx1.

By standard minimization methods, Jk achieves its minimum over the whole space
D1,2

s pR2
�q at some function wk PD1,2

s pR2
�q, i.e. there exists wk PD1,2

s pR2
�q such that

(6) mk � min
uPD1,2

s pR2
�q

Jkpuq � Jkpwkq.

We note that

(7) mk � Jkpwkq � �1
2

»
R2
�

|∇wkpxq|2 dx��1
2

» 1

0

B�ψk

Bx2
px1,0qwkpx1,0qdx1   0,

where, for all x1 ¡ 0, B�ψk
Bx2

px1,0q � limtÑ0�
ψkpx1,tq�ψkpx1,0q

t � k
2 x

k
2�1
1 .

We are now in position to state the first result.

THEOREM 2 ([1]). Let Ω � R2 be a bounded, open and simply connected do-
main such that 0 P Ω and let n0 ¥ 1 be such that the n0-th eigenvalue λ0 � λ0

n0
of

pi∇�A0q2 on Ω is simple with associated eigenfunctions having in 0 a zero of order
k{2 with k P N odd. For a PΩ let λa � λa

n0
be the n0-th eigenvalue of pi∇�Aaq2 on Ω.

Let r be the half-line tangent to a nodal line of eigenfunctions associated to λ0 ending
at 0. Then, as aÑ 0 with a P r,

λ0�λa

|a|k Ñ�4
�|β1|2�|β2|2

�
mk

with pβ1,β2q � p0,0q being as in (4) and mk being as in (6)–(7).

Once stated the first main result, we would like to recall the following result,
established in the paper [7]:
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PROPOSITION 1. ([7, Corollary 1.8]) Fix any j P N. If 0 is an extremal point
of a ÞÑ λa

j , then either λ0
j is not simple, or the eigenfunction of pi∇�A0q2 associated

to λ0
j has at 0 a zero of order k{2 with k ¥ 3 odd.

This gives us the opportunity to list several of remarkable consequences of The-
orem 2.

1. Due to the analyticity of a ÞÑ λa, λ0�λa
|a|k Ñ 4

�|β1|2�|β2|2
�

mk as a Ñ 0 along
the opposite half-line. Hence, if λ0 is simple, then 0 cannot be an extremal point
of the map a ÞÑ λa.

2. In view of Theorem 2 and the first consequence, we can exclude the second
alternative in Proposition 1, producing the following claim: fix any j P N, if 0 is
an extremal point of a ÞÑ λa

j , then λ0
j is not simple.

3. If λ0 is simple and k ¥ 3, 0 is a saddle point for the map a ÞÑ λa. In particular, 0
is a stationary and not extremal point.

4. If λ0 is simple and k � 1, the gradient of a ÞÑ λa in 0 is different from zero, then
0 is not a stationary point, a fortiori not even an extremal point (see [23]).

From Theorem 2 we can easily deduce that, under assumption (2) and being k
as in (3), the Taylor polynomials of the function a ÞÑ λ0�λa with center 0 and degree
strictly smaller than k vanish.

LEMMA 1. Let Ω�R2 be a bounded, open and simply connected domain such
that 0 P Ω and let n0 ¥ 1 be such that the n0-th eigenvalue λ0 � λ0

n0
of pi∇�A0q2 on

Ω is simple with associated eigenfunctions having in 0 a zero of order k{2 with k P N
odd. For a PΩ let λa � λa

n0
be the n0-th eigenvalue of pi∇�Aaq2 on Ω. Then

(8) λ0�λa � Ppaq�op|a|kq, as |a| Ñ 0�,

for some homogeneous polynomial P� 0 of degree k

(9) Ppaq � Ppa1,a2q �
ķ

j�0

c ja
k� j
1 a j

2.

The second result which we are going to show is contained in the paper [2] and
here it is stated in Theorem 3. It provides the exact determination of all coefficients of
the polynomial P (and hence the sharp asymptotic behavior of λa�λ0 as aÑ 0 along
any direction, see Figure 2).

According to Equation (4), we define

(10) α0 �
#

2
k arccot

�� β2
β1

�
, if β1 � 0,

0, if β1 � 0.
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Figure 2: a� |a|pcosα,sinαq approaches 0 along the direction determined by the angle
α.

THEOREM 3 ([2]). Under the same assumptions of Lemma 1, let α P r0,2πq.
Then

λ0�λa

|a|k ÑC0 cos
�
kpα�α0q

�
as aÑ 0 with a� |a|pcosα,sinαq,

where α0 is defined in (10) and C0 ��4p|β1|2�|β2|2qmk.

REMARK 1. By Theorem 3 it follows that the polynomial (9) of Lemma 1 is
given by

Pp|a|pcosα,sinαqq �C0|a|k cospkpα�α0qq.
Hence

Ppa1,a2q �C0 Re
�
e�ikα0pa1� ia2qk

�
,

thus yielding ∆P� 0, i.e. the polynomial P in (8)-(9) is harmonic.

3. Spectral minimal partitions

We would like to spend a few words about the choice of dimension equal to 2 and
Aharonov-Bohm operators with half-integer circulation γ� 1{2. On the contrary with
the other cases, these two choices together show particular features which have to do
with a more general spectral analysis. We mean the fact that nodal domains of eigen-
functions of such operators are strongly related to spectral minimal partitions of the
Dirichlet Laplacian with points of odd multiplicity, see [5, 23].

In the last few years much attention has been given to the so-called spectral
minimal partitions. This research topic deals with the Dirichlet Laplacian in a bounded
domain in R2 (in general with manifolds of dimension 2) and aims to analyze the
relations between the nodal domains of the eigenfunctions and the so-called minimal
partitions of Ω by k open sets Di. Let us denote Dk the set of all the possible k-partitions
of Ω and D PDk a fixed k-partition formed by tDiui�1,...,k. In this context, a partition
is said to be minimal in the sense that the maximum over the Dis of the ground state
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energy of the Dirichlet realization of the Laplacian is minimal. This can be visualized
as

Lk :� inf
DPDk

max
1¤i¤k

λpDiq :

λpDiq is the ground state energy of the Dirichlet realization of �∆.

Moreover, this problem can be seen as a strong competition limit of segregating species
in population dynamics (see [8, 9] and references therein).

As already mentioned, the topic excited much interest and we refer the inter-
ested reader to the references [4, 6, 12, 13, 15, 16, 17, 18, 19] for details on the deep
relation between behavior of eigenfunctions, their nodal domains and spectral minimal
partitions. In this section, we aim at giving just an idea of the topic.

First of all, we find useful to recall the following result: from [8, 9, 10, 14, 17],
the boundary of the optimal partition is the union of a finite number of regular arcs;
moreover, if the minimal partition is bipartite, then it is nodal. This means that if
the number of half lines meeting at each intersection point is even, then the partition
components are nodal domains of a suitable (“Courant–sharp”) eigenfunction of the
Dirichlet Laplacian.

Nevertheless, in the aforementioned references we can find examples for k-
partitions with k odd which can not be nodal. In all these cases the partition features a
”point of odd multiplicity”, that is an ending point of an odd number of half-lines. The
researchers’ attention was thus turned to spectral analysis of Aharonov-Bohm operator
with half-integer circulation. Indeed, it was proved in [13, 23] (see also [11]) that in
this case the eigenfunctions have an odd number of nodal lines ending at the pole a
(see also (3)) and an even number of nodal lines meeting at zeros different from a. Of
course, the zero set of an eigenfunction produces a regular partition only if j half-lines
end at the pole with j ¥ 3. Furthermore, numerical experiments (see e.g. [4]) show
that the number of the half-lines ending at the pole depends even on the position of the
pole in the domain. This suggests that a partition featuring a point of odd multiplicity
could be generated by the zero set of a suitable (“Courant–sharp”) eigenfunction even
accordingly to suitable positions of the pole.

Related to this, the investigation carried out in [7, 21, 22, 23] highlighted a
strong connection between nodal properties of eigenfunctions and the critical points
of the map which associates eigenvalues of the operator Aa to the position of pole a,
as well as our results presented here. We refer in particular to Consequence (3) stated
above.

REMARK 2. Consequence (3) suggests that Aharonov-Bohm approach works
for spectral minimal partitions only when the pole is located at a point with special fea-
tures: it must be a point of k-multiplicity for a suitable eigenfunction with k ¥ 3 odd.
This can occur essentially in two cases: either the pole is an inflexion point for the map
a ÞÑ λa or the eigenvalue is not simple. Thus, one could be led to think that station-
ary and extremal (regular or not) points for the map a ÞÑ λa are good candidates for
positions of the pole in order to produce spectral minimal partitions as nodal partitions.



Sharp asymptotics for AB eigenvalues 27

Finally, we stress again that the results obtained in [1, 2] and summarized here
are significant not only from a pure “analytic” point of view (detecting of sharp asymp-
totics), but also from a quite theoretical point of view, which involves even spectral
analysis for the classical Laplacian.

4. Idea of the proofs

For seek of completeness, in this last section we mention the main ideas which underlie
the proofs of Theorem 2 and Theorem 3. As already mentioned, the interested reader
can find the details in [1] and [2].

4.1. Sketched proof of Theorem 2

The proof of Theorem 2 is based on the Courant-Fisher minimax characterization of
eigenvalues. The asymptotics for eigenvalues is derived by combining estimates from
above and below of the Rayleigh quotient. To obtain sharp estimates, we construct
proper test functions for the Rayleigh quotient by suitable manipulation of eigenfunc-
tions. In this way, we obtain upper and lower bounds whose limit as a Ñ 0 can be
explicitly computed taking advantage of a fine blow-up analysis for scaled eigenfunc-
tions. More precisely, it can be proved that the blow-up sequence

(11)
φap|a|xq
|a|k{2

converges as |a| Ñ 0�, a P r, to a limit profile, which can be identified, up to a phase
and a change of coordinates, with wk �ψk, being wk and ψk as in (6) and (5) respec-
tively. The proof of the energy estimates for the blow-up sequence uses a monotonicity
argument inspired by [3], based on the study of an Almgren-type frequency function
given by the ratio of the local magnetic energy over mass near the origin; see [11, 22]
for Almgren-type monotonicity formulae for elliptic operators with magnetic poten-
tials. The main difficulty of the argument relies in the identification of the limit profile
of the blow-up sequence (11). This difficulty was overcome by fine energy estimates of
the difference between approximating and limit eigenfunctions, performed exploiting
the invertibility of an operator associated to the limit eigenvalue problem.

4.2. Sketched proof of Theorem 3

The proof of Theorem 3 is based on a combination of estimates from above and below
of the Rayleigh quotient associated to the eigenvalue problem with a fine blow-up anal-
ysis for scaled eigenfunctions (11), which gives a sharp characterization of upper and
lower bounds for eigenvalues. Differently from the blow-up analysis performed in the
previous case when poles are moving tangentially to nodal lines, in this general case
when poles are moving along any direction we cannot explicitly construct the limit
profile of the family (11). Such a difficulty is overcome by studying the dependence
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of the limit profile on the position of the pole and the symmetry/periodicity proper-
ties of its Fourier coefficient with respect to a basis of eigenvectors of an associated
angular problem: such symmetry and periodicity turn into certain symmetry and pe-
riodicity invariances of the polynomial P. A complete classification of homogeneous
k-degree polynomials with these particular periodicity/symmetry invariances allows us
to conclude the proof.

References

[1] ABATANGELO L. AND FELLI V., Sharp asymptotic estimates for eigenvalues of Aharonov-Bohm op-
erators with varying poles, Calc. Var. Partial Differential Equations (2015) 3857–3903.

[2] ABATANGELO L. AND FELLI V., On the leading term of the eigenvalue variation for Aharonov-Bohm
operators with a moving pole, SIAM J. Math. Anal. 48 4 (2016), 2843–2868.

[3] ALMGREN F.J.JR., Q valued functions minimizing Dirichlet’s integral and the regularity of area min-
imizing rectifiable currents up to codimension two, Bull. Amer. Math. Soc. 8 2 (1983), 327–328.

[4] BONNAILLIE-NOËL V. AND HELFFER B., Numerical analysis of nodal sets for eigenvalues of
Aharonov-Bohm Hamiltonians on the square with application to minimal partitions, Exp. Math. 20
3 (2011), 304–322.

[5] BONNAILLIE-NOËL V., HELFFER B., HOFFMANN-OSTENHOF T., Aharonov-Bohm Hamiltonians,
isospectrality and minimal partitions, Exp. Math. 42 18 (2009), 185–203.

[6] BONNAILLIE-NOËL V. AND LÉNA C., Spectral minimal partitions of a sector, Discrete Contin. Dyn.
Syst. Ser. B 19 1 (2014), 27–53.

[7] BONNAILLIE-NOËL V., NORIS B., NYS M., TERRACINI S., On the eigenvalues of Aharonov-Bohm
operators with varying poles, Analysis and PDE 7 6 (2014), 1365–1395.

[8] CONTI M., TERRACINI S., VERZINI G., An optimal partition problem related to nonlinear eigenval-
ues, J. Funct. Anal. 198 1 (2003), 160–196.

[9] CONTI M., TERRACINI S., VERZINI G., A variational problem for the spatial segregation of reaction-
diffusion systems, Indiana Univ. Math. J. 54 3 (2005), 779–815.

[10] CONTI M., TERRACINI S., VERZINI G., On a class of optimal partition problems related to the Fuc̆ík
spectrum and to the monotonicity formulae, Calc. Var. Partial Differential Equations 22 1 (2005), 45–
72.

[11] FELLI V., FERRERO A., TERRACINI S., Asymptotic behavior of solutions to Schrödinger equations
near an isolated singularity of the electromagnetic potential, J. Eur. Math. Soc. (JEMS) 13 1 (2011),
119–174.

[12] HELFFER B., On spectral minimal partitions: a survey, Milan J. Math. (JEMS) 78 2 (2010), 575–590.

[13] HELFFER B., HOFFMANN-OSTENHOF M., HOFFMANN-OSTENHOF T., OWEN M.P., Nodal sets
for ground states of Schrödinger operators with zero magnetic field in non-simply connected domains,
Comm. Math. Phys. 202 3 (1999), 629–649.

[14] HELFFER B. AND HOFFMANN-OSTENHOF T., Converse spectral problems for nodal domains, Mosc.
Math. J. 7 1 (2007), 67–84, 167.

[15] HELFFER B. AND HOFFMANN-OSTENHOF T., On minimal partitions: new properties and applica-
tions to the disk, Spectrum and dynamics, 119–135, CRM Proc. Lecture Notes, 52, Amer. Math. Soc.,
Providence, RI, 2010.

[16] HELFFER B. AND HOFFMANN-OSTENHOF T., On a magnetic characterization of spectral minimal
partitions, J. Eur. Math. Soc. (JEMS) 15 6 (2013), 2081–2092.

[17] HELFFER B., HOFFMANN-OSTENHOF T., TERRACINI S., Nodal domains and spectral minimal par-
titions, Ann. Inst. H. Poincaré Anal. Non Linéaire 26 (2009), 101–138.



Sharp asymptotics for AB eigenvalues 29

[18] HELFFER B., HOFFMANN-OSTENHOF T., TERRACINI S., Nodal minimal partitions in dimension 3,
Discrete Contin. Dyn. Syst. 28 2 (2010), 617–635.

[19] HELFFER B., HOFFMANN-OSTENHOF T., TERRACINI S., On spectral minimal partitions: the case of
the sphere, Around the research of Vladimir Maz’ya. III, 153–178, Int. Math. Ser. (N. Y.), 13, Springer,
New York, 2010.

[20] LAPTEV A. AND WEIDL T., Hardy inequalities for magnetic Dirichlet forms, Mathematical results in
quantum mechanics (Prague, 1998), 299-305, Oper. Theory Adv. Appl., 108, Birkhäuser, Basel, 1999.

[21] LÉNA C., Eigenvalues variations for Aharonov-Bohm operators, Journal of Mathematical Physics 56
011502 (2015), doi: 10.1063/1.4905647.

[22] NORIS B., NYS M., TERRACINI S., On the eigenvalues of Aharonov-Bohm operators with varying
poles: pole approaching the boundary of the domain, Communications in Mathematical Physics 339 3
(2015), 1101–1146.

[23] NORIS B. AND TERRACINI S., Nodal sets of magnetic Schrödinger operators of Aharonov-Bohm type
and energy minimizing partitions, Indiana University Mathematics Journal 59 4 (2010), 1361–1403.

AMS Subject Classification: 35J10, 35P20, 35Q40, 35Q60, 35J75.

Laura ABATANGELO,
Department of mathematics and its Applications, University of Milano–Bicocca
Via Cozzi 55, 20125 Milano, ITALY
e-mail: laura.abatangelo@unimib.it

Lavoro pervenuto in redazione il 16.9.2016.





Rend. Sem. Mat. Univ. Politec. Torino
Bruxelles-Torino Talks in PDE’s –Turin, May 2–5, 2016
Vol. 74, 2 (2016), 31 – 41

N. Abatangelo

ON DIRICHLET DATA FOR THE SPECTRAL LAPLACIAN

Abstract. We present a construction for nontrivial harmonic functions associated to the
spectral fractional Laplacian operator, that is a fractional power of the Dirichlet Laplacian
giving rise to a nonlocal operator of fractional order. These harmonic functions present a
divergent profile at the boundary of the prescribed domain, and they can be classified in
terms of a singular boundary trace.

We introduce a notion of L1-weak solution, in the spirit of Stampacchia, and we produce
solutions of linear and nonlinear problems (possibly with measure data) where one prescribes
such a singular boundary trace, therefore providing with a nonhomogeneous boundary value
problem for this operator. We also present some results entailing the existence of large
solutions in this context.

This is a summary of a joint work with Louis Dupaigne, see [3].

1. Introduction

Given a bounded domain Ω of the RN , the spectral (or Navier) fractional Laplacian
operator p�△|Ωqs, s P p0,1q, is defined as a fractional power of the Laplacian with
homogeneous Dirichlet boundary conditions, see (2) below. This provides a nonlocal
operator of elliptic type with homogeneous boundary conditions. Recent bibliography
on this operator can be found e.g. in [8, 4].

One aspect of the theory is however left unanswered: the formulation of natural
nonhomogeneous boundary conditions. We provide a well-posed weak formulation for
linear problems of the form

(1) p�△|Ωqsu � µ in Ω,
u
h1

� ζ on BΩ

where h1 is a reference function, see (7) below, with prescribed singular behaviour
at the boundary. Namely, h1 is bounded above and below by constant multiples of
δ�p2�2sq, where δpxq :� distpx,BΩq is the distance to the boundary. Unlike the classi-
cal Dirichlet problem for the Laplace operator, nonhomogeneous boundary conditions
must be singular. In fact, for the special case of positive s-harmonic functions, the
singular boundary condition was already identified in previous works emphasizing the
probabilistic and potential theoretic aspects of the problem: see e.g. [11, 6, 10].

Turning to nonlinear problems, even more singular boundary conditions arise:
in the above system, if µ � �up for suitable values of p, one may choose ζ � �8, in
the sense that the solution u will blow up at a higher rate than δ�p2�2sq.

DEFINITION 1. Let Ω � RN a bounded domain and let tpλ j,φ jqu jPN, φ j P

31
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H1
0 pΩqXC8pΩq and �△φ j � λ jφ j in Ω. Given s P p0,1q, consider the Hilbert space

Hp2sq :�
$&%v�

8̧

j�1

pv jφ j P L2pΩq : }v}2
Hp2sq �

8̧

j�0

λ2s
j |pv j|2  8

,.- .

The spectral fractional Laplacian of u P Hp2sq is the function

(2) p�△|Ωqsu �
8̧

j�1

λs
jpu j φ j.

Alternatively, for almost every x PΩ,

(3) p�△|Ωqsupxq � p.v.
»

Ω
rupxq�upyqsJpx,yq dy�κpxqupxq,

where, letting pΩpt,x,yq denote the heat kernel of �△|Ω,
(4)

Jpx,yq � s
Γp1� sq

» 8

0

pΩpt,x,yq
t1�s dt, κpxq � s

Γp1� sq
»

Ω

�
1�

»
Ω

pΩpt,x,yq dy



dt
t1�s

are respectively the jumping kernel and the killing measure*.
We assume from now on that Ω is of class C1,1. In this case, sharp bounds are

known for pΩ, see (17), and provide in turn sharp estimates for Jpx,yq, see (19), so that
the right-hand side of (3) remains well-defined for every x P Ω under the assumption
that u PC2s�ε

loc pΩqXL1pΩ,δpxqdxq for some ε¡ 0. This allows us to define the spectral
fractional Laplacian of functions which do not vanish on the boundary of Ω.

DEFINITION 2. The Green function and the Poisson kernel of the spectral frac-
tional Laplacian are defined respectively by

(5) Gs
Ωpx,yq �

1
Γpsq

» 8

0
pΩpt,x,yq ts�1 dt, x, y PΩ,x� y, s P p0,1s,

and by

(6) Ps
Ωpx,yq :� � B

Bνy
Gs

Ωpx,yq, x PΩ,y P BΩ.

where ν is the outward unit normal to BΩ.

DEFINITION 3. Consider the function space T pΩq :� p�△|Ωq�sC8
c pΩq and

(7) h1pxq �
»
BΩ

Ps
Ωpx,yqdσpyq, x PΩ.

*In the language of potential theory of killed stochastic processes. Note that the integral in (3) must be
understood in the sense of principal values. To see this, look at (19).
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Given two Radon measures µ PM pΩq and ζ PM pBΩq with

(8)
»

Ω
δpxq d|µ|pxq   8, |ζ|pBΩq   8,

a function u P L1
locpΩq is a weak solution to

(9) p�△|Ωqsu� µ in Ω,
u
h1
� ζ on BΩ

if, for any ψ P T pΩq,

(10)
»

Ω
up�△|Ωqsψ �

»
Ω

ψdµ�
»
BΩ

Bψ
Bν

dζ.

We present some facts about harmonic functions in Section 2.1 with an eye kept
on their singular boundary trace. We prove the well-posedness of (9) in Section 2.1. In
Section 3 we solve nonlinear Dirichlet problems.

THEOREM 1. Given two Radon measures µ PM pΩq and ζ PM pBΩq such that
(8) holds, there exists a weak solution u P L1

locpΩq to (9). Moreover, for a.e. x PΩ,

(11) upxq �
»

Ω
Gs

Ωpx,yq dµpyq�
»
BΩ

Ps
Ωpx,yq dζpyq.

THEOREM 2. Let gpx, tq : Ω�R� ÝÑ R� be a Carathéodory function such
that gpx,0q � 0, and h : R�Ñ R� a nondecreasing function with

0¤ gpx, tq ¤ hptq for a.e. x PΩ and all t ¡ 0, hpδ�p2�2sqqδ P L1pΩq.

Then, problem

(12) p�△|Ωqsu��gpx,uq in Ω,
u
h1
� ζ on BΩ

has a solution u P L1pΩ,δpxqdxq for any ζ PCpBΩq,ζ¥ 0. In addition, if t ÞÑ gpx, tq is
nondecreasing then the solution is unique.

THEOREM 3. Let p P
�

1� s, 1
1�s

	
. There exists a function u P L1pΩ,δpxqdxqX

C8pΩq solving

(13) p�△|Ωqsu��up in Ω,
u
h1
��8 on BΩ

in the following sense: the first equality holds pointwise and in the sense of distribu-
tions, the boundary condition is understood as a pointwise limit. In addition, there
exists a constant C �CpΩ,N,s, pq such that 0¤ u¤Cδ�

2s
p�1 .
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2. Green function and Poisson kernel

In the following three lemmas, we review some useful identities for the Green function
defined by (5). Compare them also with [7, formulas (17) and (8) respectively].

LEMMA 1. Let f P L2pΩq. For almost every x PΩ, Gs
Ωpx, �q f P L1pΩq and

p�△|Ωq�s f pxq �
»

Ω
Gs

Ωpx,yq f pyq dy for a.e. x PΩ.

LEMMA 2. For a.e. x,y PΩ,
³

Ω G1�s
Ω px,ξqGs

Ωpξ,yqdξ� G1
Ωpx,yq.

Proof. Clearly p�△|Ωq�sp�△|Ωqs�1φ j � λ�s
j λs�1

j φ j � p�△|Ωq�1φ j for any eigen-
function φ j, so p�△|Ωq�s � p�△|Ωqs�1 � p�△|Ωq�1 in L2pΩq. By the previous
lemma and Fubini’s theorem, we deduce that for φ P L2pΩq and a.e. x PΩ,»

Ω

»
Ω

G1�s
Ω px,ξqGs

Ωpξ,yqφpyq dξ dy�
»

Ω
G1

Ωpx,yqφpyq dy

and so (2) holds almost everywhere.

LEMMA 3. For any ψ PC8
c pΩq,

(14) p�△|Ωqsψ � p�△q � p�△|Ωqs�1ψ � p�△|Ωqs�1 � p�△qψ
Proof. The identity clearly holds if ψ is an eigenfunction. If ψ P C8

c pΩq, its spectral
coefficients have fast (more than algebraic) decay and the result follows by writing the
spectral decomposition of ψ.

LEMMA 4. The function Ps
Ωpx,yq :�� B

Bνy
Gs

Ωpx,yq is well-defined for x PΩ,y P
BΩ and Ps

Ωpx, �q P CpBΩq for any x P Ω. Furthermore, there exists a constant C ¡ 0
depending on N,s,Ω only such that

(15)
1
C

δpxq
|x� y|N�2�2s ¤ Ps

Ωpx,yq ¤C
δpxq

|x� y|N�2�2s .

and

(16)
»

Ω
G1�s

Ω px,ξqPs
Ωpξ,yq dξ � P1

Ωpx,yq.

Proof. The proof is technical. The interested reader can find it in [3]. A main ingredi-
ent is the sharp double-sided estimate for the heat kernel (cf. [5]):
(17)�

δpxqδpyq
t

^1
�

1
c1tN{2 e�|x�y|2{pc2tq ¤ pΩpt,x,yq ¤

�
δpxqδpyq

t
^1

�
c1

tN{2 e�c2|x�y|2{t .

Recall that the Poisson kernel of the Dirichlet Laplacian can be defined via the very
same formula, just by considering s� 1.
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REMARK 1. Thanks to bound (17), the following estimates also hold:

(18)
1

C|x� y|N�2s

�
1^ δpxqδpyq

|x� y|2


¤ Gs

Ωpx,yq ¤
C

|x� y|N�2s

�
1^ δpxqδpyq

|x� y|2



for some constant C �CpΩ,N,sq, and

(19)
1

C|x� y|N�2s

�
1^ δpxqδpyq

|x� y|2


¤ Jpx,yq ¤ C

|x� y|N�2s

�
1^ δpxqδpyq

|x� y|2



.

2.1. Harmonic functions

DEFINITION 4. A function h P L1pΩ,δpxqdxq is s-harmonic in Ω if»
Ω

h p�△|Ωqsψ � 0 for any ψ PC8
c pΩq.

LEMMA 5. For any ψ PC8
c pΩq, p�△|Ωqsψ PC1

0pΩq and there exists a constant
C �Cps,N,Ω,ψq ¡ 0 such that |p�△|Ωqsψ| ¤ Cδ in Ω.

Proof. One has ���� p�△|Ωqsψδ

����¤ 8̧

j�1

λs
j|pψ j|

���φ j

δ

���
L8pΩq

 8.

LEMMA 6. The function Ps
Ωp�,zq P L1pΩ,δpxqdxq is s-harmonic in Ω.

Proof. Thanks to (15), Ps
Ωp�,zq P L1pΩ,δpxqdxq. Pick ψ PC8

c pΩq and exploit (14).

LEMMA 7. For any finite Radon measure ζ PM pBΩq, let

(20) hpxq �
»
BΩ

Ps
Ωpx,zq dζpzq, x PΩ.

Then, h is s-harmonic in Ω.

Proof. Since Ps
Ωpx, �q is continuous, h is well-defined. Pick ψ PC8

c pΩq:»
Ω

hpxqp�△|Ωqsψpxq dx�
»
BΩ

�»
Ω

Ps
Ωpx,zqp�△|Ωqsψpxq dx



dζpzq � 0

in view of Lemma 6.

As a matter of fact, a computation shows how the reference function h1 possess
a precise boundary behaviour, which is

(21)
1
C

δ�p2�2sq ¤ h1 ¤Cδ�p2�2sq.
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for some constant C�CpN,Ω,sq ¡ 0. In the following we will use the notation Ps
Ωg :�³

BΩ Ps
Ωp�,θqgpθq dσpθq where σ denotes the Hausdorff measure on BΩ, whenever g P

L1pΩq.

PROPOSITION 1. Let ζ PCpBΩq. Then, for any z P BΩ,

(22)
Ps

Ωζpxq
h1pxq

xPΩÝÝÑ
xÑz

ζpzq uniformly on BΩ.

Proof. Let us write����Ps
Ωζpxq
h1pxq �ζpzq

����� ���� 1
h1pxq

»
BΩ

Ps
Ωpx,θqζpθq dσpθq� h1pxqζpzq

h1pxq
���� ¤

¤ 1
h1pxq

»
BΩ

Ps
Ωpx,θq|ζpθq�ζpzq| dσpθq ¤Cδpxq3�2s

»
BΩ

|ζpθq�ζpzq|
|x�θ|N�2�2s dσpθq ¤

¤ Cδpxq
»
BΩ

|ζpθq�ζpzq|
|x�θ|N dσpθq.

It suffices now to repeat the computations in [1, Lemma 3.1.5] to show that the obtained
quantity converges to 0 as xÑ z.

LEMMA 8. T pΩq �C1
0pΩqXC8pΩq. Moreover, for any ψ P T pΩq and z P BΩ,

(23) � Bψ
Bν
pzq �

»
Ω

Ps
Ωpy,zqp�△|Ωqsψpyq dy.

Proof. Take ψ P T pΩq and let f � p�△|Ωqsψ. Since f P C8
c pΩq, the spectral co-

efficients of f have fast (more than algebraic) decay and so the same holds true for
ψ. It follows that ψ P C1

0pΩq and T pΩq � C1
0pΩq. By Lemma 1, for all x P Ω,

ψpxq � ³
Ω Gs

Ωpx,yq f pyq dy. Using Lemma 4 and the dominated convergence theo-
rem, (23) follows. Since p�△|Ωqs is self-adjoint in Hp2sq, we know that the equality
p�△|Ωqsψ� f holds in D 1pΩq.

LEMMA 9 (Maximum principle for classical solutions). Let u P C2s�ε
loc pΩq X

L1pΩ,δpxqdxq such that

p�△|Ωqsu¥ 0 in Ω, liminf
xÑBΩ

upxq ¥ 0.

Then u¥ 0 in Ω. In particular this holds when u P T pΩq.

Proof. Suppose x� PΩ such that upx�q �min
Ω

u  0. Then

p�△|Ωqsupx�q �
»

Ω
rupx�q�upyqsJpx,yq dy�κpx�qupx�q   0,

a contradiction.
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LEMMA 10. Let µ PM pΩq, ζ PM pBΩq be two Radon measures satisfying (8)
with µ ¥ 0 and ζ ¥ 0. Consider u P L1

locpΩq a weak solution to the Dirichlet problem
(9). Then u¥ 0 a.e. in Ω.

Proof. Take f PC8
c pΩq, f ¥ 0 and ψ� p�△|Ωq�s f P T pΩq. By Lemma 9, ψ¥ 0 in

Ω and by Lemma 8 � Bψ
Bν ¥ 0 on BΩ. Thus, by (10),

³
Ω u f ¥ 0. Since this is true for

every f PC8
c pΩq, the result follows.

Proof of Theorem 1. Uniqueness is a direct consequence of the comparison
principle, Lemma 10. Let us prove that formula (11) defines the desired weak solution.
Observe that if u is given by (11), then u P L1pΩ,δpxqdxq. Indeed,

(24)
»

Ω

����φ1pxq
»

Ω
Gs

Ωpx,yqdµpyq
����dx¤

»
Ω

»
Ω

Gs
Ωpx,yqφ1pxqdx d|µ|pyq

� 1
λs

1

»
Ω

φ1pyq d|µ|pyq ¤C}δµ}M pΩq

This, along with Lemma 7, proves that u P L1pΩ,δpxqdxq. Now, pick ψ P T pΩq and
compute, via the Fubini’s Theorem, Lemma 1 and Lemma 8,»

Ω
upxqp�△|Ωqsψpxq dx �

�
»

Ω

»
Ω

Gs
Ωpx,yqdµpyqp�△|Ωqsψpxq dx�

»
Ω

»
BΩ

Ps
Ωpx,zqdζpzqp�△|Ωqsψpxqdx

�
»

Ω

»
Ω

Gs
Ωpx,yqp�△|Ωqsψpxqdx dµpyq�

»
BΩ

»
Ω

Ps
Ωpx,zqp�△|Ωqsψpxq dx dζpzq

�
»

Ω
ψpyq dµpyq�

»
BΩ

Bψ
Bν
pzq dζpzq.

�

3. The nonlinear problem

THEOREM 4. Let f px, tq : Ω�R ÝÑ R be a Carathéodory function. Assume
that there exists a subsolution and a supersolution u,u P L1pΩ,δpxqdxqXL8locpΩq to

(25) p�△|Ωqsu� f px,uq in Ω,
u
h1
� 0 on BΩ

Assume in addition that f p�,vq P L1pΩ,δpxqdxq for every v P L1pΩ,δpxqdxq such that
u¤ v¤ u a.e. Then, there exist weak solutions u1,u2 P L1pΩ,δpxqdxq in ru,us such that
any solution in the interval ru,us satisfies

u¤ u1 ¤ u¤ u2 ¤ u a.e.

Moreover, if the nonlinearity f is decreasing in the second variable, then the solution
is unique.
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Proof. The proof can be performed by adapting the one in [9] to the fractional case.
More details can be found in [3].

Proof of Theorem 2. Problem (12) is equivalent to

(26) p�△|Ωqsv� gpx,Ps
Ωζ� vq in Ω,

v
h1
� 0 on BΩ

that possesses u � Ps
Ωζ as a supersolution and u � 0 as a subsolution. Indeed, by

equation (21) we have 0 ¤ Ps
Ωζ ¤ }ζ}L8pΩqh1 ¤ C}ζ}L8pΩqδ�p2�2sq. Thus any v P

L1pΩ,δpxqdxq such that 0¤ v¤ Ps
Ωζ satisfies

gpx,vq ¤ hpvq ¤ hpcδ�p2�2sqq P L1pΩ,δpxqdxq.

So, all hypotheses of Theorem 4 are satisfied and the result follows. �

4. Large solutions

Consider the sequence tu ju jPN built by solving

(27) p�△|Ωqsu j ��up
j in Ω,

u j

h1
� j on BΩ.

Theorem 2 guarantees the existence of such a sequence if δ�p2�2sqp P L1pΩ,δpxqdxq,
i.e. p   1{p1� sq. Moreover, tu ju jPN is increasing with j, thus it admits a pointwise
limit, possibly infinite.

LEMMA 11. There exist δ0,C¡ 0 such that p�△|Ωqsδ�α ¥ �C δ�αp, for δ 
δ0 and α� 2s

p�1 .

Proof. We use the expression in equation (3). Obviously,

p�△|Ωqsδ�αpxq �
»

Ω
rδpxq�α�δpyq�αsJpx,yq dy�δpxq�ακpxq ¥

¥
»

Ω
rδpxq�α�δpyq�αsJpx,yq dy.

LEMMA 12. If a function v P L1pΩ,δpxqdxq satisfies

(28) p�△|Ωqsv P L8locpΩq, p�△|Ωqsvpxq ¥ �C vpxqp, when δpxq   δ0,

for some C,δ0 ¡ 0, then there exists u P L1pΩ,δpxqdxq such that

(29) p�△|Ωqsupxq ¥ �upxqp, throughout Ω.
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Proof. Let λ :�C1{pp�1q_1 and Ω0 � tx PΩ : δpxq   δ0u, then

p�△|Ωqs pλvq ¥ �pλvqp , in Ω0.

Let also µ :� λ}p�△|Ωqsv}L8pΩzΩ0q and define u� µGs
Ω1�λv. On u we have

p�△|Ωqsu� µ�λp�△|Ωqsv¥ λ|p�△|Ωqsv|�λp�△|Ωqsv¥�up throughout Ω.

COROLLARY 1. There exists a function u P L1pΩ,δpxqdxq such that

p�△|Ωqsu ¥ �up, in Ω,

holds in a pointwise sense. Moreover, u� δ�2s{pp�1q.

Proof. Apply Lemma 12 with v� δ�2s{pp�1q.

LEMMA 13. For any j P N, the solution u j to problem (27) satisfies the upper
bound u j ¤ u, in Ω, where u is provided by Corollary 1.

Proof. Write u j � jh1� v j where

p�△|Ωqsv j � p jh1� v jqp in Ω,
v j

h1
� 0 on BΩ.

and 0 ¤ v j ¤ jh1. Since p jh1� v jqp P L8locpΩq, we deduce that v j P Cα
locpΩq for any

α P p0,2sq. Now, we have that, by the boundary behaviour of u stated in Corollary 1,
u j ¤ u close enough to BΩ (depending on the value of j) and

p�△|Ωqs pu�u jq ¥ up
j �up, in Ω.

Since up
j � up P CpΩq and limxÑBΩ up

j � up � �8, then there exists x0 P Ω such that
u jpx0qp � upx0qp � m �: maxxPΩ pu jpxqp�upxqpq. If m ¡ 0 then also p�△|Ωqspu�
u jqpx0q ¥ m ¡ 0: this is a contradiction, as Definition 3 implies. Thus m ¤ 0 and
u j ¤ u throughout Ω.

THEOREM 5. For any p P
�

1� s, 1
1�s

	
there exists u P L1pΩ,δpxqdxq solving

p�△|Ωqsu��up in Ω, δ2�2su��8 on BΩ.

Proof. Consider the sequence tu ju jPN provided by problem 27: it is increasing and
locally bounded by Lemma 13, so it has a pointwise limit u¤ u, where u is the function
provided by Corollary 1. Since p¡ 1� s and u¤Cδ�2s{pp�1q, then u P L1pΩ,δpxqdxq.
Pick now ψ PC8

c pΩq, and recall that δ�1p�△|Ωqsψ P L8pΩq: we have, by dominated
convergence,»

Ω
u jp�△|ΩqsψÝÝÑ

jÒ8

»
Ω

up�△|Ωqsψ,

»
Ω

up
j ψÝÝÑ

jÒ8

»
Ω

upψ

so we deduce »
Ω

up�△|Ωqsψ � �
»

Ω
upψ.
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Note now that for any compact K ��Ω, applying some known elliptic regularity esti-
mates we get for any α P p0,2sq

}u j}CαpKq ¤C
�
}u j}p

L8pKq�}u j}L1pΩ,δpxqdxq
	
¤C

�
}u}p

L8pKq�}u}L1pΩ,δpxqdxq
	

which means that tu ju jPN is equibounded and equicontinuous in CpKq. By the Ascoli-
Arzelà Theorem, its pointwise limit u will be in CpKq too. Now, since

p�△|Ωqsu � �up in D 1pΩq,

by bootstrapping the interior regularity we deduce u PC8pΩq.
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D. Mazzoleni*

SOME REMARKS ON CONVEX COMBINATIONS OF LOW
EIGENVALUES

Abstract. In this survey we deal with shape optimization problems involving convex combi-
nations of the first two eigenvalues of the Dirichlet Laplacian, mainly recalling and explaining
some recent results. More precisely, we discuss some geometric properties of minimizers,
in particular when they are no longer convex and the optimality of balls. This leads us to
deal with the “attainable set” of the first two eigenvalues, which is a great source of open
problems.

1. Introduction

The aim of this note is to introduce the reader to some shape optimization problems
involving the first two eigenvalues of the Dirichlet Laplacian. In particular we focus on
the minimization of convex combinations of these first two eigenvalues, among open
subsets of the euclidean space with a measure constraint. Although this can seem a
rather easy topic, as it often happens in shape optimization, there are many hidden
difficulties and a lot of open conjectures. This work is mostly based on the papers [19]
and [23], to which we refer for more details.

The topic of spectral optimization has received a lot of attention in the last
years, see the books [8, 16, 18] for a broader introduction. The first issue for this kind
of problems concerns the existence of an optimal shape: a result proved in the 1990s
by Buttazzo and Dal Maso [13] is even now a cornerstone of the matter, and, for a large
class of functionals, it ensures the existence of a solution in the class of quasi-open sets
of fixed measure (a priori contained into a given box, which provides the necessary
compactness to prove existence). Moreover, the regularity of an optimal shape is a
highly difficult problem and a general regularity theory is nowadays not available: even
a proof which guarantees that an optimal shape is open, and not merely quasi-open, is
far from being trivial, see [12]. Another important point consists in proving some
geometric properties of optimal shapes, such as connectedness, convexity, symmetry
with respect to some axis, and this is the main topic of this note. In fact, only for
few special functionals optimal shapes are explicitly known: classical examples are the
lowest eigenvalues of the Dirichlet-Laplacian. We recall that, for a given integer N ¥ 2
and an open set Ω � RN with finite measure, the first and second eigenvalues of the
Dirichlet-Laplacian can be defined as

λ1pΩq :� min
uPH1

0 pΩqzt0u

³
Ω |∇upxq|2dx³
Ω |upxq|2dx

, λ2pΩq :� min
uPH1

0 pΩqzt0u³
Ω uu1�0

³
Ω |∇upxq|2dx³
Ω |upxq|2dx

,
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where these minima are attained, respectively, by the first and second eigenfunctions
u1 and u2 (which are unique, up to a multiplicative constant).

The interest in the minimization of the first eigenvalue goes back to a conjecture
due to Lord Rayleigh in 1877, then proved by Faber and Krahn in the 1920s. The
Faber-Krahn inequality asserts that of all open sets of fixed measure, the ball has the
minimum first eigenvalue: in formula, for every open set Ω� RN with unit measure

(1) λ1pΩq ¥ λ1pBq � ω2{N
N j2

N{2�1,

where ωN denotes the measure of the ball in RN with unit radius, jn the first positive
zero of the Bessel function Jn, and B the open ball of unit measure in RN . Equality
in (1) holds if and only if Ω is that ball (up to sets of capacity zero). The same issue
for the second eigenvalue is known as the Krahn-Szegö inequality, which asserts that
two disjoint open balls of half measure each are the unique (up to sets of capacity zero)
minimizer, namely for every open set Ω� RN with unit measure

(2) λ2pΩq ¥ λ2pB�YB�q � 22{Nλ1pBq � p2ωNq2{N j2
N{2�1,

where B�YB� is the union of two equal and disjoint open balls of half measure each,
and equality in (2) holds if and only if Ω� B�YB�.
Up to our knowledge, the only other functionals of eigenvalues for which an explicit
minimizer is known are λ1{λ2 and λ2{λ3, see [3].

Starting with the important work of Keller and Wolf [21], there was a strong
interest for convex combinations of the first two eigenvalues of the Dirichlet Laplacian,
namely the functional Ft defined, for every t P p0,1q, as

(3) FtpΩq :� tλ1pΩq�p1� tqλ2pΩq,
where Ω � RN is an open set of finite measure. Then, the corresponding spectral
optimization problem writes as

(4) min
 

FtpΩq : Ω� RN , Ω open, |Ω| � 1
(
.

The existence of a minimizer for this problem is now well understood and is guaranteed
by a general theory recently developed in the works [7, 12, 22], all based on the above
mentioned result [13], but with the new difficulty of working in the entire space RN .
Notice that, all these results guarantee the existence of an optimal shape in the larger
class of quasi-open sets, and only a posteriori one proves that a minimizer of problem
(1.1) is in fact open, and so problem (1.1) is well-posed. Moreover, in [19] it was
proved that, for every t P p0,1q, minimizers of (1.1) are connected (more generally,
this topological property was studied for minimizers of convex combinations of the
first three eigenvalues). The main idea in order to prove connectedness of minimizers
is to characterize the optimal disconnected configuration and then to find an explicit
connected competitor, which is often either the ball or a perturbation of balls. In two
dimensions (N � 2), some numerical computations on the shape of these minimizers
appeared in [20]. We sum up all these results in the following theorem.
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THEOREM 1. For every t P p0,1q we consider the shape optimization problem:

(5) min
 

FtpΩq : Ω� RN , |Ω| � 1
(
.

The following facts hold true for (5).

1. There exists an optimal shape in the class of quasi-open sets (Buttazzo-Dal
Maso [13], Bucur [7], Mazzoleni-Pratelli [22]),

2. Every optimal set is open and each of its first k eigenfunctions can be extended in
RN to a Lipschitz continuous function (Bucur-Mazzoleni-Pratelli-Velichkov [12]),

3. Every optimal set is bounded and has finite perimeter (Bucur [7]),

4. Every optimal set is connected (Iversen-Mazzoleni [19]).

Notice that, if t � 1 the convex combination (3) is minimized by the ball with
unit measure (because of the Faber-Krahn inequality (1)), while if t � 0, by two equal
balls of half measure each (because of the Krahn-Szegö inequality (2)). Therefore,
as t moves from 1 to 0, one expects the shape of a minimizer Ωt deforming from a
ball of unit measure to two balls of half measure each; in particular, it is natural to
conjecture that at some value of t the convexity of all the minimizers in (1.1) is lost (as
was numerically observed in [20], in two dimensions, the critical value for t is expected
to be 1{2). We give a first answer to this question, though non-optimal. All the results
presented in this note, unless otherwise specified, will hold in every dimension N ¥ 2.

THEOREM 2. There exists a threshold T ¡ 0 such that, for all t P p0,T q, every
minimizer in (1.1) is no longer convex.

We provide a quantitative proof of this theorem, namely we explicitly construct
the threshold T via the eigenvalues of the Dirichlet-Laplacian. Moreover, in two di-
mensions, it is possible to find a numerical lower bound on T using a quantitative
Krahn-Szegö inequality involving the so-called Fraenkel 2-asymmetry, for this topic
we refer the reader to [23], where it is studied an auxiliary purely geometrical problem:
the minimization of the Fraenkel 2-asymmetry among convex sets of given area. It is
possible to show that the mobile, i.e., the intersection of the convex hull of two tan-
gent balls with a strip is the unique minimizer satisfying an isoperimetric inequality for
the Fraenkel 2-asymmetry (16). An explicit value for the constant in the quantitative
Krahn-Szegö inequality will be also needed. This opens a new area of application for
quantitative inequalities, which can be found in [23, Appendix].

A second question to address is the optimality of a special convex set: the ball,
and we present a generalization of a result from [21].

THEOREM 3. For all t P p0,1q the ball B is never a minimizer in (1.1).

The proof of this result follows from a more general proposition, i.e., that the
second eigenvalue of a minimizer in (1.1) has to be simple and, as a consequence of
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the multiplicity of the second eigenvalue over balls, so we immediately get the result in
Theorem 3. The proof of the simplicity of the second eigenvalue relies on some ideas
developed in [16] and [10], with the help of a classical symmetry result due to Serrin
[25] (see also [15]).

As an application of these results, we show how to get informations on the shape
of the attainable set, namely the subset of the plane described by the range of the first
two eigenvalues of the Dirichlet-Laplacian

(6) E :�  px,yq P R2 : x� λ1pΩq, y� λ2pΩq, Ω� RN , Ω open, |Ω| � 1
(
.

This set was introduced in [21], and then deeply studied in [9] (see also [1, 2, 5]), where
several geometrical properties of E were discussed.

The link between problem (1.1) and the set E is the following: for a fixed
t P p0,1q a minimizer Ωt in (1.1) corresponds to the first point of E of coordinates
pλ1pΩtq,λ2pΩtqq that we reach with a line tx�p1� tqy� a increasing the value a, that
is PΩt :� pλ1pΩtq,λ2pΩtqq is one of the intersection points of the tangent line to E with
slope t{pt�1q. In particular, if t � 1 the tangent line x� λ1pBq has a unique intersection
point corresponding to the ball B (because of the Faber-Krahn inequality (1)), while if
t � 0, the tangent line y � λ2pΘq has a unique intersection point corresponding to the
two balls B�YB� (because of the Krahn-Szegö inequality (2)).

Therefore, in Theorem 4, we will present a new strategy for studying the asymp-
totic behavior of the boundary of E near the points corresponding to B and B�YB�,
extending to all dimensions a result proved in [21] only in two dimensions, and recov-
ering the result proved in [5].

We suspect that to properly understand the boundary behavior of the attainable
set, one has to carefully analyze problem (1.1). For this reason we restate the long-
standing conjecture about the convexity of the attainable set in the language of the
minimizers of convex combinations of the lowest Dirichlet eigenvalues.

The paper, which is mainly a review of a talk given by the author at the “BruTo
PDE’s Conference” held in Torino on May 2nd–5th, 2016, is organized as follows. In
Section 2 we discuss Theorem 2, while in Section 3 we deal with Theorem 3 and with
the attainable set (6).

2. Non-convexity of minimizers for problem (1.1)

In order to study the non-convexity of minimizers for problem (1.1) we first need to
deal briefly with the study of optimal sets for λ2 among convex bodies, which was the
topic of an important paper by Henrot and Oudet [17]. Finding an explicit minimizer
in this class seems a very difficult problem: a possible candidate to be the optimum is
the stadium (i.e., the convex hull of two tangent balls), but this conjecture was refuted
in [17]. Indeed any set which contains on the boundary some pieces of balls can not be
a minimizer. Nevertheless, in [17] it was proved the existence of a convex minimizer
ΩHO so that, for every open and convex set Ω� RN with unit measure,

(7) λ2pΩq ¥ λ2pΩHOq,
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(cf. (7) with the Krahn-Szegö inequality, where no-convexity constraint is required).
Notice that, since ΩHO has no pieces of balls on its boundary, in particular ΩHO � B and

ω2{N
N j2

N{2 � λ2pBq ¡ λ2pΩHOq.
In two dimensions, Oudet in [24] and, more recently, Antunes and Henrot in [2], made
some numerical computations, showing the shape of the optimal set ΩHO and highlight-
ing that ΩHO is very close to the stadium, both from a geometrical and a numerical point
of view; in particular

(8) λ2pB�YB�q � 2π j2
0 � 36.336, λ2pΩHOq � 37.987, λ2pΩstadiumq � 38.002,

where Ωstadium is the stadium with |Ωstadium| � 1, i.e., a contracted version of the set
hullpΘq. Note that we approximate all the numerically computed values only to the
third decimal digit, for sake of simplicity.
Before proving Theorem 2 we need to set some notation. We say that Ωt is a minimizer
in (1.1) if for every admissible competitor Ω

(9) tλ1pΩtq�p1� tqλ2pΩtq ¤ tλ1pΩq�p1� tqλ2pΩq,
and equivalently, rearranging the terms

(10) λ1pΩtq�λ1pΩq�λ2pΩq�λ2pΩtq ¤ 1
t

�
λ2pΩq�λ2pΩtq

	
.

Proof of Theorem 2. From the Krahn-Szegö inequality (2) and the connectedness of
Ωt it follows that

(11) λ2pB�YB�q   λ2pΩtq,
which plugged into (9) with Ω� B�YB� yields

(12) λ1pΩtq   λ1pB�YB�q.
Taking Ω�B�YB� also in (10) and dividing therein by the negative quantity λ2pB�Y
B�q�λ2pΩtq (recall (11)) we get to

(13)
λ1pB�YB�q�λ1pΩtq
λ2pΩtq�λ2pB�YB�q �1¥ 1

t
.

From (11) and (12), the ratio on the left-hand side of this inequality turns out to be
a positive number; therefore, we can use the Faber-Krahn inequality (1) to estimate
λ1pΩtq at the numerator of this ratio. Moreover, if Ωt would be a convex set, we could
also use (7) to estimate λ2pΩtq at the denominator of this ratio, obtaining the following
uniform bound on t:

(14) t ¥ 1
λ1pB�YB�q�λ1pBq

λ2pΩHOq�λ2pB�YB�q �1
.

Calling T the quantity on the right-hand side of this inequality, the Krahn-Szegö in-
equality for convex sets gives λ2pΩHOq�λ2pB�YB�q ¡ 0, thus T ¡ 0. Therefore, if
t   T , Ωt can not be convex.
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The proof of Theorem 2 is constructive and reveals an explicit expression for
the threshold T in terms of the eigenvalues of the Dirichlet-Laplacian. In particular, the
threshold T in Theorem 2 has the following expression:

(15) T � 1� p22{N �1qλ1pBq
λ2pΩHOq�λ1pBq ,

where ΩHO is a minimizer in (7). As it is often the case, in the two dimensional case
one can expect to be able to provide some explicit estimate for the constant T . This
was done in [23] and we recall here only the result, with the needed explanations. First
of all we have to define the Fraenkel 2-asymmetry of an open set Ω � RN with unit
measure, that is,
(16)

A2pΩq :�mint|Ω△pB�YB�q| : B�,B� disjoint open balls, |B�| � |B�| � 1{2u.
Then we can state the quantitative Krahn–Szegö inequality (see, for example [4, 6]):

(17)
λ2pΩq

λ2pB�YB�q �1¥ βKSA2pΩqα,

for some constant βKS ¡ 0 and an exponent α ¡ 0. At last, we consider the following
shape optimization problem,

(18) inftA2pΩq : Ω� RN , Ω open and convex, |Ω| � 1u.
In [23] it is showed that the set M (see [23, Definition 2.2]) defined as the intersection
of the convex hull of two tangent balls with a strip is the unique minimizer satisfying
an isoperimetric inequality for the Fraenkel 2-asymmetry (18).

Then it is possible to see, in two dimensions, that

(19) T ¥ 1� 1
1�2βKSA2pMq9{2 � 1.192 �10�14,

where the constants βKS and A2pMq are as in (17) and (16) respectively. What is im-
portant to highlight of this bound is that it does not depend on the eigenvalues of the
Dirichlet Laplacian.

REMARK 1. The explicit value for the lower bound to the threshold T is not
very accurate, mostly due to the fact that the constant βKS is not the optimal one, but
we believe it is important to show that a numerical value can actually be provided.
Moreover, if N � 2, plugging the numerical computation of λ2pΩHOq recalled in (8)
into (15) and using λ1pBq � π j2

0 � 18.168, reveals a numerical approximation for the
threshold defined by (15):

T � 0.083.

3. Optimality of the ball and attainable set

In order to deal with Theorem 3, the key point is to show the following, stronger Propo-
sition. The main idea of the proof is to make careful perturbations of the boundary of
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an optimal set (provided it is regular enough) and then reduce the problem to an overde-
termined PDE, which can be treated with techniques first developed by Serrin [25].

PROPOSITION 1. For a fixed t P p0,1q, let Ωt be a minimizer of problem (1.1).
If the boundary of Ωt is of class C2 and connected, then λ2pΩtq is simple, namely
λ1pΩtq   λ2pΩtq   λ3pΩtq. Moreover, on the boundary of Ωt , the following optimality
condition holds:

(20) t |∇u1pxq|2�p1� tq |∇u2pxq|2 � 2FtpΩtq
N

, x P BΩt .

For a proof of the above Proposition we refer to [23], but then Theorem 3 fol-
lows easily.

Proof of Theorem 3. The proof is a straightforward consequence of Proposition 1: in
every dimension, the second eigenvalue λ2pBq is not simple, therefore the ball B can
not be a minimizer for any t P p0,1q.

REMARK 2. In two dimensions, the fact that balls are never minimizers was
implicitly contained in the work [21]. For an arbitrary ε¡ 0 small enough, in [21] the
authors constructed a nearly spherical competitor Bε, with |Bε| � 1, such that

λ1pBεq ¤ λ1pBq�d1ε2, while λ2pBεq ¤ λ2pBq�d2ε,

for some positive constants d1,d2. Therefore, for every t P p0,1q, it is possible to find
ε¡ 0 so small so that

tλ1pBεq�p1� tqλ2pBεq   tλ1pBq�p1� tqλ2pBq.

The last thing that we want to treat is the relation between problem (1.1) and
Theorem 3 with the so called attainable set, defined in (6). We start listing the most
important properties that are known on the attainable set E defined in (6) (for figures
representing the set E we refer to [21, 9, 23]):

1. lies above the bisector y � x (since by definition λ2pΩq ¥ λ1pΩq for every Ω �
RN).

2. lies on the right of the line x� λ1pBq (for the Faber-Krahn inequality (1)).

3. lies above the line y� λ2pB�YB�q (for the Krahn-Szegö inequality (2)).

4. lies below the line y� λ2pBq
λ1pBqx (for the Ashbaugh-Benguria inequality [3]).

5. is conical with respect to the origin.

The numerical picture provided by Keller and Wolff suggests the following con-
jecture, which is still unsolved up to our knowledge.

Conjecture A. The attainable set E is convex.
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The most important result in the direction of this conjecture was proposed by
Bucur, Buttazzo and Figuereido in [9]. These authors proved that the attainable set
(6), constructed through quasi-open sets instead of open sets, is convex in the vertical
and in the horizontal direction and, as a consequence, that it is closed. Nevertheless
the vertical and horizontal convexity do not imply convexity (think, for example to an
L-shaped set).

From the properties of the set E listed above it is clear that the unique unknown
part of the boundary of E is the curve C connecting the points PB � pλ1pBq,λ2pBqq
and PB�YB� � pλ1pB�YB�q,λ2pB�YB�qq. The convexity of E is then guaranteed
as soon as C can be parametrized by a convex function. For this reason it is important
to have more informations on the curve C . In two dimensions, Keller and Wolf in [21]
showed that the tangent of C at the point PB corresponding to a ball B is vertical. They
constructed a nearly spherical perturbation of B, as recalled in Remark 2, and then they
computed the slope of the tangent to C as εÑ 0. Moreover, in all dimensions, Brasco,
Nitsch and Pratelli showed that the tangent of C at the point PB�YB� corresponding
to two balls B�YB� is horizontal. In this case the limit as ε Ñ 0 was computed by
overlapping the two balls B� and B� of a quantity measured in terms of the parameter
ε. In the following proposition we recover these limits relying on the minimality con-
dition of the minimizers of convex combinations (9) without any explicit construction.
Notice that the strategy that we adopt holds in all dimensions.

THEOREM 4. For every dimension N ¥ 2 and t P p0,1q, let Ωt be a minimizer
of problem (1.1). Then we have:

i) the tangent of C at the point PB corresponding to one ball is vertical, namely

(21) lim
tÑ1

λ2pΩtq�λ2pBq
λ1pΩtq�λ1pBq � �8

ii) the tangent of C at the point PB�YB� corresponding to two identical balls is
horizontal, namely

(22) lim
tÑ0

λ2pΩtq�λ2pB�YB�q
λ1pΩtq�λ1pB�YB�q � 0.

Moreover, the following limits holds

(23) lim
tÑ0

λ2pΩtq � λ2pB�YB�q and lim
tÑ1

λ1pΩtq � λ1pBq.

Proof. From the Faber-Krahn inequality (1) and Theorem 3 we find that

(24) λ1pBq   λ1pΩtq,

which plugged into (9) with Ω� B yields

(25) λ2pΩtq   λ2pBq.
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Taking Ω � B in (10) and dividing therein by λ2pBq� λ2pΩtq (which from (25) is a
strictly positive value) yields

λ1pΩtq�λ1pBq
λ2pBq�λ2pΩtq �1¤ 1

t
.

From (24) and (25) one can see that the ratio on the left-hand side of this inequality is a
positive number, therefore, letting t Ò 1, necessarily, it holds the limit in (21). Moreover,
repeating the computations made in the proof of Theorem 2 and letting t Ó 0 in (13), it
follows the limit in (22).

Finally, the limits in (23) are a consequence of (21), (22) and of the boundedness
of the denominator in (22) (because of (12)) and of the numerator in (21) (because of
(25)).

We finish this discussion formulating an isospectral conjecture on the minimiz-
ers of problem (1.1), which could be used to prove the convexity of the attainable set
E .

Conjecture B. Let t P p0,1q and assume X ,Y �RN to be minimizers of problem
(1.1) with FtpXq � FtpY q. Then, the lowest eigenvalues of X and Y coincide, namely

λ1pXq � λ1pY q and λ2pXq � λ2pY q.

PROPOSITION 2. The validity of Conjecture B implies that Conjecture A holds
true.

Proof. If E is not convex, then we can find two points PX ,PY P C , corresponding,
respectively, to X ,Y , and a straight line l passing through these points such that the
curve C lies above l. Therefore, it is clear that l will be of the form tx�p1� tqy� a for
some fixed t P p0,1q and a real number a. Hence the sets X ,Y are minimizers in (1.1) for
such a t, but λ1pXq �� λ1pY q and λ2pXq �� λ2pY q, a contradiction with Conjecture A.
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L. Battaglia

GROUND STATE SOLUTIONS FOR A NONLINEAR
CHOQUARD EQUATION

Abstract. We discuss the existence of ground state solutions for the Choquard equation

�∆u�u� pIα �FpuqqF 1puq in RN .

We prove the existence of solutions under general hypotheses, investigating in particular the
case of a homogeneous nonlinearity Fpuq � |u|p

p . The cases N � 2 and N ¥ 3 are treated dif-
ferently in some steps. The solutions are found through a variational mountain-pass strategy.
The results presented are contained in the papers [8, 2].

1. Introduction

We investigate the existence of solutions for nonlinear Choquard equations of the form

(1) �∆u�u� pIα �FpuqqF 1puq in RN ,

where ∆ is the standard Euclidean laplacian, � indicates the convolution, F PC1pR,Rq
is a smooth nonlinearity and Iα : RN Ñ R is, for α P p0,Nq, the Riesz potential:

(2) Iαpxq :� Γ
�N�α

2

�
Γ
�α

2

�
π

N
2 2α

1
|x|N�α .

Problem (1) can be seen as a non-local counterpart of the very well-known scalar
field equation

(3) �∆u�u� G1puq in RN ,

which can be formally recovered from (1) by letting α go to 0 and setting G� F2

2 .
Problem (3) has been widely studied since many years. General existence results were
provided in [4] when N ¥ 3 and [3] (when N � 2) under mild hypotheses on G.
Anyway, the argument from both [4] and [3] does not seem to be suitable to attack
problem (3): roughly speaking, the authors use a constrained minimization technique
and then a dilation to get rid of the Lagrangian multiplier, which does not work in our
case because of the scaling properties of the Riesz potential (2).

We study the problem (1) variationally: its solutions are critical points of the
following energy functional on H1

�
RN

�
:

(4) I puq � 1
2

»
RN

�|∇u|2�|u|2�� 1
2

»
RN
pIα �FpuqqF 1puq.

In particular, we look for solutions at a mountain-pass level b defined by

(5) b :� inf
γPΓ

sup
tPr0,1s

I pγptqq,

53
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with
Γ :�  

γ PC
�r0,1s,H1 �RN�� ; γp0q � 0, I pγp1qq   0

(
.

In particular, we by-pass the issue of Palais-Smale sequences by a scaling trick in-
troduced in [5], which basically allows us to consider Palais-Smale sequences also
asymptotically satisfying the Pohožaev identity

(6) P puq :� N�2
2

»
RN
|∇u|2� N

2
|u|2� N�α

2

»
RN
pIα �FpuqqFpuq � 0,

for which convergence is easier to be proved.
We can show existence of solutions under general hypotheses, in the same spirit of
[4, 3]. In the particular yet very important case of a power-type nonlinearity Fpuq� |u|p

p

such hypotheses are equivalent to 1� α
N   p  N�α

N�2 , which in [7] is shown to be also a
necessary condition. This shows that the hypotheses we make are somehow natural.
We also show that the mountain-pass type solution is also a ground state, namely an
energy-minimizing solution: it satisfies

(7) I puq � c :� inf
 

I pvq : v P H1 �RN�zt0u solves (1)
(
.

We first show the existence of mountain-pass solutions in Section 2 and then in Section
3 we prove that they are actually ground states. Such results were originally presented
in [8] for the dimension N ¥ 3 and in [2] for the case N � 2.

2. Existence of mountain-pass solutions

We show here existence of a solution for (1) under general hypotheses on F .
First of all, we want to exclude the trivial case of an identically vanishing F :

pF0q There exists s0 P R such that Fps0q � 0.

Then, we also need some growth assumptions which give a well-posed variational for-
mulation, namely a energy functional I being well-defined on H1

�
RN

�
. Such assump-

tions are different depending whether the dimension is two or it is greater, since the
limiting-case embeddings in Sobolev spaces are different: in the higher-dimensional
case, we impose a power-type growth whereas in R2 we require one of exponential
type:

pN ¥ 3q pF1q There exists C ¡ 0 such that |F 1psq| ¤C
�
|s| α

N �|s| α�2
N�2

	
for any s¡ 0

pN � 2q pF 1
1q For any θ¡ 0 there exists Cθ ¡ 0 such that |F 1psq|¤Cθ min

!
1, |s| α

2

)
eθ|s|2

for any s¡ 0.

It is not hard to see that pF1q, combined with Sobolev and Hardy-Littlewood-Sobolev
inequality, implies the finiteness of the term

³
RN pIα�FpuqqFpuq, hence the well-posedness

and smoothness of the functional I defined by (4). In dimension two we need, in place
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of Sobolev’s inequality, a special form of the Moser-Trudinger inequality on the whole
plane, which was given in [1]:

(8) @β P p0,4πqDCβ ¡ 0 such that
»

R2
|∇u|2 ¤ 1 ñ

»
R2

min
 

1,u2(eβu2 ¤Cβ

»
R2
|u|2

The last hypotheses we need is a sort of sub-criticality with respect to the critical power
in Hardy-Littlewood-Sobolev inequality. Again, we state the condition differently de-
pending on the dimension, since in dimension 2 there is no critical Sobolev exponent:

pN ¥ 3q pF2q limsÑ0
Fpsq
|s|1�

α
N
� limsÑ�8

Fpsq
|s|

N�α
N�2

� 0

pN � 2q pF 1
2q limsÑ0

Fpsq
|s|1� α

N
� 0

Precisely, the result we present is the following:

THEOREM 1. Assume F satisfies pF0q,pF1q,pF2q if N ¥ 3 and pF0q,pF 1
1q,pF 1

2q if
N � 2. Then, the problem (1) has a non-trivial solution u P H1

�
RN

�zt0u.
We start by showing the existence of a Pohožaev-Palais-Smale sequence. We

argue as in [5] to get the asymptotical Pohožaev identity.

LEMMA 1. Assume F satisfies pF0q,pF1q (or, in case N � 2, pF0q,pF 1
1q). Then,

there exists a sequence punqnPN in H1
�
RN

�
such that:

I punq Ñ
nÑ�8 b I 1punq Ñ

nÑ�8 0 in H1 �RN�1 P punq Ñ
nÑ�8 0

Proof. We divide the proof in three steps: first we show that the mountain-pass level
(5) is not degenerate and then we apply a variant of the mountain-pass principle.

Step 1: b¡ 0 We suffice to show that Γ � H, namely that there exists some
u0 P H1

�
RN

�
with I pu0q   0.

By pF0q, we can choose s0 such that Fps0q � 0, therefore if we take
a smooth v0 approximating s01B1 we easily get

³
RN pIα�Fpv0qqFpv0q¡

0. If now we consider vt � v0
� �

t

�
, we get

(9) I pvtq � tN�2

2

»
RN
|∇v0|2� tN

2

»
RN
|v0|2� tN�α

2

»
RN
pIα �Fpv0qqFpv0q,

which is negative for large t, so we can take u0 � vt with t " 1.

Step 2: b �8 We need to show that for any γ PΓ there exists tγ such that I pγptγqq¥
ε¡ 0.
If
³
RN

�|∇u|2�|u|2� ¤ δ ! 1, then by assumption pF2q and H-L-S
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and Sobolev’s inequality we get»
RN
pIα �FpuqqFpuq ¤ C

��»
RN
|∇u|2


N�α
N�2

�
�»

RN
|u|2


1� α
N
�

¤ 1
4

»
RN

�|∇u|2�|u|2� ,

which means I puq ¥ 1
4

³
RN

�|∇u|2�|u|2�, and the same can be
proved similarly when N � 2.
Now, for any fixed γ PΓ we can take tγ such that

³
R2

�|∇γptγq|2�|γptγq|2
��

δ and we get I pγptγqq ¥ δ
4 �: ε.

Step 3: Conclusion Consider the functional rI : R�H1
�
RN

�Ñ R defined by

rI pσ,vq :� I
�
v
�
e�σ��� � epN�2qσ

2

»
RN
|∇v|2� eNσ

2

»
RN
|v|2

�epN�αqσ

2

»
RN
pIα �FpvqqFpvq.

By applying to rI the standard min-max principle (see [9] for in-
stance) we get a sequence pσn,vnqnPN with rI pσn,vnq Ñ

nÑ�8 b andrI pσn,vnq1 Ñ
nÑ�8 0, which is equivalent to what the Lemma re-

quired.

To prove Theorem 1 we need to show the convergence of the Pohožaev-Palais-
Smale sequence we just found. Here we need the sub-criticality assumption pF2q,pF 1

2q

LEMMA 2. Assume F satisfies pF1q,pF2q (or, in case N � 2, pF 1
1q,pF 1

2q) and
punqnPN satisfies

I punq is bounded I 1punq Ñ
nÑ�8 0 in H1 �RN�1 P punq Ñ

nÑ�8 0.

Then, up to subsequences,

• either un Ñ
nÑ�8 0 strongly in H1

�
RN

�
• or unp�� xnq á

nÑ�8 u weakly for some pxnqnPN in RN and u P H1
�
RN

�zt0u.
Proof. Assume the first alternative does not occur. Then, we show it weakly converges
to some u� 0.

Step 1: punqnPN is bounded It follows by just writing

α�2
2pN�αq

»
RN
|∇un|2� α

2pN�αq
»

RN
|un|2 � I punq� P punq

N�α
Ñ

nÑ�8 b
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Step 2: supxPRN
³

B1pxq |un|p ¥ 1
C By using the asymptotic Pohožaev identity it is not

hard to see that infn
³
RN pIα�FpunqqFpunq¡ 0. More-

over, pF2q implies, for any ε¡ 0, p P
�

2, 2N
N�2

	
,

|Fpsq| 2N
N�α ¤ ε

�
|s|2�|s| 2N

N�2

	
�Cε|s|p,

therefore, by the following inequality from [6]»
RN
|un|p ¤C

�»
RN

�|∇un|2�|un|2
�
�

sup
xPRN

»
B1pxq

|un|p
�1� 2

p

,

we get�
sup

xPRN

»
B1pxq

|un|p
�1� 2

p

¥ 1
C

³
RN |un|p³

RN p|∇un|2�|un|2q

¥ 1
Cε

�»
RN
|Fpunq|

2N
N�α � ε

»
RN

�
|u|2�|u| 2N

N�2

	

¥ 1

C1
ε

��»
RN
pIα �FpunqqFpunq


 N
N�α

�Cε
»

RN

�|∇un|2�|un|2
��¥ 1

C
.

and a similar estimate holds true in the case N � 2.

Step 3: unp�� xnq converges We choose xn such that liminfnÑ�8
³

B1
|unp��xnq|p ¡

0, its weak limit (which exists because Step 1 en-
sures boundedness) must be some u� 0.
By Sobolev embeddings, one can show that pIα �
FpunqqF 1punq á

nÑ�8 pIα �FpuqqF 1puq in Lp
loc

�
RN

�
.

This easily yields that u solves (1)

Proof of Theorem 1. By Lemma 1, I admits a Pohožaev-Palais-Smale sequence punqnPN
at the energy level b. We apply Lemma 2 to the latter sequence: if the first alternative
occurred, then we would have I punq Ñ

nÑ�8 I p0q � 0, contradicting Lemma 2. There-

fore, the second alternative must occur and in particular u� 0 solves (1).

We conclude this section by showing that Theorem 1 is actually sharp in the case
of a power nonlinearity Fpuq � |u|p

p ; in other words, we give a non-existence result for
all the values p not matching the assumptions of Theorem 1. To show non-existence,
we use a Pohožaev identity, which is a classical property of solutions of (1).

PROPOSITION 1. Any solution u of (1) satisfies the Pohožaev identity (6).

THEOREM 2. If Fpuq � |u|p
p then problem (1) admits a non-trivial solution if

and only if p P
�

1� α
N , N�α

N�2

	
, with the latter condition to be read as p ¡ 1� α

2 if
N � 2.
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Proof. If p P
�

1� α
N , N�α

N�2

	
then one can easily see that Fpuq� |u|p

p satisfies pF0q,pF1q,pF2q,
hence the existence of non-trivial solutions follows from Theorem 1.
Conversely, assume p is outside that range and u solves (1), By testing both sides of
against u we get »

RN

�|∇u|2�|u|2�� »
RN
pIα � |u|pq|u|p.

Moreover, u satisfies the Pohožaev identity (6), which has the form

N�2
2

»
RN
|∇u|2� N

2

»
RN
|u|2� N�α

2p

»
RN
pIα � |u|pq|u|p � 0.

A linear combination of the two formulas gives�
N�2

2
� N�α

2p


»
RN
|∇u|2�

�
N
2
� N�α

2p



|u|2,

which implies u� 0 if p¤ 1� α
N or p¥ N�α

N�2 .

3. From solutions to ground states

In the last part of this paper we show that the mountain pass solutions given by Theorem
1 are actually energy-minimizing, in the sense of (7).

THEOREM 3. The mountain-pass solution found in Theorem 1 is actually a
ground state, namely its energy level is given by (7).

The previous Theorem can be easily proved by constructing, for any solution v
of (1), a path γv P Γ which attains its maximum energy on v.

LEMMA 3. Assume F satisfies pF1q and v P H1
�
RN

�zt0u solves (1). Then,
there exists a path γv P Γ such that:

γp0q � 0 γv

�
1
2



� v I pγvptqq   I pvq for any t � 1

2
I pγvptqq   0

Proof. Fix a non-trivial solution v of (1) and consider the path γv �: r0,�8qÑH1
�
RN

�
defined by γvptq �

"
v
� �

t

�
if t ¡ 0

0 if t � 0 .

Along the path, the energy is given by (9), which is negative for t " 1. Moreover, due
to the Pohožaev identity (6) we can also write

I pγvptqq �
�

tN�2

2
� N�2

2pN�αq tN�α

»

RN
|∇u|2�

�
tN

2
� N

2pN�αq tN�α

»

RN
|u|2,

which has its maximum in t � 1. Therefore, up to a rescaling of t, this path has all the
required properties.
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Anyway, being»
RN

�|∇γvptq|2�|γvptq|2
�� tN�2

»
RN
|∇v|2� tN

»
RN
|v|2,

γv is continuous at t � 0 only if N ¥ 3, so in the case N � 2 we need a modification for
t close to 0.

If N � 2 we take γvptq �
#

v
� �

t

�
if t ¡ t0

t
t0

v
�
�
t0

	
if t ¤ t0

for some suitable t0 ! 1. We only

need to verify that I pγvptqq ¤ I pγvp1qq for t ¤ t0.
Using the assumption pF 1

1q and Moser-Trudinger’s (8) and Hardy-Littlewood-Sobolev
inequalities we get

»
R2
pIα �FpγvptqqqFpγvptqq ¤C

� ³
R2 |γvptq|2³

R2 |∇γvptq|2
�1� α

2

�Ct2�α
0

�»
R2
|v|2


1� α
2

,

therefore using again Pohožaev identity we get, for t0 small enough,

I pγvptqq ¤ 1
2

»
R2
|∇v|2� t2

0
2

»
R2
|v|2�Ct2�α

0

�»
R2
|v|2


1� α
2

� I pvq�
�

t2
0
2
� α

2p2�αq

»

R2
|v|2�Ct2�α

0

�»
R2
|v|2


1� α
2
  I pvq

and the proof is complete.

Proof of Theorem 3. Let u be the mountain-pass solution found in Theorem 1. By
the lower-semicontinuity of the norm we find I puq ¤ b, whereas the definition (7) of
ground state yields I puq ¥ c.
Now, take another solution v P H1

�
RN

�zt0u and apply Lemma 3: we get

I pvq � sup
tPr0,1s

I pγvptqq ¥ inf
γPΓ

sup
tPr0,1s

I pγptqq � b.

Being v arbitrary, we get c¥ b, hence c¤ I puq ¤ b¤ c, therefore I puq � b� c.
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PROPERTIES OF GROUND STATES OF NONLINEAR
SCHRÖDINGER EQUATIONS UNDER A WEAK CONSTANT

MAGNETIC FIELD

Abstract. We study the qualitative properties of ground states of the time-independent mag-
netic semilinear Schrödinger equation

�p∇� iAq2u�u� |u|p�2u in RN

where the magnetic potential A induces a constant magnetic field. When the latter magnetic
field is small enough, we show that the ground state solution is unique up to magnetic trans-
lations and rotations in the complex phase space and that ground state solutions share the
rotational invariance of the magnetic field. This is based on an article in collaboration with
D. Bonheure and J. VanSchaftingen [3].

1. Introduction

We are interested in the time-independent magnetic semilinear Schrödinger equation

(1) �∆Au�u� |u|p�2u in RN , N ¥ 2,

with a linear magnetic potential A P LinpRN ,
�1 RNq which allows to define the mag-

netic Laplacian
�∆A :��∆�2iA �∇� idivA � |A|2,

and a subcritical power p in the nonlinearity, i.e. 2  p  2N
N�2 .

In this work we are interested in the qualitative properties of the ground states of
(1), which can be obtained and characterized as minimizers of the variational problem

inf
 

IApuq : u P H1
ApRN ,Cqzt0u and I 1Apuq � 0

(
.

Here the magnetic Sobolev space H1
ApRN ,Cq is a real Hilbert space given by

H1
ApRN ,Cq :�  

u P L2pRN ,Cq : DAu P L2pRNq(
endowed with the norm

∥u∥2
H1

ApRN ,Cq �
»

RN
|DAu|2� |u|2,

deriving from the real scalar product

pu|vqH1
ApRN ,Cq �

»
RN
pDAu|DAvq�pu|vq,

*

61
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where p�|�q denotes the canonical real scalar product of vectors in C and in LinpRN ,Cq.
The magnetic covariant derivative is defined by

DAu� Du� iAu,

and the functional IA : H1
ApRN ,Cq Ñ R is defined for each function u P H1

ApRN ,Cq by

IApuq :� 1
2

»
RN

�
|DAu|2� |u|2

�� 1
p

»
RN

|u|p.

Critical points of the functional IA correspond to weak solutions of the equation (1),
that is solutions u P H1

ApRN ,Cq such that for every v P H1
ApRN ,Cq,»

RN
pDAu|DAvq�pu|vq �

»
RN

|u|p�2pu|vq.

The aim of the present work is to understand the properties of the ground states
of equation (1) and their dependence on the magnetic field B � dA P�2 RN . In order
to alleviate the statement of the results, we simply the problem by gauge fixing.

The gauge invariance means that if for some function ψ PC1pRNq, we set

(2) Ã� A�dψ and ũ� e�iψu,

then
DÃũ� e�iψDAu.

In particular, if u P H1
ApRN ,Cq, then IÃpũq � IApuq and therefore solutions of equation

(1) with A and Ã can be related to each other using the relation (2). Since dÃ � dA
and |ũ| � |u|, the gauge invariance means that only the magnetic field dA plays a role
in the physical behavior of the solutions of (1). When, as in the present work, the
magnetic field dA is constant, one of the simplest gauge choice is to assume that A
is linear and skew-symmetric. If A is linear, such a choice can be made by setting
ψpxq � �Apxqrxs{2 in (2). This choice is equivalent to the choice of the Coulomb
gauge with a transversal boundary condition at infinity i.e.,

(3)

$'&'%
divA� 0 in RN ,

Apxqrxs
|x|2

Ñ 0 as |x|Ñ8.

In particular, if B P�2 RN is a constant skew-symmetric form, there exists a unique
A P LinpRN ,

�1 RNq satisfying dA� B and (3). As IÃpũq � IApuq when (2) holds, the
precise choice (3) allows to define the ground-energy function E :

�2 RN Ñ R by

EpBq � EpdAq :� inf
 

IApvq : v P H1
ApRN ,Cqzt0u and I 1Apvq � 0

(
.

The function u P H1
ApRN ,Cq is a ground state of (1) if u is a weak solution of (1) such

that
IApuq � EpdAq.
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Because of the presence of the magnetic potential, equation (1) is not invariant
under translations in RN . However, it is still invariant under magnetic translations with
respect to the connection DA. For a PRN and u PH1

ApRN ,Cq, that magnetic translation
is defined by

τA
a upxq � e�iApaqrxsupx�aq.

This definition depends on the gauge fixing made above. This magnetic translation
commutes with the covariant derivative DA, i.e., DA � τA

a � τA
a �DA. We observe that in

general, magnetic translations do not commute. Indeed, one has

(4) τA
b � τA

a � eiApaqrbsτA
a�b.

Our first result establishes that the ground state of (1) is unique up to magnetic
translations and multiplication by a complex phase for dA sufficiently small.

THEOREM 1. For every N ¥ 2 and p P p2, 2N
N�2 q, there exists ε ¡ 0 such that

if A P LinpRN ,
�1 RNq satisfies |dA| ¤ ε, if u and v are solutions of (1) satisfying

IApuq ¤ Ep0q� ε and if IApvq ¤ Ep0q� ε, then u� eiθτA
a v for some a P RN and θ P R.

The main idea of the proof of Theorem 1 is to take advantage of the well-known
uniqueness and non-degeneracy of the solutions of (1) under a vanishing magnetic field
A � 0, see e.g. [5, 7], and to extend the uniqueness by an implicit function argument.
The main difficulty in this proof consists in the fact that the natural function space
H1

ApRN ,Cq for the functional IA depends on the magnetic field: the norm and the ele-
ments of the space differ in general for different magnetic fields.

A direct consequence of Theorem 1 is that the solutions inherit the symmetries
of the magnetic potential in a sense explained below.

THEOREM 2. Let N ¥ 2, p P p2, 2N
N�2 q and ε ¡ 0 be as in Theorem 1. If A P

LinpRN ,
�1 RNq is skew-symmetric and satisfies |dA| ¤ ε and if u is a solution of (1)

such that IApuq ¤Ep0q�ε, then there exists a PRN such that for every linear isometry
R of RN satisfying |A�R|2 � |A|2, one has

upRpx�aq�aq � eiApaqrRpx�aq�px�aqsupxq.

Moreover, the function u is nondecreasing along any ray starting from the point a.

Since equation (1) is invariant under magnetic translations Theorem 2 implies
the existence of a unique ground state u such that its conclusion holds with a� 0, that
is, for every linear isometry R of RN such that |A �R|2 � |A|2, one has u �R � u. Al-
ternatively, Theorem 2 states that a ground state can be translated in such a way that
it only depends monotonically on the norms of the projections on the eigenspaces of
the quadratic form |A|2. Also, because of the antisymmetric structure of A, the group
of isometries such that |A �R|2 � |A|2 can be written, up to an isometry of the Eu-
clidean space, as a product of orthogonal groups Op2n1q�Op2n2q� � � � �Op2nkq�
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OpN�2n1�2n2 � �� �� 2nkq, with n1,n2, . . . ,nk P N; when N � 3 and A � 0, it is al-
ways of the form Op2q�Op1q, corresponding to a decomposition in the transversal and
longitudinal directions with respect to the magnetic field.

2. Preliminaries

We first introduce a preliminary lemma about the convergence in Lp-spaces.

LEMMA 1 (Continuous Sobolev embedding across magnetic Sobolev spaces).
Assume that, for every n P N, pAnqnPN is a sequence in L2

locpRN ,
�1 RNq and un P

H1
An
pRN ,Cq. If An Ñ A strongly in L2

locpRNq, and un Ñ u strongly in L2pRNq, DAnun Ñ
DAu strongly in L2pRNq, then un Ñ u strongly in LppRNq for 2¤ p¤ 2N

N�2 , as nÑ8.

2.1. Ground states

Here we recall the known properties of the ground states of the nonlinear Schrödinger
equation (1), with or without magnetic potential. The first lemma comes from [4,
Theorem 3.1].

LEMMA 2 (Existence and characterization of ground states). For every mag-
netic potential A P LinpRN ,

�1 RNq, there exists u P H1
ApRN ,Cqzt0u such that

IApuq � EpdAq and I 1Apuq � 0.

Moreover,
EpdAq � � 1

2 � 1
p

�
inf

vPH1
ApRN ,Cqzt0u

QApvq
p

p�2 ,

where the functional QA : H1
ApRN ,Cqzt0u Ñ R is defined by

QApvq :�

»
RN

|DAv|2� |v|2�»
RN

|v|p
	 2

p
.

We recall some well established results for the problem without a magnetic field

(5) �∆u�u� |u|p�2u, in RN .

This problem is a natural limit for (1) when A Ñ 0. The next result states that the
ground state of (5) in H1pRN ,Cq is unique up to rotations in C and translations in RN .

PROPOSITION 1 (Uniqueness up to rotations in C and translations in RN). If
u,v P H1pRN ,Cq satisfy I0puq � I0pvq � Ep0q and I 10puq � I 10pvq � 0, then there exist
θ P R and a P RN such that v� eiθτ0

au.
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It clearly follows that there exists a unique real, positive and radially symmet-
ric ground state of (5), that we denote by u0. The next proposition states the non-
degeneracy property due to M. I. Weinstein [7] and Y.-G. Oh [6].

PROPOSITION 2 (Non-degeneracy of the ground states in absence of magnetic
field). Assume that u PH1pRN ,Cq satisfies I0puq�Ep0q and I 10puq� 0. If w PH1pRN ,Cq
satisfies

(6) �∆w�w� |u|p�2w�pp�2q|u|p�4pu|wqu,

then there exist y P RN and λ P R such that

(7) w� Durys�λiu.

In particular if u is a solution of the equation (5) and if w is a solution of its lin-
earised problem (6) given by (7), then u and w are orthogonal in the space H1pRN ,Cq,
i.e.

(8)
»

RN
pDu|Dwq�pu|wq � 0.

For every ground state u P H1pRN ,Cq of (1), we can rewrite equation (6) as an
eigenvalue equation in the following way

Luw� λw, w P H1pRN ,Cq,
where the operator Lu : H1pRN ,Cq Ñ H1pRN ,Cq is given by

Luw :� ��∆�1
��1�|u|p�2w�pp�2q|u|p�4pubuqrws�,

with

(9) pubuqrws :� pu|wqu.

It is standard that the operator Lu is compact. Indeed, the ground states u of (5) decays
as |x|�pN�1q{2 expp�|x|q, see e.g. [2, p332], so that they are in LqpRNq for every q¥ 1.
For completeness Lemma 3 below gives a more general result including the one above.
It is also standard, see e.g. [1, Remark 4.2], to check directly that the ground state u is
the first eigenfunction of eigenvalue λ1pLuq � pp�1q ¡ 1, while the functions w given
in (7) are the following eigenfunctions corresponding to the eigenvalues λipLuq � 1,
i� 2, . . . ,N�2. Finally, λipLuq   1 for i¡ N�2.

PROPOSITION 3. The ground energy function E :
�2 RN Ñ R is continuous.

Moreover, if pAnqnPN is a sequence in L2
locpRN ,

�1 RNq such that An ÑA in L2
locpRNq as

nÑ8 and if the sequence punqnPN in H1
An
pRN ,Cq satisfies I 1An

punq � 0 and IAnpunq �
EpdAnq, then there exist u PH1

ApRN ,Cq with IApuq �EpdAq and I 1Apuq � 0, a sequence

panqnPN in RN and a subsequence such that τ
Anℓ
anℓ

unℓ
Ñ u and DAnℓ

pτAnℓ
anℓ

unℓ
q Ñ DAu

strongly in L2pRNq as ℓÑ8.

We note that the convergence An Ñ A in L2
locpRNq is equivalent to the conver-

gence dAn Ñ dA in the finite-dimensional space
�2 RN .
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3. Uniqueness up to magnetic translations and rotations in C of the ground states

Our main tool to prove Theorem 1 is to prove the stability of the spectrum of a mag-
netic operator under perturbations of the potentials. We first study the spectrum of the
sequence of linear operators

Ln : H1
AnpRN ,Cq Ñ H1

AnpRN ,Cq : v ÞÑ Lnv :� p�∆An �1q�1Wnrvs,
where

pH1q pAnqnPN is a sequence in L2
locpRNq,

pH2q pWnqnPN is a sequence in LqpRN ,LinpC,Cqq with q¥ N
2 and q¡ 1 ,

pH3q Wn is self-adjoint and Wn ¥ 0 on RN , that is pz|Wnrzsq ¥ 0 for every z P C.

LEMMA 3. Under pH1q–pH3q the operator Ln is self-adjoint and compact.

Lemma 3 and the positivity of Wn imply that Ln has a nonincreasing sequence of posi-
tive eigenvalues converging to 0 and by Fischer’s min-max principle one has

λkpLnq � sup
E�H1

An pR
N ,Cq

dimE�k

inf
vPE

»
RN
pv|Wnrvsq»

RN
|DAnv|2� |v|2

.

PROPOSITION 4. Assume that pH1q�pH3q hold. If Wn converges strongly to W
in LqpRNq and An converges strongly to A in L2

locpRNq as nÑ8, then

λkpLnq Ñ λkpLq,
where λkpLnq, λkpLq are respectively the k-th eigenvalues of Ln, L, and L : H1

ApRN ,CqÑ
H1

ApRN ,Cq is defined as
Lv� p�∆A�1q�1W rvs.

Moreover, if un P H1
An
pRN ,Cq is an eigenfunction of Ln satisfying

Lnun � λkpLnqun, and
»

RN
|DAnun|2� |un|2 � 1,

then there exist u P H1
ApRN ,Cq and a subsequence pnℓqℓPN such that unℓ

Ñ u and
DAnℓ

unℓ
Ñ DAu strongly in L2pRNq.

With those ingredients we can now prove Theorem 1.

Proof of Theorem 1. We first assume that dAn Ñ 0 as n Ñ �8, that is An Ñ 0 in
L2

locpRNq as nÑ�8 since An is skew-symmetric, and that un and vn are ground states
solutions of (1) with An. Our aim is to show that there exist θn P R and an P RN such
that un � eiθnτAn

an vn for n large enough.
Let U be a solution of the limit problem (5). By Proposition 1, U is unique up

to rotations in C and translations in RN .
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CLAIM 1. There exist sequences pθ̃nqnPN in R and pãnqnPN in RN such that

lim
nÑ8

»
RN

|DAnpeiθ̃n τAn
ãn

unq�DU |2� |eiθ̃nτAn
ãn

un�U |2 � 0.

Proof of the claim. By Proposition 3, there exist a sequence pbnqnPN in RN , a subse-

quence pnℓqℓPN in N and a function V PH1pRN ,Cq such that τ
Anℓ
bnℓ

unℓ
ÑV and DAnℓ

pτAnℓ
bnℓ

unℓ
qÑ

DV strongly in L2pRNq. Because of the uniqueness up to translations and rotations in
C of the solution of (5), there exist b P RN and ω P R such that V � eiωτ0

bU . We can
therefore write that»

RN
|DAnℓ

pτAnℓ
bnℓ

unℓ
q�DV |2 �

»
RN
|e�iωτ

Anℓ
�b DAnℓ

pτAnℓ
bnℓ

unℓ
q� τ

Anℓ
�b τ0

bDU |2 �»
RN
|e�iωe�iAnℓ

pbnℓ
qrbsDAnℓ

pτAnℓ
bnℓ

�bunℓ
q�DU �DU � τ

Anℓ
�b τ0

bU |2 Ñ 0,

as ℓÑ�8. Here, we used the commutation between the translation and the connexion
and (4). Moreover, by using Lebesgue dominated convergence, we have that»

RN
|DU � τ

Anℓ
�b τ0

bDU |2 Ñ 0, as ℓÑ�8.

By the triangle inequality, we infer that»
RN
|e�iωe�iAnℓ

pbnℓ
qrbsDAnℓ

pτAnℓ
bnℓ

�bunℓ
q�DU |2 Ñ 0, as ℓÑ�8,

and proceeding exactly in the same way, we obtain»
RN
|e�iωe�iAnℓ

pbnℓ
qrbsτ

Anℓ
bnℓ

�bunℓ
�U |2 Ñ 0, as ℓÑ�8.

Setting θ̃nℓ
��ω�Anℓ

pbnℓ
qrbs and ãnℓ

� bnℓ
�b, the conclusion of the claim follows

for this subsequence. The claim is true for the whole sequence. Indeed, if not we would
find a subsequence nℓ for which the Claim does not hold, leading to a contradiction. �

CLAIM 2. There exist sequences pθnqnPN in R and panqnPN in RN such that

lim
nÑ8

»
RN

|DAnpeiθn τAn
an unq�DU |2� |eiθnτAn

an un�U |2 � 0.

Moreover, when n P N is large enough, for every w P RN , we have the following or-
thogonality relations»

RN

�
DAnpeiθn τAn

an
unq

��DpDUrwsq��peiθn τAn
an

un|DUrwsq � 0,»
RN

�
DAnpeiθn τAn

an
unq

��DiU
��peiθnτAn

an
un|iUq � 0.
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Proof of the claim. We already proved Claim 1 with θ̃n and ãn. Let us first prove the
two orthogonality relations. For this, we define the map Φn PCpRN�1,RN�1q for each
px,τq P RN�1 and pw,sq P RN�1 by the following scalar product�pw,sq��Φnpx,τq

�� »
RN

�
DAnpeipθ̃n�τqτAn

x τAn
ãn

unq
��spDiUq�� �

eipθ̃n�τqτAn
x τAn

ãn
un
��siU

�
�
»

RN

�
DAnpeipθ̃n�τqτAn

x τAn
ãn

unq
��DpDUrwsq�� �

eipθ̃n�τqτAn
x τAn

ãn
un
��DUrws�.

Since DAn �τAn
x τAn

ãn
� τAn

x τAn
ãn
�DAn , and thanks to the convergence proved in Claim 1, the

sequence pΦnqnPN converges to Φ uniformly over compact subsets, where the function
Φ PCpRN�1,RN�1q is defined for every px,τq P RN�1 and pw,sq P RN�1 by�pw,sq��Φpx,τq�� »

RN

�
Dpeiττ0

xUq��spDiUq�� �
eiττ0

xU
��siU

�
�
»

RN

�
Dpeiττ0

xUq��DpDUrwsq�� �
eiττ0

xU
��DUrws�.

We first remark that Φp0,0q � 0. This is due to the fact that DUrws� siU belongs to
the tangent space of U , see (8). Next, observe now that

�pw,sq��DΦp0,0qrz,rs�� »
RN

�
DpDurzsq��DpDUrwsq�� �

DUrzs��DUrws�
�
»

RN

�
rpDiUq��spDiUq�� �

riU
��siU

�
,

meaning that DΦp0,0q ¥ 0. Therefore, for every small ρ¡ 0, the Brouwer topological
degree degpΦ,Bρ,0q of Φ on Bρ with respect to 0 is well-defined, and degpΦ,Bρ,0q �
1. Hence, since we have the uniform convergence on compacts of the continuous func-
tions Φn, for n large enough, we obtain that degpΦn,Bρ,0q � 1. We conclude to the
existence of a sequence pxn,τnq such that Φnpxn,τnq � 0 for every n large enough, and
pxn,τnqÑ p0,0q as nÑ8. Finally, setting an � xn� ãn and θn � θ̃n�τn� iApãnqrxns,
we reach the conclusion in view of the composition formula for magnetic translations
(4), and using again the Lebesgue dominated convergence. �

Applying the first two claims to the sequence pvnqn and renaming ũn � eiθnτAn
an un

and ṽn � eiφnτAn
cn

vn (where the couple pφn,cnq P RN�1 is given by the claims), we can
assume that ũn satisfied

lim
nÑ8

»
RN

|DAn ũn�DU |2� |ũn�U |2 � 0,

and for every w P RN ,»
RN
pDAn ũn|DpDUrwsqq�pũn|DUrwsq � 0,

»
RN
pDAn ũn|DiUq�pũn|iUq � 0,

and the same for ṽn.
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CLAIM 3. There exists Wn P LqpRN ,LinpC,Cqq such that

�∆Anpũn� ṽnq�pũn� ṽnq �Wnrũn� ṽns in RN ,

and
Wn Ñ |U |p�2�pp�2q|U |p�4U bU

in LqpRNq for every 2¤ qpp�2q ¤ 2N
N�2 , where b was defined in (9).

Proof of the claim. We define Wn : RN Ñ LinpC,Cq by

pw|Wnrzsq �
» 1

0
D f

�p1� tqũn� tṽn
�rw,zsdt,

for f puq � |u|p�2u. Both claim 1 and Lemma 1 imply that ũn Ñ U and ṽn Ñ U in
Lqpp�2qpRNq, for 2 ¤ qpp� 2q ¤ 2N

N�2 . Then, it is clear that Wn P LqpRNq and Wn Ñ
D f pUq � |U |p�2�pp�2q|U |p�4U bU in LqpRNq as nÑ8. �

CONCLUSION The compact operator defined by Ln � p�∆An � 1q�1Wn enters in the
hypothesis of Proposition 4. We know that the spectrum converges, i.e., λkpLnq Ñ
λkpLq. Moreover, since the limit equation is (6), we also know that λ1pLq � p�1¡ 1,
λipLq � 1, for i� 2, . . . ,N�2, and λipLq   1, for i¥ N�3.

We define the orthogonal projection operator P�n on the first eigenvector, P0
n the

projection on the eigenspace E0
n made by the N�1 following eigenvectors, and P�n �

I�P�n �P0
n . We observe that Ln commutes with P�n and P�n and Lnpũn� ṽnq � ũn� ṽn.

Moreover,∥∥Pn
�pũn� ṽnq

∥∥2
H1

An pRN ,Cq � pP�n pũn� ṽnq|P�n Lnpũn� ṽnqqH1
An pRN ,Cq

� pP�n pũn� ṽnq|LnP�n pũn� ṽnqqH1
An pRN ,Cq

� λ1pLnq
∥∥P�n pũn� ṽnq

∥∥2
H1

An pRN ,Cq.

Then, since limnÑ�8λ1pLnq ¡ 1, P�n pũn� ṽnq � 0 for n large enough. Similarly,∥∥P�n pũn� ṽnq
∥∥2

H1
An pRN ,Cq � pP�n pũn� ṽnq|P�n Lnpũn� ṽnqqH1

An pRN ,Cq

� pP�n pũn� ṽnq|LnP�n pũn� ṽnqqH1
An pRN ,Cq

¤ λN�3pLnq
∥∥P�n pũn� ṽnq

∥∥2
H1

An pRN ,Cq .

Thus, since limnÑ8λN�3pLnq   1, P�n pũn� ṽnq � 0 for n large enough. Assume now
by contradiction that, for every n P N, ũn � ṽn. Then, the function

zn � ũn� ṽn

∥ũn� ṽn∥H1
An pRN ,Cq
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is in the eigenspace E0
n and is a linear combination of eigenvectors. By Proposition 4,

there exists z�DUrws�λiU P E0, where E0 is the eigenspace of L corresponding the
eigenvalue 1 (see §2.1), such that, up to a subsequence still denoted by n,

lim
nÑ8

»
RN

|DAn zn�Dz|2� |zn� z|2 � 0.

By Claim 2, we also know that»
RN
pDAnzn|Dzq�pzn|zq � 0,

for n large enough. Finally

}ũn� ṽn}2
H1

An pRN ,Cq �
»

RN
pDAnpũn� ṽnq|DAnpũn� ṽnqq�pũn� ṽn|ũn� ṽnq

� }ũn� ṽn}2
H1

An pRN ,Cq

»
RN
pDAn zn|DAn znq�pzn|znq

� }ũn� ṽn}2
H1

An pRN ,Cq

»
RN
pDAn zn�Dz|DAn znq�pzn� z|znq

¤ }ũn� ṽn}2
H1

An pRN ,Cq

»
RN

|DAnzn�Dz|2� |zn� z|2.

This is impossible. Then, ũn � ṽn for n large.
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A. Boscaggin

POSITIVE PERIODIC SOLUTIONS TO NONLINEAR ODES
WITH INDEFINITE WEIGHT: AN OVERVIEW

Abstract.
We discuss the periodic problem associated with the second order differential equation

(1) u2�
�
λa�ptq�µa�ptq

�
gpuq � 0,

where λ,µ are positive parameters, aptq is a sign-changing periodic function and gpuq is a
nonlinear function having superlinear growth at zero and sublinear growth at infinity. More
precisely, we show how various tools from Nonlinear Analysis and Dynamical Systems can
be used to provide results about existence, multiplicity and chaotic dynamics of positive
solutions to (1). This survey paper is based on a talk given by the author at the Bru-To PDE’s
Conference (University of Torino, May 2-5, 2016).

1. Introduction

The aim of this brief note is to collect together some recent results, obtained in collab-
oration with Guglielmo Feltrin, Maurizio Garrione and Fabio Zanolin (see [12, 13, 14,
16]), on the existence of positive periodic solutions to nonlinear ODEs with indefinite
weight.

More precisely, throughout the paper we deal with the second order scalar equa-
tion

(2) u2� �
λa�ptq�µa�ptq�gpuq � 0,

where λ,µ are positive parameters, a : R Ñ R is a locally integrable and T -periodic
sign-changing function and g : R� :� r0,�8qÑR is a C 1-function satisfying the sign
condition

pg�q gp0q � 0 and gpuq ¡ 0, for any u¡ 0,

as well as the growth conditions (at zero and at infinity)

pg��q. lim
uÑ0�

gpuq
u

� lim
uÑ�8

gpuq
u

� 0.

Due to this assumption, the nonlinear term gpuq will be referred to as a super-sublinear
function*; in this setting, the study of the periodic problem associated with (2) seems to

*This terminology could be a bit misleading, since any function satisfying pg��q is clearly below any
line (passing through the origin and having positive slope) both for u small and for u large; however, it is
quite common and useful when both the behavior at zero and at infinity of a nonlinear function have to be
emphasized, since pure power nonlinearities gpuq � up can be referred to as sublinear (i.e., sub-sublinear)
when p  1 and superlinear (i.e., super-superlinear) when p¡ 1.
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be an interesting and delicate topic and, maybe unexpectedly, several tools from Non-
linear Analysis and Dynamical Systems (topological degree theory, variational meth-
ods, Poincaré-Birkhoff theorem, shooting arguments...) have to be used to try to under-
stand as much as possible about it (existence/nonexistence of solutions, multiplicity,
chaotic dynamics...).

Before describing our results, let us spend some words about boundary value
problems with indefinite weight, trying to better motivate our investigation (inciden-
tally, it seems that the terminology “indefinite” - simply meaning that the coefficient
of the nonlinear term is sign-changing - was first used in [5] in the context of a lin-
ear eigenvalue problem, and it has then become very popular in nonlinear problems
starting with [35]).

The periodic problem associated with an equation like

(3) u2�qptqgpuq � 0,

with qptq sign-changing, was first investigated by Butler in its pioneering papers [23,
24], dealing with cases when gpuq is defined on the whole real line and has superlinear
growth at infinity or sublinear growth at zero, respectively. Later on, along this line
of research, several contributions followed (especially in the superlinear case) and a
quite complete picture concerning existence and multiplicity of oscillatory solutions
to various boundary value problems associated with (3) is available since fifteen years
ago (see, among others, [25, 36, 37, 39]).

On the other hand, starting with the nineties, the existence of positive solutions
to boundary value problems associated with the nonlinear PDE

(4) ∆u�V pxqu�qpxqgpuq � 0, x PΩ� RN ,

with qpxq sign-changing, has been considered, as well (see, among others, [2, 4, 6, 8,
9]). It is worth mentioning that the elliptic equation (4) naturally arises when searching
for steady states of the corresponding evolutionary parabolic problem (see [1] for a
recent nice survey on the topic). Such kind of equations has a typical interpretation in
the context of population dynamics, with the unknown u playing the role of density of a
species inhabiting the spatially heterogeneous domain Ω; accordingly, the (indefinite)
sign of the coefficient q expresses saturation or autocatalytic behavior of the species u,
when q¤ 0 or q¥ 0 respectively.

Needless to say, equation (3) can be meant as the one-dimensional case of (4)
when V pxq � 0; moreover, it is not difficult to realize that periodic boundary condi-
tions for (3) exhibit strong analogies with Neumann conditions for the elliptic equation
(4). To explain why (besides recalling the well-known fact that both these boundary
conditions share the same principal eigenvalue λ0 � 0) we observe that a mean value
condition on the weight function is often necessary for the existence of a positive so-
lution both for T -periodic and Neumann boundary conditions. Indeed, assuming the
existence of a positive T -periodic solution to (3), we easily obtain - dividing the equa-
tion by gpuq and integrating by parts -» T

0
qptqdt ��

» T

0

�
u1ptq

gpuptqq

2

g1puptqqdt.
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As a consequence, the condition

(5)
» T

0
qptqdt   0

is necessary for the existence of a positive T -periodic solution whenever g1puq ¡ 0 for
any u¡ 0 (we stress that this is not an assumption in our basic setting; however, since
there are of course many increasing nonlinearities in the class of the nonlinear functions
gpuq satisfying pg�q and pg��q, condition (5) has to be considered unavoidable in gen-
eral). Essentially the same computation is valid when dealing with positive Neumann
solutions to (4) (when V pxq � 0); this was indeed first observed by Bandle, Pozio and
Tesei in [6], showing that

³
Ω qpxqdx  0 is actually necessary and sufficient for the ex-

istence of a positive solution to the Neumann problem associated with ∆u�qpxqup � 0
in the sublinear case 0   p   1. The same result was then proved in the superlinear
case p¡ 1 in [2, 8, 9].

The above discussion should explain how results about the existence of positive
periodic solutions to (2) have to be interpreted if compared with the existing literature.
In particular, we stress that they seem to be quite new from different points of view: on
one hand, indeed, they can be meant as lying somewhat in the middle between results
giving oscillatory periodic solutions to ODEs and results giving positive Neumann so-
lutions to elliptic PDEs (it is worth mentioning that the existence of positive periodic
solutions to equations like (3) was explicitely raised by Butler as an open problem in
[23, p. 477]); on the other hand, growth conditions of super-sublinear type like pg��q
seem to represent a novelty in the indefinite setting (in particular, we are not aware
of results dealing with positive Neumann solutions to ∆u�qpxqgpuq � 0 when gpuq is
super-sublinear).

The rest of this paper will be devoted to the description of several results in
this direction (existence/nonexistence, multiplicity, subharmonic solutions, chaotic dy-
namics..). From now on, we impose the following technical condition on the weight
function:

pa�q there exist m¥ 1 intervals I�1 , . . . , I�m , closed and pairwise disjoint in the quotient
space R{TZ, such that

aptq ¥ 0, aptq � 0, on I�i , for i� 1, . . . ,m;

aptq ¤ 0, aptq � 0, on each connected component of pR{TZqz
m¤

i�1

I�i ,

we also define the value

(6) µ#pλq :� λ
³T

0 a�ptqdt³T
0 a�ptqdt

which is going to play an important role in what follows.
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2. The T -periodic problem

We first focus on the existence of positive T -periodic solutions to (2), stating the fol-
lowing result.

THEOREM 1. Let a : RÑ R be a locally integrable T -periodic function satis-
fying pa�q and let g : R�ÑR be a continuously differentiable function satisfying pg�q
and pg��q. Then, there exists λ� ¡ 0 such that, for any λ¡ λ� and for any µ¡ µ#pλq,
equation (2) has at least two positive T -periodic solutions.

According to this statement, the solvability of (2) (together with periodic con-
ditions) seems to be ensured only when imposing some restrictions on the range of the
parameters λ,µ (see also the discussion in Section 5); on the other hand, it is remark-
able that two solutions can be obtained. The idea underlying this can be traced back
to a classical result by Rabinowitz [38], proving indeed, for λ ¡ 0 large enough, the
existence of a pair of positive solutions for the Dirichlet problem associated with an
equation like

∆u�λ f px,uq � 0, x PΩ� RN ,

when f px, �q is (roughly speaking) super-sublinear (see also [3] for previous results in
this direction, from a more abstract point of view). In the indefinite periodic case,
the situation is however more subtle, since the restriction µ ¡ µ#pλq also needs to be
imposed. This is actually unavoidable in general, since» T

0

�
λa�ptq�µa�ptq�dt   0 ðñ µ¡ µ#pλq

and, recalling the discussion leading to (5), the above condition is necessary for the
existence of a positive T -periodic solution when g1puq ¡ 0 for any u ¡ 0. It can be
interesting to observe that, from a functional analytic point of view, this average con-
dition plays the role of pushing the super-sublinear function gpuq below the principal
eigenvalue λ0 � 0 of the periodic problem, both at the origin and at the infinity (notice
that this is not needed when Dirichlet boundary conditions are taken into account, since
the principal eigevanlue is strictly positive).

Theorem 1 is proved in [13] using a topological degree argument (see also [28,
29]); more precisely, it is shown therein that the coincidence degree (for a suitable
operator associated with (2)) is equal to 1 both on small balls and on large balls centered
at the origin, being instead equal to 0 on balls with intermediate radius. The existence of
two positive T -periodic solutions then follows from the excision property of the degree
and maximum principle arguments. It is worth mentioning that the same strategy works
for the damped equation

(7) u2� cu1� �
λa�ptq�µa�ptq�gpuq � 0,

where c P R is an arbitrary constant. In the conservative case c � 0, a slighlty less
general version of Theorem 1 was previously obtained in [18] using variational argu-
ments. We mention this here, since the proof can be easily understood: the condition
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µ¡ µ#pλq is used, together with the super-sublinearity of gpuq, to show that the action
functional is bounded from below and has a strict local minimum at the origin; on the
other hand, the largeness of λ ensures that the functional attains negative values. Two
T -periodic solutions are then obtained via global minimization and a mountain pass
procedure, respectively (by standard arguments, they can be shown to be positive).

3. Subharmonic solutions

Having proved the existence of positive T -periodic (i.e., harmonic) solutions, a fur-
ther question which naturally arises is the existence of positive periodic solutions with
larger minimal period: say, kT -periodic solutions, with k ¥ 2 an integer number (i.e.,
subharmonic solutions). This issue, which is peculiar of the periodic setting, is typ-
ically quite delicate, the most difficult point consisting of course in the proof of the
minimality of the period for the periodic solutions found (we refer to [20] for several
remarks about the topic, as well as for an extensive bibliography). As for equation (2),
we propose the following result.

THEOREM 2. In the setting of Theorem 1, let us suppose further that gpuq if of
class C 2 on r0,ρq for some ρ ¡ 0, with g2puq ¡ 0 for any u P p0,ρq. Then, for λ ¡ λ�
and µ ¡ µ#pλq, equation (2) has two positive T -periodic solutions, as well as positive
subharmonic solutions of order k for any sufficiently large integer k (moreover, the
number of positive subharmonics of order k goes at infinity for k Ñ�8).

Let us clarify that by a subharmonic solution of order k we mean a kT -periodic
solution which is not lT -periodic for any integer l� 1, . . . ,k�1 (this is the most general
definition of subharmonic solution, and is the natural one when just the T -periodicity
of aptq is assumed; whenever T is the minimal period of aptq, it is easy to see that
subharmonic solutions of order k actually have kT as the minimal period, see [12,
Remark 3.1]).

The proof of Theorem 2 is given in [12] and it consists in a non-standard ap-
plication of the Poincaré-Birkhoff fixed point theorem to a suitable Poincaré operator
associated with (2). More precisely, the crucial steps are the following: first, the local
convexity assumption on gpuq is used to prove (via a clever algebraic trick first used,
in a slightly different context, by Brown and Hess [22]) that one of the T -periodic
solutions given by Theorem 1, say u�ptq, has Morse index different from zero; then,
following ideas developed in [17, 20], the Poincaré-Birkhoff theorem is applied to give
kT -periodic solutions ukptq oscillating around u�ptq: the information on the number of
zeros of ukptq�u�ptq (which is an intrisic feature of the periodic solutions constructed
with this techique) is then the key point in showing that kT is the minimal period of
ukptq.

It is worth recalling that the possibility of applying the Poincaré-Birkhoff the-
orem strongly relies on the Hamiltonian structure of the equation: accordingly, this
technique does not work for the damped equation (7). The other typical way to search
for subarmonic solutions is the use of variational methods, which also require c � 0.
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Therefore, investigating the existence of positive subharmonic solutions to (7) seems
to be a challenging open problem.

4. When µÑ�8: high multiplicity and chaotic dynamics

In this section, we focus on a different aspect of the dynamics of (2): roughly speaking,
we show how it becomes extremely rich when the parameter µ is very large. More
precisely, we state the following result (with obvious notation, we name I�i all the
intervals of positivity of the weigth function aptq on the real line, by letting the index i
vary on Z).

THEOREM 3. Let gpuq and aptq be as in Theorem 1. Then, given an arbitrary
constant ρ ¡ 0 there exists λ� � λ�pρq ¡ 0 such that for each λ ¡ λ� there exist two
constants r,R with 0   r   ρ   R and µ�pλq � µ�pλ,r,Rq ¡ 0 such that for any µ ¡
µ�pλq the following holds: given any two-sided sequence S � pSiqiPZ in the alphabet
A :� t0,1,2u which is not identically zero, there exists at least one positive solution
uptq of (2) such that

• maxtPI�i
uptq   r, if Si � 0;

• r  maxtPI�i
uptq   ρ, if Si � 1;

• ρ maxtPI�i
uptq   R, if Si � 2.

Moreover, whenever the two-sided sequence S is k-periodic for some integer k, the
corresponding positive solution uptq of (2) can be chosen to be a kT -periodic function
(hence, a positive kT -periodic solution to (2)).

This result describes a typical picture of symbolic dynamics: globally defined
positive solutions to (2) are constructed, having a multibump chaotic-like behavior
coded by a double sequence S � pSiqiPZ in an alphabet of three symbols. A remark-
able feature, moreover, is that periodic sequences of symbols can be realized through
periodic solutions of the equation. As a consequence, multiple positive kT -periodic
solutions to (2) can be obtained for any k ¥ 2: simply by checking the minimality of
the period for the corresponding sequence S P t0,1,2uZ, many of these positive kT -
periodic solutions can be shown to be positive subharmonics of order k.

Also, assuming m ¥ 2 in pa�q, we easily obtain from Theorem 3 that equation
(2) has at least 3m� 1 positive T -periodic solutions for λ ¡ λ� and µ very large (typ-
ically, much larger than the sharp value µ#pλq given in Theorem 1). We can interpret
this high multiplicity result in a singular perturbation spirit. Indeed, it is possible to
show that the solutions constructed in Theorem 3 converge, for µ Ñ�8, to solutions
of the Dirichlet problem associated with u2�λa�ptqgpuq � 0 on each I�i (and to zero
elsewhere); since three non-negative solutions for this boundary value problem are al-
ways available (the trivial one, and two positive solutions - a small one and a large
one - given by Rabinowitz’s theorem [38], compare with the discussion after Theorem



Positive periodic solutions to nonlinear ODEs with indefinite weight 77

1), the above Theorem 3 shows that, on the converse, positive T -periodic solutions of
(2) can be obtained, when µ is very large, being either“very small” on I�i (if Si � 0),
“small” (if Si � 1) or “large” (if Si � 2).

The proof of Theorem 3 is given in [14], using in a very delicate way coinci-
dence degree theory (a previous result about chaotic dynamics - on two symbols only
- for (2) was given in [19] using a completely different technique based on topologi-
cal horseshoes theory). We are confident that the same technique works also for the
damped equation (7), thought this is not formally proved yet.

We like to mention that the possibility of finding multiple positive solutions of
indefinite nonlinear problems by playing with the nodal behavior of the weight function
was initially suggested in a paper by Gómez-Reñasco and López-Gómez [34] (therein,
an interesting analogy is proposed with the celebrated papers by Dancer [26, 27] pro-
viding multiplicity of solutions to elliptic BVPs by playing with the shape of the do-
main). The first complete result in this direction was then given by Gaudenzi, Habets
and Zanolin [31, 32] for the Dirichlet boundary value problem associated with the su-
perlinear indefinite equation

u2� �
a�ptq�µa�ptq�up � 0, with p¡ 1;

later on, along this line of research, several contributions followed [7, 10, 11, 29, 30,
33]), dealing both with ODEs and PDEs, with various boundary conditions, always in
the superlinear case. Theorem 3 thus extends these ideas to the super-sublinear setting,
showing that the corresponding dynamics is even richer.

5. Some complementary results

To conclude, we observe that the solvability picture described in Theorem 1 naturally
suggests a couple of (quite subtle) questions:

(Q1) is the existence of positive T -periodic solutions still possible when λ ¡ 0 is
small?

(Q2) is the existence of positive T -periodic solutions still possible - for a non-monotone
gpuq - when 0   µ ¤ µ#pλq, that is, when the average of the weight function is
non-negative?

In this final section we try to give partial answers, by imposing some further conditions
on aptq and gpuq.

More precisely, as for (Q1) we propose the following result.

THEOREM 4. Let us assume that aptq is even-symmetric, with m � 1 in pa�q;
moreover, suppose that g1puq � 0 for u R rη, 1

η s (with η¡ 0) and that

lim
uÑ�8g1puq � 0.

Then, for any λ ¡ 0 there exists µ�pλq ¡ µ#pλq such that equation has at least two
positive T -periodic solutions for any µ P pµ#pλq,µ�pλqq.
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The meaning of the above result is, roughly speaking, the following: the ex-
istence of positive T -periodic solutions to (2) is certainly ensured for any λ ¡ 0 pro-
vided that µ is not too large (from this point of view, Theorem 1 thus ensures that
µ�pλq � �8 for λ ¡ λ�). We mention however that, for the one-parameter equa-
tion u2�λpptqgpuq � 0, with

³T
0 pptqdt   0 and gpuq super-sublinear, non-existence of

positive T -periodic solutions can often be proved when λ¡ 0 is small, see [13].

We finally turn to the question (Q2).

THEOREM 5. In the setting of Theorem 4, assume further that g1puq   0 for
u ¡ 1

η (implying that gpuq is non-monotone). Then, for any λ ¡ 0 there exist µ�pλq P
p0,µ#pλqq such that equation (2) has at least one positive T -periodic solution for µ �
µ#pλq and at least two positive T -periodic solutions for any µ P pµ�pλq,µ#pλqq.

That is: the existence of positive T -periodic solutions to (2) is still ensured (for
any λ ¡ 0) provided that µ is not too small (namely, when the average of the weight
function is non-negative but not too large). Notice in particular that equation (2) with
µ� µ#pλq (that is, when the weight function has zero average) is always solvable (under
the assumptions of Theorem 5, of course).

Both Theorem 4 and Theorem 5 are proved in [16], taking advantage of an
ingenious change of variable introduced in [21] (see also [15]), which transforms the
sign-indefinite equation (2) into a forced perturbation of an autonomous equation, that
is

(8) x2 � hpxqpx1q2� �
λa�ptq�µa�ptq�,

where hpxq is a suitable function (obtained from gpuq) defined on the whole real line.
A shooting argument is then used to find positive solutions to (8) satifying Neumann
boundary conditions on r0, T

2 s and T -periodic solutions are finally obtained using the
symmetry assumption on aptq. This is of course a serious restriction, but it seems quite
hard to prove the above results using functional analytic techniques.
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B. Premoselli

A POINTWISE FINITE-DIMENSIONAL REDUCTION
METHOD FOR EINSTEIN-LICHNEROWCIZ TYPE SYSTEMS

Abstract. We explain the construction of non-compactness examples for the fully coupled
Einstein-Lichnerowicz system in the focusing case recently obtained in [15]. The construc-
tion follows from a combination of pointwise a priori asymptotic analysis techniques with a
finite-dimensional reduction and a fixed-point argument on the remainder part of the expected
blow-up decomposition.

1. Introduction

1.1. Statement of the results

Let pM,gq be a closed Riemannian manifold of dimension n ¥ 6. We investigate non-
compactness issues in strong spaces for the set of positive solutions of the Einstein-
Lichnerowicz system in M:

(1.1)

$'&'%△gu�hu� f u2��1�
|LgT �σ|2g�π2

u2��1

ÝÑ△gT � u2�X �Y.

The unknowns of (1.1) are u, a smooth positive function in M, and T , a smooth field
of 1-forms in M. In (1.1) LgT is the conformal Killing derivative of T and we have
let, for any 1-form T : ÝÑ△gT � �divg

�
LgT

�
. Also, in (1.1), △g � �divgp∇�q is the

Laplace-Beltrami operator, h, f ,π are smooth functions in M, σ is a smooth field of
2-forms with trgσ � 0 and divgσ � 0 and X and Y are smooth fields of 1-forms in M.
The exponent 2� � 2n

n�2 is critical for the embedding of the Sobolev space H1pMq into
Lebesgue spaces. We also assume that

(1.2) f ¡ 0 in M (focusing case),

and that △g� h is coercive (which is necessary in view of (1.2)). System (1.1) arises
in the initial-value problem in Mathematical General Relativity as a conformal for-
mulation of the constraint equations (see [2]). Assumption (1.2) covers the case of
non-trivial non-gravitational physics data. Existence and multiplicity results for (1.1)
in the focusing case (1.2) are in [9, 13, 14].

We are interested here in the stability features of system (1.1). Following [3] (see also
[8]), we say that system (1.1) is stable if, for any sequence phk, fk,πk,σk,Xk,Ykqk of
coefficients converging towards ph, f ,π,σ,X ,Y q as k Ñ�8 in some strong topology
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(to be precised), and for any sequence puk,Tkqk of solutions of

(1.3)

$''&''%
△guk�hkuk � fkuk

2��1�
|LgTk�σk|2g�π2

k

u2��1
kÝÑ△gTk � u2�

k Xk�Yk,

with uk ¡ 0, there holds, up to a subsequence and up to elements in the kernel of Lg,
that puk,Tkqk converges to some positive solution pu0,T0q of (1.1) in C1,ηpMq for all
0   η   1. The compactness of (1.1) is defined analogously, for constant sequences
of coefficients phk, fk,πk,σk,Xk,Ykqk. In the focusing case (1.2) stability results were
first obtained in [4, 10, 14] for the decoupled system (when X � 0). For the fully cou-
pled case X � 0, the stability of (1.1) has been investigated in [6] and [16] on locally
conformally flat manifolds. In particular, system (1.1) is always stable in dimensions
3 ¤ n ¤ 5 provided π � 0. For higher dimensions, the picture is more nuanced: insta-
bility results can occur. In [17] a first instability result for the physical case of (1.1)
with X � 0 was obtained. The instability behavior for the fully coupled case X � 0 of
system (1.1) was later addressed in [15], where the following non-compactness result
was obtained.

THEOREM 1.1 (P., [15]). Let pM,gq be a closed Riemannian manifold of di-
mension n¥ 6 of positive Yamabe type and possessing no non-trivial conformal Killing
fields. There exist regular coefficients ph, f ,π,σ,X ,Y q, with △g� h coercive, f ¡ 0,
π� 0 and X � 0 such that the associated system of equations (1.1)$'&'%△gu�hu� f u2��1�

|LgT �σ|2g�π2

u2��1

ÝÑ△gT � u2�X �Y

possesses a blowing-up sequence of solutions puk,Tkqk, that is }uk}L8pMq Ñ�8 and
}LgTk}L8pMq Ñ�8 as k Ñ�8. Also, the uk are positive, possess a single blow-up
point and blow-up with a non-zero limit profile.

A manifold pM,gq is said to be of positive Yamabe type if the operator △g� n�2
4pn�1qSg

is coercive, where Sg is the scalar curvature of g. The assumption that pM,gq possesses
no non-trivial conformal Killing fields is generic and implies that ÝÑ△g has no kernel. A
striking consequence of Theorem 1.1 is the existence of an infinite number of solutions
of (1.1), see [15]. This article is devoted to a presentation of the ideas of the proof of
Theorem 1.1.

1.2. Strategy of the proof of Theorem 1.1.

In the fully coupled case X � 0 treated here, because of the strong nonlinear coupling
via the p|LgT �σ|2g�π2qu�2��1 term, (1.1) does not possess a variational structure in
H1pMq. The only known existence results for (1.1) are therefore based on fixed-point
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methods in strong spaces. This is a serious obstacle to the application of the usual
Lyapounov-Schmidt construction scheme (see [1, 20, 21] and the references therein)
which proved to be a valuable tool in constructing instability examples for critical
elliptic equations on manifolds ([7, 19, 18]). To prove Theorem 1.1 we therefore work
in strong topologies. We construct a blowing-up sequence of solutions puk,Tkqk of (1.1)
whose scalar component writes as

(1.4) uk �Wk,t,p�u�φk,t,p,

where Wk,t,p denotes a positive bubbling profile depending on pn�1q parameters pt, pq
and u is a positive strictly stable function. But this time φk,t,p is a globally pointwise
small remainder, precisely

(1.5) |φk,t,p| ¤ εk
�
Wk,t,p�u

�
pointwise in M,

for some pεkqk, εk Ñ 0 as k Ñ8. The motivation for the choice of (1.4) comes from
the a priori blow-up analysis of (1.1) performed in [6, 16] which shows that (1.5) holds,
at least at a local scale, for blowing-up solutions of (1.1). See also [5] where a global
control as (1.5) was proven to hold for sequences of solutions of critical stationary
Schrödinger equations.

Since (1.1) is not variational, there is no canonical choice of a remainder φk,t,p anymore.
We construct it through an involved Banach-Picard fixed-point argument which goes
through several steps: a semi-decoupling of (1.1) followed by a finite-dimensional
reduction (Section 3), an accurate a priori pointwise description in strong spaces of
the remainder constructed (Section 4), a Banach-Picard fixed-point argument in strong
spaces for the remainders’ mapping (Section 5) and a uniform expansion of the kernel
coefficients (Section 6).

2. Setting of the problem and notations

In this article we only sketch the n ¥ 7 case and refer to [15] for the six-dimensional
one. Let pτkqk be a sequence of positive real numbers such that

°
k τk  �8. We define

a sequence pµkqk as follows:

(2.1) µk �
$&%τ

2
n�6
k if pM,gq is locally conformally flat or if 7¤ n¤ 10,

τ
1
2
k if n¥ 11 and pM,gq is not locally conformally flat.

Let pξkqk be a sequence of points of M converging towards a given ξ0 P M and satis-
fying dgpξk,ξk�1q    1

k2 as k Ñ �8. Let pβkqk be a sequence of positive numbers
converging to zero as k Ñ�8 and satisfying

(2.2) βk ¡¡ µk.

Let f be a smooth positive function, let σ be a smooth traceless and divergence-free
p2,0q-tensor in M and let π be a smooth function in M with π � 0. Let Y be a smooth
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field of 1-forms and denote by Ỹ the only solution of ÝÑ△gỸ � Y in M. We let also H
be a smooth nonnegative function in Rn, compactly supported in B0p1q with Hp0q � 1,
and for which 0 is a non-degenerate critical point. We define

(2.3) h� n�2
4pn�1qSg�

¸
k¥0

τkH
�

1
βk

�
exp

gξk
ξk

��1pxq



.

Here gξ � Λ
4

n�2
ξ is a conformal modification of the original metric g. The factor Λξ

is chosen in light of the conformal normal coordinates result of [12] to achieve the
highest precision in the expansion of the volume element of gξ around ξ, see [15].
Note, with (2.1) and (2.2), that for any r P N�, one can always choose βk as in (2.2) so
that h P CrpMq. Let u0 be a smooth, positive, strictly stable solution of the following
Einstein-Lichnerowicz equation:

(2.4) △gu0�hu0 � f u2��1
0 � |LgỸ �σ|2g�π2

u02��1 .

The coefficients f ,π,σ and Y can always be chosen so that such a u0 exists, see [14].
For every n ¥ 7 the implicit function theorem shows that there exists a constant η0 �
η0pn,g,h, f ,π,σ,Y q such that, for any X satisfying

(2.5) }X}L8pMq � η¤ η0,

the Einstein-Lichnerowicz system of equations

(2.6)

$'&'%△gu�hu� f u2��1� |LgT �σ|2�π2

u2��1

ÝÑ△gT � u2�X �Y,

with h given by (2.3), possesses a solution pupXq,T pXqq such that upXqÑ u0 in C2pMq
as η, defined in (2.5), goes to 0. Up to choosing η small enough, it is easily seen that
upXq is again a strictly stable solution of the scalar equation of (2.6). In the following,
for a given X , the solution pupXq,T pXqq will just be denoted by pu,T q.
We endow H1pMq with the following scalar product

(2.7) xu,vyh �
»

M
px∇u,∇vyg�huvqdvg, for any u,v P H1pMq,

where h is given by (2.3). Let prkqk, rk ¡ 0, rk Ñ 0 as k Ñ8, satisfying

(2.8) βk    rk    dgpξk,ξk�1q and rN
k ¡¡ µk,

where βk is given by (2.2), for some large enough integer N, as k Ñ�8. For t ¡ 0 we
define: δkptq � µkt, where µk is as in (2.1). The defects of compactness investigated
here are the following ones:
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(2.9) Wk,t,ξpxq � Λξpxqχ
�

dgξpξ,xq
rk

�
δ

n�2
2

k

�
δ2

k �
f pξq

npn�2qdgξpξ,xq2

1� n

2
,

where χ P C8pRq is a nonnegative, smooth compactly supported function in r�2,2s.
We also define, for any x PM, any 1¤ i¤ n and any ξ PM

Z0,k,t,ξpxq � Λξpxqχ
�

dgξpξ,xq
rk

�
δ

n�2
2

k

�
δ2

k �
f pξq

npn�2qdgξpξ,xq2

� n

2

�
�

f pξq
npn�2qdgξpξ,xq2�δ2

k



Zi,k,t,ξpxq � Λξpxqχ

�
dgξpξ,xq

rk

�
δ

n
2
k

�
δ2

k �
f pξq

npn�2qdgξpξ,xq2

� n

2

� f pξq
B�

exp
gξ
ξ

	�1
pxq,eipξq

F
gξpξq

,

where the peiqi are a local orthonormal basis for gξ around ξ0. Finally, we let

(2.10) Kk,t,ξ � Span
 

Zi,k,t,ξ, i� 0 . . .n
(
.

Then Kk,t,ξ is pn� 1q-dimensional for k large enough and the Zi,k,t,ξ are “almost” or-
thogonal. We denote by KK

k,t,ξ its orthogonal in H1pMq for the scalar product given by
(2.7).

We now define f and X . Let f0 ¡ 0 be a positive constant and define

(2.11) f � f0�
¸
k¥0

skχ
�

1
rk

�
exp

gξk
ξk

��1pxq



,

where pskqk satisfies |sk| � OpµN
k q for a sufficiently large N P N�. Let X0 denote any

smooth field of 1-forms in M which vanishes in a neighbourhood of ξ0. Let Z be a fixed
smooth 1-form in Rn, compactly supported in B0p1q, and with |Z0p0q| ¡ 0. Define then,
for any x PM

(2.12) Xpxq � X0pxq�
¸
k¥0

µ
n�1

2
k Z

�
1
rk

�
exp

gξk
ξk

��1pxq



,

where µk and rk are as in (2.1) and (2.8). Up to reducing }X0}8 and the τk such an X
always satisfies (2.5). Again, with (2.1) and (2.8), f and X can always be chosen to
belong to CrpMq for r P N�. Finally, let

(2.13) E �
"
pεkqkPN,εk ¡ 0, lim

kÑ8
εk � 0

*
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be the set of sequences of positive real numbers converging to 0. For pεkqk P E and for
a given value of pt,ξq P p0,�8q�M we define the following sequence of subsets of
C2pMq:

(2.14) Fk � F
�
εk, t,ξ

��#
v PC0pMq such that

���� v
u�Wk,t,ξ

����
C0pMq

¤ εk

+
,

where u� upXq is defined after (2.6) and Wk,t,ξ is as in (2.9).

3. Semi-decoupling and H1 reduction.

Let pεkqk PE , pt,ξq P p0,�8q�M and vk PFk �F
�
εk, t,ξ

�
, where E and Fk are defined

in (2.13) and (2.14). Since ÝÑ△g has no kernel by assumption, there exists a unique 1-
form Tk,t,ξ in M satisfying

(3.1) ÝÑ△gTk,t,ξ �
�

u�Wk,t,ξ� vk

	2�

X �Y.

Pointwise bounds on LgTk,t,ξ follow from the assumption vk P Fk, see [15]. It turns out
that LgTk,t,ξ blows up too fast for an H1 finite-dimensional reduction to apply to the
scalar equation of (1.1) with LgTk,t,ξ seen as a coefficient: even the very first step (the
uniform inversion of the linearized operator) fails. We therefore artificially discard the
|LgTk,t,ξ�σ|2g term into a source term and consider instead the equation

(3.2) △gw�hw� f w2��1� |LgT �σ|2�π2

ρpwq2��1 � |LgTk,t,ξ�σ|2g�|LgT �σ|2g�
u�Wk,tk,ξk

� vk
�2��1 ,

where T satisfies ÝÑ△gT � u2�X �Y and where we have let ρ � ρε0 for some ε0 ¡ 0,
where

ρεprq �
#

ε if r   ε
r if r ¥ ε.

The first step of the proof of Theorem 1.1 is as follows.

PROPOSITION 3.1. Let D¡ 0 and pεkqk P E and assume that εk ¡¡ µ
3
2
k as k Ñ

�8, where µk is as in (2.1). Let ptk,ξkqk be a sequence in r1{D,Ds�M and, for any k,
let vk PFk �F

�
εk, tk,ξk

�
. For k large enough, there exists a function ϕk � ϕk

�
tk,ξk,vk

� P
KK

k,tk,ξk
that satisfies

(3.3)

ΠKK
k,tk ,ξk

#
u�Wk,tk,ξk

�ϕk�p△g�hq�1
�

f
�
u�Wk,tk,ξk

�ϕk
�2��1

� |LgT �σ|2g�π2

ρ
�
u�Wk,tk,ξk

�ϕk
�2��1

�
�p△g�hq�1

�
|LgTk,t,ξ�σ|2g�|LgT �σ|2g�

u�Wk,tk,ξk
� vk

�2��1

�+
� 0.
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This ϕk is the unique solution of (3.3) in KK
k,tk,ξk

XBH1pMqp0,Cηεkq, where C is inde-
pendent of k, of the choice of ptk,ξkqk and of η as in (2.5). Also, in (3.3), Kk,tk,ξk

is as
in (2.10) and Tk,t,ξ is as in (3.1).

As an obvious consequence of Proposition 3.1, the function ϕk constructed therein
satisfies

(3.4) }ϕk}H1pMq ¤Cηεk,

for some constant C which is independent of ptk,ξkqk, k and η. In (3.3), the truncation
ρ is a technical shortcut required to handle the negative nonlinearity in H1pMq. Lemma
2.1 in [17] shows however that ρ has no influence on the construction process provided
ε0 is small enough. Proposition 3.1 is proven by a Banach-Picard fixed-point method,
and crucially relies on the pointwise estimates on LgTk,t,ξ directly induced from the a
priori pointwise control (1.5) on v.

4. Asymptotic pointwise description of the remainder ϕk

4.1. Rough pointwise control

In view of an application of a fixed-point argument to the remainders mapping vk ÞÑ
ϕk in Fk defined in (2.14) we need to choose pεkqk so that the remainder ϕk given
by Proposition 3.1 belongs to Fk. Proving this is the core of the analysis of [15].
This is far from being obvious: first ϕk only comes with an H1 bound by essence.
Then, the criticality of (1.1) does not allow a simple bootstrap procedure to increase
regularity. And finally, ϕk is only a solution up to some kernel elements. Precisely,
letting uk,tk,ξk,vk

� u�Wk,tk,ξk
�ϕkptk,ξk,vkq, there holds

(4.1)

p△g�hquk,tk,ξk,vk
� f u2��1

k,tk,ξk,vk
� |LgT �σ|2g�π2

u2��1
k,tk,ξk,vk

� |LgTk�σ|2g�|LgT �σ|2g�
u�Wk,tk,ξk

� vk
�2��1

�
ņ

i�0

λi
kptk,ξk,vkqp△g�hqZi,k,t,ξ

for some numbers pλi
kptk,ξk,vkqq0¤i¤n, where Tk,tk,ξk

is as in (3.1) and Zi,k,t,ξ as in
(2.10). The first step towards a pointwise control on ϕk consists in showing that ϕk is
globally small (in C0pMq) with respect to Wk,t,ξ�u.

PROPOSITION 4.1. Let D¡ 0 and pεkqk P E and assume that εk ¡¡ µ
3
2
k as k Ñ

�8, where µk is as in (2.1). Let ptk,ξkqk be a sequence of points in r1{D,Ds�M, and
let vk P Fk � F

�
εk, tk,ξk

�
. There exists a sequence pνkqk of positive numbers that goes

to zero as k Ñ�8 such that

(4.2) |ϕkpxq| ¤ νk

�
upxq�Wk,tk,ξk

pxq
	

for any x PM.
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In (4.2) we have let ϕk � ϕk
�
tk,ξk,vk

� P Kk,tk,ξk
be the solution of (3.3) given by Propo-

sition 3.1.

In the course of the proof the first thing one has to obtain is a control of the |λi
kptk,ξk,vkq|

and a lower bound on ϕk so as to get rid of the truncation ρ. Then the proof of Propo-
sition 4.1 consists in an adaptation of the methods developed in [5] (see also [8]) to
take into account the source term in (3.2). One first obtains a global weak pointwise
estimate together with a local rescaled convergence, later refined into a global uniform
control by means of successive approximations. The methods of [5] a priori do not
apply to nonlinear equations with a source term, but we manage to adapt them here
because the source term is pointwise controlled.

4.2. Second-order estimates

The main challenge in the proof of Theorem 1.1 is to quantify precisely νk in (4.2).
The first step towards this is to obtain a local improvement of (4.2) in the region where
the bubbling profile is dominant.

PROPOSITION 4.2. Let D¡ 0, pεkqk PE and assume that εk ¡¡ µ
3
2
k as kÑ�8,

where µk is as in (2.1). Let ptk,ξkqk be a sequence in r1{D,Ds �M, let vk P Fk �
F
�
εk, tk,ξk

�
and let ϕk � ϕk

�
tk,ξk,vk

�
be given by Proposition 3.1. Let pxkqk be any

sequence of points in Bξk
p2
a

δkq. There holds
(4.3)

θkpxkq |∇ϕkpxkq|� |ϕkpxkq| À }ϕk}L8pΩkq�
a

δk}∇ϕk}L8pΩkq�δk�
�

δ
n
2
k �δk}∇ f }L8p2rkq

�}h� cnSg}L8p2rkqδ
2
k

����ln�θkpxkq
δk


�����}h� cnSg}L8p2rkqθkpxkq2�θkpxkq41nlc f

�
Wkpxkq

�
�

δk

θkpxkq

2

,

where we have let: Ωk � Bξk
p2rkqzBξk

p
a

δkq and θkpxkq � δk�dgξk
pξk,xkq.

Here the notation “À” stands for “� ¤ C�” for a positive constant C independent of k.
Estimate (4.3) is obtained by writing a representation formula for ϕk (with (4.1)) and
estimating precisely every term which appears. Of course, many nonlinear terms to be
estimated do depend on ϕk: we therefore first obtain a control of }ϕk}L8pBξk

p2rkqq that
we later iteratively improve into (4.3). The control is the following.

CLAIM 4. There holds

(4.4) }ϕk}L8pBξk
p2
?

δkqq Àmaxp1,Mkq ,
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where we have let

Mk � }ϕk}L8pΩkq�
a

δk}∇ϕk}L8pΩkq�δk�δ2� n
2

k }∇ f }L8p2rkq�δ3� n
2

k }h� cnSg}L8p2rkq

�δ5� n
2

k 1nlc f .

To prove (4.4) we go through an involved contradiction argument: assuming that (4.4)
does not hold, we localize the maximum point of ϕk in M and show that a limiting
equation for some suitable rescaling of ϕk – denoted ϕ̃k – can be obtained. The limiting
equation ensures that the limit of ϕ̃k lies in the kernel for the linearized equation of
the standard bubble equation in Rn. The contradiction then follows from the nature
of ϕk constructed in Proposition 3.1, which is by construction almost orthogonal to
some approximate rescalings of these kernel elements. Of course these two assertions
come at different heights, and the main challenge is to be sure that they can be related
after rescaling. In the course of the proof of Proposition 4.2, to iteratively improve the
estimates we also derive the following control on the λi

k:

ņ

i�0

|λi
k| À δ

n�2
2

k

�
}ϕk}L8pΩkq�

a
δk}∇ϕk}L8pΩkq

	
�δ

n�2
2

k �δk}∇ f }L8p2rkq�}h� cnSg}L8p2rkqδ
2
k �δ4

k1nlc f .

As a second step to quantify νk in (4.2) we derive global estimates for ϕk over M.

PROPOSITION 4.3. Let D¡ 0 and pεkqk P E and assume that εk ¡¡ µ
3
2
k as k Ñ

�8, where µk is as in (2.1). Let ptk,ξkqk be a sequence in r1{D,Ds�M, let vk P Fk �
F
�
εk, tk,ξk

�
and let ϕk � ϕk

�
tk,ξk,vk

�
be given by Proposition 3.1. Let pxkqk be any

sequence of points in M. There holds

(4.5) |ϕkpxkq| ¤C pδk�ηεkq
�

upxkq�Wkpxkq
	
,

where η is as in (2.5), for some positive constant C independent of η and k.

The proof of Proposition 4.3 goes again through a global representation formula for ϕk.
The terms to be estimated are integrals involving again ϕk. The contributions of these
integrals in the region where Wk,t,ξ is dominant – the most problematic – are handled
thanks to Proposition 4.2. One of the main subtleties of the proof of Theorem 1.1 is
to obtain estimates – as in Propositions 4.2 or 4.3 – which are uniform in the choice
of pεkqk,ptkqk,pξkqk and pvkqk. Note that the statement of Proposition 4.2 is much more
precise than what is required in the proof of Proposition 4.3. But this high precision
will turn out to be crucial in section 6 to obtain precise asymptotic expansions of the
λi

kpt,ξq. The a priori analysis techniques used in our proof have been developed in the
context of the C0 theory in [5] Related techniques have independently been developed
in the investigation of compactness phenomena for the Yamabe problem (see [11] and
the references therein).
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5. Global fixed-point argument and resolution of the reduced problem

In this section we explain how a solution of the reduced problem for (1.1) is obtained.
By this we mean a function φkpt,ξq such that puk,t,ξ,Wk,t,ξqk, with uk,t,ξ �Wk,t,ξ�u�
φkpt,ξq, which solves

(5.1)

$''&''%
△guk,t,ξ�huk,t,ξ � f u2��1

k,t,ξ � π2�|σ�LgWk,t,ξ|2g
u2��1

k,t,ξ

�
ņ

j�0

λk, jpt,ξqZ j,k,t,ξ ,

ÝÑ△gWk,t,ξ � u2�
k,t,ξX �Y,

where the Z j,k,t,ξ are defined in (2.10). This amounts to showing that vk ÞÑ ϕk has a
fixed-point in Fk (defined in (2.14)). With Proposition 4.3 we already see that, provided
εk is suitably chosen and η is small enough, Fk is a stable set for vk ÞÑ ϕk for any k.
Standard elliptic theory together with a Schauder fixed-point theorem would yield, for
any k, a solution φkpt,ξq of (5.1). However, we need more than this. Schauder’s fixed-
point theorem comes with no uniqueness statement about the fixed-point it constructs
and therefore does not allow to show that such a fixed-point continuously depends
in strong spaces in pt,ξq. We therefore apply Banach-Picard’s fixed-point theorem to
vk ÞÑ ϕk in Fk.

PROPOSITION 5.1. Let D¡ 0. Assume that η defined in (2.5) is small enough.
There exists k0 PN such that for any sequence ptk,ξkqk P r1{D,Ds�M and for any k¥
k0, there exists a function φk � φk

�
tk,ξk

� P KK
k,tk,ξk

that satisfies the following system
of equations

(5.2)

$''&''%
ΠKK

k,tk ,ξk

�
uk�p△g�hq�1

�
f u2��1

k � |LgTk�σ|2g�π2

u2��1
k

��
� 0,

ÝÑ△gTk � u2�
k X �Y,

where we have let uk � u�Wk,tk,ξk
�φkptk,ξkq. Also, for any k, the mapping pt,ξq ÞÑ

φkpt,ξq P C1pMq is continuous and there exists a positive constant C, independent of
ptk,ξkqk such that there holds

(5.3) }φkptk,ξkq}H1pMq ¤Cδk and |φkptk,ξkq| ¤Cδk

�
u�Wk,tk,ξk

	
in M,

and such that φkptk,ξkq is the unique solution of (5.2) in KK
k,tk,ξk

satisfying in addition
(5.3).

Proposition 5.1 shows that the estimates on φk only depend on the data µk and εk.We
prove it – and Theorem 1.1 – assuming that the L8 norm of the coupling field X is
small (depending on n,g,h, f ,π,σ) . In view of (4.5) this is required to have a stable set
for the remainder’s mapping, and this assumption is actually necessary since smallness
conditions on X are necessary for solutions of (1.1) to exist: see [9, 13, 14]. To prove
Proposition 5.1 we prove that vk ÞÑ ϕk is 1

2 - contractible in Fk for the norm given by
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(2.14). If ϕi
k are associated to vi

k, i � 1..2, we estimate the maximum value of ϕ1
k�ϕ2

k
u�Wk,t,ξ

directly using again representation formulae for (4.1). If this maximum is achieved at
a distance from ξk comparable to the parameter of the bubble δk, we proceed using
similar techniques to those used in the proof of Proposition 4.2. Otherwise, it is the
smallness of η in (2.5) that allows to conclude.

6. Expansion of the Kernel coefficients and conclusion

The final step in the proof of Theorem 1.1 consists in finding, for any k, a suitable
ptk,ξkq which annihilates the λi

kptk,ξkq in (5.1). This is achieved through an asymptotic
expansion of the λk, jpt,ξq in C0 and a limiting degree argument. In standard cases
where only H1 estimates are involved, the precision of such an expansion only depends
on the choice of the approximate solution u�Wk,t,ξ. Here, however, the lack of a
variational structure and the strong nonlinear coupling of (1.1) do not give us a better
precision than (5.3) on φk – no matter the precision of the ansatz u�Wk,t,ξ –, which is
way too rough. We again overcome this by relying on the asymptotic analysis results
obtained in Sections 4 and 5. We write the scalar equation in (5.1) as

ņ

i�0

λi
kpt,ξq

�
△g �h

�
Zi,k,t,ξ �

�
△g �h

�
Wk,t,ξ � f pξqW 2��1

k,t,ξ �p f pξq� f qW 2��1
k,t,ξ

� f

��
u�Wk,t,ξ �φkpt,ξq

�2��1
�
�
u�Wk,t,ξ

�2��1
�p2��1q

�
u�Wk,t,ξ

�2��2ϕkpt,ξq

�

� f

��
u�Wk,t,ξ

�2��1
�u2��1 �W 2��1

k,t,ξ

�
�
|LgT �σ|2g �π2

u2��1
�

|LgTk,t,ξ �σ|2g �π2�
u�Wk,t,ξ �φkpt,φq

�2��1

�
�
△g �h

�
φkpt,ξq�p2��1q f pξqW 2��2

k,t,ξ φkpt, pq�p2��1q
�

f pξq� f
�
W 2��2

k,t,ξ φkpt,ξq

�p2��1q f

��
u�Wk,t,ξ

�2��2
�W 2��2

k,t,ξ

�
φkpt,ξq,

multiply both sides by Z j,k,t,ξ, for a given j, and estimate all the integrals in the right-

hand side. At this point we also express ξ as ξ � exp
gξk
ξk
pβk pq, with βk as in (2.2)

and p P B0p1q � Rn. These integrals are directly computed using pointwise a priori
estimates on φk obtained by our blow-up analysis, and the explicit expression of Wk,t,ξ
and Z j,k,t,ξ in (2.9) and (2.10). Different contributions in M are estimated differently:
when the integration domain is the ball Bξk

p
a

δkq we use Proposition 4.2, at finite
distances from ξk we use (4.5) while in the intermediate region we prove that for any
sequence pRkqk, Rk ¥ 1 there holds

(6.1) }φk}L8pMzBξk
pRk
?

δkqq À
δk

R2
k
�R2

kδ2
k �δ

n�2
2

k r�n
k .
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If for instance pM,gq is locally conformally flat or 7 ¤ n ¤ 10, direct estimations give
in the end
(6.2)

�
In�1�Opδkq

	����
λ0

kpt, pq
...

λn
kpt, pq

����

������������

µ
n�2

2
k

�
C1 f pξ0q� n

2 Hppqt2�C2 f pξ0q1� n
2 upξ0qt

n�2
2

�C3 f pξ0q�4K�10
10 |Wgpξq|2gt41n�10�R0

kpt, pq
�

µ
n
2
k

βk

�
C4 f pξ0q� n

2 ∇iHppqt3�Ri
kpt, pq

�

�����������
,

where, for 0 ¤ i ¤ n, Ri
kpt, pq is a function which converges to zero in C0

�r1{D,Ds�
B0p1q

�
as k Ñ �8 and C1, . . . ,C4 are positive constant only depending on n. With

(6.2), we conclude with a degree argument (see [15]), and the remaining cases (when
pM,gq is not locally conformally flat and n¥ 11) are treated in the same way.

Let us point out again that expansion (6.2) is computed by asymptotic analysis tech-
niques and is not obtained via H1pMq estimates. Estimates (4.3) and (6.1) – which are
much more precise than (4.5) – comes crucially into play to estimate the λi

kpt, pq with
a sufficiently high precision. The continuity of the remainders Ri

k – necessary for the
concluding degree argument – is a direct consequence of the continuity of φk in pt, pq
in strong spaces, as given by Proposition 5.1.
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J.-B. Casteras*

RENORMALIZED SOLUTIONS TO A FOURTH ORDER NLS
IN THE MASS SUBCRITICAL REGIME

Abstract. We study the mixed dispersion fourth order nonlinear Schrödinger equation

iBt ψ� γ∆2ψ�β∆ψ�|ψ|2σψ� 0 in R�RN ,

where γ,σ ¡ 0 and β P R. We focus on standing wave solutions, namely solutions of the
form ψpx, tq � eiαt upxq, for some α PR. This ansatz yields the fourth-order elliptic equation

γ∆2u�β∆u�αu� |u|2σu.

We consider an associated mass constrained minimization problem in the case σN  4. Under
suitable conditions, we establish existence of minimizers and we investigate their qualitative
properties. Based on a joint work with D. Bonheure, E.M. dos Santos and R. Nascimento
[5].

1. Introduction

We consider the following mixed dispersion fourth order nonlinear Schrödinger equa-
tion

(Mixed 4NLS) iBtψ� γ∆2ψ�∆ψ�|ψ|2σψ� 0, ψp0,xq � ψ0pxq, pt,xq P R�RN ,

for σ¡ 0 and some γ¡ 0. The fourth order term has been introduced by Karpman and
Shagalov (see [15] and the references therein) to regularize and stabilize solutions to
the standard nonlinear Schrödinger equation

(NLS) iBtψ�∆ψ�|ψ|2σψ� 0, ψp0,xq � ψ0pxq, pt,xq P R�RN .

Indeed, it is well-known that, when σN   2, all solutions to (NLS) exist globally in
time and standing waves (solutions of the form ψpt,xq � eiαtupxq for some α P R) are
orbitally stable. Whereas if σN ¥ 2, then finite time blow-up may appear and standing
wave solutions become unstable. We refer for instance to [10, 19]. Observe that for
N � 2 and N � 3, the Kerr nonlinearity (σ� 1) is respectively critical and supercritical.
Using a combination of stability analysis and numerical simulations, Karpman and
Shagalov (see also [12]) showed that when 0   Nσ   4 and (γ is small enough if
2 ¤ Nσ   4), standing wave solutions to (Mixed 4NLS) exist globally in time and are
stable and when Nσ ¡ 4, they become unstable. Notice that the Kerr nonlinearity is
now subcritical in dimension 2 and 3 in this extended model.

The equation (Mixed 4NLS) has attracted less attention than its classical coun-
terpart (NLS) though with an increasing interest more recently. We refer to the works

*Département de Mathématiques, Université Libre de Bruxelles, CP 214, Boulevard du triomphe, B-
1050 Bruxelles, Belgium, and INRIA- team MEPHYSTO.
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by Ben-Artzi-Koch-Saut [2] and Pausader [17] for well-posedness and scattering, see
also [13, 18] and to the recent work of Boulenger-Lenzmann [7] and the references
therein concerning finite-time blow-up. We also mention that the one-dimensional sta-
tionary mixed dispersion NLS has been studied in [1] and [8].

Here, we focus on standing wave solutions of (Mixed 4NLS). The ansatz ψpt,xq�
eiαtupxq yields the fourth-order semilinear elliptic equation

(1.1) γ∆2u�∆u�αu� |u|2σu in RN .

Observe that two constrained minimization problems naturally arise as for (NLS). In-
deed, if one looks for time independent solutions, it is natural to consider the following
problem

(1.2) m� inf
uPM̃

Jγ,αpuq,

where Jγ,α : H2pRNq Ñ R is the quadratic form defined by

(1.3) Jγ,αpuq � γ
»

RN
|∆u|2 dx�

»
RN
|∇u|2 dx�α

»
RN
|u|2 dx,

and

(1.4) M̃ � tu P H2pRNq :
»

RN
|u|2σ�2dx� 1u.

Notice that if m is achieved by some u P M̃, then v � m
1

2σ u is a solution to (1.1). The
following result is proved in [6].

THEOREM 1.1 ([6, Theorem 1.1]). Assume α,γ¡ 0 and 2  2σ�2  2N{pN�
4q if N ¥ 5. Then problem (1.2) has a nontrivial solution. If α¤ 1{p4γq, then any least
energy solution does not change sign, is radially symmetric around some point and
strictly radially decreasing.

We now turn to the second natural variational problem associated with (Mixed 4NLS)
which will be our main focus. Since the L2-norm is conserved along the flow for
(Mixed 4NLS), it is natural to look for standing waves having a prescribed L2-norm.
Such solutions were built by Cazenave and Lions [11] for (NLS). Their construction
consists in minimizing the functional E0 : H1pRNq Ñ R defined by

(1.5) E0puq � 1
2

»
RN
|∇u|2 dx� 1

2σ�2

»
RN
|u|2σ�2 dx

under the constraint }u}2
L2 � µ. If 0  Nσ  2, E0 achieves its infimum and any associ-

ated minimizer solves

(1.6) �∆u�αu� |u|2σu in RN ,
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with the Lagrange multiplier

(1.7) α� 1
µ

�»
RN
|u|2σ�2 dx�

»
RN
|∇u|2 dx



.

Moreover, Cazenave and Lions [11, Theorem II.2] showed that those standing waves
minimizing E0 are orbitally stable for (NLS) whereas standing waves built for instance
in [3, 4] are unstable for N{2   σ   2{pN � 2q as arbitrarily close initial conditions
lead to blowing up solutions, see [11, Remark II.2] .

For (Mixed 4NLS), we obtain the following counterpart. Define

(1.8) Iγpµq � inf
uPMµ

Eγpuq

where

(1.9) Mµ � tu P H2pRNq :
»

RN
|u|2 dx� µu

and

(1.10) Eγpuq � γ
2

»
RN
|∆u|2 dx� 1

2

»
RN
|∇u|2 dx� 1

2σ�2

»
RN
|u|2σ�2 dx.

If Iγpµq is achieved, then any associated minimizer solves (1.1) with the Lagrange mul-
tiplier

α� 1
µ

�»
RN
|u|2σ�2 dx� γ

»
RN
|∆u|2 dx�

»
RN
|∇u|2 dx



.(1.11)

Our main result is the following:

THEOREM 1.2. Assume γ¡ 0. If 0  σ  2{N, then Iγpµq is achieved for every
µ¡ 0. If 2{N ¤ σ  4{N, then there exists a critical mass µcpγ,σq such that

1. Iγpµq is not achieved if µ  µc;

2. Iγpµq is achieved if µ¡ µc and σ� 2{N;

3. Iγpµq is achieved if µ¥ µc and σ� 2{N;

As far as we know, it is the first result in the literature concerning the exis-
tence of standing waves of (Mixed 4NLS) with a prescribed L2 mass. Observe that the
mass threshold for existence is due to a lack of homogeneity. Indeed, all the terms of
the functional to be minimized scale differently. Such a behaviour is present in other
models like the Schrödinger-Poisson equation, see [9, 14].

The plan of this paper is the following : in a first time, we sketch the proof of
Theorem 1.2. Then, we discuss briefly the qualitative properties of solutions such as
positivity, symmetry and stability.
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2. Existence of standing waves with a prescribed mass

In all the following, to avoid technical issues and simplify notations, we restrict our-
selves to the case N ¡ 4 and we assume that σ� 2{N.

2.1. Gagliardo-Nirenberg interpolation inequalities

We begin by recalling two well-known Gagliardo-Nirenberg interpolation inequalities
for functions u P H2pRNq, namely, for 0¤ σ  4

N�4 ,

(2.1) }u}2σ�2
L2σ�2 ¤ BNpσq}∆u}

σN
2

L2 }u}2�2σ� σN
2

L2 ,

and, for 0¤ σ  2
N�2 ,

(2.2) }u}2σ�2
L2σ�2 ¤CNpσq}∇u}σN

L2 }u}2�σp2�Nq
L2 .

The constants BNpσq and CNpσq depend on σ and N. Thanks to these inequalities, we
can prove a 2-parameters Gagliardo-Nirenberg interpolation type inequality involving
the L2 norms of u,∇u and ∆u.

LEMMA 2.1. Assume 0   σ   4{pN � 4q if N ¡ 4. Let 0   δ   σ   τ and
assume τ   4{pN�4q and δ   2{pN�2q . Then, there exists C ¡ 0 such that, for any
u P H2pRNq,

(2.3)
»

RN
|u|2σ�2dx¤C

�»
RN

u2dx

p�»

RN
|∇u|2dx


q�»
RN
|∆u|2dx


r

,

where p� 1� σpN�4q�Nδp1�λq
4 , q� δN

2 p1�λq, r� τN
4 λ and λ� pσ�δq{pτ�δq. More-

over, we have C ¤ pBNpσqqλpCNpσqq1�λ.

As a direct consequence of this lemma, when 2{N   σ   4{N, there exists a
constant Cσ,N ¡ 0 such that
(2.4)»

RN
|u|2σ�2dx¤Cσ,N

�»
RN
|u|2dx


σ�»
RN
|∆u|2dx


 σN
2 �1�»

RN
|∇u|2dx


 4�σN
2

.

This inequality will be very useful in the following.

2.2. Estimates of the energy

This subsection is devoted to energy estimates on the functional Eγ. The main aim is to
deduce the sign of Iγpµq as a function of µ. We begin by showing the coercivity of Eγ.

LEMMA 2.2. The energy Eγ is bounded from below and coercive over Mµ when
0   σ   4{N. Moreover, for σ P p0,4{Nq the map µ ÞÑ Iγ,1pµq is non-increasing,
Iγ,1pµq ¤ 0 for all µ¡ 0. When σ¡ 4{N, we have Iγ,1pµq � �8 for every µ¡ 0.
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Proof. First, we infer from the Gagliardo-Nirenberg inequality (2.1) that

Eγpuq � γ
2

»
RN
|∆u|2 dx� 1

2

»
RN
|∇u|2 dx� 1

2σ�2

»
RN
|u|2σ�2 dx

¥ γ
2

»
RN
|∆u|2 dx� BNpσqµ1�σ� σN

4

2σ�2

�»
RN
|∆u|2 dx


 σN
4

.

This shows that the functional Eγ is bounded from below and coercive over Mµ when
0  σ  4{N. Now, let u PMµ and consider uλpxq � λ

N
2 upλxq for λ¡ 0 so that uλ PMµ.

Then,

(2.5) Iγpµq ¤ Eγpuλq �
γλ4

2

»
RN
|∆u|2 dx� λ2

2

»
RN
|∇u|2 dx� λσN

2σ�2

»
RN
|u|2σ�2 dx

for all λ ¡ 0. Letting λ go to zero, we get Iγpµq ¤ 0. Note that the so-called large
inequalities

(2.6) Iγpµq ¤ Iγpθq� Iγpµ�θq, for all θ Ps0,µr,
always hold true. Indeed, for any ε ¡ 0 we may choose test functions uε P Mθ and
vε PMµ�θ with compact supports such that

Iγpθq ¤ Eγpuεq ¤ Iγpθq� ε, Iγpµ�θq ¤ Eγpvεq ¤ Iγpµ�θq� ε.

Then, if e P RN is a unit vector, we have that for k large enough the supports of uε
and vεp�� keq are disjoint. So, using the translation invariance of Eγ and Mµ we have
uε� vp�� keq PMµ for k large and therefore

Iγpµq ¤ limsup
kÑ8

Eγpuε� vεp�� keqq ¤ Iγpθq� Iγpµ�θq�2ε.

Hence, (2.6) holds and as a consequence we infer that µ ÞÑ Iγpµq is non-increasing since
Iγpµq ¤ 0 for all µ. We finally observe that the last claim follows by letting λ Ñ8 in
(2.5) when σ¡ 4{N.

Using scaling arguments, it is possible to show that Iγpµq is strictly negative
when σ is H1-subcritical or the mass is large.

LEMMA 2.3. Let 0  σ  2{N. For any given µ¡ 0, we have Iγpµq   0. More-
over, if 2{N   σ  4{N, we have that Iγpµq   0 for large enough µ.

Proof. Take u PMµ and set uλpxq � λ
N
2 upλxq for λ¡ 0. We have

Eγpuλq
λσN � γλ4�σN

2

»
RN
|∆u|2 dx� λ2�σN

2

»
RN
|∇u|2 dx� 1

2σ�2

»
RN
|u|2σ�2 dx.

Taking λ small enough, we deduce that Iγpµq   0 when 0  σ  2{N. Next, we assume
2{N   σ   4{N. Taking u P M1, it is easy to see that Eγp?µuq   0 when µ is large
enough.
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Using the extended Gagliardo-Nirenberg interpolation inequality (2.4), it is pos-
sible to deduce some refined estimates on the sign of Iγpµq when 2{N   σ  4{N.

LEMMA 2.4. Let 2{N   σ   4{N. There exists an (explicit) constant µc de-
pending on Cσ,N and γ such that Iγpµq � 0 if and only if µ¤ µc.

2.3. Proof of Theorem 1.2

We begin by sketching the proof of point 3 when µ¡ µc (we will not discuss the equality
case). Recall that we always have the following inequality

Iγpµq ¤ Iγpθq� Iγpµ�θq, for all θ Ps0,µr.
It is standard that the Concentration-Compactness method [16] yields that the mini-
mizing sequences, up to translations, are relatively compact if and only if the strict
subaddivity condition holds, namely

(2.7) Iγpµq   Iγpθq� Iγpµ�θq, for all θ Ps0,µr.
In fact, arguing as in [16], the inequality (2.7) is easily obtained provided Iγpµq   0
which holds true thanks to the two previous lemma.

Next we sketch the proof of point 1. Assume by contradiction that there existsrµ P p0,µcq such that Iγprµq has a minimizer urµ. From the definition of µc, we have that
Iγpµcq � 0. It is easy to check that, for t ¡ 1, we have

Iγptrµq ¤ Eγp
?

turµq   tEγpurµq � tIγprµq,
which implies that Iγpµ1q   0 for any µ1 ¡ rµ. Hence, a contradiction with the definition
of µc.

3. Qualitative properties

3.1. Existence of positive standing waves with a prescribed mass

In this section, we consider the slightly modified minimization problem

(3.1) rIγpµq � inf
uPMµ

rEγpuq

where Mµ is defined as in (1.9) and

(3.2) rEγpuq � γ
2

»
RN
|∆u|2 dx� 1

2

»
RN
|∇u|2 dx� 1

2σ�2

»
RN
|u�|2σ�2 dx.

The proof of Theorem 1.2 applies to problem (3.1) with straightforward modifications.
Let us recall that if u is a solution of problem (3.1), then u solves

(3.3) γ∆2u�∆u�αpµqu� |u|2σu�,
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where

(3.4) �αpµqµ�
»

RN
pγ|∆u|2�|∇u|2�|u|2σ�2qdx� 2Eγpuq� σ

σ�1

»
RN
|u�|2σ�2 dx.

It is immediate to see that αpµq ¥ 0. We establish the positivity of solutions to (3.1)
provided that αpµq is small enough.

PROPOSITION 3.1. Suppose that αpµq ¤ 1{p4γq. Then, any solution to (3.1) is
strictly positive (or strictly negative).

Proof. Using that αpµq ¤ 1{p4γq, we can rewrite the equation satisfied by u as" �?γ∆u�λ1u � v,
�?γ∆v�λ2v � |u|2σu�,

for some positive constants λi, i � 1,2 satisfying λ2λ1 � αpµq and λ1�λ2 � 1{?γ. It
is then standard to see that u¡ 0.

We next estimate the Lagrange multiplier of problem (3.1) by the L2 mass,
namely we will prove

αpµq ¤Cµ
σ

1�σN{4

for some C¡ 0. This estimate enables us to apply the previous theorem when the mass
is small enough.

COROLLARY 3.1. Assume 0   σ   4{N. There exists µ0 ¡ 0 such that for all
µ¤ µ0 then

αpµq ¤ 1{p4γq,
and therefore any solution to (3.1) is strictly positive (or strictly negative).

Proof. First, we recall that any solution to (3.1) satisfies the Pohozaev identity

2γ
»

RN
|∆u|2 dx�

»
RN
|∇u|2 dx� σN

2σ�2

»
RN
|u�|2σ�2 dx.

Thanks to this equality, we deduce that

αpµq ¤ 1
µ

�
2� σN

2σ�2


»
RN
|u�|2σ�2 dx.

The Gagliardo-Nirenberg inequality (2.1) then implies that»
RN
|u�|2σ�2 dx¤ BNpσq

�»
RN
|u�|2σ�2 dx


 σN
4
�»

RN
|u|2 dx


1�σ� σN
4

.

Combining the two previous lines, we conclude that

αpµq ¤ BNpσq
�

2� σN
2σ�2



µ

σ
1�σN{4 .
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3.2. Radial symmetry of at least one minimal standing wave with prescribed mass

Using the method of [7], one can show that at least one solution of (1.8) is radially
symmetric if 2σ P N0.

PROPOSITION 3.2. Suppose that problem (1.8) has a minimizer and assume
2σ P N0. Then there exists at least one radially symmetric minimizer for (1.8).

Proof. The proof is a direct adaptation of [7, Appendix A.2]. The main ingredient of
their proof is the Fourier rearrangement. Namely, for u P L2pRNq we set its Fourier
rearrangement by u7 �F �1tpF uq�u, where F stands for the Fourier transform and f�

denotes the symmetric-decreasing rearrangement of a measurable function f : RN ÑR
that vanishes at infinity. Observe that

��u7��L2 � }u}L2 . Then, assuming that u P H2 , we
have [7]

(3.5)
��∆u7

��
L2 ¤ }∆u}L2 ,

��∇u7
��

L2 ¤ }∇u}L2 and }u}L2m ¤
��u7��L2m ,

for any m P N0. Therefore, if u is a minimizer for (1.8), then u7 is a minimizer as
well.

It is an open problem to extend the previous proposition for 2σ R N0. Observe
also that we do not know whether or not all solutions of (1.8) are radially symmetric
even if 2σ P N0. Indeed, Boulenger and Lenzmann proved that equality holds in (3.5)
if and only if |F u| � |F u|�.

3.3. Orbital stability

Finally, using the method of Cazenave and Lions [11], we prove the orbital stability of
the set of solutions to (1.8). Let us begin with a definition.

DEFINITION 3.1. Let G :� tU P H2pRNq : U is a solution o f (1.8)u. We say
that the set G is stable in H2 � H2pRNq�H2pRNq if, given ε ¡ 0, there exists δ ¡ 0
such that if Ψ0 P H2pRNq satisfies }Ψ0�U}H2   δ for some U P G , then the solution
Ψptq of (Mixed 4NLS) with initial data Ψ0 exists for all t ¥ 0 and satisfies, for some
V P G ,

dpΨptq,V q   ε, f or all t ¥ 0,

where, for any f ,g PH2, dp f ,gq :� inf
!�� f p.q� eiθgp.� rq��H2 : θ,r P R

)
.

As a direct consequence of Theorem 1.2, we have:

THEOREM 3.1. The set G is stable.

Proof. Let U P G . Assume by contradiction that there exists a sequence of solutions
pΨkqk of (Mixed 4NLS) with Ψkp0q�φk, for some pφkqk such that limkÑ8 }φk�U}H2 �
0 and such that there exists ptkqk � R� with dpΨkptkq,Uq ¥ ε, for some ε ¡ 0 fixed.
Using the conservation of the energy and the mass, it is easy to see that }Ψkptkq}L2 Ñ
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}U}L2 and EγpΨkptkqq Ñ EγpUq � Iγ as k Ñ8. Therefore, using Theorem 1.2, we get
that dpΨkptkq,V q Ñ 0, for some V P G which gives a contradiction.
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PARTIAL SYMMETRY OF SOLUTIONS TO PARABOLIC
PROBLEMS VIA REFLECTION METHODS

Abstract. We survey several results on radial and axial symmetry of solutions to parabolic
and elliptic systems and equations with Neumann and Dirichlet boundary conditions. As a
particular case, these results describe the qualitative properties of solutions to cooperative
and competitive systems coming from models in physics and biology.

1. Introduction.

The relationship between the symmetry of a solution to a nonlinear partial differential
equation (PDE) and the symmetries of the data has been a very active field of research
in the past years. Sometimes the physical motivation of a problem suggests strongly
that any solution should inherit the symmetry of the data. Whenever this is true, the
proofs are often far from trivial and are a source of new, powerful, and elegant meth-
ods and techniques. Surprisingly, in many situations the phenomenon of symmetry
breaking can occur, even in a strongly symmetric setting. In this short survey we re-
call and comment on some of the symmetry results that are available for elliptic and
parabolic systems and equations. The proofs are mostly based on reflection methods,
which means that a nonlinear problem is linearized using reflections, and then these
linear problems are studied with a perturbation argument using different types of max-
imum principles. The main challenge is to adapt this scheme to each of the different
problems. As we comment below in more detail, a proof via reflection methods varies
substantially between Neumann and Dirichlet boundary conditions, for example, or
between scalar equations and systems. Furthermore, in the case of systems, proofs of
symmetry results and the kind of symmetry that is obtained, vary according to the way
components interact (cooperatively or competitively).

The main goal of this survey is to focus on parabolic problems, and we obtain
straightforward corollaries for elliptic problems. For more results on reflection methods
focused on elliptic equations we refer to [18].

This survey is organized as follows. We begin presenting one of the most well-
known techniques to obtain symmetry via reflection methods and discuss its limita-
tions. Then we comment on some variants which yield partial symmetry results. In
Section 2.2 we briefly discuss the case of Neumann boundary conditions in scalar equa-
tions and finally, in Section 2.3, we present some applications to models coming from
ecology and physics.
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2. Moving plane method and radial symmetry

One of the most versatile and robust methods to show symmetry of solutions is the
well-known moving-plane method (MPM). This technique has its roots in the work of
Alexandrov [1], who investigated surfaces with constant mean curvature; then Serrin
[16] elaborated it in order to analyze overdetermined boundary value problems associ-
ated with elliptic PDEs. In the seminal paper [5], Gidas, Ni, and Nirenberg developed
a powerful variant of Serrin’s argument to derive, in particular, radial symmetry of
positive solutions to some elliptic problems in balls.

To be precise, consider the elliptic problem

�∆u� f pu, |x|q in B, u� 0 on BB,(2.1)

or its parabolic version

(2.2)

ut �∆u� f pu, |x|, tq, x P B, t ¡ 0,

upx, tq � 0, x P BB, t ¡ 0,

upx,0q � u0,ipxq, x P B

where ∆u �°N
i�1 Biiu is the Laplacian, f is a smooth nonlinearity, and B � RN (N ¥

1) is a ball or an annulus. In this setting, the MPM relies strongly on the following
hypothesis:

pCq Convexity of the domain, in particular, B cannot be an annulus.

pPq Positivity of the solution, in particular, u cannot be sign-changing.

pMq Monotonicity of the nonlinearity f in the |x| variable.

Note that a solution of (2.1) is also a (stationary) solution of (2.2), and therefore
all the symmetry results that we present below for parabolic problems have immediate
corollaries for the associated elliptic problem.

If u is a classical solution of (2.1) and assumptions pCq, pPq, and pMq are satis-
fied, then the MPM yields that u must be radially symmetric and monotone decreasing
in the radial variable [5]. On the other hand, if u is a uniformly bounded classical solu-
tion of (2.2) and assumptions pCq, pPq, and pMq are satisfied, then a parabolic version of
the MPM yields that u is asymptotically radially symmetric and monotone decreasing,
that is, all elements in the omega limit set of u given by

ωpuq :� tz PCpBq : D tn Ñ8 such that lim
nÑ8}up�, tnq� z}L8 � 0u,

are radially symmetric functions and decreasing in the radial variable [11]. These re-
sults extend to much more general situations, including fully nonlinear elliptic and
parabolic problems, and domains which are only symmetric and convex in one direc-
tion (in this case one may only obtain reflectional symmetry and monotonicity with
respect to a symmetry hyperplane). We refer to the survey [10] and its references for
an account of these results.
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2.1. Symmetry breaking and partial symmetries

If one removes any of the assumptions (C), (P), and (M), one cannot expect results on
radial symmetry in general and explicit counterexamples are known to exist, see the
discussion in [14] in this regard. However, even without (C), (P), and/or (M), one can
expect that some symmetry should be inherited to solutions if the data of the problem
is symmetric. This can be studied by suitably adapting the MPM. For example, a
variant of the MPM, known as rotating-plane method (RPM), was used in [9] to prove
a weaker notion of symmetry of solutions of elliptic problems without assuming (C),
(P), and/or (M), but at the cost of some extra stability and convexity assumptions.
The symmetry involved in the results from [9] is called foliated Schwarz symmetry.
Since this symmetry plays an important role in the following results we give a precise
definition. Let N ¥ 2, B � RN be a ball or an annulus, SN�1 � tx P RN : |x| � 1u be
the unit sphere in RN , and let p P SN�1. We say that a function u P CpBq is foliated
Schwarz symmetric with respect to p if u is axially symmetric with respect to the axis
Rp and nonincreasing in the polar angle θ :� arccosp x

|x| � pq P r0,πs.
The results from [9] already show that the MPM can be adjusted to study a

variety of problems, however, the stability assumptions needed in [9] do not have a
direct analogue for parabolic problems and therefore new ideas were needed to extend
these results to problem (2.2).

In [14] a different kind of assumption was explored to substitute the extra sta-
bility and convexity assumptions required in [9]. This new kind of assumption is a
weak condition imposed directly on the shape of the solution (in the case of elliptic
problems) or on the initial profile (in the parabolic case), and refers to the existence of
a dominant half domain. To state this hypothesis in a precise way we introduce some
notation. For a vector e P SN�1, consider the half domain Bpeq :� tx P B : x �e¡ 0u and
the reflection σe : B Ñ B given by σepxq :� x�2px � eqe for each x P B. For a function
v PCpBq, consider the following condition.

pGq There is e P SN�1 such that vpxq ¥ vpσepxqq for all x P Bpeq and v� v�σe in Bpeq.
Geometrically, assumption pGqmay be understood as requiring that v is slightly

more concentrated on a half domain than in the other (with respect to reflections). The
main result in [14] reads as follows.

THEOREM 1. Let B be a ball or an annulus, f : R�R� r0,8q Ñ R be a
continuous function locally Lipschitz in the first variable uniformly with respect to the
other two variables and such that f p0, �, �q is bounded. Moreover, let u be a classical
uniformly bounded solution of (2.2) such that the initial profile up�,0q satisfies pGq.
Then u is asymptotically foliated Schwarz symmetric, i.e., there is p P SN�1 such that
all elements of ωpuq are foliated Schwarz symmetric with respect to p.

We stress that Theorem 1 applies to sign-changing solutions, to annular do-
mains, and to non-monotone nonlinearities.

Condition pGq is sharp, in the sense that solutions of (2.2) which are not foliated
Schwarz symmetric can be constructed if pGq is not satisfied. For precise references on
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how to build these counterexamples, we refer to [14].

2.2. Neumann boundary conditions

Although many (existence) results hold regardless of the boundary conditions (Neu-
mann or Dirichlet, for instance), the Neumann boundary conditions are much less re-
strictive than the Dirichlet counterpart, and the symmetry is coerced to a lesser degree
by the influence of the boundary. This is exemplified by the fact that the Gidas-Ni-
Nirenberg result from [5] on radial symmetry of solutions to elliptic problems is no
longer true under Neumann boundary conditions, see [8]. However, the technique
used in Theorem 1 can be used to show that solutions satisfying Neumann boundary
conditions are foliated Schwarz symmetric, although the proof requires some major ad-
justments, in particular, a quantitative Harnack-Hopf type lemma, which estimates the
boundary values of solutions, is used. Since the statement is very similar to Theorem 1
(only changing the boundary conditions) we do not quote this result here, but we refer
to [12, 15] for the precise statements and the proofs.

2.3. Applications

In this last section we would like to show how these ideas can be used to study some
well-known models coming from biology and physics. To begin with, let us consider
the Lotka-Volterra system,

(2.3)

pu1qt �µ1ptq∆u1 � a1ptqu1�b1ptqu2
1�α1ptqu1u2 in B�p0,8q,

pu2qt �µ2ptq∆u2 � a2ptqu2�b2ptqu2
2�α2ptqu1u2 in B�p0,8q,

Bui

Bν
� 0 on BB�p0,8q, uipx,0q � u0,ipxq ¥ 0 for x P B, i� 1,2,

where B is a ball or an annulus in RN , ν denotes the outward-pointing normal vector
field, and u0,1 and u0,2 are continuous functions. This system is commonly used to
model two different species that compete for food, nesting sites, or resources in general.
The coefficients µi, ai, bi, and αi represent diffusion, birth, saturation, and competition
rates respectively [2]; and the functions u1 and u2 represent the population density
of each species. The time-dependence of the coefficients can be used to model the
effect of different time periods (e.g. seasons) on the birth rates, the movement, or
the aggressiveness of the species. Furthermore, the Neumann boundary conditions
are a no-flux condition, which means that the species are isolated in a compound and
individuals are not allowed to go in or out of the domain B.

In this setting, loosely speaking, the following asymptotic symmetry result is
available: if the initial profiles u0,1 and u0,2 satisfy a reflectional inequality, then the
resulting population densities of the species become increasingly symmetric as the time
variable t goes to infinity; in particular, they tend to be foliated Schwarz symmetric
functions with a common symmetry axis but with respect to antipodal points.

A precise statement is given by studying the symmetry and monotonicity prop-
erties of elements in the associated omega limit set of a classical solution pu1,u2q of
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(2.3), which is defined as

ωpu1,u2q :� tpz1,z2q PCpBq�CpBq :
max
i�1,2

lim
nÑ8}uip�, tnq� zi}L8pBq � 0 for some sequence tn Ñ8u.

For global solutions which are uniformly bounded and have equicontinuous semiorbits
tuip�, tq : t ¥ 1u, i � 1,2, the set ωpu1,u2q is nonempty, compact, and connected. The
equicontinuity can be obtained under mild boundedness and regularity assumptions on
the equation and using boundary and interior Hölder estimates, see [2, 15]. We are
ready to give a precise statement taken from [15].

THEOREM 2. Suppose that

(2.4)
ai,bi,αi P L8pp0,8qq satisfy

aiptq,biptq ¥ 0 for t ¡ 0 and inf
t¡0

αiptq ¡ 0 for i� 1,2.

and let u � pu1,u2q be a classical solution of (2.3) such that }ui}L8pB�p0,8qq  8 for
i� 1,2. Moreover, assume that

(Gsq u0,1 ¥ u0,1 �σe, u0,2 ¤ u0,2 �σe in Bpeq
#

for some e P SN�1 with

u0,i � u0,i �σe for i� 1,2.

Then there is some p P SN�1 such that every pz1,z2q Pωpu1,u2q has the property that z1
is foliated Schwarz symmetric with respect to p and z2 is foliated Schwarz symmetric
with respect to �p.

As far as we know, this is hitherto the only result available regarding symme-
try for the Lotka-Volterra problem with competition, even in the stationary case with
constant coefficients, i.e., the elliptic version of problem (2.3). We remark that the
long-time dynamics of this system have a very rich structure and depend strongly on
the relationships between the coefficients, see [2] for a broad discussion on these kind
of systems.

As in the scalar case, if the assumption pGsq is not satisfied, then it is possible
to construct the following counterexample to the symmetry results.

THEOREM 3 (Theorem 7.1 in [15]). Let k P N. Then there exists ε ¡ 0 and
λ¡ 0 such that

(2.5)

�∆u1 � λu1�u1u2 in B,

�∆u2 � λu2�u1u2 in B,

Bνu1 � Bνu2 � 0 on BB.

admits a positive classical solution pu1,u2q in B :�Bε �tx PR2 : 1�ε  |x|   1u�R2

such that the angular derivatives Bui
Bθ of the components change sign at least k times on

every circle contained in Bε.
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For cooperative systems, that is, if the coefficients α1 and α2 in (2.3) are neg-
ative, then much more is known for positive solutions on balls, since in this case a
maximum principle for small domains can be used to perform a moving plane method
and obtain radial symmetry and monotonicity, see [4]. In population dynamics, coop-
erative systems model species which help each other to survive.

We remark that the Neumann boundary conditions in (2.3) are essential in the
proof of Theorem 2, since a reflection across the boundary preserving positivity of the
solutions is done, which is only possible with zero normal derivatives at the boundary.
The boundary conditions also play an important role in a normalization argument in-
volved in the proofs. Therefore, a symmetry result for the Dirichlet version of (2.3)
requires some major changes in the proof. This was studied in [13], where one of
the key ingredients in the proofs is a new parabolic version of Serrin’s boundary point
lemma [16, Lemma 1] that provides bounds which depend only on given quantities. In
ecology, Dirichlet boundary conditions can be used to model a very harmful environ-
ment at the boundary of the domain for the modeled species, due to lack of food, for
example, or the presence of predators.

Finally, as a further example for applications, we mention the cubic system

(2.6)

pu1qt �∆u1 � λ1u1� γ1u3
1�α1u2

2u1 in B�p0,8q,
pu2qt �∆u2 � λ2u2� γ2u3

2�α2u2
1u2 in B�p0,8q,

Bνu1 � Bνu2 � 0 on BB�p0,8q,
uipx,0q � u0,ipxq ¥ 0 for x P B, i� 1,2,

where λi,γi, and αi are positive constants. The elliptic counterpart of this system is
being studied extensively due to its relevance in the study of binary mixtures of Bose-
Einstein condensates, see [3]. The asymptotic symmetry of uniformly bounded classi-
cal solutions of this problem satisfying pGsq can be characterized in a similar way as
in Theorem 2. To see this, minor adjustments are needed in the proof of Theorem 2 to
deal with a slightly different linearized system. Details can be found in [12]. Symmetry
aspects of the elliptic counterpart of (2.6) have been studied in [17], exploiting the fact
that this system has a variational structure.

We close this survey by mentioning that reflection methods have also been used
to describe symmetry properties of solutions to parabolic problems involving pseudod-
ifferential operators, such as the fractional Laplacian, which is an example of a nonlocal
operator that has received a lot of attention in the recent years, and is used to model
long-distance interactions. For more results in this direction we refer to [6, 7] and the
references therein.
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F. Colasuonno

A p-LAPLACIAN NEUMANN PROBLEM WITH A POSSIBLY
SUPERCRITICAL NONLINEARITY

Abstract. We look for nonconstant, positive, radial, radially nondecreasing solutions of the
quasilinear equation �∆pu� up�1 � f puq with p ¡ 2, in the unit ball B of RN , subject to
homogeneous Neumann boundary conditions. The assumptions on the nonlinearity f are
very mild and allow it to be possibly supercritical in the sense of Sobolev embeddings. The
main tools used are the truncation method and a mountain pass-type argument. In the pure
power case, i.e., f puq � uq�1, we detect the limit profile of the solutions of the problems as
qÑ8. These results are proved in [3], in collaboration with B. Noris.

1. Introduction and main results

In [3], we study the existence of nonconstant, radially nondecreasing solutions of the
following quasilinear problem

(1.1)

$'&'%
�∆pu�up�1 � f puq in B,

u¡ 0 in B,

Bνu� 0 on BB,

where B is the unit ball of RN , N ¥ 1, ν is the outer unit normal of BB, and ∆pu :�
divp|∇u|p�2∇uq is the p-Laplacian operator, with p¡ 2. We require very mild assump-
tions on the nonlinearity f on the right-hand side, namely f PC1pr0,8qq and satisfies
the following hypotheses

( f1) limsÑ0�
f psq

sp�1 P r0,1q;
( f2) liminfsÑ�8

f psq
sp�1 ¡ 1;

( f3) D a constant u0 ¡ 0 such that f pu0q � up�1
0 and f 1pu0q ¡ pp�1qup�2

0 .

Our main results in [3] read as follows.

THEOREM 1. If f satisfies ( f1)-( f3), there exists a nonconstant, radial, radially
nondecreasing solution of (1.1). If furthermore there exist n different positive constants
up1q0 � �� � � upnq0 for which ( f3) holds, then (1.1) admits at least n distinct nonconstant,
radial, radially nondecreasing solutions.

THEOREM 2. Let f puq � uq�1, with q¡ p. Denote by uq the solution found in
Theorem 1, corresponding to such f . Then, as qÑ8,

uq Ñ G in W 1,ppBqXC0,µpBq for any µ P p0,1q,

113
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where G is the unique solution of the Dirichlet problem#
�∆pG�|G|p�2G� 0 in B,

G� 1 on BB.

REMARKS.
 We observe that f is allowed to be supercritical in the sense of Sobolev embeddings,
which will be the most interesting case.

 The model f is the pure power function f puq � uq�1, with q¡ p. In this case, prob-
lem (1.1) admits the constant solution u� 1 for every q¡ p, including the supercritical
case q ¡ p�, where p� :� N p{pN� pq if p   N and p� :��8 otherwise. Therefore,
the natural question that arises is whether (1.1) admits any nonconstant solutions. It is
worth stressing a remarkable difference between problem (1.1) and the analogous prob-
lem under homogeneous Dirichlet boundary conditions. Indeed, it is well-known that,
as a consequence of the Pohožaev identity (cf. [5, Section 2]), the Dirichlet problem
does not admit any nonzero solutions when q¥ p�.
 We remark that condition ( f3) is absolutely natural under ( f1) and ( f2). Indeed, by
the regularity of f and by ( f1)-( f2), there must exist an intersection point u0 between f
and the power sp�1 such that f 1pu0q ¥ psp�1q1pu0q � pp�1qup�2

0 . Hence, ( f3) is only
meant to exclude the possibility of a degenerate situation in which f is tangent to sp�1

at u0.

 We can always think f to satisfy also

( f0) f ¥ 0 and f 1 ¥ 0.

Indeed, if this is not the case, we can replace f by gpsq :� f psq� pm� 1qsp�1 for a
suitable m¡ 1 such that g¥ 0 and g1 ¥ 0, and study the equivalent problem$'&'%

�∆pu�mup�1 � gpuq in B,

u¡ 0 in B,

Bνu� 0 on B.

Therefore, without loss of generality, from now on in the paper we assume f to satisfy
( f0) as well.

Since f is possibly supercritical, the energy functional I associated to the prob-
lem is not well defined in the whole of W 1,ppBq, and so a priori we cannot use varia-
tional techniques to solve the problem. This issue is overcome for the first time in [6]
for the semilinear case (p � 2) and then in [7] for any 1   p  8, by working in the
closed and convex cone

C :�
!

u PW 1,p
rad pBq : u¥ 0 and uprq ¤ upsq for r ¤ s

)
,

where we have denoted by W 1,p
rad pBq the space of W 1,ppBq-functions which are radially

symmetric and with abuse of notation we have written upxq � uprq for |x| � r. Indeed,
this cone has the property that all its functions are bounded, i.e.,

(1.2) }u}L8pBq ¤CpNq}u}W 1,ppBq for some CpNq ¡ 0 independent of u P C ,
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Figure 1: Left: Graph of a sample nonlinearity f satisfying ( f1)-( f3). Right: Graph of a sample
nonlinearity f satisfying ( f0)-( f3).

see e.g. [3, Lemma 2.2]. Due to (1.2), it makes sense to define an energy functional I in
C , associated to the equation. On the other hand, the main disadvantage for working in
this cone is the fact that it has empty interior in the W 1,p-topology. As a consequence,
in general, critical points of I : C Ñ R are not solutions of (1.1). In [6, 7], the authors
require additional assumptions on f to prove that the critical point of I, found via
variational techniques, is indeed a weak solution of the problem. While in [2], in order
to weaken the hypotheses on f , a different strategy based on the truncation method is
proposed.

The techniques that we use in [3] to prove Theorem 1 are essentially in the spirit
of [2]. The scheme of the proof can be split into five steps.

STEP 1. We first obtain, in [3, Lemma 2.5], the following a priori estimate

}u}L8pBq ¤ K8 for all u P C that solve (1.1),

for some K8 ¡ 0 independent of u. Clearly, K8 ¥ u0, being u� u0 a solution of (1.1)
belonging to C .

STEP 2. This allows us to truncate the nonlinearity f , in order to deal with a
subcritical nonlinearity f̃ , and so in [3, Lemma 3.1], we prove that

For all ℓ P pp, p�q there exists f̃ PC1pr0,8qq satisfying ( f0)-( f3),

lim
sÑ8

f̃ psq
sℓ�1 � 1, and f̃ � f in r0,K8s.

We introduce the following auxiliary problem

(1.3)

$'&'%
�∆pu�up�1 � f̃ puq in B,

u¡ 0 in B,

Bνu� 0 on BB.

As a consequence of the previous two steps, it is immediate to see that
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In the cone C , the two problems (1.1) and (1.3) are equivalent.

STEP 3. Thanks to the subcriticality of f̃ , we can define the energy functional
associated to (1.3) in the whole of W 1,ppBq as follows

Ĩpuq :� 1
p

»
B
p|∇u|p�|u|pqdx�

»
B

F̃puqdx, where F̃puq :�
» u

0
f̃ psqds

for all u PW 1,ppBq. All critical points of Ĩ are weak solutions of (1.3).

REMARK 1. Since p¡ 2, Ĩ is of class C2, while if 1  p  2, the functional Ĩ is
only of class C1. This lack of regularity prevents either the use of second order Taylor
expansions as done in [2, 3] (see also Section 3 below) or the use of a generalized
Morse Lemma when looking for nonconstant solutions. Moreover, when 1   p   2,
Simon’s inequalites relating Ĩ1 and the pseudo-differential gradient are weaker than the
ones found for the case p¡ 2, this makes harder the construction of a descending flow
and consequently the proof of a deformation-type lemma.

STEP 4. We find a critical point u of Ĩ belonging to C via a mountain pass-type
argument. We localize the solution in such a way that, if we have n different positive
constants upiq0 verifying ( f3), we get “for free” also the multiplicity result stated in
Theorem 1.

STEP 5. We prove that the solution found in Step 4. is nonconstant, by using a
second order Taylor expansion of Ĩ.

In the next two sections we give some details about Steps 4. and 5., respectively.
While in the last section we sketch the proof of Theorem 2.

2. Step 4: A nonconstant solution of (1.1) belonging to C

Due to the subcriticality of f̃ , it is standard to prove the following compactness result
(cf. [3, Lemma 3.3]):

The functional Ĩ satisfies the Palais-Smale condition.
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The restricted cone C�

Let n P N be the number of positive con-
stants upiq0 satisfying ( f3). For every i �
1, . . . ,n, we set

upiq� :� sup
!

s P r0,upiq0 q : f̃ psq � sp�1
)

,

upiq� :� inf
!

s P pupiq0 ,8q : f̃ psq � sp�1
)

.

For every i, we further introduce the follow-
ing subset of C

C
piq
� :�

!
u P C : upiq� ¤ u¤ upiq�

)
which turns out to be itself a closed convex
cone of W 1,ppBq.

REMARKS.
 Thanks to ( f3), each upiq0 is an isolated zero of f̃ psq� sp�1, hence upiq� � upiq0 � upiq�
for every i� 1, . . . ,n.

 We observe that upnq� can be possibly �8. For instance, for the pure power function
f puq � uq�1 with q¡ p, it results n� 1, u� � 0, u0 � 1, u� ��8, and C � C�.
 All and only the zeros of f̃ psq� sp�1 are constant solutions of (1.3), and so of (1.1).
Hence, the only constant solutions of (1.1) belonging to C

piq
� are upiq� , upiq0 , and upiq� .

 If we prove the existence of a nonconstant solution u belonging to C
piq
� , we know at

once that upiq� ¤ u¤ upiq� and that upiq� � u� upiq� . This implies that nonconstant solutions
of (1.1) belonging to different C

piq
� ’s are different.

As a consequence of the last two remarks, we can see that the advantage of
working in C

piq
� instead of C is twofold. Firstly, it helps avoiding constant solutions:

it is enough to prove that the solution found is none of the three constant solutions in
C
piq
� . Secondly, the restricted cone C

piq
� allows us to localize our solution, so that the

multiplicity part of Theorem 1 follows immediately by the existence part.
Hereafter, we assume for simplicity n � 1 and we omit all the superscripts piq.

Clearly, if n¡ 1, it is possible to repeat the same arguments in each cone C
piq
� .

A deformation lemma

This is the most technical part of the proof. Since the space W 1,ppBq in which the
energy functional Ĩ is defined is bigger than the set C� in which we want to find a
minimax solution, we need a slightly different version of the deformation lemma.

LEMMA 1 (Lemma 3.8 of [3]). Let c P R be such that Ĩ1puq � 0 for all u P C�,
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with Ĩpuq � c. Then, there exist a positive constant ε̄ and a function η : C� Ñ C�
satisfying the following properties:

(i) η is continuous with respect to the topology of W 1,ppBq;
(ii) Ĩpηpuqq ¤ Ĩpuq for all u P C�;

(iii) Ĩpηpuqq ¤ c� ε̄ for all u P C� such that |Ĩpuq� c|   ε̄;

(iv) ηpuq � u for all u P C� such that |Ĩpuq� c| ¡ 2ε̄.

REMARKS.
 We stress here that we build a deformation η not only for regular values c of Ĩ (i.e.,
such that Ĩ1puq � 0 for all u PW 1,ppBq with Ĩpuq � c), but also for all c P R for which
Ĩ1puq � 0 for all u P C� with Ĩpuq � c.
 In this version of the deformation lemma, we need to prove that the η preserves the
cone C�. This is the most delicate point of the proof. It requires the existence of a
pseudo-gradient vector field K of Ĩ which is not only locally Lipschitz continuous, but
which satisfies also the following property

(2.1) K
�
C�ztcritical points of Ĩu�� C�.

Indeed, for every u P C�, the deformation ηpuq is built as the unique solution µpt,uq of
the Cauchy problem

(2.2)

$'&'%
d
dt µpt,upxqq � �Φpµpt,upxqqq pt,xq P p0,8q�B,

Bνµpt,upxqq � 0 pt,xq P p0,8q�BB,

µp0,upxqq � upxq x P B,

where Φpuq :�
#

χ1pĨpuqqχ2puq u�Kpuq
}u�Kpuq} if |Ĩpuq� c| ¤ 2ε̄,

0 otherwise,
χ1, χ2 cutoff

for t (fixed) sufficiently large (i.e., ηpuq :� µpt̄,uq). The existence of such operator
K and of its properties are proved in [3, Proposition 3.2 and Lemmas 3.4-3.7] (see
also [1] for the case of an open cone) and passes through the study of an auxiliary
operator T̃ related to the inverse of�∆pp�q�| � |p�2p�q. In particular, property (2.1) is a
consequence of the fact that T̃ pC�q � C�, that is proved –by hands– in [3, Lemma 3.4].
Finally, thanks to (2.1), the convexity, and the closedness of C�, we are able to prove
that ηpC�q � C�.
 Condition pivq is an immediate consequence of the fact that µ solves the Cauchy
problem (2.2). While, piiq and piiiq rely essentially on Simon-type inequalities, that is
to say relations between Ĩ1 and K, see [3, Proposition 3.2 and Lemmas 3.5-3.7].

A mountain pass-type geometry

LEMMA 2 (Lemma 3.9 and formula (44) of [3]). Let τ be a constant such that
0  τ mintu0�u�,u��u0u. Then there exists α¡ 0 such that
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(i) Ĩpuq ¥ Ĩpu�q�α for every u P C� with }u�u�}L8pBq � τ;

(ii) if u�  8, then Ĩpuq ¥ Ĩpu�q�α for every u P C� with }u�u�}L8pBq � τ.

Furthermore,

(iii) Ĩpt �1q Ñ �8 as t Ñ�8.

REMARKS.
 If u� � �8, then piq and piiiq are pretty much the classical conditions required for
the mountain pass geometry centered at u�.
 If u�  �8, then the roles played by u� and u� are interchangeable, hence we prove
that the points on the sphere BBτpu�q :� tu P C� : }u� u�}L8pBq � τu and those on
BBτpu�q :� tu P C� : }u� u�}L8pBq � τu satisfy the same condition with respect to
u� and to u�, respectively. In this case, since u0� u� ¡ τ and u�� u0 ¡ τ, then the
two closed balls Bτpu�q and Bτpu�q are disjoint. Therefore, suppose –to fix ideas– that
Ĩpu�q ¤ Ĩpu�q. By piiq, for all u P BBτpu�q it results Ĩpuq ¥ Ĩpu�q�α and there exists
u�, for which

}u��u�}L8pBq ¡ τ and Ĩpu�q ¤ Ĩpu�q.
 We remark that in piq and piiq it is possible to use the L8-norm instead of the W 1,p-
norm, because C�-functions are bounded by (1.2). In particular, the use of the L8-norm
allows us to simplify the constants.

Existence of a solution of (1.1) in C�

Let τ and α be the constants introduced in the previous subsection,

U� :�
!

u P C� : Ĩpuq   Ĩpu�q� α
2

, }u�u�}L8pBq   τ
)

,

U� :�

$''&''%
!

u P C� : Ĩpuq   Ĩpu�q� α
2

, }u�u�}L8pBq   τ
)
, if u�  8,

 
u P C� : Ĩpuq   Ĩpu�q, }u�u�}L8pBq ¡ τ

(
, if u� �8

the sets from/to which the admissible paths used to define the minimax level start/arrive,

Γ :� tγ PCpr0,1s;C�q : γp0q PU�, γp1q PU�u
the set of admissible paths, and

(2.3) c :� inf
γPΓ

max
tPr0,1s

Ĩpγptqq

the minimax level.
By combining together the compactness condition, the mountain pass-type ge-

ometry of Ĩ, and the deformation lemma presented above, we are able to prove the
following result.
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PROPOSITION 1 (Proposition 3.10 of [3]). The value c defined in (2.3) is finite
and there exists a critical point u P C�ztu�,u�u of Ĩ such that Ĩpuq � c and u ¡ 0. In
particular, u is a weak solution of (1.1).

REMARKS.
 We observe that, since every admissible path γ P Γ starts from Bτpu�q and arrives in
Bτpu�q, due to its continuity, it must cross the sphere BBτpu�q (and also BBτpu�q if
u�  �8). Then, by Lemma 2-piq (and also by piiq if u�  �8),

Ĩpu�q   c �8 (and also Ĩpu�q   c if u�  �8).

This immediately excludes the possibility that the solution u is the constant u� (or the
constant u� when this latter is finite).
 By the maximum principle [8, Theorem 5], u is positive.

3. Step 5: The solution found is nonconstant.

In this section we conclude the proof of Theorem 1. As already observed in Section 3,
the multiplicity part of the theorem follows easily when one works in the restricted cone
C�. Concerning the nonconstancy of the solution, we already know by Proposition 1
that the solution u P C�, at level c, is neither the constant u� nor the constant u�. It
remains to show that u� u0. In particular, we prove that c� Ĩpuq   Ĩpu0q.

By the very definition of c, it is enough to find an admissible path γ̄ such that

(3.1) max
tPr0,1s

Ĩpγ̄ptqq   Ĩpu0q.

We sketch below the construction of such curve γ̄ P Γ, see [3, Lemma 4.2] for more
details.
 It is easy to see that there exist two positive numbers t� and t� (t�   1   t�), such
that t�u0 PU� and t�u0 PU�.
 By ( f3), the function t P rt�, t�s ÞÑ Ĩptu0q has a unique strict maximum point at t � 1.
Hence,

Ĩptu0q   Ĩpu0q for all t P rt�, t�szt1u.
 Let v PW 1,p

rad pBqzt0u be nondecreasing and such that
³

B vdx� 0. For every t P rt�, t�s,
the function s P R ÞÑ Ĩptpu0� svqq is continuous. Therefore, by the previous step, we
get for s in a neighborhood of 0

Ĩptpu0� svqq   Ĩpu0q for all t P rt�, t�szr1� ε,1� εs,
where ε¡ 0 is a sufficiently small constant.
 In order to have the same inequality also for t close to 1, we use condition ( f3), the
C2-regularity of Ĩ and the Implicit Function Theorem, see [3, Lemma 4.1]. This allows
us to prove that u0 is not a local minimum of the Nehari-type set

N� :� tu P C� : Ĩ1puqrus � 0u.
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In particular, we prove that for all s P R there exists a unique t̄s ¡ 0 such that t̄spu0�
svq P N� and t̄s is the unique maximum point of the map t P r1� ε,1� εs ÞÑ Ĩptpu0�
svqq. Furthermore, by using a second order Taylor expansion of the energy functional
and ( f3), we obtain that for s in a neighborhood of 0

Ĩpt̄spu0� svqq� Ĩpu0q � s2

2

»
B
rpp�1qup�2

0 � f̃ 1pu0qsv2dx�ops2q   0.

Therefore, we get for s close to 0

Ĩptpu0� svqq ¤ Ĩpt̄spu0� svqq   Ĩpu0q for all t P r1� ε,1� εs.

 Clearly, for s̄¡ 0 small enough, t�pu0� s̄vq PU� and t�pu0� s̄vq PU�.
 By the convexity of C�, keeping in mind that U�, U� � C�,

tpu0� s̄vq P C� for every t P rt�, t�s.

 Hence, the curve γ̄ : t P r0,1s ÞÑ pp1� tqt�� tt�qpu0 � s̄vq P C� belongs to Γ and
satisfies (3.1).

4. Sketch of the proof of Theorem 2

We denote by uq P C the nonconstant solution of

(4.1)

$'&'%
�∆pu�up�1 � uq�1 in B,

u¡ 0 in B,

Bνu� 0 on BB

at minimax level cq and by Ĩq the energy functional associated to the corresponding
truncated problem. We describe below the main steps to prove Theorem 2, see for
reference [3, Theorem 1.3] and also [4].
 In [3, Lemma 5.5], we find an a priori bound on uq, uniform in q. Namely,

}uq}C1pBq ¤C, with C ¡ 0 independent of q¥ p�1.

Here we use the special form of f .
 This ensures the existence of a limit profile u8 for which

uq á u8 in W 1,ppBq and uq Ñ u8 in C0,µpBq@µ P p0,1q as qÑ8.

Furthermore, u8p1q � 1, see [3, Lemma 5.6].

REMARK 2. By integrating over B the first equation of problem (4.1), we get³
B up�1

q p1�uq�p
q qdx� 0. Since uq ¡ 0, uq � 1, and u1q ¥ 0, it results

uqp0q   1 and uqp1q ¡ 1 for all q¥ p�1.
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Heuristically, where uq ¤Const.  1 (i.e., near the center of the ball B), limqÑ8 uq�1
q �

0. So, it is natural to expect that u8 solves�∆pu�up�1 � 0 at least in a neighborhood
of the origin. On the other hand, in the region where uq ¥ 1 (i.e., in a neighborhood of
BB), the same limit is an indeterminate form. This is somehow responsible of the fact
that the boundary condition is not preserved in the limit. We further remark that, by
Hopf’s lemma, BνG¡ 0 on BB, hence the C0,µpBq-convergence is optimal.

 We introduce the quantity c8 :� inf
!

1
p}u}p

W 1,ppBq : u P C , u
��
BB � 1

)
and we show

that c8 � inf
!

1
p}u}p

W 1,ppBq : u PW 1,ppBq, u
��
BB � 1

)
. Furthermore, this infimum is

uniquely achieved at G (via the Direct Method of the Calculus of Variations), see [3,
Lemma 5.7].
 We show in [3, Lemma 5.8 and Theorem 1.3] that c8 � limqÑ8 cq. The proof relies
mainly on the fact that the minimax level cq in the cone coincides with a Nehari-type
level in the cone (also here we use the fact that f is a pure power function), cf. [3,
Lemma 5.4]. As a consequence, we get that c8 is attained at u8 and }uq}W 1,ppBq Ñ
}u8}W 1,ppBq.

 By uniqueness, u8�G a.e. in B. Finally, the weak convergence (uq áG in W 1,ppBq)
together with the convergence of the norms (}uq}W 1,ppBq Ñ }G}W 1,ppBq) guarantee that
uq Ñ G in W 1,ppBq, by the uniform convexity of the space.
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C. Sourdis*

ON THE UNIQUENESS OF SOLUTIONS TO A CLASS OF
SEMILINEAR ELLIPTIC EQUATIONS BY SERRIN’S

SWEEPING PRINCIPLE

Abstract. We present an alternative proof of the uniqueness of saddle-shaped solutions to
equations of Allen-Cahn type that vanish on the Simons cone, a property which was origi-
nally shown by X. Cabré in 2012. An interesting feature of our approach is that we combine
Serrin’s sweeping principle with the maximum principle in domains with small volume to
deal with the singularity at the vertex of the cone. Exploiting further this approach, we
revisit some other related uniqueness results. Moreover, we can establish new uniqueness
properties for positive solutions to a class of defocusing Gross-Pitaevskii equations.

1. Introduction

We consider the semilinear elliptic equation

(1.1) �∆u� f puq,
with f a reasonably smooth odd function such that

(1.2) f ¡ 0 in p0,1q, f p1q � 0.

The typical example is f puq � u� u3 which gives rise to the well known Allen-Cahn
equation from phase transition models. Entire solutions of such equations and their
connections to minimal surface theory have been the subject of intense investigations
over the last years (see [19]).

An important class of entire solutions for such Allen-Cahn type equations in
even dimensions R2m, m ¥ 1, are the saddle-shaped solutions that we briefly recall
(see [12, 13, 14] for more details). For x� px1, � � � ,x2mq PR2m, consider the two radial
variables:

s� �
x2

1��� �� x2
m
� 1

2 , t � �
x2

m�1��� �� x2
2m
� 1

2 .

A saddle-shaped solution of (1.1) is a solution u which depends only on s and t, satisfies
|u|   1, is positive in ts ¡ tu, and is odd with respect to ts � tu, i.e., upt,sq � �ups, tq
in R2m. In particular, every saddle-shaped solution vanishes on the Simons cone

(1.3) C � ts� tu � BO where O � ts¡ tu.
Existence of a saddle-shaped solution u PC2,αpR2mq for all 0   α   1 to (1.1)

was established by variational methods in [12], assuming that f PC1pRq and conditions

*This project has received funding from the European Union’s seventh framework research and innova-
tion programme under the Marie Skłodowska-Curie grant agreement No 609402-2020 researchers: Train to
Move (T2M).
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for f in the interval p0,1q that are even more general than (1.2). If in addition f P
C2,αpRq for some 0  α  1, and

(1.4) f 2   0 in p0,1q,
uniqueness of a saddle-shaped solution was established in [14]. This was accomplished
by proving that a maximum principle holds in O � ts ¡ tu for the linearized operator
at every saddle-shaped solution, and by combining this with the common asymptotic
behaviour of all saddle-shaped solutions at infinity which was established in [13] (see
(1.5) below for more details). Interestingly enough, a key ingredient for showing this
maximum principle in O, which was also used for showing various important qual-
itative properties of the solution, was a maximum principle in the ”narrow" domain
tt   s  t� εu with ε¡ 0 small. The aforementioned asymptotic behaviour at infinity
of saddle-shaped solutions is the following: Denoting

Upxq � u0

�
s� t?

2



for x P R2m

�
|s� t| �

?
2distpx,BOq

	
,

where u0 is uniquely determined by the one-dimensional problem

�u20 � f pu0q, z P R; u0p0q � 0, u0p�8q � �1,

it holds

(1.5) pu�Uqpxq Ñ 0 and p∇u�∇Uqpxq Ñ 0 uniformly as |x| Ñ8.

Under slightly weaker regularity conditions, this uniqueness result was shown
much earlier if m � 1 in [18]. Roughly, this was achieved by considering the quotient
of two saddle-shaped solutions and showing that it is equal to one using integrations
by part. Remarkably, still on the plane, the same uniqueness property was established
without assuming the concavity assumption (1.4) away from u� 1 in [24] by the sliding
method (see also [6]). As was observed in [14], the aforementioned techniques for
m� 1 do not apply, at least directly, to the case m¥ 2.

In this short note we will provide an alternative proof of the aforementioned
uniqueness result of [14]. Our strategy will be to adapt Serrin’s sweeping princi-
ple [35], that has already been used successfully since the early seventies to show
uniqueness of positive solutions for the corresponding problem with Dirichlet bound-
ary conditions in bounded and smooth domains (see for example [37, pg. 40-41]). The
unboundedness feature of the cone will be taken care of by the common asymptotic be-
haviour (1.5) of saddle-shaped solutions at infinity. On the other hand, to deal with the
singularity at its vertex we will apply in small balls around it the maximum principle for
domains with small volume, see [5] (see also [17], the review [11] and the references
therein). In the aforementioned reference, this type of maximum principle was incorpo-
rated in the method of moving planes to allow for non-smooth domains, where Hopf’s
boundary point lemma that was used in the original approach of [22] does not apply in
general. Actually, as is explained in [36], the method of moving planes can be put in
the general framework of Serrin’s sweeping principle. It is therefore natural to adopt
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the point of view of [5] to extend the method for showing uniqueness by the sweeping
principle to the case of non-smooth domains. In fact, using this approach, we can also
give an alternative proof of the maximum principle of [14] for the associated linearized
operator at the saddle-shaped solution. All of this will be carried out in Section 2. We
will exploit further this approach in Section 3 to revisit a classical uniqueness result
for positive solutions to (1.1) in bounded domains with Dirichlet boundary conditions,
without any smoothness assumption on the boundary. Moreover, we will consider the
uniqueness of positive solutions to a class of Gross-Pitaevskii equations in the whole
space.

2. The main result

Our main result is the following, which clearly implies the aforementioned uniqueness
result for saddle-shaped solutions.

THEOREM 1. Suppose that f is locally Lipschitz continuous on r0,8q, f ¡ 0
in p0,1q, f p1q � 0, and

(2.1)
f puq

u
is nonincreasing in p0,8q.

Then, problem (1.1) has at most one positive solution u P C2pOqXCpŌq with u   1,
which vanishes on BO, where the latter domain is as in (1.3).

Proof. We begin by obtaining some rough estimates for such solutions near BO and at
infinity. Under our assumptions on f , it is well known that there exists a large radius R
such that the radial problem

�∆u� f puq in BR; u� 0 on BBR,

has a unique positive solution uR, which is radial and decreasing in r � |x| (see for
instance [15] for the existence part, and the references in Subsection 3.1 herein for the
uniqueness). Actually, the main property that we will use is that by Hopf’s boundary
point lemma we have BruR   0 at r � R (recall that f p0q ¥ 0). Now let u be a solution
as in the assertion of the theorem and let BRpyq be any ball of radius R that is contained
in the closure of O (possibly touching BO). Using Serrin’s sweeping principle (we will
demonstrate this later in more generality), it follows that

(2.2) upxq ¡ uRpx� yq, x P BRpyq.
In fact, since the sum of the squares of the principal curvatures of the cone tends to
zero at infinity, each point on BO sufficiently far from the origin can be touched by a
ball BRpyq � Ō. Hence, u satisfies

(2.3) upxq Ñ 1 as distpx,BOq Ñ8
and

(2.4) upxq ¥ cdistpx,BOq if distpx,BOq ¤ 1 as |x| Ñ8,
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for some c¡ 0. Note that the above two relations hold uniformly for all such solutions
u. On the other hand, the following estimate which follows directly from the above
relation and Hopf’s boundary point lemma depends on each solution u: Given any
δ¡ 0 small, there exist numbers cδ ¡ 0, rδ ¡ 0 such that

(2.5) upxq ¥ cδdistpx,BOq if distpx,BOq ¤ rδ and x P OzpBδXOq,
where Bδ � Bδp0q. On the other side, since by standard elliptic regularity estimates all
such solutions are uniformly bounded in C1 away from the vertex, we get the following
crude upper bound:

(2.6) upxq ¤Cδdistpx,BOq if x P OzpBδXOq,
for some Cδ ¡ 0.

We can now proceed to the main part of the proof. Let u,v be two solutions as
in the assertion of the theorem. We claim that

(2.7) λu¡ v in O,

provided that λ ¡ 1 is sufficiently large. In light of (2.3), (2.4), (2.5) and (2.6), given
δ¡ 0, we deduce that there exists λδ " 1 such that

λδu¡ v in OzpBδXOq .
We will show next that the above relation remains true in BδXO, provided that δ ¡ 0
is chosen sufficiently small. To this aim, let us suppose to the contrary that λδu�
v is negative somewhere in Bδ XO. Then, in each connected component of the set
tx P BδXO : λδu  v u the function v� λδu is a positive lower solution to a linear
equation of the form

(2.8) ∆φ�qpxqφ� 0 with |q| bounded uniformly in δ,

and vanishes on the boundary (the bound for }q}L8 can be chosen to be the Lipschitz
constant of f on r0,1s). By choosing δ¡ 0 sufficiently small (from now on fixed), we
find that this is impossible by the maximum principle for domains with small volume
(see [5, 11, 17]).

We will show next that property (2.7) holds for all λ ¡ 1. For this purpose, we
define

λ� � inftµ¡ 1 : property p2.7q holds for λ P pµ,8qu ,
and we will show that λ� � 1 (we know that 1 ¤ λ� ¤ λδ). Let us suppose to the
contrary that

λ� ¡ 1.

Firstly, since λ�u is an upper solution to (1.1) and v is a solution, we deduce by
the strong maximum principle that λ�u� v¡ 0 in O. From (1.5) we obtain for x P BO:

lim
|x|Ñ8

|∇pλ�u� vq| � pλ��1qu10p0q ¡ 0.
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We point out that the proof of (1.5) in [13] does not require the solutions to be doubly
radial in s, t. Pushing further the validity of the above estimate with the help of Hopf’s
boundary point lemma, we obtain that

|∇pλ�u� vq| ¡ c1 on BOXBc
δ,

for some c1 ¡ 0. In turn, since u,v are bounded in C1,α for all α P p0,1q away from the
origin, we get

λ�u� v¥ c2distpx,BOq in tt   s  t�duXBc
δ

for some c2,d ¡ 0 (at this point we used again that the cone becomes flat at infinity).
Then, thanks to (2.6), we must have that

(2.9) λu� v¡ 0 in tt   s  t�duXBc
δ for λ P rλ�� ε,λ�s

for some small ε¡ 0.
By the definition of λ� and the above relation, there should be

λn   λ� with λn Ñ λ� and xn P ts¡ t�duYpBδXOq
such that

(2.10) pλnu� vqpxnq   0.

We claim that

(2.11) xn P BδXO for large n.

Indeed, if not, by virtue of (2.3), passing to a subsequence if needed, we may assume
that distpxn,BOq Ñ d1 with d1 P

�
d?
2
,8

	
, and that |xn| Ñ 8 (by the strong maximum

principle for λ�u� v). Then, we infer from (1.5) that

pλnu� vqpxnq Ñ pλ��1qu0pd1q ¡ 0,

which contradicts (2.10). Therefore, relation (2.11) holds. However, this is impossible
by (2.9) and the maximum principle for domains with small volume as before (applied
to v�λnu).

Consequently, it holds λ� � 1 which implies that v ¤ u in O. Analogously we
have that u¤ v in O, which completes the proof of the theorem.

REMARK 1. It is easy to check from the proof of (1.5) in [13] and that of the
above theorem that the assertion of the latter continues to hold if BO is a cone which is
smooth away from its vertex and has zero mean curvature.

REMARK 2. The behaviour near the origin of all saddle-shaped solutions to
(1.1), with f as in (1.2), to leading order should be that of a harmonic function that
vanishes on C and is positive in O. Clearly, the function s2 � t2 is such a harmonic
function. Moreover, by a result of [2] all such harmonic functions behave in the same
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way near the origin. Therefore, all saddle-shaped solutions should behave as a positive
multiple of s2� t2 near the origin. If so, as is indeed the case when m� 1 (see [24, Sec.
4]), then the use of the maximum principle in domains with small volume in the above
theorem may be avoided (at least for the proof of (2.7)) for showing the uniqueness of
a saddle-shaped solution.

Analogously, we can also prove the maximum principle of [14] for the lin-
earized operator at the saddle-shaped solution.

PROPOSITION 1. Under the assumptions of Theorem 1 with f P C1, let Ω �
O � ts¡ tu be an open set and c PCpΩq with c¤ 0 in Ω. Then, the maximum principle
holds in Ω for the linear operator

M � ∆� �
f 1pupxqq� cpxq� I.

That is, if φ PC2pΩqXCpΩ̄q satisfies

(2.12) Mpφq ¥ 0 in Ω, φ¤ 0 on BΩ and limsup
|x|Ñ8, xPΩ

φpxq ¤ 0,

then φ¤ 0 in Ω.

Proof. We will show that φ� �maxtφ,0u is identically equal to zero. Note that φ� is
a nonnegative weak lower solution of M � 0 in O with c extended as zero in OzΩ (see
[4]). More precisely, it holds

Mpφ�q ¥ 0 weakly in O, φ� � 0 on BO and lim
|x|Ñ8, xPO

φ�pxq � 0.

We will show that φ� � 0 by sweeping from above with the family of positive upper
solutions tλu, λ¡ 0u. In view of the proof of Theorem 1, the only point to pay attention
to is on the behaviour of φ� on BO far away from the origin, as it could be that φ�
crosses it with a non-zero slope there. Fortunately, this is not the case because it holds

(2.13)
φ�pxq

distpx,BOq Ñ 0 as |x| Ñ8, x P O,

as we will show in the remaining part of the proof.
Let x0 P BO be far away from the origin. We consider the unique solution ψ of

the problem:

�∆ψ� f 1 pupxqqφ� in B2px0qXO; ψ� φ� on BB2px0qYBO.

Since φ� is a weak lower solution to the above problem (because pM� cIqφ� ¥ 0
weakly), we deduce by the maximum principle in the weak setting (see [39]) that

(2.14) 0¤ φ� ¤ ψ on B2px0qXO.



Uniqueness of solutions to a class of semilinear elliptic equations 129

On the other side, since φ� Ñ 0 uniformly on B2px0qXO as |x0| Ñ 8, by standard
elliptic regularity estimates, we infer that

Bψ
Bν

Ñ 0 on B1px0qXBO uniformly as |x0| Ñ8,

where ν denotes the outer unit normal to BO (this works because the curvatures of BO
do not blow-up at infinity, see [23, Ch. 3]). Consequently, the desired relation (2.13)
follows at once from (2.14) and the above relation. The proof of the proposition is
complete.

REMARK 3. Besides for the purpose of showing uniqueness of a saddle-shaped
solution, the above proposition was applied in [14] to the equations satisfied by us,ut ,ust
and others for establishing various monotonicity and convexity properties of the saddle-
shaped solution. In those cases, the coefficient c satisfied cpxqÑ�8 as xÑ 0. There-
fore, the assertion of Proposition 1 in these cases can be shown by using the usual
maximum principle near the vertex of the cone instead of that for domains with small
volume.

3. Related results

3.1. Uniqueness of positive solutions for (1.1) in bounded domains

The following theorem is well known when the domain is smooth, as in that case
Hopf’s boundary point lemma applies and the sweeping argument goes through in the
standard way (see [33, 37]). Actually, still in a smooth domain, this result can be traced
back to Krasnoselskii [30] from the early sixties. Since then, there have been several
different proofs and extensions (see for instance [3, 9, 10, 26]). To the best of our
knowledge, the strongest result is contained in [28], where Theorem 2 is proven with-
out even assuming that f is locally Lipschitz, thus covering the model sub-linear non-
linearity f puq � up with 0   p   1 (strict monotonicity in (2.1) is assumed however).
The proof in [28] is rather involved and proceeds by establishing a weak comparison
principle for (1.1), making use of Green’s formula and Sard’s theorem with the help of a
mollifier. On the other hand, at the sole expense of assuming that f is locally Lipschitz
continuous, we can give a simple direct proof analogously to Theorem 1. Furthermore,
we can show that the maximum principle holds for the associated linearized operator.

THEOREM 2. Assume that Ω�Rn, n¥ 1, is a bounded domain with continuous
boundary. Then, problem (1.1) admits at most one positive solution u PC2pΩqXCpΩ̄q
with Dirichlet boundary conditions on BΩ, provided that f satisfies the assumptions of
Theorem 1. Moreover, the analogous assertion of Proposition 1 holds if f is C1.

Proof. The proof of this result is completely analogous to those of Theorem 1 and
Proposition 1, but simpler since we do not have to worry about things at infinity. There-
fore, we just indicate the main difference which is the following. Letting u,v be two
solutions as in the assertion of the theorem, we now take a domain D � Ω so that the
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set Ω̄zD� BΩ has sufficiently small volume for the maximum principle to apply to the
linear equation corresponding to (2.8) in subdomains of ΩzD̄ where the function |q| is
bounded by the Lipschitz constant of f on

�
0,max

 }u}L8pΩq,}v}L8pΩq
(�

.

REMARK 4. The uniqueness proof in the aforementioned reference [28] makes
use at some points of the fact that the Laplacian is self-adjoint. On the other hand,
our approach works equally well if we replace �∆ in (1.1) by a general second order
elliptic operator.

3.2. Uniqueness of positive solutions to the Gross-Pitaevskii equation

A Bose-Einstein condensate is described by a ground state which is a positive solution
of

(3.1)

$&% �∆u�V pxqu�gu3 � 0, x P Rn, n¥ 1,

uÑ 0 as |x| Ñ8,

where V is a smooth trapping potential such that

(3.2) liminf
|x|Ñ8

V pxq � �8,

and g ¡ 0 is a constant (see [27] and the references therein for more details). It was
shown in the aforementioned reference that, under the above assumptions, problem
(3.1) admits at most one positive solution. The proof was based on the approach in
[10]. More precisely, they considered the quotient of two solutions and showed that it
is equal to one. However, as it was not clear how such a quotient behaves at infinity,
they also had to multiply the equation satisfied by the quotient by some cutoff function
and argue in the spirit of a well known Liouville type theorem of [7] (they showed this
for n � 2 but it is easy to check that their arguments carry over to arbitrary dimen-
sions because u,v decay exponentially fast at infinity). A simple proof can be given
in analogy to Theorem 2, by taking a large ball such that the maximum principle for
the corresponding linear problem (2.8) applies outside of it. More generally, using this
approach we can show the following result.

THEOREM 3. If V,G P CpRnq, n ¥ 1, and G ¥ 0 is non-trivial, the following
problem

(3.3)

$&% �∆u�V pxqu�Gpxqu3 � 0, x P Rn,

uÑ 0 as |x| Ñ8,

has at most one positive solution u PC2pRnq such that

3Gu2�V ¥ 0

for sufficiently large |x|. Moreover, if such a solution u exists, the associated linearized
operator

M ��∆�p3Gu2�V qI
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satisfies the maximum principle (2.12) in any domain Ω� Rn.

REMARK 5. Establishing the above theorem using Serrin’s sweeping principle
in the ”traditional" way would require knowledge of the sharp decay rate of positive
solutions to (3.3). In fact, this property plays the role of Hopf’s lemma in the case of
domains with nonempty boundary (recall the proof of Theorem 1 and the references
preceding Theorem 2). However, to the best of our knowledge, this information is
only available in the case of (3.1) for V radial and diverging at infinity as some power
of |x|. This was shown recently in [9] (in the context of coupled Gross-Pitaevskii
systems) based on a useful result of [32] for the decay of solutions of a class of linear
Schrödinger equations.

REMARK 6. Problem (3.3) with V � 1 and G¡ 0 such that GpxqÑ8 as |x| Ñ
8 has been studied from the existence point of view in the recent paper [31] when the
diffusion is small (i.e. when there is a small positive parameter in front of the Laplacian
conveying a singular perturbation).

REMARK 7. It follows from the proof of [21, Prop. 1.1] that the differential
equation in (3.1) with V radial and continuous admits at most one radial positive solu-
tion in L2pRnq.

REMARK 8. We observed in [29] that problem (3.1) in even dimensions with a
smooth radial potential V satisfying (3.2), in the small diffusion regime mentioned in
Remark 6, admits saddle-shaped solutions that vanish on the Simons cone. By combin-
ing ingredients from the proofs of Theorems 1, 2 we can now deduce their uniqueness
(and also of the validity of the analogous maximum principle of Proposition 1).

REMARK 9. Similarly to Theorem 3, one can give a simple proof of the unique-
ness of a positive solution to the following problem:

(3.4) �u2� xu�u3�α� 0, x P R; |x|� 1
2 uÑ 1 as xÑ�8, uÑ 0 as xÑ�8,

where α ¤ 0. When α � 0, it is well known that the above problem (3.4) is solved
uniquely by the so called the Hastings-McLeod solution [25] (note that the ODE in that
case is non other than the second Painlevé transendent). On the other hand, when α  0
the above problem came up in the recent paper [16] where, in particular, existence of a
positive solution is proven.

REMARK 10. The following boundary value problem in the half-line

(3.5) u2� n�1
r

u1� k
r2 u�u�u3 � 0; up0q � 0, up8q � 1,

for some k ¡ 0 (note that the first two terms make the radial Laplacian in Rn), arises
in the study of vortices to the Ginzburg-Landau system (see [8, 20]). The uniqueness
of a positive solution u PC2p0,8qXCr0,8q to the above problem is contained in the
aforementioned references and proceeds along the lines of [10] once the behaviour of
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solutions near r � 0 is understood (it can be shown that uprq � arb near r � 0 for
some a,b ¡ 0 depending on k). On the other hand, using Serrin’s sweeping principle
as before, the uniqueness of a positive solution follows without worrying about the
behaviour at the origin. Indeed, the third term blows-up at the origin with the correct
sign so that the maximum principle holds for the corresponding linear equation to (2.8)
in a small interval p0,δq. We can similarly show that the associated linearized operator
of (3.6) satisfies the maximum principle in any interval.

Similar comments apply to the ODE problem arising in the study of ”trapped"
vortices in BECs:

(3.6) u2� n�1
r

u1�V prqu� k
r2 u�u3 � 0; up0q � 0, up8q � 0,

(see [34, 38] and the references therein; recall also the preamble to our Theorem 3). A
uniqueness result for this problem, following the result of [21] discussed in Remark 7,
can be found in [1].
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NONLOCAL PHASE TRANSITIONS:
RIGIDITY RESULTS AND ANISOTROPIC GEOMETRY

Abstract. We provide a series of rigidity results for a nonlocal phase transition equation.
The prototype equation that we consider is of the form

p�∆qs{2u� u�u3,

with s P p0,1q. More generally, we can take into account equations like

Lu� f puq,

where f is a bistable nonlinearity and L is an integro-differential operator, possibly of anisotropic
type.

The results that we obtain are an improvement of flatness theorem and a series of theo-
rems concerning the one-dimensional symmetry for monotone and minimal solutions, in the
research line dictated by a classical conjecture of E. De Giorgi in [10].

Here, we collect a series of pivotal results, of geometric type, which are exploited in the
proofs of the main results in [12].

1. Introduction and main results

In phase coexistence models, a classical question, which was posed in [10], is whether
or not “typical solutions possess one-dimensional symmetry. In the models driven by
semilinear partial differential equations, this type of problems has a long history, see
e.g. [17, 2, 1, 18, 9] and the references therein. Related problems arise in the theory of
quasilinear equations, see e.g. [8, 13, 15], and find applications in dynamical systems,
see [16]. We refer to [14] for a review on this topic.

Recently, similar questions have been posed for a phase transition model in
which the long-range particle interaction is described by a nonlocal operator of frac-
tional type, see [6, 21, 5, 3, 4]. Similar models describe also the atom dislocation in
some crystals, see e.g. Section 2 in [11], and some phenomena in mathematical biol-
ogy, see e.g. [7]. The goal of this paper is to present a series of rigidity and symmetry
results for semilinear problems driven by nonlocal operators. The results are so general
that they can be applied also in a non-isotropic medium (but, as far as we know, they
are also new in the isotropic case).

More precisely, we consider a nonlocal Allen-Cahn equation of the type

Lu� f puq in Rn,

where L is an operator of the form

Lupxq :�
»

Rn

�
upxq�upx� yq�µ

�
y{|y|�
|y|n�s dy, x P Rn,

135
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with s P p0,1q. The typical example of operator comprised by our setting is the frac-
tional Laplacian (in this case L :� p�∆qs{2). The basic nonlinearity f that we take into
account is when f is “bistable”, i.e. it is minus the derivative of a double-well potential
(e.g., f puq � u� u3). We assume that the measure µ (which is often called in jargon
the “spectral measure”) satisfies

µpzq � µp�zq and λ¤ µpzq ¤ Λ for all z P Sn�1,

for some Λ¥ λ¡ 0. Given a bounded ψ PC2pRq we define

(1.1) Aψpzq :�
» �8

�8

ψpzq�ψpz�ζq
|ζ|1�s dζ, z P R.

Roughly speaking, the operator A plays a role of the one-dimensional fractional Lapla-
cian. In order to take into account the possible anisotropy of the operator L, we need to
scale A appropriately in any fixed direction. To this aim, for ψ as above, ω P Sn�1, and
h¡ 0 we define, for x P Rn,

ψ̄ω,h pxq :� ψ
�

ω � x
h

	
.

We set hLpωq :� h where h¡ 0 satisfies

Lψ̄ω,hpxq � Aψ
�

ω � x
h

	
for all ψ PC2pRqXL8pRq.

We also define

(1.2) C � CL :�
£

ωPSn�1

 
x P Rn : x �ω¤ hLpωq

(
and assume that

BCL is C1,1 and strictly convex.

More quantitatively, we assume that there exist ρ1 ¡ ρ¡ 0 such that

(H1) the curvatures of BCL are bounded above by
1
ρ

and below by
1
ρ1

.

Concerning the nonlinearity f , we assume that f P C1
�r�1,1s� and, for some κ ¡ 0

and cκ ¡ 0,

(H2) f p�1q � f p1q � 0 and f 1ptq   �cκ for t P r�1,�1�κsY r1�κ,1s.
Moreover, recalling the setting in (1.1), we assume that

(H3) there exists ϕ0 satisfying

$''''&''''%
Aϕ0 � f pϕ0q in R,

ϕ10 ¡ 0 in R,

ϕ0p0q � 0,

lim
xÑ�8ϕ0 ��1.

The main result obtained in [12] is the following improvement of flatness:
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THEOREM 1. Assume that L satisfies (H1) and that f satisfies (H2) and (H3).
Then there exist universal constants α0 P p0,s{2q, p0 P p2,8q and a0 P p0,1{4q such
that the following statement holds.

Let a P p0,a0q and ε P p0,ap0q. Let u : Rn Ñ p�1,1q be a solution of

Lu� ε�s f puq in B ja ,

with

ja :�
Z

loga
logp2�α0q

^
.

Assume that 0 P t�1�κ¤ u¤ 1�κu and that

tω j �x¤�a2 jp1�α0qu � tu¤�1�κu � tu¤ 1�κu � tω j �x¤ a2 jp1�α0qu in B2 j ,

for any j � t0,1,2, . . . , jau and for some ω j P Sn�1.
Then,!

ω � x¤� a
21�α0

)
� tu¤�1�κu � tu¤ 1�κu �

!
ω � x¤ a

21�α0

)
in B1{2,

for some ω P Sn�1.

Theorem 1 says that if the level sets of the solution are C1,α0-flat from infinity
up to B1, then they are also C1,α0 -flat up to B1{2, and so one can dilate the picture once
again and repeat the argument at any small scale towards the origin (as a matter of fact,
suitable scaled iterations of Theorem 1 are given in Corollaries 7.1 and 7.2 of [12]).
An important consequence of Theorem 1 is related to the one-dimensional symmetry
properties of the solutions. For this, we say that a function u : Rn Ñ R is 1D if there
exist ū : RÑ R and ω̄ P Sn�1 such that upxq � ūpω̄ � xq for any x P Rn.

Then, we have the following consequences of Theorem 1:

THEOREM 2 (One-dimensional symmetry for asymptotically flat solutions).
Assume that L satisfies (H1) and that f satisfies (H2) and (H3).

Let u be a solution of Lu� f puq in Rn.
Assume that there exists a : p1,8qÑ p0,1s such that apRq× 0 as RÕ�8 and

such that, for all R¡ 1, we have that

tω � x¤�apRqRu � tu¤�1�κu � tu¤ 1�κu � tω � x¤ apRqRu in BR,

for some ω P Sn�1, which may depend on R. Then, u is 1D.

We stress that all these results, as far as we know, are new even for the equation
p�∆qs{2u� u�u3, with s P p0,1q, which is a particular case of our setting.

As a matter of fact, we can consider the concrete case of minimal solutions of
the nonlocal Allen-Cahn equation p�∆qs{2u � u� u3, with s P p0,1q. We remark that
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the energy functional related to such equation is

Epu,Ωq :� EDirpu,Ωq�
»

Ω
p1�u2pxqq2 dx,

where

(1.3) EDirpu,Ωq :�Cn,s

x
R2nzpRnzΩq2

|upxq�upyq|2
|x� y|n�s dxdy,

for a suitable normalization constant Cn,s ¡ 0. In this setting, we say that a solution u
of p�∆qs{2u� u�u3 is a minimizer of E in Rn if

Epu,Bq ¤ Epu�φ,Bq,
for any ball B�Rn and any φ PC8

0 pBq. In this setting, the following results hold true:

THEOREM 3 (One-dimensional symmetry in the plane). Let u be a minimizer
of E in R2. Then, u is 1D.

THEOREM 4 (One-dimensional symmetry for monotone solutions in R3). Let n¤
3 and u be a solution of p�∆qs{2u� u�u3 in Rn.

Suppose that

Bu
Bxn

pxq ¡ 0 for any x P Rn and lim
xnÑ�8upx1,xnq � �1.

Then, u is 1D.

THEOREM 5 (One-dimensional symmetry when s is close to 1). Let n ¤ 7.
Then, there exists ηn P p0,1q such that for any s P r1�ηn, 1q the following statement
holds true.

Let u be a minimizer of E in Rn. Then, u is 1D.

THEOREM 6 (One-dimensional symmetry for monotone solutions in R8 when s
is close to 1). Let n¤ 8. Then, there exists ηn P p0,1q such that for any s P r1�ηn, 1q
the following statement holds true.

Let u be a solution of p�∆qs{2u� u�u3 in Rn.
Suppose that

Bu
Bxn

pxq ¡ 0 for any x P Rn and lim
xnÑ�8upx1,xnq � �1.

Then, u is 1D.

The full proofs of the results mentioned above are given in [12]. Here, we
present the details of a series of pivotal results of geometric type that will be exploited
in [12].
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Related results on symmetry problems with possible applications to nonlocal
phase transitions have been recently announced in [19] and obtained in [20] (we stress
that the range of fractional parameter dealt with in [19, 20] is complementary to the
one of this paper and [12]).

2. Some useful facts on the distance function

We collect here some ancillary results of elementary nature from the theory of convex
sets and anisotropic distance functions. For the convenience of the reader, we give full
details of the results we need, that are stated in a convenient form for their use in the
forthcoming paper [12].

For this, we consider a continuous and degree 1 positively homogeneous func-
tion h : Rn Ñ r0,�8q and the convex set in (1.2). We assume that the boundary of C
is of class C1. The set C in our setting plays the role of an anisotropic ball, and so, for
any r ¡ 0, we set

(2.1) Crpyq :� y� rC .

This anisotropic ball induces naturally a norm, defined, for any p PRn, by the following
formula:

(2.2) }p}C :� 1
suptτ¡ 0 s.t. τp P Cu .

We observe that, in view of (1.2), (2.1), and (2.2), for any R¡ 0 and z0 P Rn,

(2.3) CRpz0q �
 

x P Rn s.t. }x� z0}C ¤ R
(
.

Also, we have the following elementary inequality of Cauchy-Schwarz type:

LEMMA 1. For any x, y P Rn, we have that x � y¤ hpyq}x}C .

Proof. If either x � 0 or y � 0 we are done, so we can suppose that y � 0 and x � 0.
We set ω :� y

|y| P Sn�1 and η :� x
}x}C

. Then η P C , thus by (1.2)

x
}x}C

� y� η �ω |y| ¤ hpωq |y| � h
�

y
|y|



|y| � hpyq,

which gives the desired result.

Now we show that, in the terminology of convex geometry, the function h is the
“support function” of the convex body C .

LEMMA 2. For any ω P Sn�1,

(2.4) hpωq � sup
xPC

x �ω.
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Proof. From (1.2), we have that, for any x P C and any ω P Sn�1, x �ω¤ hpωq, and so

(2.5) sup
xPC

x �ω¤ hpωq,

for any ω P Sn�1. In particular, this implies that C is bounded in any direction. There-
fore, to check the opposite inequality to the one in (2.5), and thus to complete the proof
of the desired result, we can fix ω P Sn�1 and slide a hyperplane with normal direction
ω till it touches C at some point P P BC . That is, we have that for any x P C it holds
that ω � px�Pq ¤ 0 and so

(2.6) sup
xPC

ω � x� ω �P.

Also, since P P BC , we deduce from (1.2) that there exists ϖ P Sn�1 for which

(2.7) ϖ �P� hpϖq.

Notice that tϖ � px�Pq � 0u is a supporting hyperplane for C , since, for any x P C ,

ϖ � px�Pq � ϖ � x�hpϖq ¤ 0,

thanks to (1.2).
Since BC has been assumed to be a C1 manifold, the two supporting hyperplanes

at P, namely tω � px�Pq � 0u and tϖ � px�Pq � 0u, must coincide, and so ω� ϖ.
As a consequence of this, recalling (2.6) and (2.7), we obtain that

sup
xPC

ω � x� ω �P� ϖ �P� hpϖq � hpωq,

as desired.

As a counterpart of Lemma 1, we also have

LEMMA 3. Let z0 P Rn, R ¡ 0 and z P BCRpz0q. Let ω0 P Sn�1 be the inner
normal of BCRpz0q at the point z. Then

ω0 � pz0� zq � Rhpω0q.

Proof. Let

ζ :� z� z0

R
and notice that we know that

(2.8) ζ P BC .

Also, since CRpz0q is convex, we know that CRpz0q � tx P Rn s.t. ω0 � px� zq ¥ 0u and
so

C � ty P Rn s.t. ω0 � py�ζq ¥ 0u.
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Hence, by (2.4),
hpω0q � hp�ω0q � sup

yPC
p�y �ω0q ¤ �ζ �ω0.

On the other hand, by Lemma 1,

�ζ �ω0 ¤ hpω0q}�ζ}C � hpω0q,

and so

hpω0q � �ζ �ω0 � pz0� zq �ω0

R
,

as desired.

Given a nonempty, closed and convex set K � Rn, we define the anisotropic
signed distance function from K as

dKpxq :� inf
 
ℓpxq : ℓpxq � ω � x� c, hpωq � 1,

c P R and ℓ¥ 0 in all of K
(
.

(2.9)

Notice that dK is a concave function, since it is the infimum of affine functions. Also,
we have that dK is a Lipschitz function, with Lipschitz constant 1 with respect to the
anisotropic norm, as stated in the following result:

LEMMA 4. For any p, q P Rn,

|dKppq�dKpqq| ¤ }p�q}C .

Proof. Up to exchanging p and q, we suppose that dKppq ¥ dKpqq. Fixed δ ¡ 0, we
let ℓδpxq � ωδ � x� cδ be such that hpωδq � 1, cδ P R, ℓδpxq ¥ 0 for any x P K, and
with dKpqq ¥ ℓδpqq�δ. Then, we have that dKppq ¤ ℓδppq and so, by Lemma 1,

|dKppq�dKpqq| � dKppq�dKpqq ¤ ℓδppq� ℓδpqq�δ
� ωδ � pp�qq�δ¤ hpωδq}p�q}C �δ� }p�q}C �δ.

Hence, taking δ arbitrarily close to 0 we obtain the desired result.

It is also useful to observe that the infimum in (2.9) is attained, namely:

LEMMA 5. For any p PRn there exists an affine function ℓp, of the form ℓppxq �
ωp � x� cp, with hpωpq � 1, cp P R, such that ℓp ¥ 0 in K and dKppq � ℓpppq.

Moreover, if t0 P R and z0 P tdK ¡ t0u are such that p P BCRpz0qX tdK � t0u,
with CRpz0q � tdK ¥ t0u, and ω0 is the interior normal of CRpz0q at p, we have that

ωp � ω0

hpω0q(2.10)

and cp � t0� ω0

hpω0q � p.(2.11)
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Proof. The existence of the optimal affine function ℓp follows from the direct methods
of the calculus of variations, so we focus on the proof of the second claim. We have
that, for any x P CRpz0q,

ωp � p� cp � dKppq � t0 ¤ dKpxq ¤ ωp � x� cp,

that is
min

xPCRpz0q
ωp � x� ωp � p.

Hence, by Lagrange multipliers, the gradient of the map ωp � x is parallel to (and in the
same direction of) ω0, that is

(2.12) ωp � cω0,

for some c¥ 0. Hence, since h is homogeneous,

1� hpωpq � chpω0q.

This gives that c� 1
hpω0q , which, combined with (2.12), proves (2.10). Then, we write

t0 � dKppq � ωp � p� cp and we obtain (2.11).

In case of tangent anisotropic spheres to level sets of the anisotropic distance
function, a useful comparison occurs with respect to Euclidean hyperplanes, as stated
in the following result:

LEMMA 6. Let K be convex, z0 P tdK ¡ t0u, t0 P R. Suppose that CRpz0q �
tdK ¥ t0u and let z P BCRpz0qXtdK � t0u.

Let ω0 be the interior normal of CRpz0q at z and tdK ¥ t0u � tx P Rn s.t. ω0 �
px� zq ¥ 0u. Then, for any x P Rn it holds that

dKpxq ¤ ω0

hpω0q � px� zq� t0.

Proof. We let

(2.13) d̃pxq :� ω0

hpω0q � px� zq� t0.

We claim that

(2.14) d̃pxq ¥ 0 for any x P K.

For this, we use Lemma 5 (with p� z), according to which the affine function

ℓzpxq :� ωz � x� cz,

with ωz � ω0
hpω0q and cz � t0 � ω0

hpω0q � z satisfies ℓzpzq � dKpzq and ℓzpxq ¥ 0 for any
x P K. In particular, for any x P K, we have that d̃pxq � ℓzpxq ¥ 0, which proves (2.14).
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In addition, from the homogeneity of h we have that

h
�

ω0

hpω0q


� hpω0q

hpω0q � 1.

Using this and (2.14), we obtain the desired result from (2.9).

Now we show that the function dK , as defined in (2.9), coincides with the signed
distance from the boundary of K, namely:

PROPOSITION 1. Let K � Rn be nonempty, closed and convex. Then it holds
that

(2.15) dKpxq �
#
� inf

 }z� x}C : z P BK
(

for x P K
� inf

 }z� x}C : z P BK
(

for x P RnzK.

Proof. First, we show that

(2.16) dK ¥ 0 in K.

For this, let ℓ be any affine function in (2.9). Since ℓ ¥ 0 in K, the claim in (2.16)
plainly follows.

Now we show that

(2.17) dK ¤ 0 in RnzK.

To this aim, let p P RnzK. Since K is convex, we can separate it from p, namely there
exists an affine function ℓopxq � ωo � x� co, for suitable ωo P Rnzt0u and co P R, such
that ℓo ¥ 0 in K and ℓoppq ¤ 0. So, we define

ω :� ωo

hpωoq , c :� co

hpωoq and ℓpxq :� ω � x� c.

In this way, we have that ℓpxq � ℓopxq
hpωoq ¥ 0 for any x P K, and ℓppq ¤ 0. In addition, we

have that hpωq � 1 and so ℓ is an admissible affine function in (2.9). This implies that
dKppq ¤ ℓppq ¤ 0, which gives (2.17).

From (2.16), (2.17) and the continuity of dK (recall Lemma 4), it follows that
dK � 0 along BK. Hence, to complete the proof of (2.15), we can restrict to the case in
which x R BK. Hence, it suffices to check that, for any P R BK,

(2.18) |dKpPq| � inf
 }z�P}C : z P BK

(
.

To check this, we first observe that, from Lemma 4, for any z P BK,

|dKpPq| � |dKpPq�dKpzq| ¤ }z�P}C

and therefore
|dKpPq| ¤ inf

 }z�P}C : z P BK
(
.
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Thus, to complete the proof of (2.18), we only need to show that

(2.19) |dKpPq| ¥ inf
 }z�P}C : z P BK

(
.

For this, we set RpPq :� inf
 }z�P}C : z P BK

( ¡ 0 and we notice that CRpPqpPq is
contained either in K (if P P K) or in the closure of the complement of K (if P PRnzK),
and there exists p P BK with }p�P}C � RpPq.

So, if P P K, we use Lemma 5 (with z0 � P and t0 � 0) to find that the affine
function ℓppxq :� ωp � x� cp, with ωp � ω0

hpω0q and cp � � ω0
hpω0q � p, satisfies ℓp ¥ 0 in

K and dKppq � ℓpppq. Moreover, we have that

(2.20) dKpPq ¥ ℓppPq

(and, in fact, equality holds, due to (2.9)). To check (2.20), let ω PRnzt0u, and set ω̃ :�
hpωqω
|ω|2 . We observe that ω̃ �ω � hpωq and thus ω̃ P C , thanks to (1.2). In consequence

of this and of (2.2), we have that

1
}ω̃}C

� suptτ¡ 0 s.t. τω̃ P Cu ¥ 1

and so

1¥ }ω̃}C � hpωq}ω}C

|ω|2 .

Therefore, recalling Lemma 3,����hpωq
|ω|2

ω0 � pP� pq
hpω0q ω

����
C

� |ω0 � pP� pq|
hpω0q

hpωq}ω}C

|ω|2 � RpPq hpωq}ω}C

|ω|2 ¤ RpPq,

which implies that

(2.21) P� hpωq
|ω|2

ω0 � pP� pq
hpω0q ω P CRpPqpPq.

Now, let ℓpxq :� ω
hpωq �x�c and suppose that ℓ¥ 0 in K, and so in particular in CRpPqpPq.

Then, from (2.21), we have that

0¤ ℓ

�
P� hpωq

|ω|2
ω0 � pP� pq

hpω0q ω


� ω

hpωq �
�

P� hpωq
|ω|2

ω0 � pP� pq
hpω0q ω



� c

� ω
hpωq �P�

ω0 � pP� pq
hpω0q � c� ℓpPq� ℓppPq.

Given the validity of such inequality for every ℓ, we have established (2.20).
Accordingly, by (2.20) and Lemma 3,

|dKpPq| � dKpPq ¥ ℓppPq � ω0

hpω0q � pP� pq � }P� p}C � inf
 }z�P}C : z P BK

(
.
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This proves (2.19) when P lies inside K, so we now deal with the case in which P lies
in RnzK.

For this, we let p P KXBCRpPqpPq and we denote by ω0 P Sn�1 the inner normal
of BCRpPqpPq at p. Then, since K is convex, we have that ω0 � px� pq ¤ 0 for any x P K.
Hence, the affine function

ℓpxq :� �ω0

hpω0q � px� pq

satisfies ℓ¥ 0 in K and so it is admissible in (2.9). Consequently, by Lemma 3,

�|dKpPq| � dKpPq ¤ ℓpPq � � ω0

hpω0q � pP� pq � �RpPq

and so
|dKpPq| ¥ Rppq ¥ inf

 }z�P}C : z P BK
(
.

This completes the proof of (2.19), as desired.

3. The distance function from a graph

For convenience, we give here two results on the Euclidean distance function from
a graph (the anisotropic case follows also from this results directly, up to changing
constants, thanks to the equivalency of the norms). For this, we denote by d� the
distance function dK in (2.9) when h is identically 1 (hence C in (1.2) is the Euclidean
unit ball B1) and K is the portion of space lying above a function ζ PC1pRn�1q, that is
K :� txn ¥ ζpx1qu.

Notice that, in this case, the anisotropic norm } � }C in (2.2) is simply the Eu-
clidean norm and, by (2.15), d� is simply the signed distance function from the graph
of ζ.

Then we have the following results:

LEMMA 7. Let b P �0, 1
2

�
. Assume that ζp0q � 0 and that |∇ζpx1q| ¤ b for every

x1 P Rn�1 with |x1| ¤ 2. Then, for any x P B1 with xn ¥ ζpx1q

d�pxq ¥ 1
2
�
xn�ζpx1q�.

Proof. We let R :� d�pxq ¥ 0 and we observe that BRpxq lies above the graph of ζ and
it is tangent to it at some point z� pz1,znq P BBRpxq with zn � ζpz1q. We also denote by
ω the interior normal of BRpxq at z. Then, by construction,

(3.1)
x� z

R
� ω�

��∇ζpz1q, 1
�a

1�|∇ζpz1q|2 .

Also, since the origin belongs to the graph of ζ, we have that R � d�pxq ¤ |x| ¤ 1.
Therefore |z| ¤ |z� x|� |x| � R�|x| ¤ 2. Accordingly, we deduce from (3.1) that

|x1� z1|
R

� |∇ζpz1q|a
1�|∇ζpz1q|2 ¤ |∇ζpz1q| ¤ b.
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Thus, using again (3.1),

1¥ 1a
1�|∇ζpz1q|2 �

xn� zn

R
� xn�ζpx1q�ζpx1q�ζpz1q

R

¥ xn�ζpx1q�b |x1� z1|
R

¥ xn�ζpx1q�b2R
R

.

Therefore
xn�ζpx1q ¤ p1�b2qR¤ 2R� 2d�pxq.

Given r P R, we use the notation r� :�maxt�r,0u.

LEMMA 8. Let α P p0,1q, b P �0, 1
2

�
and r ¥ 1, with brα ¤ 1

2 . Assume that
ζp0q � 0 and that |∇ζpx1q| ¤ brα for every x1 P Rn�1 with |x1| ¤ 3r.

Suppose also that

(3.2) ζpx1q ¥ 0 for every x1 P Rn�1.

Let x P Rn with |x1| ¤ r. Then�
d�pxq

�
� ¥

1
2

�
xn�ζpx1q��.

Proof. We can suppose that xn   ζpx1q, otherwise
�
xn � ζpx1q�� � 0 and the desired

claim is obvious.
Then, we take R :��d�pxq¡ 0 and we consider the ball BRpxq. By construction,

BRpxq lies below the graph of ζ and it is tangent to it at some point z� pz1,znq P BBRpxq
with zn � ζpz1q. Notice that, in view of (3.2),

(3.3) zn ¥ 0.

We also denote by ω the interior normal of BRpxq at z, and so

(3.4)
x� z

R
� ω�

�
∇ζpz1q,�1

�a
1�|∇ζpz1q|2 .

We claim that

(3.5) znxn ¤ brα�1 zn.

Indeed, if xn ¤ 0, then (3.5) follows from (3.3). If instead xn ¡ 0, then we know that

ξpx1q � ξpx1q�ξp0q ¤ brα |x1| ¤ brα�1

and thus xn P p0,ξpx1qq � p0,brα�1q, which gives (3.5).
From (3.3) and (3.5) we obtain that

z2
n�2xnzn ¥ z2

n�2brα�1zn ¥ inf
t¥0

t2�2brα�1t ��b2r2pα�1q.
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Consequently, using that the origin lies on the graph of ζ,

r2� x2
n ¥ |x1|2� x2

n � |x|2 ¥ |d�pxq|2 � |x� z|2
� |x1� z1|2�|xn� zn|2 � |x1� z1|2� x2

n� z2
n�2xnzn

¥ |x1� z1|2� x2
n�b2r2pα�1q,

and thus |x1� z1|2 ¤ r2�b2r2pα�1q ¤ 2r2.
Therefore |z1| ¤ |x1| � |x1� z1| ¤ r�?2r ¤ 3r. Hence, we deduce from (3.4)

that
|x1� z1|

R
� |∇ζpz1q|a

1�|∇ζpz1q|2 ¤ |∇ζpz1q| ¤ brα

and thus

1� |x� z|
R

¥ zn� xn

R
� ζpz1q�ζpx1q�ζpx1q� xn

R

¥ �brα |z1� x1|�ζpx1q� xn

R
¥�b2r2α� ζpx1q� xn

R
.

That is,

2
�
d�pxq

�
� � 2R¥ p1�b2r2αqR¥ ζpx1q� xn �

�
xn�ζpx1q��,

which gives the desired result.
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L. Tentarelli*

ON THE EXTENSIONS OF THE DE GIORGI APPROACH
TO NONLINEAR HYPERBOLIC EQUATIONS

Abstract. In this talk we present an overview on the extensions of the De Giorgi approach
to general second order nonlinear hyperbolic equations. We start with an introduction to the
original conjecture by E. De Giorgi ([1, 2]) and to its solution by E. Serra and P. Tilli ([4]).
Then, we discuss a first extension of this idea (Serra&Tilli, [5]) aimed at investigating a wide
class of homogeneous equations. Finally, we announce a further extension to nonhomoge-
neous equations, obtained by the author in [9] in collaboration with P. Tilli.

1. De Giorgi’s conjecture.

In 1996, E. De Giorgi stated the following conjecture on weak solutions of the defo-
cusing NLW equation.

CONJECTURE 1 (De Giorgi, [1, 2]). Let w0,w1 PC8
0 pRnq, let k ¡ 1 be an inte-

ger; for every positive real number ε, let wε �wεpt,xq be the minimizer of the functional

(1.1) Fεpuq :�
» 8

0

»
Rn

e�t{ε
�
|u2pt,xq|2� 1

ε2 |∇upt,xq|2� 1
ε2 |upt,xq|2k

	
dxdt

in the class of all u satisfying the initial conditions

(1.2) up0,xq � w0pxq, u1p0,xq � w1pxq.

Then, there exists lim
εÓ0

wεpt,xq � wpt,xq, satisfying the equation

(1.3) w2 � ∆w� kw2k�1.

REMARK 1. In the statement of the conjecture, we maintained the original for-
mulation of [1, 2] and we only changed notation, according to that we use in the sequel.
The same thing holds for all the results we mention in this paper. In addition, we recall
that u1pt,xq denotes Bu

Bt pt,xq and that, for the sake of simplicity, we always omit the
dependence of the functional spaces on Rn, i.e. H1 �H1pRnq, Lp � LppRnq and so on.

In order to better understand the meaning of the conjecture, it is worth stressing
some characteristic features of the functional Fε.

First we note that it involves second order time derivatives. Thus, a minimizer
of Fε solves a fourth order PDE. However, if one computes the formal Euler–Lagrange

*Author supported by the FIR grant 2013 “Condensed Matter in Mathematical Physics (Cond-Math)”
(code RBFR 13WAET).
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equation satisfied by a minimizer wε, then one obtains

ε2pe�t{ε w2
ε q2 � e�t{ε p∆wε� kw2k�1

ε q

and thus, expanding and dropping e�t{ε,

(1.4) ε2 w4
ε �2εw3

ε �w2
ε � ∆wε� kw2k�1

ε .

Consequently, if one assumes that wε Ñ w in some suitable sense and lets ε Ó 0, then
one formally obtains (1.3).

On the other hand, we also remark that, as Fε is defined through integrals over
the “space–time” r0,8q�Rn, the initial conditions of the Cauchy problem are in fact
boundary conditions for the minimization problem.

In addition, it is convenient to stress the singular nature of the integration weight
e�t{ε. More precisely, one can see that ε�1 e�t{ε dt is an approximate Dirac delta mea-
sure and hence, at least formally,

εFεpuq �
»

Rn

�|∇w0pxq|2�|w0pxq|2k�dx, as ε Ó 0.

Hence, this prevents a straightforward application of classical techniques of variational
convergence, such as Γ–convergence. The previous asymptotic expansion, indeed,
shows that this technique does not provide useful information on the limit behavior
of the sequence of the minimizers.

Finally, one can note that Fε is convex (for fixed ε ¡ 0) and that therefore, up
to some suitable technical adaptation, the proof of the existence and uniqueness of the
minimizers is not a demanding issue.

We also recall that the existence of global solutions for the Cauchy problem
(1.3)&(1.2) is not new (see e.g. [7] and the references therein). Actually, as highlighted
in [3, 4], the originality of the strategy hinted by De Giorgi lies in how he intended to
exploit techniques from the Calculus of Variations. The variational approaches to the
wave equation w2 � ∆w and its nonlinear variants that can one can find in the literature
(see e.g. [7, 8] and references therein) are based on the interpretation of w2 � ∆w as
the Euler–Lagrange equation of the functional

Ipwq :�
» 8

0

»
Rn

�|w1pt,xq|2�|∇wpt,xq|2� dxdt

(with possibly lower order terms like |w|2k). However, since I is neither convex nor
bounded from below, one is forced to search for critical points rather than global mini-
mizers. Unfortunately, functionals like I behave badly also for the application of Criti-
cal Point Theory, so that only partial results can be proved. De Giorgi, on the contrary,
introduces a new functional Fε that is quite easy to minimize (regardless of the magni-
tude of k) and thus moves the problem to the investigation of the limit behavior of the
sequence of the minimizers.
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2. The proof of the conjecture.

In 2012, E. Serra and P. Tilli showed that Conjecture 1 is in fact true. Precisely, in [4],
they proved the following theorem.

THEOREM 1 (Serra&Tilli, [4]). For p ¥ 2 and ε ¡ 0, let wεpt,xq denote the
unique minimizer of the strictly convex functional

Fεpuq �
» 8

0

»
Rn

e�t{ε
�
|u2pt,xq|2� 1

ε2 |∇upt,xq|2� 1
ε2 |upt,xq|p

	
dxdt

under the boundary conditions (1.2), where w0 and w1 are given functions such that

w0, w1 P H1XLp.

Then:

(a) Estimates. There exists a constant C (which depends only on w0, w1, p and n)
such that, for every ε P p0,1q,» T

0

»
Rn

�|∇wεpt,xq|2�|wεpt,xq|p
�

dxdt ¤CT, @T ¡ ε,»
Rn
|w1

εpt,xq|2 dx¤C and
»

Rn
|wεpt,xq|2 dx¤Cp1� t2 q, @t ¥ 0,

and, for every function h P H1XLp����»
Rn

w2
ε pt,xqhpxqdx

����¤C p}h}Lp �}∇h}L2q , for a.e. t ¡ 0.

(b) Convergence. Every sequence wεi (with εi Ó 0) admits a subsequence which is
convergent, in the strong topology of Lqpp0,T q�Aq for every T ¡ 0 and every
bounded open set A� Rn (with arbitrary q P r2, pq if p¡ 2 and q� p if p� 2),
almost everywhere in R��Rn and in the weak topology of H1pp0,T q�Rnq for
every T ¡ 0, to a function w such that

w P L8pR�;Lpq, ∇w P L8pR�;L2q,

w1 P L8pR�;L2q, w P L8pp0,T q;H1q @T ¡ 0,

which solves in R��Rn the nonlinear wave equation

(2.1) w2 � ∆w� p
2 |w|p�2 w

with initial conditions as in (1.2).
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(c) Energy inequality. Letting

Eptq :�
»

Rn

�|w1pt,xq|2�|∇wpt,xq|2�|wpt,xq|p� dx,

the function wpt,xq satisfies the energy inequality

Eptq ¤ Ep0q �
»

Rn

�|w1pxq|2�|∇w0pxq|2�|w0pxq|p
�

dx, for a.e. t ¡ 0.

REMARK 2. We stress the fact that, in (b), the limit function w solves (2.1) in a
distributional (or weak) sense, namely» 8

0

»
Rn

w1pt,xqφ1pt,xqdxdt �
» 8

0

»
Rn

∇wpt,xq �∇φpt,xqdxdt�

�
» 8

0

»
Rn

p
2 |wpt,xq|p�2 wpt,xqφpt,xqdxdt

for every φ PC8
0 pR��Rnq. In the sequel we only deal with this type of solutions.

Some comments are in order. First, CONJECTURE 1 deals with the nonlinearity
|w|2k with k integer, while THEOREM 1 treats |w|p without the assumption of p integer.
Another relevant feature of THEOREM 1, is that the assumptions on the initial data
w0, w1 are much weaker than those of the conjecture.

On the other hand, the convergence of the sequence of the minimizers is ob-
tained up to extracting subsequences, thus “losing” the uniqueness claimed in the con-
jecture. In particular, it is an open problem to avoid the extraction of subsequences
when p is large.

In addition, THEOREM 1 establishes an estimate for the mechanical energy E
usually associated with (2.1), which proves that the obtained solutions are of energy
class in the sense of Struwe (see [8]). When p is “sufficiently” small, the inequality is
in fact an equality, whereas, when p is large, energy conservation is still open.

For the sake of completeness, we mention that [6] discusses a simplified version
of the conjecture on bounded intervals. However, that paper only deals with the proof
of (2.1) and does not treat the fulfillment of the initial condition w1p0,xq � w1pxq.

3. Extension to homogeneous equations.

Now, one can easily see that, setting

W pvq �
»

Rn

�
1
2
|∇v|2� 1

p
|v|p



dx,

up to some multiplicative constants equation (2.1) reads

(3.1) w2pt,xq � �∇W pwpt, �qqpxq,
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where ∇W denotes the Gâteaux derivative of the functional W . Therefore, it is natural
to wonder if the sequence of the minimizers of the functional Fε, that here is defined by

(3.2) Fεpuq :�
» t

0
e�t{ε

�»
Rn

ε2|u2pt,xq|
2

dx�W pupt, �qq



dt,

converges to a solution of the Cauchy problem associated with (3.1), even for different
choices of W .

REMARK 3. In (3.2) one uses a different scaling in ε, with respect to (1.1). This
is due to the fact that in the abstract framework this choice simplifies computations.
However, this does not yield significant differences.

This problem has been solved again by E. Serra and P. Tilli, in [5]. Before
showing the statements of the main results, it is necessary to point out under which
assumptions on the functional W (that we refer to as assumption (H) in the following),
they are valid.

(H) The functional W : L2 Ñ r0,8s is lower semi–continuous in the weak topology
of L2, i.e

W pvq ¤ liminf
k

W pvkq, whenever vk á v in L2.

Moreover, we assume that the set of functions

W� tv P L2 : W pvq   8u

is a Banach space such that

C8
0 ãÑW ãÑ L2 (dense embeddings).

Finally, W is Gâteaux differentiable on W and its derivative ∇W : W Ñ W1

satisfies
}∇W pvq}W1 ¤Cp1�W pvqθ q, @v PW,

for suitable constants C ¥ 0 and θ P p0,1q.

REMARK 4. Assumption (H) is typically satisfied by standard functionals like

W pvq � 1
p

»
Rn
|∇kv|p dx, p¡ 1,

(with possibly lower order terms) where W is the space of the L2 functions v with
∇kv P Lp.

THEOREM 2 (Serra&Tilli, [5]). Given w0, w1 PW and ε P p0,1q, under assump-
tion (H) the functional Fε defined in (3.2) has a minimizer wε in the space H2

locpr0,8q;L2q
subject to (1.2). Moreover:
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(a) Estimates. There exists a constant C, independent of ε, such that» τ�T

τ
W pwεpt, �qqdt ¤CT, @τ¥ 0, @T ¥ ε,»

Rn
|w1

εpt,xq|2 dx¤C and
»

Rn
|wεpt,xq|2 dx¤Cp1� t2q, @t ¥ 0,

}wε}L8pR�;W1q ¤C.

(b) Convergence. Every sequence wεi (with εi Ó 0) admits a subsequence which is
convergent, in the weak topology of H1pp0,T q;L2q for every T ¡ 0, to a function
w such that

w P H1
locpr0,8q;L2q, w1 P L8pR�;L2q, w2 P L8pR�;W1q.

Moreover, w satisfies the initial conditions (1.2).

(c) Energy inequality. Letting

(3.3) Eptq :� 1
2

»
Rn
|w1pt,xq|2 dx�W pwpt, �qq,

the function wpt,xq satisfies the energy inequality

Eptq ¤ Ep0q � 1
2

»
Rn
|w1pxq|2 dx�W pw0q for a.e. t ¡ 0.

Unfortunately, under these assumptions, it is not known whether w satisfies
(3.1). Anyway, Serra&Tilli, still in [5], provided a sufficient condition on W that
allows to obtain (3.1).

THEOREM 3 (Serra&Tilli, [5]). Assume that, for some real number m¡ 0,

(3.4) W pvq � 1
2
}v}2

9Hm �
¸

0¤k m

λk

pk

»
Rn
|∇kvpxq|pk dx pλk ¥ 0, pk ¡ 1q.

Then, assumption (H) is fulfilled if W is the space of those v P Hm with ∇kv P Lpk

p0¤ k   mq endowed with its natural norm.
Moreover, the limit function w obtained via Theorem 2 solves, in the sense of

distributions, the hyperbolic equation (3.1).

REMARK 5. We recall that, as usual, }v}
9Hm is the L2 norm of |ξ|m pvpξq, wherepv is the Fourier transform of v. The typical case is when m is an integer, so that }v}

9Hm

reduces to }∇mv}L2 .
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3.1. Examples.

In addition to (2.1) there are many other second order hyperbolic equations that can be
investigated using the approach suggested by THEOREM 2&THEOREM 3. We briefly
recall here some of the most significant ones (for a complete discussion we refer the
reader to [5]):

1. Nonlinear vibrating–beam equation:

w2 ��∆2w�∆pw�|w|q�2 w pp, q¡ 1q.
Here W is defined by

W pvq �
»

Rn

�
1
2
|∆v|2� 1

p
|∇v|p� 1

q
|v|q



dx

and W� tv P H2 : ∇v P Lp,v P Lqu.
2. Wave equation with fractional Laplacian:

w2 ��p�∆qs p0  s  1q.
Here W is defined by

W pvq � cn,s

»
Rn�Rn

|vpxq� vpyq|2
|x� y|n�2s dxdy

(which is, for a proper choice of cn,s, the natural energy associated to the frac-
tional Laplacian) and W� Hs.

3. Sine–Gordon equation:
w2 � ∆w� sinw.

Here W is defined by

W pvq �
»

Rn

�
1
2
|∇v|2�1� cosv



dx

and W� H1.

4. Wave equation with p–Laplacian :

w2 � ∆pw.

Here W is defined by

W pvq � 1
p

»
Rn
|∇v|p dx

and W� tv P L2 : ∇v P Lpu.
Note that in the cases of the Sine–Gordon and the p–Laplacian equation, the

functional W satisfies assumption (H), but not assumption (3.4). Consequently, one
could not apply THEOREM 3 to this cases. In the Sine–Gordon case, however, since the
functional is quadratic in the higher order space derivatives, one can prove an analogous
of THEOREM 3. On the contrary, it is an open problem whether this can be done also
for the case of the p–Laplacian.
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4. Extension to nonhomogeneous equations.

The natural further extension is the addition of a general forcing term at the right–hand
side of (3.1), that is, the study of the Cauchy problem associated with the nonhomoge-
neous equation

(4.1) w2pt,xq � �∇W pwpt, �qqpxq� f pt,xq.
The proper choice for the functional Fε in this case is given by

(4.2) Fεpuq �
» t

0
e�t{ε

�»
Rn

ε2|u2pt,xq|
2

dx�W pupt, �qq�
»

Rn
fεpt,xqupt,xqdx



dt,

where p fεq is a sequence suitably converging to f .
This issue has been the topic of the doctoral dissertation of the author and is

extensively investigated in [9]. Here we just announce the result.

THEOREM 4 (Tentarelli&Tilli, [9]). Let W be a functional satisfying assump-
tion (H) and w0, w1 P W. Let also f P L2

locpr0,8q,L2q. Then, there exists a sequence
p fεq, converging to f in L2pr0,T s;L2q for all T ¡ 0, such that:

(a) Minimizers. For every ε P p0,1q, the functional Fε defined by (4.2) has a mini-
mizers wε in the class of functions in H2

locpr0,8q;L2q that are subject to (1.2).

(b) Estimates. There exist two positive constants Ct , Cτ,T , depending on t, τ and T
(in a continuous way), but independent of ε, such that»

Rn
|w1

εpt,xq|2 dx¤Ct ,

»
Rn
|wεpt,xq|2 dx¤Ct , @t ¥ 0,

» τ�T

τ
W pwεpt, �qqdt ¤Cτ,T , @τ¥ 0, @T ¡ ε,» t

0
}w2

ε psq}2
W1 ds¤Ct , @t ¥ 0.

(c) Convergence. Every sequence wεi (with εi Ó 0) admits a subsequence which is
convergent in the weak topology of H1pr0,T s;L2q, for every T ¡ 0, to a function
w that satisfies (1.2) (where the latter is meant as an equality in W1). In addition,

w1 P L8locpr0,8q;L2q and w2 P L2
locpr0,8q;W1q.

(d) Energy inequality. Letting E be again the mechanical energy defined by (3.3),
there results

(4.3) Eptq ¤
�a

Ep0q�
d

t
2

» t

0

»
Rn
| f ps,xq|2 dxds

�2

, for a.e. t ¥ 0.

(e) Solution of (4.1). Assuming, furthermore, that for some real numbers m ¡
0, λk ¥ 0 and pk ¡ 1, W satisfies (3.4), then the limit function w solves (4.1).
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Some comments are in order. First, we point out that the estimate on the me-
chanical energy established by (4.3) is the same that one can find applying a formal
Grönwall–type argument to (4.1). In addition, setting f � 0, the results of THEOREM
4 recover exactly those of THEOREM 2&THEOREM 3, thus showing that our extension
to nonhomogeneous equations is consistent.

On the other hand, the Euler–Lagrange equation satisfied by the minimizers of
Fε (which is analogous to (1.4)) suggests to work directly with f in place of fε in (4.2).
However, this gives rise to several issues in establishing the requested a priori estimates
on Fεpwεq. On the contrary, a proper choice of p fεq allows one to adapt the De Giorgi
approach under the sole assumption f P L2

locpr0,8q;L2q, which is the usual one in the
search of solutions of finite energy for (4.1). In particular, the detection of a proper
(topology and) “speed of convergence” for fε to f is one of the main issues in the
extension to nonhomogeneous problems.

Finally, it is worth to outline briefly the main difference between the homo-
geneous and the nonhomogeneous case: the estimates on the sequence pwεq are no
longer global in time. This occurs since the presence of f drops all the uniform bounds
deduced in [5] and allows to establish estimates that are either independent of ε or
independent of t. In particular, the presence of the forcing term entails that the quantity

Eεptq :� 1
2

»
Rn
|w1

εpt,xq|2 dx�
» 8

t
ε�2 e�ps�tq{ε ps� tqW pwεps, �qqds

is not decreasing (as in the homogeneous case) and not even uniformly bounded with
respect to both ε and t. This function, that we call approximate energy, is a formal
approximation of the mechanical energy E and the investigation of its behavior is the
main point of our approach, since it provides the a priori estimates on the minimizers
wε. Consequently, the fact that it admits only estimates on bounded intervals is the
reason for which the inequalities in (b) are no longer global.

This transition “from global to local” of the a priori estimates affects the regular-
ity of the limit function w, but fortunately does not rule out the possibility of extending
the De Giorgi approach. Actually, the proofs of the energy inequality, the initial condi-
tions and (4.1) do not require any global estimate on the sequence of minimizers (even
in the homogeneous case).

Moreover, we point out that the choice of the sequence p fεq is crucial also for es-
tablishing the proper estimate on Eεptq; in particular, for establishing causal estimates
for a quantity which is a–causal by definition.

5. A further extension: dissipative equations.

Finally, it worth recalling that [5] also shows that an approach à la De Giorgi is avail-
able also for dissipative homogeneous wave equations of the type

w2pt,xq � �∇W pwpt, �qqpxq�∇Gpw1pt, �qqpxq,
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where G is a quadratic form defined on a suitable Hilbert space. A typical example is
given by the Telegraph equation

w2 � ∆w�|w|p�2 w�w1 pp¡ 1q

(just setting W pvq � ³
Rn

�
1
2 |∇v|� 1

p |v|p
	

dx and Gpvq � 1
2

³
Rn |v|2 dx).

As in the non–dissipative case, also here it is natural to wonder if an extension
to the nonhomogeneous case, namely

w2pt,xq � �∇W pwpt, �qqpxq�∇Gpw1pt, �qqpxq� f pt,xq,

is possible. The answer is again positive and this issue will be treated in a forthcoming
paper by the author, as well.
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