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A SURVEY OF HYSTERESIS MODELS OF MAMMALIAN
LUNGS

Abstract. In this paper, a survey of mathematical models accounting for the pressure-volume
relationship with and without hysteresis in mammalian lungs is given. It is shown that
a model with a Preisach operator with no additional parameters, based on Venegas’ non-
hysteretic model, could capture most of the behaviour of observed data. However, the model
does not capture the full sigmoidal character of the inflation loop and needs to be further
extended.

1. Introduction.

The mammalian lung is a complex organ necessary for respiration. It consists of an
inverted tree-like structure shown in Figure 1, which starts at the wind-pipe, branches
into two bronchial tubes, which in turn branch into thinner tubes called bronchioles.
These bronchioles finally terminate at the alveoli - the tiny air sacs which perform gas
exchange with the blood.

Figure 1: Tree-like structure of the mammalian lungs.

Knowledge of the static mechanical properties of the lung is the basis for under-
standing the distribution of ventilation, the work of breathing and other parameters of
pulmonary function [30]. The static mechanical properties are reflected in the pressure-
volume relationship, which is represented by a sigmoidal shaped curve as shown in
Figure 2, where the input is the pressure and the output is the volume. This relation-
ship becomes more complex when the pressure is allowed to change direction, in this
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Figure 2: Hysteresis in the pressure-volume relationship of the lungs. Adapted from
[10].

case it exhibits hysteresis also shown in Figure 2. In fact it has been found that the
qualitative behaviour of Pressure-Volume (P-V) characteristic loops does not vary a
whole lot between different species[4].

According to [28], the first measurement of the static pressure-volume relation-
ship of human lungs obtained post mortem, was made by [20] in 1849. However, these
measurements were made during inflation only [27]. Measurements for both inflation
and deflation of mammalian lungs were first obtained by [11] in 1913, and these mea-
surements exhibited static hysteresis [27].

Early models of the pressure-volume relationship in lungs initially focused on
either the inhalation or exhalation limb only [30]. When modelling of hysteresis was
initially tackled, the focus was on the rate-dependent aspect. These models were sim-
ilar to electrical circuits [32], where resistance, impedance, inertance and frequency
determined the shape of the P-V loops.

In 1970, Hildebrandt [18] was probably the first to develop a model of rate-
independent hysteresis. He found that his linear viscoelastic model accounted for two-
thirds of the hysteresis in his data and postulated that the remainder came from a rate-
independent plastic strain. He went on to develop a model based on Prandtl bodies,
which displayed the qualitative behaviour observed in his data.

In this paper we will briefly outline the medical motivations and background
of the lungs and the importance of the knowledge of the P-V relationship. Following
this, the mechanisms which are responsible for hysteresis in this relationship will be
discussed. In section 5 a brief review of the mathematical modelling efforts will be
given. In section 7, we will present mathematical models which we developed and
the subsequent results from applying these models to experimental data will also be
presented. Finally, conclusions will be drawn in section 8.
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2. Medical motivations: mechanical ventilator settings and lung damage

According to [3], P-V curves are used for protective ventilation strategies for patients
with lung disease. If the ventilator is set incorrectly, there is a possibility of damage
to the patient’s lungs, especially those with an underlying condition [2]. Knowledge of
these curves when the lungs are in a diseased state such as ARDS (Acute Respiratory
Distress Syndrome) [40] is also beneficial. One property that is used quite often is
compliance, which is a measure of ease of expansion of the lungs. Compliance C is
defined as the slope of the P-V relationship i.e. C = dV

dp , usually taken at its maximum
value [13]. It can change due ageing, inflammation, swelling and denaturalisation of
surfactant (which causes increased surface tension) [9].

It has been broadly agreed that a minimum setting should be chosen so as to
prevent the alveoli from collapsing, a state known as atelectasis [17, 28, 29]. This min-
imum setting is known as Positive End-Expiratory Pressure (PEEP) and is set as low
as possible that results in acceptable oxygenation [2, 31]. There are various strategies
for setting ventilators as outlined by [22] for setting PEEP in patients with ALI (Acute
Lung Injury). They introduce a new technique based on the hysteresis of the P-V loops,
utilising the vertical distance between the inflation and deflation limbs. It was found
that their technique gave the same oxygenation but with lower airway pressures and
less over-inflation than other methods. In addition, it was demonstrated during clini-
cal trials by [1, 2], that a ventilator strategy guided by P-V curves resulted in reduced
trauma and improved survival compared with conventional strategy without P-V curve
guidance [3].

3. Mechanisms of hysteresis

It is understood that hysteresis in the lungs arises from the recruitment and the dere-
cruitment of alveoli and from the surface tension of the surfactant [8, 19] on the interior
of alveoli. We will look at these mechanisms in this section.

3.1. Recruitment and derecruitment of alveoli

According to [14], air spaces inflate non-uniformly from the atelectatic (collapsed)
state, they inflate in patches and suddenly pop-open, however, they close uniformly
during deflation, without collapsing. However, if the surfactant is depleted or chem-
ically altered, the individual alveoli will become unstable during both inflation and
deflation.

Suki et al. [35] demonstrated that recruitment of alveoli is the dominant mech-
anism during first inflation. Subsequent inflations are primarily influenced by surface
film and connected tissue of the parenchyma. In Cheng et al. [10], derecruitment oc-
curs when the excised lung is deflated below a critical pressure (in rats it was 4±1cm
H2O), at which lung units are sequentially closed. They also noted that additional en-
ergy is required to overcome these closed units on inflation and this is reflected in an
increase of hysteresis area.
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Figure 3: Pressure-volume curves of the respiratory system. The narrow loop on the left
was obtained from excised lungs with warm saline solution instead of air. The wider
loop on right is formed from inflation (open circles) and deflation (closed circles) of
excised lungs. Taken from [21].

In fact the main aim for mechanical ventilators is to keep alveoli from closing,
and this is achieved by setting a positive end-expiratory pressure (PEEP) above this
critical derecruiting threshold.

The inflation limb of the hysteresis loops generated during first inflation exhibits
a plateau as can be seen in Figure 3 (open circles between 0 and 8 cm H2O), where al-
most no recruitment occurs. Thereafter, crossing a critical pressure a sudden avalanche
[35, 36] of recruitment occurs over a small pressure range. This contrasts significantly
with subsequent inflation curves, which contain no such plateau.

3.2. Surface tension of the surfactant

The interior surfaces of alveoli are coated in a thin liquid layer known as the surfactant.
It has many properties which facilitate the proper functioning of the lungs and is more
than a saline solution, it consists of a liquid layer with a mixture of lipids (90%) and
proteins (10%) [8].

Laplace’s law, states that pressure p is proportional to the tension T and in-
versely proportional to the radius R, i.e. p ∝ T

R , predicts that two unequal alveoli
should not remain in equilibrium as shown in Figure 4. The surfactant prevents this
collapse [5, 8, 16], as it has the property that its surface tension varies as the area of the
surface layer changes, so that T and R in Laplace’s equation vary proportionately and
p remains equal in all alveoli [8].

According to [15], it was Von Neergaard [38] who in 1929 discovered that the
main determinant of hysteresis is air-liquid surface force in alveoli.

In [8], they describe the classic experiment where excised lungs are degassed
and P-V curves are measured during a stepwise inflation and deflation manoeuvre,
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Figure 4: Balancing of alveoli with surfactant.

thus producing the hysteresis loop, shown in Figure 3. This manoeuvre is repeated
with warm (37!C) saline solution instead of air, this time it is producing almost no
hysteresis, as shown in Figure 3. They make the point, that surface tension disappears
as a consequence of the absence of the air-liquid interface.

According to [24], many studies reach the same conclusion, that the air-liquid
interface at the alveoli plays an important role in lung mechanics. This is reiterated by
[8]. In conclusion, both recruitment and surfactant tension contribute to hysteresis, but
dominate at different pressure ranges and pressure histories.

4. Measurements of P-V hysteresis

According to [15], the equations of motion describing the pressure changes of the res-
piratory system, assuming isotropic expansion, can be written as:

(1) pAO =
V
C
+V̇R+V̈ I" pmus,

where the dots denote time-derivatives, pAO is the airway pressure, pmus is the res-
piratory muscle pressure, V̇ is the gas flow, R is the airway resistance and I is the
impedance. If the subject is sedated or paralysed then pmus can be eliminated, other-
wise the P-V loops may include effects from the respiratory muscle [15]. The term
C is the compliance and is one of the main goals in measuring P-V curves. If rate-
independence is assumed, the resistance and impedance terms from equation (1) van-
ish, leaving only the compliance term to be assessed, in fact these static P-V curves are
often called compliance curves [15].

4.1. Static, quasi-static and dynamic hysteresis

In the lung physiology literature [15] the term static hysteresis is used instead of rate-
independent hysteresis. The term static denotes that the lung is neither inhaling nor
exhaling when measurements are taken. However, it is not advisable to stop the lungs
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of a live subject from breathing for too long [15], therefore quasi-static measurements
are taken.

There are a number of possibilities for measuring quasi-static P-V curves e.g.
they can be measured by a stepwise approach, i.e. breathing is paused, and after a
relaxation period of about five seconds, measurements are made [15, 37] and the same
process is continued. Another approach is to take measurements at a very slow flow
rate, at less than 9 L/min, as this minimises the effects of the resistive elements of the
respiratory system [15].

The behaviour of P-V curves of the continuously working lung is also of interest
to clinicians [15]. In this case rate-dependent hysteresis is also observed and is referred
to as dynamic hysteresis in the literature [15]. However, these curves depend on the
frequency, and vary qualitatively from those from the static/quasi-static loops.

5. Mathematical models

Some of the earlier work focused on modelling the P-V curve either during inflation
or deflation limb, i.e. without accounting for hysteresis. However, it is possible fit
these models to either limb, but it requires a new set of parameters for each inflation
or deflation curve. Subsequently hysteresis models were proposed and were based on
the idea of either sums or integrals of elements, which had a distribution of threshold
values to denote their opening or closure.

5.1. Models without hysteresis

Salazar and Knowles exponential model

One of the earliest expressions used to model the P-V curve during inflation or defla-
tion, was suggested by Salazar and Knowles [33] in 1964. Starting with the assumption
that the compliance, dV

dp , is proportional to the difference between maximum volume
VM and actual volumeV , i.e. dV

dp = K(VM"V ), where K is a constant, and by introduc-
ing the half inflation pressure h, such that e"Kh = 1

2 , they came up with the expression

(2) V =VM(1" e"
p ln2
h ).

However, this model did not go far enough to capture the full sigmoidal shape and
neither did several subsequent models, which are documented by [30].

Murphy and Engel’s sigmoidal model

It was Murphy and Engel [30] who were the first to model the P-V relationship be-
low functional residual capacity (FRC), thus capturing the full sigmoidal shape. Note,
however, that the independent variable in their model was volume V instead of p. It
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consists of five parameters, as follows:

(3) p=
k1

VM"V
+

k2
Vm"V

+ k3,

where VM is the upper asymptote, Vm is the lower asymptote and k1,k2 are shape pa-
rameters and the constant k3 shifts the curve to the left or to the right [30].

Venegas’ four parameter model

An improved model, which was also a sigmoid, was developed by Venegas et al. [39].
Their expression gave an improved fit to P-V data and had one less parameter than [30].
The expression is given by:

(4) V = a+
b!

1+ e(p"c)/d
" ,

where V and p are again volume and pressure respectively. Parameter a is the lower
asymptote volume, b is the vital capacity or the total change in volume between the
lower and upper asymptotes. The parameter c is the pressure at which the inflection
point of the sigmoidal curve occurs and which also corresponds to the pressure at the
point of highest compliance. Finally parameter d is proportional to the pressure range
within which most of the volume changes take place. In addition, [39] showed that
the derivative of their expression was a closed form approximation to the normal dis-
tribution. They argued that as such the sigmoidal shape of the inflation limb of the P-V
curve in ARDS could be reflecting the progressive recruitment of alveolar units with a
distribution that follows the normal distribution.

5.2. Models with hysteresis

There have been numerous approaches to the treatment of hysteresis, both for the rate-
independent and dependent cases. We will outline these below.

Hildebrandt’s Prandtl-bodies model

In the 1970’s, Hildebrandt [18] initially developed a linear viscoelastic model to inter-
pret P-V data from cat lungs. He applied pressure in the form of a sinusoid with vary-
ing amplitude and varying frequency, in a stepwise fashion to isolated cat lungs. His
model was able to account for the stress-relaxation which occurred after each step. It
was found that his model was in quantitative agreement with the frequency-dependent
compliance of the loops, however, it only accounted for two-thirds of the observed
hysteresis. This remaining hysteresis was postulated to be due to the rate-independent
plastic strain. He was also able to show that a model based on Prandtl bodies with a
distribution of yield points exhibited some of the essential characteristics required to
described the dependence of both loop area and amplitude of deformation.
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Figure 5: Prandtl body which Hildebrandt used as the smallest element in his static
hysteresis model [18].

Starting with the Prandtl body in Figure 5, which is perfectly elastic up to its
yield point, after which it undergoes retarded flow. He formulated a model consisting of
an arbitrary large number of these units in series, and with a distribution of thresholds
representing the strengths of intermolecular linkages. Each unit had a compliance c
and the compliance of the system was C. When the pressure p > pTi , i.e. crossed the
threshold of the i-th unit, stretching of that unit would commence.

The total number of units N would depend on the p. He chose the distribution
of thresholds for ease of computation, such that

(5) N = αpβ,

where α> 0,β> 0 were constants. The compliance of the system was then given by:

(6)
dV
dp

=C+ cN.

From equations (5) and (6), he obtained:

(7) V =Cp+ rpβ+1,

where r = αc/(β+ 1). This is plotted as curve 1 in Figure 6. To plot curve 2, he
translated the coordinate system to point L in Figure 6 and rotated the axis by 180!. To
change direction, the force had to be changed by 2pTi and had to be applied, with this
force p1, N1 elements were moved to the left, where

(8) N1 = α
# p1

2

$β
,

(9)
dV1
dp1

=C+ cN1.

Similarly, these equations are combined to form:

(10) V1 =Cp+
rpβ+1

1
2β

,

and is plotted as curve 2 in Figure 6. This procedure is repeated to produce further
evolution of the system.
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Figure 6: Hildebrandt’s [18] plot of the mechanical behaviour of a large number of
Prandtl bodies in series.
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Figure 7: Hickling model: graph of volume vs. pressure, where pressure varied from 0
to 40 cm H2O for inflation, and back to zero for deflation, completing a full loop.

Hickling’s discrete element model

In [17], Hickling models the lungs as a combination of discrete elements, each of which
represents an alveolus. These elements are grouped into compartments representing
horizontal slices of the lungs, with an increasing gravitational superimposed pressure
starting at 0 cm H2O at the upper compartment and finishing at 15 cm H2O at the low-
ermost compartment.

Each element has an associated threshold opening pressure (TOP) or a range of
TOPs to simulate alveolar or small airway openings after collapse. While the model
was presented as a BASIC programming in [17], it shall be expressed here in a more
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concise form to aid with the description:

Vinfi =
J

∑
j=1

K

∑
k=1

γ(pi" sp j)

%
1, pi > sp j+opk # (pmax > sp j+opk $ pmin > sp j),
0, otherwise,

Vdefi =
J

∑
j=1

K

∑
k=1

γ(pi" sp j)

%
1, pi > sp j+opk # (pmax > spi+opk $ pi > sp j),
0, otherwise,

where:

p = pmin, pmin+1, . . . , pmax,
sp = "0.5,0, . . . ,14.5,
op = opmin,opmin+1, . . . ,opmax,

γ =
K%Vunit

1+opmax"opmin
.

The constant γ is introduced here to factor out common values. The number of units,
K is given as 9000 by [17] and their individual volumes are Vunit = 0.0002. Opening
pressures are given by op and range from opmin to opmax. Each lung compartment has
a superimposed pressure sp, ranging from minimum to maximum as shown above, and
with J compartments.

The pressure was varied from the lowest ventilator setting pmin = PEEP to the
maximum value of pmax = PIP (Peek Inspiratory Pressure). Graphs of inflation and
deflation can be plotted as shown in Figure 7 from (pi,Vinfi) and (pi,Vdefi) with i =
1,2, . . . ,N, where N is the size of the vector p.

Bates & Irvin’s discrete rate-dependent model

In [6], Bates and Irvin developed a rate-dependent recruitment/derecruitment model
based on an alveolus connected to a collapsible airway. If the airway remains open, the
alveolar compartment will expand and contract as described by Salazer and Knowles’
[33] expression:

(11) V = A"Be"Kp,

where A,B and K are constants and V is the alveolar compartment volume. If the
airway closes, V will remain fixed, i.e. it retains the value it had at the closing pressure
until the airway opens, where it will assume the value V (p) from (11). The opening
and closing of the airway is governed by x(t) which is given by the following ODE :

dx
dt

= (p" pc)

%
so, p> pc
sc, p< pc

,

where pc is a critical pressure which is used alongside x, to determine if the airway
is open (x = 1) or closed (x = 0). Note that x is constrained between these values:
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Figure 8: On the left: plot of Bates and Irvin’s [6] single aleveolus-airway element. On
the right: A plot of the parallel summation of alveolus airway elements, where each
element has its own value of pc,so and sc.

0 ! x ! 1. The constants so and sc control the rates at which x approaches opening or
closing respectively. A plot of the P-V relationship it generates is shown on the left
hand side of Figure 8.

To model the whole lung, they scale the model up by taking a parallel sum of an
arbitrary number of these airway-alveolar units, and each unit has its own values of so,
sc and pc, chosen randomly. The probability distribution chosen for pc was the normal
distribution, and so, sc were given a hyperbolic distribution.

6. Preisach model

In the following the Preisach operator will be introduced and some of its properties will
be illustrated.

6.1. The hysteron

One of the simplest hysteresis elements, or hysteron, is the non-ideal relay. It is char-
acterised by its threshold values α < β and internal memory state η(t). Its output y(t)
can take one of two values 0 or 1: at any moment the relay is either ‘switched off’ or
‘switched on’. The dynamics of the relay are described by the picture in Figure 9.

The variable output y(t)

(12) y(t) = Rα,β[t0,η0]x(t), t " t0,

depends on the variable input x(t) (t " t0) and on the initial state η0. Here the input is
an arbitrary continuous scalar function; η0 is either 0 or 1. The scalar function y(t) has
at most a finite number of jumps on any finite interval t0 ! t ! t1. The output behaves
rather ‘lazily’: it prefers to be unchanged, as long as the phase pair (x(t),y(t)) belongs
to the union of the bold lines in the picture above. The values of function (12) at a
moment t are defined by the following explicit formula:
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Figure 9: The non-ideal relay.

y(t) = Rα,β[t0,η0]x(t) =

&
''''''''(

'''''''')

η0, if α< x(τ)< β for all τ & [t0, t];

1, if there exists t1 & [t0, t] such that
x(t1)" β, x(τ)> α for all τ & [t1, t];

0, if there exists t1 & [t0, t] such that
x(t1)! α, x(τ)< β for all τ & [t1, t].

The equalities y(t) = 1 for x(t)" β and y(t) = 0 for x(t)! α always hold for t " t0.
This type of hysteron is one of the most frequently used in hysteresis models as

it is the basis of the Preisach model.

6.2. Preisach operators

The main assumption made in the Preisach Model is that the system can be thought
of as a parallel summation of a continuum of weighted non-ideal relays Rαβ, where
the weighting of each relay is µ(α,β). Such a summation can be uniquely repre-
sented as a collection of non-ideal relays as points on the two-dimensional half-plane
Π = {(α,β) : β> α} (see [23]), which is also known as the Preisach plane which is
typically shown as in Figure 10. Here the colored area S= S(t) is the set of the thresh-
old values (α,β) for which the corresponding relays Rαβ are in the "on" state at a given
moment t. L(t) (the so called staircase) is the interface between the relays, Rαβ, which
are in the "on" or "off" states. This interface, L(t), evolves according to the rules in
section 6.3. The output of the Preisach Model is then represented by the following
formula:

(13) y(t) =
!

α<β

ρ(α,β)Rα,β[t0,η0(α,β)]x(t)dαdβ=
!

S(t)

ρ(α,β)dαdβ.
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Figure 10: Typical state of a Preisach Plane.

Here ρ(α,β) is an integrable positive function in Π. This function is also called the
Preisach density. We use the following notation to denote the Preisach operator

y(t) = (Px)(t).

As we see from (13), the output y depends on both the input and the initial values
η0(α,β) of all relays. Therefore, we sometimes use the more explicit notation

y(t) = (P[η0]x)(t).

6.3. Geometrical description of the evolution rules

The evolution of the varying "on/off" states admits a simple geometrical interpretation,
see Figures 11a and 11b. Here the input x(t), moves along the horizontal scroll-bar, and
controls the point on the diagonal α = β above itself. When moving toward the upper
right corner, this point on the diagonal drags the horizontal line, and colors the domain
below this line and above the diagonal. For instance, if, in Figure 11a, x increases from
the value u to the value v, the colored area is increased by the yellow shaded triangle.
When moving towards the bottom left corner in Figure 11b, the diagonal point drags
the vertical line, and colors yellow everything to the right of this line and above the
diagonal. The output y(t) is the area of the blue domain with respect to the measure ρ.

7. Modelling the P-V relationship with the Preisach operator

PROPOSITION 1. The integral of the Preisach density over any vertical line,
L(h) at some point p must equal the derivative f '(p) , where V (p) is given by equation
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Figure 11: Dynamics of the Preisach Model.

(4) for the main deflation limb i.e.

(14)
! βmax

p
ρ(p,β)dβ=V '(p).

This density is distributed between β= α and β= βmax, where βmax is the max-
imum β threshold. Moreover, we suggest that the distribution is uniform within the
fragment [p,βmax] of any vertical lines of constant α ( p. Using Proposition 1 we
conclude that this density within this range is given by:

ρ(α,β) =
V '(α)
βmax"α

.

We define this density as

ρ(α,β) =

*
1

βmax"α

+
d
dp

,

a+
b!

1+ e(p"c)/d
"
-

,(15)

or more succinctly as:

(16) ρ(α,β) =
bsech2 ! c"α

2d
"

4d(α"βmax)
.

This density is non-zero for α< β< βmax, where 0 < α< β< βmax, and is zero
otherwise.

The expression for the inflation curve after the first deflation is given by:

(17) V1(p) =V (p1)+
! α=p

α=p1

! β=p

β=α
ρ(α,β)dβ,
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where p1 is the pressure at which deflation stops and inflation begins. For convenience
let us denote inflation curves with odd subscripts , i.e. byV1(p),V3(p),V5(p) and so on,
and deflation curves (other than the main limb) by even subscripts V2(p),V4(p),V6(p)
and so on. Since ρ is a function of α only, expression (17) can be reduced to:

(18) V1(p) =V (p1)+
! α=p

α=p1

b(p"α)sech2 ! c"α
2d
"

4d (α"βmax)
dβ.

7.1. Results of fitting

The data were extracted by means of specialised software [7] from published experi-
ments. Three datasets were taken from Fig. 6 of Martin et al. [25]. These data, denoted
datasets 1 to 3 in Table 2.1 were the measured P-V curves of mice who had lung dam-
age. Dataset 4, was taken from Figure 2a in Koefoed et al. [22] and these data were
measure P-V curves pigs lungs that were injured.
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(a) Dataset 1
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Figure 12: Results from fitting a Preisach model based on Venegas’ equation.

The fitting of the data was done by global minimisation of an objective function
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formed from the sum of squared residuals (SSEs):

(19) g(a,b,c,d) =
N

∑
i=1

(V (pi)"Vi)2 +
M

∑
j=1

(V1(p j)"V1 j)
2,

where g is the objective function and a,b,c and d are the parameters of the model,
which are treated like variables for the purposes of optimisation. The constants N and
M denote the number of deflation and inflation data points respectively. The global
optimisation method used was Differential Evolution [34]. The resulting SSE values
and the parameters for each data set are shown in Table 2.1 and the plots are shown
in Figure 12. Since the SSE was calculated for datasets whose volumes were not nor-
malised, they cannot be used to compare the results of the fits. Instead an error term
was added to Table 2.1 and was calculated as:

)
SSE
Vmax

,

where Vmax is the maximum volume of an individual dataset.

Dataset Data Source SSE Error a b c d

1 Martin et al. [25] 0.164 0.012 1.02 0.12 2.56 0.18
2 Martin et al.[25] 25.12 0.266 -18.12 38.02 -1.11 -7.91
3 Martin et al. [25] 131 0.502 -2.67 25.03 4.92 -4.56
4 Koefoed et al. [22] 47.1 0.086 0.904 80.87 8.38 -7.96

Table 2.1: Results from fitting P-V curves with the Preisach model.

8. Discussion and Conclusions

In this paper the author focused on several models of P-V relationship of the lungs.
Earlier models such expression (2) in section 5.1, captured the P-V curve quite well
when the lung was inside the body, where a full sigmoidal curve usually does not occur.
This model was also used as the basis of more sophisticated models such as Bates and
Irvin’s in section 5.2. Later models, such as expressions (3) and (4) in section 5.1
captured the full sigmoidal behaviour, which occurs when the lung is outside the body.
It is also possible to fit hysteresis loops with these models, however, the parameters are
different for each part of the loop fitted.

Later models attempted to systematically capture the full hysteretic behaviour,
these demonstrated that they could qualitatively predict the behaviour of P-V hysteresis
loops. The approach in formulating these models is similar to the Preisach model, and
further analysis of these may show that they can be reformulated as the Preisach model
or a generalised version of it.

Also in this paper, a model was developed based on a similar approach as done
for soil hydrology in [12], where a Preisach density was developed based on a function
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that fit each branch of the curve successfully. The Preisach model that was developed
here had no additional parameters but relied on the parameters of Venegas’ function.

The results of the model’s fit to the data, can be seen by comparing the error
terms in table 2.1. Dataset 1 demonstrated the best fit, followed by datasets 4 and 2.
The worst fit was to dataset 3. However, looking at the visual results in Figure 12,
dataset 4 shows the best fit qualitatively, followed by datasets 1, 2 and 3.

From looking at Figure 12, it can be seen that the model only captures some of
the qualitative behaviour. It does not reproduce the inflection points that can be seen in
all the graphs, which is most pronounced in Figure 12c. That indicates that the model
needs to be revised further. There are several approaches, firstly the Preisach density
can have restrictions placed on it, this will add additional parameters which should
improve the fits. Another possibility is to discretely measure the Preisach density using
to procedure outlined in Mayergoyz [26]. Additionally the hysteresis models described
in this paper may be adapted to develop a new Preisach operator.

The advantage of using hysteresis models such as the Preisach operator models
in curve fitting, is that the number of parameters can be substantially reduced. As
mentioned above, using earlier models that fit each limb of the hysteresis loop has to be
fitted by n parameters, so for k loops you have n% k parameters in total. Whereas with
the Preisach model, the maximum number of parameters required to fit the data would
be same n parameters, plus m additional parameters to define the Preisach density. In
total n+m parameters could be used to fit any number of hysteresis loops generated
from quasi-static P-V measurements. In addition, once the Preisach model has been
calibrated it has the ability to predict further loops and thus can be incorporated into
differential equations.
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