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1. Preface

This special issue of Rendiconti del Seminario Matematico dell’Università e del
Politecnico di Torino is dedicated to Alberto Conte, on the occasion of his 70th birth-
day, for his important contributions to Algebraic Geometry. It contains research papers
based on lectures delivered at the Conference “Geometria delle varietà algebriche”,
which took place from 21 to 23 March 2012 at University of Turin. During the Confer-
ence classical and modern themes of Algebraic Geometry, which is the favorite field of
interest of Alberto Conte, were considered.

Many friends, former students and researchers, from Italy and abroad, who
shared with him efforts and enthusiasm during so many years of work for Science,
Culture and University attended the Conference. In particular many participants were
members of the present PRIN national project ‘Geometry of Algebraic Varieties’ or of
the past European projects AGE and EAGER. These projects have seen the participa-
tion of Alberto Conte in many relevant roles and his very strong engagement in favor
of European Geometry.

List of the Speakers

Marco Andreatta (Università di Trento)

Arnaud Beauville (Université de Nice)

Ciro Ciliberto (Università di Tor Vergata)

Eduardo Esteves (IMPA Rio de Janeiro)

Gavril Farkas (Humboldt-Universitaet zu Berlin)

Livia Giacardi (Università di Torino)

Mirella Manaresi (Università di Bologna)

Massimiliano Mella (Università di Ferrara)

Jacob Murre (Universiteit Leiden)

Rita Pardini (Università di Pisa)

Claudio Pedrini (Università di Genova)

Christian Peters (Università de Grenoble)

Gaetana Restuccia (Università di Messina)

Lorenzo Robbiano (Università di Genova)

Simon Salamon (King’s College Londra)

Bert van Geemen (Università di Milano)

Alessandro Verra (Università Roma Tre)
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COMPUTING THE NUMBER OF APPARENT DOUBLE

POINTS OF A SURFACE

Dedicated to Alberto Conte on the occasion of his 70th birthday

Abstract. For a smooth surfaceS⊂ P5
K there are well known classical formulas giving

the numberρ(S) of secants ofS passing through a generic point ofP5. In this paper, for
possibly singular surfacesT, a computer assisted computation ofρ(T) from the defining
ideal I(T) ⊂ K[x0, . . . ,x5] is proposed. It is based on the Stückrad-Vogel self-intersection
cycle ofT and requires the computation of the normal cone of the ruled join J(T,T) along the
diagonal. It is shown that in the case whenT ⊂ P5 arises as the linear projection with center
L of a surfaceS⊂ PN

K (N > 5) (which satisfies some mild assumptions), the computational
complexity can be reduced considerably by using the normal cone of SecS alongL∩SecS
instead of the former normal cone. Many examples and the relative code for the computer
algebra systems REDUCE, CoCoA, Macaulay2 and Singular are given.

1. Introduction

For a smooth surfaceS⊂ P5
K , whereK is an algebraically closed field of charac-

teristic zero, there are well known classical formulas giving the numberρ(S) of secants
of Spassing through a generic point ofP5 (see, for example, the double point formula
of Severi [16], p. 259 or [22], Example 4.1.3, or the secant formula of Peters-Simonis
[26]). This number is called thesecant orderor thenumber of apparent double points
of S, since it is the number of double points of the projection ofS into P4 from a
generic point ofP5. These formulas are not suited if one wants to compute the number
ρ starting from the equations of the surface. In this paper we provide a computational
approach based on the coefficients of a certain Hilbert polynomial which comes from
the Stückrad-Vogel intersection cycle and can be computed from the equations of the
surface.

In [5] (see Theorem 4.3) it was shown that for a singular non-defective surface
T ⊂ P5

K the Stückrad-Vogel self-intersection cycle ofT can be used to obtain a formula
for ρ(T). From a computational point of view, this result permits to computeρ(T)
using computer algebra systems, but it requires the computation of the normal cone of
the ruled joinJ(T,T) along the diagonal, the computational complexity of which can
be very high.

In this paper we propose a second method for the computation of ρ(T) when
the singular surfaceT ⊂ P5 arises as the projection of a surfaceS⊂ PN

K (N > 5) along a
linear subspaceL. Under some mild assumption onS, this method reduces the compu-
tational complexity of the previous one, since it relies on the computation of the normal
cone of SecSalongL∩SecS(see Theorem 3).

For some special surfaces the computational complexity canbe further reduced
by applying an observation of A. Verra. He observed that for certain possibly singular
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surfacesS (which C. Ciliberto and F. Russo calledVerra surfaces, see Definition 2)
the numberρ(S) can be obtained computing the number of apparent double points of a
space curve by using its self-intersection cycle (see [4], Proposition 3.7). In the case of
such surfaces the computation ofρ can be done inP3, that is in a ring with only four
variables.

We illustrate the methods through a collection of examples,where the computa-
tions have been done with REDUCE (see [1]), but they could have been done with other
systems as CoCoA, Macaulay2, Singular as well.

In the last section of the paper we give the code of the procedures for the cal-
culations in the different computer algebra systems and we show the efficiency of the
new method given by Theorem 3.

2. Computational aspects of the Stückrad-Vogel intersection cycle

Let X,Y be closed (irreducible and reduced) subvarieties of the projective space
PN = PN

K , whereK is an algebraically closed field of characteristic zero. Stückrad
and Vogel [30] (see also [16], Section 2.2) introduced a cycle v(X,Y) calledv-cycle,
which is the formal sum of (algorithmically produced) subvarietiesC of X∩Y (possibly
defined over a pure transcendental field extension ofK), each taken with an algorithmi-
cally produced positive integer coefficientjC = j(X,Y;C), theintersection multiplicity
of X andY alongC. In order to describe the dimension range of the varietiesC, denote
by XY or embJ(X,Y) theembedded joinof X andY, that is, the closure of the union of
all linesxy, x∈ X, y∈Y. Then thev-cycle can be written as

v(X,Y) = ∑
C

j(X,Y;C)[C] = ∑
k

vk(X,Y),

wherek runs from max(dimX+dimY−dimXY,0) to dimX∩Y, andvk(X,Y)( 6= 0) is
thek-dimensional part ofv(X,Y).

The part of the cyclevk = vk(X,Y) which is defined over the base fieldK, the so-
calledK-rational part, will be denoted by rat(vk) and the remaining part, the so-called
irrational or movable part, will be denoted by mov(vk), that is,

vk = rat(vk)+mov(vk).

To prove a theorem of Bezout, Stückrad and Vogel had to take into account also
the so-called empty subvariety/0 ⊆ X∩Y (which by definition has dimension−1 and
degree 1) and its intersection numberj(X,Y, /0).

We want to describej(X,Y, /0) following van Gastel [19]. To this end, let
Ax := K[x0, . . . ,xN], Ay := K[y0, . . . ,yN], A := Ax⊗K Ay and denote byI(X) ⊆ Ax,
I(Y) ⊆ Ay the largest homogeneous ideals definingX andY, respectively. ThenR :=
A/(I(X)A+ I(Y)A) is the homogeneous coordinate ring of theruled join J= J(X,Y)⊆
P2N+1

K = Proj(A). The “diagonal” subspace∆ of P2N+1
K is defined by the ideal(x0−

y0, . . . ,xN− yN)A =: I(∆). Denoting by deg(J(X,Y)/XY) the mapping degree of the
linear projectionJ(X,Y) 99K XY with center∆∩J(X,Y), van Gastel proved that

j(X,Y; /0) = deg(J/XY)degXY.
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Then, using the above notation, therefined Bezout theorem(see [16], Theo-
rem 2.2.5) can be formulated as follows.

THEOREM 1 (Stückrad-Vogel [30], van Gastel [19]).Let X,Y be closed (irre-
ducible and reduced) subvarieties ofPN

K . Then

degX degY = deg(J/XY)degXY+∑
C

j(X,Y;C)degC

= deg(J/XY)degXY+degv(X,Y)

= deg(J/XY)degXY+∑
k

degvk(X,Y).

The degrees of thevk’s and deg(J/XY)degXY can be calculated by the Hilbert
coefficients of the bigraded ideal which defines the normal cone of J(X,Y) along
J(X,Y)∩∆. More precisely, let

A= K[x0, . . . ,xN,y0, . . . ,yN], R= A/I(J(X,Y)),

I = I(∆) = (x0−y0, . . . ,xN−yN)A,

t0, . . . , tN indeterminates, and

ϕ : A[t0, . . . , tN]→GI (R) :=
⊕

k∈N
Ik/Ik+1

be the natural surjection which is induced by the natural homomorphismA→ R/I and
substitutingti by the class ofxi−yi in I/I2, i = 0, . . . ,N. Define a bigrading by setting
deg(xi) = deg(yi) = (1,0) and deg(ti) = (0,1). Then kerϕ is a bigraded ideal in the
bigraded ringA[t0, . . . , tN], and

(1) R := R (X,Y) := GI (R)∼= A[t0, . . . , tN]/kerϕ

is bigraded,R =
⊕

j,k∈NR j,k. If we setd := Krull-dim R= Krull-dimR and write the

Hilbert polynomial of∑k
v=0 ∑ j

u=0dimK(Ru,v) in the form

p( j,k) =
d

∑
l=0

cl

(
j + l

l

)(
k+d− l

d− l

)
+ lower degree terms,

then the non-negative integerscl =: cl (R ) =: cl (X,Y) are thegeneralized Samuel mul-
tiplicities of I in the sense of [3].

PROPOSITION1 ([3], Theorem 4.1 and Proposition 1.2).With the previous no-
tation,

c0(R ) = c0(X,Y) = j(X,Y; /0) = deg(J/XY)degXY

and for k= 1, . . . ,d,

ck(R ) = ck(X,Y) = ∑
P∈minAssR

length(RP ) ·ck(R /P ) = degvk(X,Y).
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According to (1) the minimal prime idealsP of R contract to prime ideals
P ∩A which contain the idealsI(∆) andI(J(X,Y)), hence the contraction idealsP ∩
K[x0, . . .xN] (which need not all be distinct) define subvarieties ofX∩Y ⊂ PN, the so
calleddistinguished varietiesof the intersection ofX andY in the sense of Fulton [17].
These subvarieties are the support of theK-rational part ofv(X,Y). The lengths of the
RP ’s are the geometric multiplicities of the irreducible components of the normal cone
of J(X,Y) alongJ(X,Y)∩∆.

DEFINITION 1 (Intersection vector).With the above notation, setδ := dim(X∩
Y)+1. Then theintersection vectorc(X,Y) of X and Y is defined to be the vector of
non-negative integers

c(X,Y) = (c0(X,Y), . . . ,cδ(X,Y)) = (c0(R ), . . . ,cδ(R )) =: c(R ),

and by the refined Bezout theorem

degX degY = c0(X,Y)+ · · ·+cδ(X,Y).

By Proposition 1 we have

(2) c(X,Y) = ∑
P∈minAssR

length(RP ) ·c(R /P ).

In particular, theself-intersection vectorof an n-dimensional variety X is de-
fined to be

c(X) = c(X,X) = (c0(X,X)), . . . ,cn+1(X,X)),

and it holds
(degX)2 = c0(X,X)+ · · ·+cδ(X,X).

The integersck(X,Y) = ck(R ) can be computed by using various computer
algebra systems (e.g. REDUCE, using the package SEGRE[1]), in which the calculation
of the Hilbert series of a multigraded ring has been implemented, see Section 5.

For the computation of the number of apparent double points of a varietyX, the
coefficient

c0(X,X) = j(X,X; /0) = deg(J(X,X)/embJ(X,X)) ·deg(embJ(X,X))

is particularly important. Note that embJ(X,X) is thesecant variety, which we denote
by SecX. It is well-known that SecX has theexpected dimension2dimX + 1 (and
is said to benondeficient) if and only if for generic pointsx ∈ X andy ∈ X one has
TX,x∩TX,y = /0 (see, for example, [16], Cor. 4.3.3). The non-negative integer 2dimX+
1−dimSecX is called thedeficiencyof SecX. Concerning deg(J(X,X)/SecX), there
is the following result, which is essentially [16], Proposition 8.2.12, see also [24],
Proposition 6.3.5.

PROPOSITION2 ([5], Proposition 2.7).Let X⊂ PN be a non-degenerate irre-
ducible subvariety such that2dimX +1 < N. Suppose that one of the following two
conditions is satisfied:
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1. X is a curve;

2. X is reduced and the generic tangent hyperplane toSecX is tangent to X at only
finitely many points (that is, X is not1-weakly defective in the sense of [9], 2.1).

Thendeg(J(X,X)/SecX) = 2 and, in particular,dimSecX = 2dimX+1.

REMARK 1. If x,y ∈ X, then over the secant linexy of X there are two lines
J(x,y), J(y,x) of J(X,X), so that the rational map

π : J(X,X) 99K SecX,

has even degree, that is,

deg(J(X,X)/SecX) = 2ρ≥ 0.

Here ρ is the number of secants to X passing through a general point ofSecX, if
dimSecX = 2dimX+1, andρ = 0 otherwise. In [9] one can find a complete classifi-
cation of surfacesX ⊂ PN, N≥ 6, for whichρ > 1.

3. Computing ρ by the Stückrad-Vogel intersection cycle

Let S⊂ PN (N≥ 5) be a non-degenerate surface of degreed with singular locus
SingS. For any pointP∈ Sm(S) we denote byTS,P the embedded projective tangent
plane toSat P. We denote by TanS the tangent variety ofS, that is the closure of the
union of all embedded projective tangent planes toSat regular points.

It is known (see, for example, [5]) that the Stückrad-Vogel self-intersection cy-
cle ofS is

(3) v(S,S) = [S]+∑
Z

jZ[Z]+P1(S)+∑
P

jP[P]+movv0(S)|SmS+movv0(S)|SingS,

whereZ runs through the one-dimensional irreducible components of SingS, P1(S)
denotes the first polar locus ofS, P runs through the singular points ofSof embedding
dimension greater or equal to 4, and movv0(S)|SmS is the ramification locus of the
linear projectionπΛ : S→P3 with center a generic(N−4)-dimensional linear subspace
Λ⊂ PN (see [15], Theorem 4.6).

Moreover,

degv1(S) = ∑
Z

jZ degZ+degP1(S) = c2(S,S),

degv0(S) = ∑
P

jP+degmovv0(S)|SmS+degmovv0(S)|SingS= c1(S,S),

and, ifS is non defective,

degmovv0(S)|SmS= deg(TanS)
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(see [5], Lemma 4.1).

In [5], Theorem 4.3, the following has been proved.

THEOREM 2. Let S⊂ PN (N ≥ 5) be an irreducible and reduced possibly sin-
gular non defective surface of degree d. With the preceding notation the following
formula holds:

2ρ ·degSecS = (degS)2−degv(S,S)

= (degS)2−c3(S,S)−c2(S,S)−c1(S,S)

= d2−d−∑
Z

jZ degZ−degP1(S)

−∑
P

jP−degTanS−degmovv0(S)|SingS

= c0(S,S),

where Z runs through the one-dimensional irreducible components ofSingS and P runs
through the singular points of S of embedding dimension greater or equal to4.

For N = 5 one has

ρ(S) =
1
2

c0(S,S).

REMARK 2. The self-intersection vectorv(S,S) of a surfaceS⊂ PN,N ≥ 5,
encodes geometric information onS. If S⊂ PN (N ≥ 5) is smooth and non defective,
then the self-intersection vector ofS is

c(S,S) = (2ρdeg(SecS),deg(TanS),deg(P1(S)),deg(S)) =

= (2ρdeg(SecS),0,0,0)+(0,deg(TanS),deg(P1(S)),deg(S)),

where the last line is the decomposition according to Proposition 1. In fact, for S
smooth and non defective the ring of coordinates of the normal coneR has two minimal
primesP1 andP2 such thatP1∩K[x0, . . . ,xN] = (x0, . . . ,xN) andP2∩K[x0, . . . ,xN] =
I(S).

If the surfaceS⊂PN,N≥ 5, has isolated singular pointsP1, . . . ,Pr of embedding
dimension greater or equal to 4 and singular curvesZ1, . . . ,Zs, then the normal cone of
J(S,S) alongJ(S,S)∩∆ has at least one component for each pointPi , 1≤ i ≤ r and for
each curveZ j , 1≤ j ≤ s. The self-intersection vector ofSdecomposes in the following
way
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c(S,S) =

(
2ρdeg(SecS), deg(TanS)+deg movv0(S)|SingS+∑

P
jP,

deg(P1(S))+∑
Z

jZ deg(Z), deg(S)

)

= (2ρdeg(SecS), 0, 0, 0)+

+ ∑
P∈{Pi}

(
0, ∑
{P |P∩Ax=I(P)}

length(RP ) ·c1(R /P ), 0, 0

)
+

+ ∑
Z∈{Z j}

∑
{P |P∩Ax=I(Z)}

length(RP ) · (0, c1(R /P ), c2(R /P ), 0)+

+(0, deg(TanS), deg(P1(S)), deg(S)) ,

where we recall thatAx := K[x0, . . . ,xN], and we remark that for the movable pointsQ
on the curvesZ j the coefficients length(RP ) are equal to the intersection numberjQ
and

∑
{P |P∩Ax=I(Z)}

length(RP ) ·c2(R /P ) = jZ deg(Z)

(see [6], Main Theorem). We also observe that

∑
Z∈{Z j}

∑
{P |P∩Ax=I(Z)}

length(RP ) ·c1(R /P ) = deg movv0(S)|SingS,

and ∑{P |P∩Ax=I(Z)} c1(R /P ) is the number of the movable points onZ.

In order to compute the intersection numberjP of an isolated singular point
of S we must compute the generalized Samuel multiplicities of the diagonal ideal in
the localization of the ringR localized at the prime idealI(P)R+ I(∆)R (see [3]). In
this case we obtain three coefficients:c0 = jP,c1,c2, wherec0 = 0 if and only if the
embedding dimension ofSat P is smaller or equal to 3 andc2 is the multiplicity ofS
atP.

PROPOSITION 3. (C.Ciliberto) A surface S⊂ P5 with one apparent double
point (ρ(S) = 1) cannot have isolated singular points of embedding dimension greater
or equal to4.

Proof. In fact, assume thatP∈ S is a point of embedding dimension greater or equal
to 4 andΠ is the Zariski tangent space toSat P. If r is a generic secant line ofSand
α = 〈r,P〉 ∼= P2, thenα∩Π contains at least a lineℓ throughP. The lineℓ⊂Π is a limit
of secants, hence it is a secant, butr ∩ ℓ is not empty, which contradicts the genericity
of r.

This says that we cannot have surfaces inP5 with one apparent double point
and singular points which contributes to the self-intersection cycle. We can have such
examples only ifρ≥ 2.
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By using Theorem 2, we want to compute the self-intersectionvector and the
numberρ(S), for singular surfaces inS⊂ P5 which are linear projections of rational
normal scrolls. We also want to point out the contribution ofthe components of the
singular locus ofS to its self-intersection vector.

In the following with S(a,b) ⊂ Pa+b+1 we denote the rational normal scroll
defined by the parametric equations

(x0 : . . . : xa : y0 : . . . : yb) = (sau : sa−1tu : . . . : tau : sbv : sb−1tv : . . . : tbv).

We recall thatS(a,b) is a smooth surface of degreea+b, whose defining equations are
given by the 2×2 minors of the matrix

(
x0 x1 . . . xa−1 y0 . . . yb−1

x1 x2 . . . xa y1 . . . yb

)

(for more details see, for example, [21]). The defining ideals of S(a,b) can be conve-
niently computed by various computer algebra systems, see Section 5.

By [5], the self-intersection vector ofS(a,b) is

c(S,S) = (2deg(SecS), deg(TanS), deg(P1(S)), deg(S))

= ((a+b−2)(a+b−3), 2(a+b−2), 2(a+b−1), a+b).(4)

Now we are ready to present some examples, where the self-intersection vectors
have been computed following procedures and codes as explained in Section 5.

EXAMPLE 1. Surfaces inP5 with one or two isolated singular points which do
not contribute to the self intersection cycle and one apparent double point
Let us now consider the smooth del Pezzo surface ofS⊂ P6 given by the parametric
equations

x0 = uvw,x1 = v2w,x2 = vw2,x3 = uw2,x4 = u2w,x5 = u2v,x6 = uv2

(see [28], p. 155). The secant variety ofS is the hypersurface ofP6 defined by the
equation

x3
0−x0x1x4−x0x2x5−x0x3x6+x1x3x5+x2x4x6 = 0,

whose singular locus isS.

We projectS to P5 from a pointP∈ S. If

P∈ {[0 : 1 : 0 : 0 : 0 : 0 : 0], [0 : 0 : 1 : 0 : 0 : 0 : 0], [0 : 0 : 0 : 1 : 0 : 0 : 0],

[0 : 0 : 0 : 0 : 1 : 0 : 0], [0 : 0 : 0 : 0 : 0 : 1 : 0], [0 : 0 : 0 : 0 : 0 : 0 : 1]}

the image ofS under the projection is a surfaceT ⊂ P5 of degree 5 with two singu-
lar points which do not contribute to the self-intersectioncycle of the surface. The
decomposition of the self-intersection vector of the surfaceT is

c(T,T) = (2,8,10,5) = 2(1,0,0,0)+(0,8,10,5),
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in particularρ = 1.

If we project the surfaceS from the point[0 : 1 : 1 : 0 : 0 : 0 : 0] , we obtain a
surfaceT ′ ⊂ P5 of degree 5 with one singular point which does not contributeto the
self-intersection cycle of the surface. The intersection numbers of the surfaceT ′ are
again

c(T ′,T ′) = (2,8,10,5) = 2(1,0,0,0)+(0,8,10,5),

in particularρ = 1.

EXAMPLE 2. Surfaces inP5 with an isolated singular point which contributes
to the self intersection cycle and two apparent double points
Let S= S(3,2)⊂ P6, whose self intersection vector isc(S(3,2)) = (6,6,8,5) and

SingSecS(3,2) = SingTanS(3,2) = S(3,2)∩{[x0 : . . . : x6] ∈ P6 | x0 = · · ·= x3 = 0}.

Let T1 and T2 be the surfaces ofP5 obtained by projectingS from the pointsP1 =
[1 : 0 : 0 : 1 : 0 : 0 : 0] ∈ SecS(3,2) \ TanS(3,2) and P2 = [0 : 1 : 0 : 0 : 0 : 0 : 0] ∈
TanS(3,2)\SingTanS(3,2) respectively.

The surfacesT1 andT2 have one double point which contributes to the intersec-
tion cycle with intersection multiplicityj1 = 2 and j2 = 3 respectively. The decompo-
sitions of the intersection vectors are:

c(T1,T1) = (4,8,8,5) = (0,6,8,5)+2(0,1,0,0)+(4,0,0,0),

c(T2,T2) = (4,8,8,5) = (0,5,8,5)+3(0,1,0,0)+4(1,0,0,0),

see formula (2) and Section 5.

EXAMPLE 3. Surface inP5 with two isolated singular points which contribute
to the self intersection cycle and four apparent double points
Let us consider the rational normal scrollS(3,3) ⊂ P7 and we project it from the line
s passing through the pointsP= [0 : 1 : . . . : 0] and Q= [0 : . . . : 0 : 1 : 0] (which are
smooth points of SecS(3,3)) on the linear space{[x0 : . . . : x7]∈ P7 | x1 = x6 = 0}∼= P5.

One obtains a surfaceT ⊂ P5 with two isolated singular pointsR1 = [0 : 0 : 0 :
0 : 0 : 1] andR2 = [1 : 0 : 0 : 0 : 0 : 0] , which are double points. A computer calculation
as in [1, file segre4.txt] gives the self-intersection numbers ofT

j(T,T;R1) = j(T,T;R2) = 3

and the intersection vector

c(T,T) = (8,12,10,6) = 8(1,0,0,0)+3(0,1,0,0)+3(0,1,0,0)+(0,6,10,6),

whereas the intersection vector ofS(3,3) is c(S(3,3),S(3,3)) = (12,8,10,6), see (4).

We recall the definition of Verra surfaces from [11], Section3, in a slightly
modified version.
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DEFINITION 2 (Verra surfaces).Let Y⊂ P5 be a degenerate curve, which spans
a linear space V of dimension3. Take a line W⊂P5 such that V∩W= /0. Let CW(Y) be
the cone over Y with vertex W. Let X⊂CW(Y) be an irreducible, non-degenerate, not
secant defective surface, which intersects the general ruling Π∼= P2 of CW(Y) along a
line L. This implies that:

(A1) the projection p: P5 99K V with center W restricts to X to a dominant map
p|X : X 99KY;

(A2) if Li ,1≤ i ≤ 2, are the closures of two general fibers of p|X, then L1∩L2 = /0.

Indeed, (A1) is clear, and (A2) follows, via Terracini’s Lemma, from the fact that X
is not secant defective. The variety X is called aVerra surfaceconstructed from the
curve Y.

We point out that, differently from [11], in our definitionY is not required to be
a curve with one apparent double point.

PROPOSITION4 (A. Verra). With the previous notation we have

ρ(X) = ρ(Y).

Proof. Let X be a Verra surface. Letx ∈ P5 be a general point, so thaty = p(x) is
a general point ofV. A secant line toX throughx is a general secant line toX and
projects to a general secant line toY passing throughy. Let ρ(Y) = m, then there are
m secant linesℓ1, . . . , ℓm throughy, and letPi1,Pi2 (i = 1, . . . ,m) the intersection points
of ℓi with Y. For each secant lineℓi of Y throughy there is exactly one secant line ofX
throughx which by p is mapped onℓi . Such a line must be in the 3-dimensional linear
spaceZi = 〈ℓi ∪W〉, which intersects X along the two linesLi j ⊂ 〈Pi j ,W〉,1≤ j ≤ 2,
the union of which spansZi . The assertion follows, since there is only one secant line
to Li1∪Li2 passing throughx∈ Zi .

The following two examples regard two families of Verra surfaces with a mul-
tiple line the preimage of which in the normalization are a rational normal curve andk
lines, respectively.

EXAMPLE 4. Verra surfaces inP5 with a multiple line and one apparent double
point
Let us consider a rational normal scrollS(d− 3,3) ⊂ Pd+1, with d ≥ 5, and let us
projectS(d−3,3) from the linear subspace

L = {[x0 : . . . : xd−3 : y0 : . . . : y3] ∈ Pd+1 | x0 = xd−3 = y0 = · · ·= y3 = 0}

of dimensiond−5 contained in

Π = {[x0 : . . . : xd−3 : y0 : . . . : y3] ∈ Pd+1 | y0 = · · ·= y3 = 0} ∼= Pd−3
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and such that it does not intersect the rational normal curveC(d−3) = S(d−3,3)∩Π.

The image ofS(d− 3,3) under the linear projectionπL is a rational surface
T := T(d−3,3)⊂ P5 with a multiple lineℓ of multiplicity d−3 such thatπL

−1(ℓ) =
C(d−3).

Clearly the restriction of the projectionπL to

Π′ = {[x0 : . . . : xd−3 : y0 : . . . : y3] ∈ Pd+1 | x0 = · · ·= xd−3 = 0} ∼= P3

gives an isomorphism between the rational normal curveC(3) =S(d−3,3)∩Π′ and its
image inP5, and the surfaceT is obtained as in Verra’s construction (see Definition 2,
[10], Example 5.18 and [11], Section 3).

SinceT is obtained from Verra’s construction, we know thatρ(T) = ρ(C(3)) =
1, hence deg(J(T,T)/Sec(T)) = 2.

We can observe that ford = 5,

SingSecS(2,3) = S(2,3)∪{[x0 : . . . : x2 : y0 : . . . : y3] ∈ P6 | y0 = · · ·= y3 = 0}

andL is a point in SingSecS(2,3) \S(2,3). The surfaceT(2,3) has degree 5 and its
singular locus is a line of double points whose preimage is exactly the smooth conic

S(2,3)∩{[x0 : . . . : x2 : y0 : . . . : y3] ∈ P6 | y0 = · · ·= y3 = 0}.

This example was studied in detail in [5], Section 4, and its self-intersection vector is

c(T(2,3),T(2,3)) = (2,6,10,5) = 2(1,0,0,0)+2(0,2,1,0)+(0,4,8,5).

The self-intersection vector ofT(2,3) is equal to the the self-intersection vectors of the
surfacesT andT ′ of Example 1, but their decompositions are different.

EXAMPLE 5. A Verra surface inP5 with a double line and one apparent double
point
Let us now consider the rational normal scrollS(1,4) ⊂ P6 and the 3-dimensional
irreducible and reduced variety (remember that embJ denotes the embedded join)

X := embJ(S(1),S(1,4)) = embJ(S(1),S(4)) = SingSecS(1,4) = SingTanS(1,4)

of defining ideal

(−x2x4+x3
2,−x2x5+x3x4,−x2x6+x3x5,−x2x6+x4

2,−x3x6+x4x5,−x4x6+x5
2).

Let P ∈ X \S(1,4) and letπP : S(1,4)→ P5 be the linear projection fromP into P5.
The surfaceZ := Z(1,4) := πP(S(1,4)) has a singular lineℓ= πP(S(1)), the preimage
of which is composed of two intersecting lines, preciselyS(1) and a line of the ruling.
To show this we prove the following stronger claim.

CLAIM . Let α = 〈S(1),P〉 = 〈ℓ,P〉 be the plane spanned byS(1), or by ℓ, and
the pointP. Then the intersection cyclev(α,S(1,4)) is composed by the union ofS(1)
and a line, sayr, of the ruling ofS(1,4) and three movable points onS(1). In particular,
π−1

P (ℓ) = α∩S(1,4) = S(1)∪ r.
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Proof. To prove the claim, letH ∈ P5 be a generic hyperplane containingα. The
hyperplaneH intersectsS(1,4) in a curve which is a union of lines and havingS(1) as
a component. In fact,H intersectsS(4) in four distinct pointsQ1, . . . ,Q4 and through
each of them there is a line of the ruling lying onH and intersectingS(1) in a point.
Denote these distinct lines byr1, . . . , r4 and letRi = r i ∩S(1).

We observe that exactly one of the linesr1, . . . , r4 is contained inα. In fact,
beingP∈ X, there exists a linel ⊂ X passing throughP. Such a line is contained inα,
but it cannot be a line onS(1,4) sinceP /∈ S(1,4). Let Q∈ (S(1,4)\S(1))∩ l . Such a
pointQ is the only point in which the planeα intersectsS(4), since a plane can contain
only one line of the ruling. Letr = r1 be the unique line ofS(1,4) passing through
Q= Q1. This liner is contained inα since the pointQ and the pointr ∩S(1) are inα,
henceS(1,4)∩α = S(1)∪ r.

The intersection cyclev(α,S(1,4)) is composed byr ∪S(1) and the three em-
bedded pointsR2,R3,R4 , which are movable onS(1) whenH(⊃ α) varies.

Let P= [0 : 1 : 1 : 0 : 0 : 0 : 0]∈X\S(1,4) and letπP be the linear projection from
P into P5 = Proj(C[x0,x1− x2,x3,x4,x5,x6]). The surfaceZ := Z(1,4) := πP(S(1,4))
is defined by the ideal

(−x3x5+x4
2,−x3x6+x4x5,−x4x6+x5

2,

−x0x5+(x2−x1)x4+x3
2,−x0x6+(x2−x1)x5+x3x4).

It has degree 5 and it is singular along the line of equationsx3 = x4 = x5 = x6 = 0,
which is a line of double points, whose preimage is composed by the two intersecting
lines of equationsx2 = · · ·= x6 = 0 andx1 = x3 = · · ·= x6 = 0 respectively.

The surfaceZ is a Verra variety since if we project the surface fromℓ, its image
is a rational normal cubic curve, henceZ is given by Verra’s construction.

One can observe that the surfaceZ has the same intersection numbers of the
surfaceT(2,3):

c(Z,Z) = (2,8,10,5) = 2(1,0,0,0)+2(0,2,1,0)+(0,4,8,5).

In Examples 1, 4 and 5 we considered surfaces with one apparent double point.
Recently Ciliberto and Russo [11] gave a complete classification of (possibly singular)
surfacesS⊂ P5 with one apparent double point, proving thatS is either a smooth
rational normal scroll or a (weak) del Pezzo surface of degree 5 or a Verra surface
constructed from a rational normal cubic.

EXAMPLE 6. Surface inP5 with a line of double points, an isolated singular
point which contributes to the self intersection cycle and two apparent double points
Let us consider the rational normal scroll

S(4,2)⊂ P7 = Proj(C[x0, . . . ,x4,y0,y1,y2]) .
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The ideal of its tangent variety is

(x0x4−4x1x3+3x2
2, 4x0x2x4−3x0x2

3−3x2
1x4+2x1x2x3,

−4x2
0x2

4+14x0x1x3x4−9x0x2x2
3−9x2

1x2x4+8x2
1x2

3,

−3x0x2y2+3x0x3y1−x0x4y0+3x2
1y2−3x1x2y1+x1x3y0,

−3x0x3y2+4x0x4y1+3x1x2y2−4x1x3y1−3x1x4y0+3x2x3y0,

−x0x4y2+x1x3y2+3x1x4y1−3x2x3y1−3x2x4y0+3x2
3y0,

x0y2
2−4x1y1y2+2x2y0y2+4x2y2

1−4x3y0y1+x4y2
0,

x0x1x4y2−9x0x2x3y2+12x0x2x4y1−3x0x3x4y0+8x2
1x3y2−12x2

1x4y1+3x1x2x4y0,

3x2
0x4y2−9x0x1x3y2−x0x1x4y1+9x0x2x3y1−3x0x2x4y0+6x2

1x2y2−8x2
1x3y1+3x2

1x4y0).

We observe that the pointQ = [0 : . . . : 0 : 1 : 0] ∈ TanS(4,2) has multiplicity
two for TanS(4,2).

Let us projectS(4,2) from the line passing through the points

P= [1 : 0 : 0 : 0 : 1 : 0 : 0 : 0] ∈ SecS(4,2)\TanS(4,2)

and
Q= [0 : 0 : 0 : 0 : 0 : 0 : 1 : 0] ∈ TanS(4,2),

that is, from the line

L = {[x0 : . . . : x4 : y0 : y1 : y2] ∈ P7 | x0−x4 = x1 = x2 = x3 = y0 = y2 = 0},

not contained in SecS(4,2) and intersecting TanS(4,2) only in the pointQ. The pro-
jection S= πL(S(4,2)) ⊂ P5 = {[x0 : . . . : x4 : y0 : y1 : y2] ∈ P7 | x0− x4 = y1 = 0} is
a singular surface with a line of double points and an isolated double point. After a
change of coordinates (in which we eliminatex0− x4 andy1), in the new coordinates
we have

SingS= {[x1 : . . . : x4 : y0 : y2]∈P5 | x1= x2= x3= x4= 0}∪{[1 : 0 : 0 : 0 : 0 : 0]}= ℓ∪R

and

TanS= {[x1 : . . . : x4 : y0 : y2] ∈ P5 |
− x2

1x2
2x2

4+6x1x3
2x3x4−4x1x2

2x3
3−6x1x2x3x3

4+4x1x3
3x2

4−4x5
2x4

+ 3x4
2x2

3−8x3
2x3

4+42x2
2x2

3x2
4−48x2x4

3x4−4x2x5
4+16x6

3+3x2
3x4

4 = 0}.

The surfaceS is a Verra variety since if we project the surface fromℓ, its image
is a quartic curveC with self-intersection vector

c(C,C) = (4,8,4) = 4(1,0,0)+2(0,1,0)+(0,6,4),

henceρ(S) = ρ(C) = 2. This can also be confirmed by the computation ofc(S,S) =
(4,14,12,6).

The singular pointR∈ Scontributes to the cycle with multiplicityj = 2, since
in the affine chartx1 = 1 the self-intersection vector ofS is (2,0,2).
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EXAMPLE 7. Surface inP5 with two lines of double points and two apparent
double points
Let us consider the rational normal scrollS(4,2)⊂ P7 and project it from the line

s= {[x0 : . . . : x7] ∈ P7 | x0 = x2 = x3 = x4 = x5 = x7 = 0}

on the linear space{[x0 : . . . : x7] ∈ P7 | x1 = x6 = 0} ∼= P5. The lines is contained in
TanS(4,2) and intersects Sing(TanS(4,2)) in a point.

We obtain a surfaceT ⊂ P5 with two lines of double points

r1 : {[x0 : x2 : x3 : x4 : x5 : x7] ∈ P5 | x2 = x3 = x4 = x7 = 0},

r2 : {[x0 : x2 : x3 : x4 : x5 : x7] ∈ P5 | x0 = x2 = x3 = x4 = 0},
intersecting in the pointP= r1∩ r2 = [0 : . . . : 0 : 1 : 0 : 0] and such that the preimage
of r1 in the projection is the line

{[x0 : . . . : x7] ∈ P7 | x1 = x2 = x3 = x4 = x6 = x7 = 0}

on the scroll and the preimage ofr2 in the projection is the conic

{[x0 : . . . : x7] ∈ P7 | x0 = x1 = x2 = x3 = x4 = x2
6−x5x7 = 0}.

The intersection vector ofT is

c(T,T) = (4,12,14,6) = 4(1,0,0,0)+{3(0,1,1,0)+2(0,2,1,0)}+(0,5,9,6),

where the contribution inside the curly braces refers to theone-dimensional part of the
singular locus. Preciselyjr1 = 3 and there is a movable point of multiplicity 3 onr1,
jr2 = 2 and there are two movable points of multiplicity 2 onr2 .

The surfaceT is a Verra variety since if we project it fromr2, its image is a
quartic curveC with self-intersection vectorc(C,C)= (4,8,4), henceρ(T)= ρ(C)= 2.

We observe thatc(S(4,2),S(4,2)) = (12,8,10,6), and this shows that

degP1(S(4,2))> degP1(T).

4. Computing ρ of a projection

In this section we propose a second method for the computation of ρ(T) when
the singular surfaceT ⊂ P5 arises as the projection of a surfaceS⊂ PN

K (N > 5) along
a linear subspaceL. This method reduces considerably the computational cost when
calculating concrete examples (see Section 5).

THEOREM3. Let X⊂ PN be a non-degenerate reduced and irreducible variety
such that2dimX +1 < N and the generic tangent hyperplane toSecX is tangent to
X at only finitely many points (that is, X is not1-weakly defective in the sense of [9],
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2.1). Let L⊂ PN be a linear subspace such thatcodimL > dimX+1 and such that the
linear projectionπL : X→ πL(X) =: Y is generically one to one.

Then
ρ(Y) ·degSecY = c0(L,SecX),

and, if L is a point and e(SecX,L) denotes the multiplicity ofSecX at L (which is
defined to be zero if L/∈ SecX), it holds

ρ(Y) ·degSecY = degSecX−e(SecX,L).

Proof. It is known that

ρ(Y) =
1
2

deg(J(Y,Y)/SecY)

and deg(J(X,X)/SecX) = 2 (see Proposition 2 and Remark 1). Let us consider the
following diagram of rational maps

J(X,X)
π∆N−−−−−−−→ SecX

yJ(πL,πL)

yπL

J(Y,Y)
π∆N−k−1−−−−−−−−→ SecY

whereJ(πL,πL) is the map induced byπL, π∆N andπ∆N−k−1 are the projections along
the diagonal spaces ofJ(PN,PN) andJ(PN−k−1,PN−k−1), respectively. By assumption
degJ(πL,πL) = 1, hence by the commutativity of the diagram it turns out that

deg(J(Y,Y)/SecY) = 2deg(SecX/SecY),

hence

(5) ρ(Y) = deg(SecX/SecY).

On the other hand, by van Gastel [19]

c0(L,SecX) = deg(J(L,SecX)/embJ(L,SecX)) ·deg(embJ(L,SecX)).

Since one of the two intersecting varieties is a linear space, the cyclev(L,SecX) can
be computed without passing to the ruled join (see [16], Proposition 2.2.11), therefore

c0(L,SecX) = deg(SecX/πL(SecX)) ·degπL(SecX)

= deg(SecX/SecY) ·degSecY,

which, together with (5), finishes the proof of the first formula.

If L is a point, by the refined Theorem of Bezout and taking into account that
j(SecX,L;L) = e(SecX,L) (see e.g. [16], Lemma 5.4.7) one has

c0(L,SecX) = degSecX−e(SecX,L),

which finishes the proof in this case.
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COROLLARY 1. Let S⊂ PN,N > 5 be a non-degenerate reduced and irre-
ducible surface such that the generic tangent hyperplane toSecS is tangent to S at
only finitely many points (that is, S is not1-weakly defective in the sense of [9], 2.1).
Let L⊂ PN be a linear subspace of codimension6 such that the linear projection
πL : S→ πL(S) =: T ⊂ P5 is generically one to one.

Thenρ(T) = c0(L,SecS).

Using this result we can compute the numberρ for some surfaces (of low de-
gree) in a class of Verra surfaces inP5 with a multiple line and one apparent double
point, which contains the surface of Example 5.

EXAMPLE 8. Let us consider the rational normal scrollS(1,d−1) of degreed
in Pd+1, with d≥ 5. Let Λ⊂ Pd+1 be a linear subspace of dimensiond−5 such that

Λ∩S(1,d−1) = /0, Λ∩embJ(S(1),S(d−1)) = {P1, . . . ,Pk}, 1≤ k≤ d−4.

We remark that SecS(1,d− 1) (resp. TanS(1,d− 1)) is a cone of vertexS(1) over
SecS(d−1) (resp. TanS(d−1)) and that SingSecS(1,d−1) (resp. SingTanS(1,d−
1)) is a cone of vertexS(1) over SingSecS(d−1) =S(d−1) (resp. SingTanS(d−1) =
S(d−1) ), hence

embJ(S(1),S(1,d−1)) = embJ(S(1),S(d−1)) =

= SingSecS(1,d−1) = SingTan(S(1,d−1)).

Moreover, d− 4 is the maximum number of points ofΛ∩ embJ(S(1),S(d− 1)). In
fact if Λ would intersect embJ(S(1),S(d−1)) in m> d−4 points, through each of
them there would be a linel i connectingS(1) with S(d−1). Let Qi = l i ∩S(d−1) and
let r i be the line of the ruling throughQi . We observe that the point

Qi ∈ α = 〈Λ,S(1)〉 ∼= Pd−3,

hence the liner i is contained inα. SinceS(d−1) is not contained inα, starting from
a pointQm+1 ∈ S(d−1) we can find a linerm+1 of the ruling which is not contained in
α. The linear space

〈α, rm+1〉 ∼= Pd−2

containsm+1> d−3 lines of the ruling and repeating this reasoning we could find a
hyperplaneH ∼=Pd containingd lines of the ruling and the lineS(1) and this contradicts
the theorem of Bezout, since the scrollS(1,d−1) is a non degenerate surface.

The intersection cyclev(S(1,d−1),α) is composed by the linesS(1), r1, . . . , rk

andd−1−k movable points onS(1).

Now let Z(1,d−1) = πΛ(S(1,d−1)) ⊂ P5. Such surface has a singular line,
sayℓ, of multiplicity k+1 whose preimage are the linesS(1), r1, . . . , rk. We can project
the surfaceZ from ℓ into P3 and we obtain an irreducible curveC of degreed− k−1
andZ turns out to be a Verra surface constructed fromℓ andC, henceρ(Z) = ρ(C).

If k= d−4 thenρ(Z) = ρ(C) = 1, if k< d−4 we can computeρ(C) by com-
puting the self-intersection cycle ofC (see [4]) or using Corollary 1.
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Now we show the application of Corollary 1 to projections ofS(1,5) andS(1,6)
into P5.

EXAMPLE 9. Let us project the rational normal scrollS(1,5)⊂ P7 intoP5 from
the line

s1 = {[x0 : . . . : x7] ∈ P7 | x0 = x1−x2 = x3−x4 = x5 = x6 = x7 = 0},

which intersects SecS(1,5) in the point

P= [0 : 1 : 1 : 0 :. . . : 0] ∈ Sing(SecS(1,5))

of multiplicity 3 for SecS(1,5), that isk= 1. The image is the surfaceZ1⊂ P5 defined
by the kernel of the map

φ1 : K[z0, . . . ,z5]→ K[x0, . . . ,x7]/I(S(1,5)),

z0 7→ x0, z1 7→ x1−x2, z2 7→ x3−x4, z3 7→ x5, z4 7→ x6, z5 7→ x7.

The singular locus ofZ1 is the double line

ℓ1 = {[z0 : . . . : z5] ∈ P5 | z2 = z3 = z4 = z5 = 0}.

We have
c(SecS(1,5),s1) = (2,4) = (2,0)+2(0,1)+(0,2),

in particularρ(Z1) = 2. Here 2(0,1) + (0,2) is the contribution ofP, which comes
from two components of the normal cone tos1∩SecS(1,5) in SecS(1,5), therefore
j(SecS(1,5),s1;P) = 4.

If we project nowS(1,5) into P5 from the line

s2 = {[x0 : . . . : x7] ∈ P7 | x0 = x1−x2 = x3 = x4 = x5 = x6−x7 = 0},

which intersects SecS(1,5) in the same point

P= [0 : 1 : 1 : 0 :. . . : 0] ∈ Sing(SecS(1,5))

as before and in the smooth pointQ = [0 : . . . : 0 : 1 : 1] (that isk = 1), we obtain a
surfaceZ2⊂ P5 defined by the kernel of the map

φ2 : K[z0, . . . ,z5]→ K[x0, . . . ,x7]/I(S(1,5)),

z0 7→ x0, z1 7→ x1−x2, z2 7→ x3, z3 7→ x4, z4 7→ x5, z5 7→ x6−x7.

The singular locus ofZ2 is composed of the double line

ℓ2 = {[z0 : . . . : z5] ∈ P5 | z2 = z3 = z4 = z5 = 0}

and the isolated point[0 : . . . : 0 : 1]. We have

c(SecS(1,5),s2) = (2,4) = 2(1,0)+(0,3)+(0,1),
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in particularρ(Z2) = 2, j(SecS(1,5),s2;P) = 3 and j(SecS(1,5),s2;Q) = 1.

Both Z1 andZ2 are Verra surfaces constructed fromℓi (i = 1,2) and the irre-
ducible quartic curveCi ⊂ P3 which is the projection ofZi from ℓi . The curveCi has a
double point and the self-intersection vector ofCi is c(Ci ,Ci) = (4,8,4), in particular
ρ(Ci) = 2.

EXAMPLE 10. Let us project the rational normal scrollS(1,6) ⊂ P8 into P5

from the plane

π1 = {[x0 : . . . : x8] ∈ P8 | x0 = x1−x2 = x3−x4 = x5 = x6 = x7−x8 = 0},

which intersects SecS(1,6) in the point

P= [0 : 1 : 1 : 0 :. . . : 0] ∈ Sing(SecS(1,6))

of multiplicity 4 on SecS(1,6) and in the smooth pointQ = [0 : . . . : 0 : 1 : 1], hence
k= 1. The image is the surfaceZ3⊂ P5 defined by the kernel of the map

φ3 : K[z0, . . . ,z5]→ K[x0, . . . ,x8]/I(S(1,6)),

z0 7→ x0, z1 7→ x1−x2, z2 7→ x3−x4, z3 7→ x5, z4 7→ x6, z5 7→ x7−x8.

The singular locus ofZ3 is the double line

ℓ3 = {[z0 : . . . : z5] ∈ P5 | z2 = z3 = z4 = z5 = 0}

and the point[0 : . . . : 0 : 1]. We have

c(SecS(1,6),π1) = (4,6) = 4(1,0)+2(0,1)+(0,3)+(0,1),

in particularρ(Z3) = 4. Here 2(0,1)+ (0,3) is the contribution ofP and(0,1) is the
contribution ofQ, that is, j(SecS(1,6),π1;P) = 5 and j(SecS(1,6),π1;Q) = 1.

Now let us projectS(1,6) into P5 from the plane

π2 = {[x0 : . . . : x8] ∈ P8 | x0−x8 = x1−x2 = x3−x4 = x5 = x6 = x7 = 0},

which intersects SecS(1,6) in the line

ℓ= {[x0 : . . . : x8] ∈ P8 | x0−x8 = x1−x2 = x3 = x4 = x5 = x6 = x7 = 0}

and Sing(SecS(1,6)) in the two pointsP1 = [0 : 1 : 1 : 0 :. . . : 0] andP2 = [1 : 0 :. . . : 0 : 1]
of multiplicity 4 on SecS(1,6), hencek= 2. The image is the surfaceZ4⊂ P5 defined
by the kernel of the map

φ4 : K[z0, . . . ,z5]→ K[x0, . . . ,x8]/I(S(1,6)),

z0 7→ x0−x8, z1 7→ x1−x2, z2 7→ x3−x4, z3 7→ x5, z4 7→ x6, z5 7→ x7.
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The singular locus ofZ4 is the triple line

ℓ4 = {[z0 : . . . : z5] ∈ P5 | z2 = z3 = z4 = z5 = 0}.
We have

c(SecS(1,6),π2) = (2,7,1) = 2(1,0,0)+2(0,1,0)+(0,2,0)+(0,3,0)+(0,0,1),

in particularρ(Z4) = 2. Here 2(0,1,0) + (0,2,0) is the contribution ofP1, (0,3,0)
is that of P2, and (0,0,1) is the contribution ofℓ, that is, j(SecS(1,6),π2;P1) = 4,
j(SecS(1,6),π2;P2) = 3 and j(SecS(1,6),π1;ℓ) = 1.

Both Z3 and Z4 are Verra surfaces constructed fromℓi (i = 3,4) and the ir-
reducible curveCi ⊂ P3 which is the projection ofZi from ℓi . The curveC3 has
degree 5 and two double points withj = 3, moreover its self-intersection vector is
c(C3,C3) = (8,12,5), in particularρ(C3) = 4. The curveC4 has degree 4 and a dou-
ble point, sayR, such that j(C4,C4;R) = 3. The self-intersection vector ofC4 is
c(C4,C4) = (4,8,4), in particularρ(C4) = 2.

5. Code of procedures for computing the examples

Code for computing the bidegreesck(R ) of a bigraded ring R

While REDUCE (using the package SEGRE [1]) and Macaulay2 provide the
functionsdegs or multideg andmultidegree respectively, in CoCoA and Singu-
lar the bidegreesck(R ) must be computed from the numerator of the non-simplified
Hilbert series ofR according to [25], p. 167. Furthermore, in CoCoA 4.7.4 it is not
possible to assign bidegrees beginning with zeros as deg(ti) = (0,1). The trick is to
pass to aZ3-graded ring with deg(xi) = deg(yi) = (1,1,0) and deg(ti) = (1,0,1). For
the convenience of the reader we provide the details:

CODE 1. CoCoA, version 4.7.4:

Define BiDegree(I,A,B)

F := Flatten([[1 | X In 1..A],[0 | X In 1..B]]);

S := Flatten([[0 | X In 1..A],[1 | X In 1..B]]);

G:= Mat([[1 | X In 1..(A+B)], F, S]);

This creates the matrix

G=




1. . . . . .1 1. . . . . .1
1. . . . . .1 0. . . . . .0
0. . . . . .0︸ ︷︷ ︸
A columns

1. . . . . .1︸ ︷︷ ︸
B columns




the columns of which are the degrees of theA+B ring variables for the subsequent Hilbert series
computation. Note that since CoCoA-4 does not allow zero-entries in the first row of the matrix
which defines the degrees, we have added a first row of ones.
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H := HilbertSeriesMultiDeg(CurrentRing()/I, G);

Now we extract the numerator of the non-simplified Hilbert series:

Num := Sum([X[1]*LogToTerm(X[2]) | X In @H[1]]);

According to [25], p. 167, the normalized leading coefficients of the Hilbert polynomial are
obtained from the numeratorNum by substituting each variablet by 1− t and then collecting the
coefficients of the terms having total degree codim(CurrentRing/I), i.e., the coefficients of the
lowest degree terms. To get rid of the artificially introduced first variablewhich is due to the first
row of G, this variable must be substituted by one. Doing this, we obtain from the numerator the
polynomialN, which we write as a polynomial in the first two variables of the current ring.

N := Eval(Num, [1, 1-Indet(1), 1-Indet(2)]);

M := Min([Deg(X) | X In Monomials(N)]);

P := Sum([X In Monomials(N) | Deg(X) = M]);

The polynomialP, written in the first two variables of the current ring, is the bidegree in the
sense of [25], p. 167. For better readability, the coefficients ofP are printed, butP is returned:

PrintLn [CoeffOfTerm(X,P) | X In Support((Indet(1)+Indet(2))^M)];

Return P;

EndDefine;

Singular, version 3.1.6:

We give the code of a procedure which computes the bidegrees of an ideal I .

LIB "multigrading.lib";

proc bidegree(ideal I, int a, int b)

{

ideal SI = std(I);

def currentring = basering;

int n = nvars(basering);
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intmat m[2][a+b] = 1:a,0:b,0:a,1:b;

This creates the matrix

m=




1. . . . . .1 0. . . . . .0
0. . . . . .0︸ ︷︷ ︸
a columns

1. . . . . .1︸ ︷︷ ︸
b columns




the columns of which are the degrees of thea+b ring variables.

setBaseMultigrading(m);

def h = hilbertSeries(SI);

setring h;

poly f = substitute(numerator1,t_(1),1-t_(1),t_(2),1-t_(2));

Herenumerator1 is the numerator of the non-simplified Hilbert series, which is called thefirst
Hilbert seriesin the Singular Manual.

poly g = jet(f,mindeg(f));

The polynomialg, that is, the homogeneous part of lowest degree off , is by [25] the bidegree
of I . It will be returned as a polynomial of the base ring written in the first two variables of the
base ring.

setring currentring;

return(fetch(h,g));

};

Code for computing the defining ideals of rational normal scrolls S(a,b)

The defining ideals ofS(a,b) can be conveniently computed by various com-
puter algebra systems, e.g. using the following functions:

CODE 2. Macaulay2, version 1.4:

scroll = (a,b,K) ->

(

R := K[x_0 .. x_a, y_0 .. y_b];
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M := map(R^2, a, (i,j)->x_(i+j));

N := map(R^2, b, (i,j)->y_(i+j));

I := minors(2, M|N)

)

CoCoA, version 4.7.4:

Define Scroll(A,B)

ScrollRing ::= Q[x[0..A],y[0..B]];

Using ScrollRing Do M := Mat([Concat(x[0]..x[A-1],y[0]..y[B-1]),

Concat(x[1]..x[A],y[1]..y[B])]);

Return Ideal(Minors(2,M));

EndUsing;

EndDefine;

Singular, version 3.1.6:

proc scroll(int a, int b, int ch)

{

ring scrollring = ch,(x(0..a),y(0..b)),dp;

matrix M[2][a+b] = x(0..a-1),y(0..b-1),x(1..a),y(1..b);

ideal scrollideal = minor(M,2);

export(scrollring,scrollideal);

}

Code for computing the intersection vector

We refer to Example 3 in order to explain the code we used for the computer
aided calculations in our examples.

CODE 3. REDUCE:



Computing the number of apparent double points of a surface 299

Reduce (Free PSL version), 30-Nov-11 ...

1: load_package segre;

SEGRE 1999/2012-07-11 with package CALI, for help type: help(help);

2: setideal(s33, scroll{3,3})$

3: t := eliminate(s33, {x1,x6})$

4: setring({x0,x2,x3,x4,x5,x7},{},lex)$

5: setideal(nc, int_ncone{t,t})$

6: degs(nc, {6,6});

{8,12,10,6,0,0,0}

7: on time;

Time: 17284 ms plus GC time: 579 ms

Macaulay2, version 1.4:

i1 : load "scroll.m2"

i2 : t1 = cpuTime();

i3 : S33 = scroll(3,3,QQ);

o3 : Ideal of QQ[x , x , x , x , y , y , y , y ]

0 1 2 3 0 1 2 3

i4 : ringP7 = ring(S33);

i5 : ringP5 = QQ[z_0 .. z_5];

i6 : center = {x_0, x_2, x_3, y_0, y_1, y_3}

o6 = {x , x , x , y , y , y }

0 2 3 0 1 3

o6 : List

i7 : T = trim kernel map(ringP7/S33, ringP5, center);

o7 : Ideal of ringP5
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i8 : idealNormalCone = intNcone(T,T);

o8 : Ideal of QQ[z , z , z , z , z , z , w , w , w , w , w , w ]

0 1 2 3 4 5 0 1 2 3 4 5

i9 : multidegree idealNormalCone

6 5 4 2 3 3

o9 = 8T + 12T T + 10T T + 6T T

0 0 1 0 1 0 1

o9 : ZZ[T , T ]

0 1

i10 : cpuTime() - t1 --time in ms, CPU Intel(R) Core(TM) i5-2410M

o10 = 395.618

o10 : RR (of precision 53)

CoCoA, version 4.7.4:

Source "scroll.coc";

Set Timer;

Null

-------------------------------

S33:=Scroll(3,3);

Cpu time = 0.31, User time = 0

-------------------------------

Use ScrollRing;

Cpu time = 0.00, User time = 0

-------------------------------

T:=Elim([x[1],y[2]],S33);

Cpu time = 0.62, User time = 0

-------------------------------

Use RingP5::=Q[z[0..5]];

Cpu time = 0.00, User time = 0

-------------------------------

F:=RMap(z[0],0,z[1],z[2],z[3],z[4],0,z[5]);

Cpu time = 0.00, User time = 0

-------------------------------

T:=Ideal(Image(Gens(T),F));
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Cpu time = 0.47, User time = 0

-------------------------------

J:=RuledJoin(T,T);

Cpu time = 0.31, User time = 0

-------------------------------

Use JoinRing;

Cpu time = 0.00, User time = 0

-------------------------------

B:=BlowUp(J[1],J[2]);

Cpu time = 31.52, User time = 3

-------------------------------

N:=NumIndets(BlowUpRing)/3;

Cpu time = 0.00, User time = 0

-------------------------------

Use CoeffRing[x[1..N],t[1..N]];

Cpu time = 0.00, User time = 0

-------------------------------

G:=RMap(Concat(x[1]..x[N],x[1]..x[N],t[1]..t[N]));

Cpu time = 0.00, User time = 0

-------------------------------

NormalCone:=Image(B[2],G);

Cpu time = 1.09, User time = 0

-------------------------------

BiDegree(NormalCone,6,6);

[8, 12, 10, 6, 0, 0, 0]

8x[1]^6 + 12x[1]^5x[2] + 10x[1]^4x[2]^2 + 6x[1]^3x[2]^3

-------------------------------

Cpu time = 1.25, User time = 0

-------------------------------

Singular, version 3.1.6,input file:

< "scroll.s";

timer = 0;

system("--ticks-per-sec",1000);

int t1 = timer;
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scroll(3,3,0);

ideal s33 = scrollideal;

ideal t = eliminate(s33,x(1)*y(2));

ring ringP5 = 0, (x(0),x(2),x(3),y(0),y(1),y(3)), dp;

ideal t = imap(scrollring, t);

rjoin(t,t);

setring joinring;

formring(joinideal, diagonalideal);

int n = nvars(form_r)/3;

ring R = char(form_r),(x(1..n),t(1..n)),dp;

setring R;

map f = form_r, x(1..n),x(1..n),t(1..n);

bidegree(f(form_i),6,6);

"time in ms = ", timer-t1;

quit;

Output file (running Singular in quite mode):

Singular -q < inputfile > outputfile

------------

This proc returns a ring with polynomials called ’numerator1/2’

and ’denominator1/2’!

They represent the first and the second Hilbert Series.

The s_(i)-variables are defined to be the inverse of the

t_(i)-variables.

------------

8*x(1)^6+12*x(1)^5*x(2)+10*x(1)^4*x(2)^2+6*x(1)^3*x(2)^3

time in ms = 10300
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Code for computing the secant variety

If T = πL(S) is a linear projection ofS from L, then Theorem 3 and Corollary 1
can be applied to computeρ(T) by computingc0(SecS,L). Hence the defining ideal
of the secant variety SecShas to be computed. Nevertheless this method reduces the
computation time ofT = πL(S) considerably.

For example, the times required for the computation of Example 3 (see the pre-
vious subsection) reduces from ca. 18 seconds to less than 1 second (REDUCE), from
4 seconds to less than 1 second (CoCoA), from more than 6 minutes to 2 seconds
(Macaulay2), and from ca. 11 seconds to less than 1 second (Singular). The compu-
tations have been performed using a Cygwin installation under Microsoft Windows 7
with CPU Intel(R) Core(TM) i5-2410M.

REDUCE (with the package SEGRE) has the built-in facilitiesej(I,J) and
ejoin({I,J}) which permit the calculation of the ideal of the embedded join of the
projective varieties defined by the homogeneous idealsI andJ. If I = J, then this is the
ideal of the secant variety of the projective variety definedby I .

Here we propose analogue procedures for CoCoA, Macaulay2, and Singular.

CODE 4. Macaulay2, version 1.4:

embJoin = (I,J) ->

(

R := ring(I);

K := coefficientRing(R);

n := numgens(R);

T := tensor(R/I,R/J);

G := gens(T);

x := take(G,{0,n-1});

y := take(G,{n,2*n-1});

F := map(T,R,x-y);

ker F

)

Singular, version 3.1.6:

// Author: Peter Schenzel, schenzel@informatik.uni-halle.de
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proc join(ideal I, ideal J)

{

def rj = basering;

int n = nvars(rj);

def sj = extendring(n,"v(","c,dp",1,rj);

setring sj;

ideal I1 = imap(rj,I);

ideal J1 = imap(rj,J);

int j;

for(j = 1; j <= n; j++)

{

I1 = subst(I1,var(j),v(j));

J1 = subst(J1,var(j),var(j)-v(j));

}

ideal K = I1+J1;

ideal join = elim(K,n+1..2*n);

setring rj;

ideal join = imap(sj,join);

return(join);

};

Further procedures needed include those for associated graded rings of quo-
tient rings, which can be obtained by standard elimination theory. They are built-in
functions in SEGRE and Macaulay2 but not in CoCoA and Singular. We shall not
reproduce here our code (which is certainly not optimal), but make it available at
http://www.dm.unibo.it/∼achilles/code.
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ON THE EXISTENCE OF RAMIFIED ABELIAN COVERS

Dedicated to Alberto Conte on his 70th birthday.

Abstract. Given a normal complete varietyY, distinct irreducible effective Weil divisors
D1, . . .Dn of Y and positive integersd1, . . .dn, we spell out the conditions for the existence of
an abelian coverX→Y branched with orderdi onDi for i = 1, . . .n.

As an application, we prove that a Galois cover of a normal complete toric variety
branched on the torus-invariant divisors is itself a toric variety.

1. Introduction

Given a projective varietyY and effective divisorsD1, . . .Dn of Y, deciding
whether there exists a Galois cover branched onD1, . . .Dn with given multiplicities
is a very complicated question, which in the complex case is essentially equivalent to
describing the finite quotients of the fundamental group ofY \ (D1∪·· ·∪Dn).

In Section 2 of this paper we answer this question for a normalvariety Y in
the case that the Galois group of the cover is abelian (Theorem 1), using the theory
developed in [3] and [1]. In particular, we prove that when the class group Cl(Y) is
torsion free, every abelian cover ofY branched onD1, . . .Dn with given multiplicities
is the quotient of a maximal such cover, unique up to isomorphism.

In Section 3 we analyze the same question using toric geometry in the case when
Y is a normal complete toric variety andD1, . . .Dn are invariant divisors and we obtain
results that parallel those in Section 2 (Theorem 3). Combining the two approaches
we are able to show that any cover of a normal complete toric variety branched on the
invariant divisors is toric (Theorem 4).

Acknowledgments.We wish to thank Angelo Vistoli for useful discussions on
the topic of this paper (cf. Remark 2).

Notation. G always denotes a finite group, almost always abelian, and
G∗ := Hom(G,K∗) the group of characters;o(g) is the order of the elementg ∈ G
and|H| is the cardinality of a subgroupH < G. We work over an algebraically closed
field K whose characteristic does not divide the order of the finite abelian groups we
consider.
If A is an abelian group we writeA[d] := {a ∈ A | da= 0} (d an integer),A∨ :=
Hom(A,Z) and we denote by Tors(A) the torsion subgroup ofA.
The smooth part of a varietyY is denoted byYsm. The symbol≡ denotes linear equiv-
alence of divisors. IfY is a normal variety we denote by Cl(Y) the group of classes,
namely the group of Weil divisors up to linear equivalence.
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2. Abelian covers

2.1. The fundamental relations

We quickly recall the theory of abelian covers (cf. [3], [1],and also [4]) in the
most suitable form for the applications considered here.

There are slightly different definitions of abelian covers in the literature (see,
for instance, [1] that treats also the non-normal case). Here we restrict our attention to
the case of normal varieties, but we do not require that the covering map be flat; hence
we define a cover as a finite morphismπ : X→Y of normal varieties and we say that
π is an abelian cover if it is a Galois morphism with abelian Galois groupG (π is also
called a “G-cover”).

Recall that, as already stated in the Notations, throughoutall the paper we as-
sume thatG has order not divisible by charK.

To every componentD of the branch locus ofπ we associate the pair(H,ψ),
whereH < G is the cyclic subgroup consisting of the elements ofG that fix the preim-
age ofD pointwise (theinertia subgroupof D) andψ is the element of the character
groupH∗ given by the natural representation ofH on the normal space to the preimage
of D at a general point (these definitions are well posed sinceG is abelian). It can be
shown thatψ generates the groupH∗.

If we fix a primitive d-th root ζ of 1, whered is the exponent of the groupG,

then a pair(H,ψ) as above is determined by the generatorg∈H such thatψ(g) = ζ
d

o(g) .
We follow this convention and attach to every componentDi of the branch locus ofπ a
nonzero elementgi ∈G.

If π is flat, which is always the case whenY is smooth, the sheafπ∗OX decom-
poses under theG-action as⊕χ∈G∗L−1

χ , where theLχ are line bundles (L1 = OY) andG

acts onL−1
χ via the characterχ.

Givenχ ∈G∗ andg∈G, we denote byχ(g) the smallest non-negative integera

such thatχ(g) = ζ
ad

o(g) . The main result of [3] is that theLχ, Di (thebuilding dataof π)
satisfy the followingfundamental relations:

(1) Lχ +Lχ′ ≡ Lχ+χ′ +
n

∑
i=1

εi
χ,χ′Di ∀χ,χ′ ∈G∗

whereεi
χ,χ′ = ⌊

χ(gi)+χ′(gi)
o(gi)

⌋. (Notice that the coefficientsεi
χ,χ′ are equal either to 0 or

to 1). Conversely, distinct irreducible divisorsDi and line bundlesLχ satisfying (1) are
the building data of a flat (normal)G-coverX → Y; in addition, if h0(OY) = 1 then
X→Y is uniquely determined up to isomorphism ofG-covers.

If we fix charactersχ1, . . .χr ∈ G∗ such thatG∗ is the direct sum of the sub-
groups generated by theχ j , and we setL j := Lχ j , mj := o(χ j), then the solutions of
the fundamental relations (1) are in one-one correspondence with the solutions of the
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following reduced fundamental relations:

(2) mjL j ≡
n

∑
i=1

mjχ j(gi)

di
Di , j = 1, . . . r

As before, denote byd the exponent ofG; notice that if Pic(Y)[d] = 0, then for
fixed (Di ,gi), i = 1, . . .n, the solution of (2) is unique, hence thebranch data(Di ,gi)
determine the cover.

In order to deal with the case whenY is normal but not smooth, we observe
first that the coverX→Y can be recovered from its restrictionX′→Ysm to the smooth
locus by taking the integral closure ofY in the extensionK(X′)⊃K(Y). Observe then
that, since the complementY \Ysm of the smooth part has codimension> 1, we have
h0(OYsm) = h0(OY) = 1, and thus the coverX′→Ysm is determined by the building data
Lχ,Di . Using the identification Pic(Ysm) = Cl(Ysm) = Cl(Y), we can regard theLχ as
elements of Cl(Y) and, taking the closure, theDi as Weil divisors onY, and we can
interpret the fundamental relations as equalities in Cl(Y). In this sense, ifY is normal
variety withh0(OY) = 1, then theG-coversX→Y are determined by the building data
up to isomorphism.

We say that an abelian coverπ : X→Y is totally ramifiedif the inertia subgroups
of the divisorial components of the branch locus ofπ generateG, or, equivalently, if
π does not factorize through a coverX′→Y that is étale overYsm. We observe that a
totally ramified cover is necessarily connected; conversely, equations (2) imply that if
G is an abelian group of exponentd andY is a variety such that Cl(Y)[d] = 0, then any
connectedG-cover ofY is totally ramified.

2.2. The maximal cover

Let Y be a complete normal variety, letD1, . . .Dn be distinct irreducible effec-
tive divisors ofY and letd1, . . .dn be positive integers (it is convenient to allow the
possibility thatdi = 1 for somei). We setd := lcm(d1, . . .dn).

We say that a Galois coverπ : X → Y is branched on D1, . . .Dn with orders
d1, . . .dn if:

• the divisorial part of the branch locus ofπ is contained in∑i Di ;

• the ramification order ofπ overDi is equal todi .

Let η : Ỹ→Y be a resolution of the singularities and set N(Y) :=Cl(Y)/η∗Pic0(Ỹ).
Since the mapη∗ : Pic(Ỹ) = Cl(Ỹ)→ Cl(Y) is surjective, N(Y) is a quotient of the
Néron-Severi group NS(Ỹ), hence it is finitely generated. It follows thatη∗Pic0(Ỹ)
is the largest divisible subgroup of Cl(Y) and therefore N(Y) does not depend on the
choice of the resolution ofY (this is easily checked also by a geometrical argument).
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The group Cl(Y)∨ coincides with N(Y)∨, hence it is a finitely generated free abelian
group of rank equal to the rank of N(Y).

Consider the mapZn → Cl(Y) that maps thei-th canonical generator to the
class ofDi , let φ : Cl(Y)∨→⊕n

i=1Zdi be the map obtained by composing the dual map
Cl(Y)∨→ (Zn)∨ with (Zn)∨ = Zn→⊕n

i=1Zdi and letKmin be the image ofφ. Let Gmax

be the abelian group defined by the exact sequence:

(3) 0→ Kmin→⊕n
i=1Zdi →Gmax→ 0.

Then we have the following:

THEOREM 1. Let Y be a normal variety with h0(OY) = 1, let D1, . . .Dn be
distinct irreducible effective divisors, let d1, . . .dn be positive integers and set d:=
lcm(d1, . . .dn). Then:

1. If X→Y is a totally ramified G-cover branched on D1, . . .Dn with orders d1, . . .dn,
then:

(a) the map⊕n
i=1Zdi → G that maps1 ∈ Zdi to gi descends to a surjection

Gmax։G;

(b) the mapZdi →Gmax is injective for every i= 1, . . .n.

2. If the mapZdi → Gmax is injective for i= 1, . . .n andN(Y)[d] = 0, then there
exists a maximal totally ramified abelian cover Xmax→Y branched on D1, . . .Dn

with orders d1, . . .dn; the Galois group of Xmax→Y is equal to Gmax.

3. If the mapZdi →Gmax is injective for i= 1, . . .n andCl(Y)[d] = 0, then the cover
Xmax→Y is unique up to isomorphism of Gmax-covers and every totally ramified
abelian cover X→Y branched on D1, . . .Dn with orders d1, . . .dn is a quotient
of Xmax by a subgroup of Gmax.

Proof. Let H1, . . .Ht ∈ N(Y) be elements whose classes are free generators of the
abelian group N(Y)/Tors(N(Y)), and write:

(4) Di =
t

∑
j=1

ai j H j mod Tors(N(Y)), j = 1, . . . t

Hence, the subgroupKmin of ⊕n
i=1Zdi is generated by the elementszj := (a1 j , . . .an j),

for j = 1, . . . t.

Let X → Y be a totally ramifiedG-cover branched onD1, . . .Dn with orders
d1, . . .dn and let(Di ,gi) be its branch data. Consider the map⊕n

i=1Zdi →G that maps
1 ∈ Zdi to gi : this map is surjective, by the assumption thatX → Y is totally rami-
fied, and its restriction toZdi is injective for i = 1, . . .n, since the cover is branched
on Di with orderdi . If we denote byK the kernel of⊕n

i=1Zdi → G, to prove (1) it
suffices to show thatK ⊇ Kmin. Dually, this is equivalent to showing thatG∗ ⊆ K⊥min⊂
⊕n

i=1(Zdi )
∗. Let ψi ∈ (Zdi )

∗ be the generator that maps 1∈ Zdi to ζ
d
di and writeχ ∈G∗
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as(ψb1
1 , . . .ψbn

n ), with 0≤ bi < di ; if o(χ) = m then (2) givesmLχ ≡ ∑n
i=1

mbi
di

Di . Plug-

ging (4) in this equation we obtain that∑n
i=1

biai j
di

is an integer forj = 1, . . . t, namely

χ ∈ K⊥min.

(2) Let χ1, . . .χr be a basis ofG∗max and, as above, fors= 1, . . . r write χs =

(ψbs1
1 , . . .ψbsn

n ), with 0≤ bsi < di . Since by assumption N(Y)[d] = 0, by the proof of

(1) the elements∑t
j=1(∑

n
i=1

bsiai j
di

)H j , s= 1, . . . r, can be lifted to solutionsLs ∈ N(Y)
of the reduced fundamental relations (2) for aGmax-cover with branch data(Di ,gi),
wheregi ∈G is the image of 1∈ Zdi . Since the kernel of Cl(Y)→ N(Y) is a divisible
group, it is possible to lift theLs to solutionsLs ∈ Cl(Y). We let Xmax→ Y be the
Gmax-cover determined by these solutions. It is a totally ramified cover since the map
⊕n

i=1Zdi →Gmax is surjective by the definition ofGmax.

(3) Since Cl(Y)[d] = 0, anyG-cover such that the exponent ofG is a divisor
of d is determined uniquely by the branch data; in particular, this holds for the cover
Xmax→Y in (2) and for every intermediate coverXmax/H→Y, whereH < Gmax. The
claim now follows by (1).

EXAMPLE 1. TakeY = Pn−1 and letD1, . . .Dn be the coordinate hyperplanes.
In this case the groupKmin is generated by(1, . . .1) ∈ ⊕n

i=1Zdi . Since any connected
abelian cover ofPn−1 is totally ramified, by Theorem 1 there exists a abelian coverof
Pn−1 branched overD1, . . .Dn with ordersd1, . . .dn iff di divideslcm(d1, . . . , d̂i , . . .dn)
for everyi = 1, . . .n. Ford1 = · · ·= dn = d, thenGmax= Zn

d/<(1, . . .1)> andXmax→
Pn−1 is the coverPn−1→ Pn−1 defined by[x1, . . .xn] 7→ [xd

1, . . .x
d
n].

In general,Xmax is a weighted projective spaceP( d
d1
, . . . d

dn
) and the cover is

given by[x1, . . .xn] 7→ [xd1
1 , . . .xdn

n ].

3. Toric covers

NOTATIONS 2. Here, we fix the notations which are standard in toric geome-
try. A (complete normal) toric varietyY corresponds to a fanΣ living in the vector
spaceN⊗R, whereN ∼= Zs. The dual lattice isM = N∨. The torus isT = N⊗C∗ =
Hom(M,C∗).

The integral vectorsr i ∈ N will denote the integral generators of the raysσi ∈
Σ(1) of the fanΣ. They are in a bijection with theT-invariant Weil divisorsDi (i =
1, . . . ,n) onY.

DEFINITION 1. A toric cover f : X→Y is a finite morphism of toric varieties
corresponding to the map of fans F: (N′,Σ′)→ (N,Σ) such that:

1. N′ ⊆ N is a sublattice of finite index, so that N′⊗R= N⊗R.

2. Σ′ = Σ.

The proof of the following lemma is immediate.
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LEMMA 1. The morphism f has the following properties:

1. It is equivariant with respect to the homomorphism of toriT ′→ T.

2. It is an abelian cover with Galois group G= ker(T ′→ T) = N/N′.

3. It is ramified only along the boundary divisors Di , with multiplicities di ≥ 1
defined by the condition that the integral generator of N′∩R≥0r i is dir i .

PROPOSITION1. Let Y be a complete toric variety such thatCl(Y) is torsion
free, and X→ Y be a toric cover. Then, with notations as above, there exists the
following commutative diagram with exact rows and columns.

0

��

0

��
Cl(Y)∨ //

��

K

��
0 // ⊕n

i=1ZdiD∗i //

p′

��

⊕n
i=1ZD∗i //

p

��

⊕n
i=1Zdi

//

��

0

0 // N′ // N //

��

G //

��

0

0 0

(Here the D∗i are formal symbols denoting a basis ofZn). Moreover, each of the homo-
morphismsZdi →G is an embedding.

Proof. The third row appeared in Lemma 1, and the second row is the obvious one.

It is well known that the boundary divisors on a complete normal toric vari-
ety span the group Cl(Y), and that there exists the following short exact sequence of
lattices:

0→M −→⊕n
i=1ZDi −→ Cl(Y)→ 0.

Since Cl(Y) is torsion free by assumption, this sequence is split and dualizing it one
obtains the central column. Since⊕n

i=1ZD∗i →N is surjective, then so is⊕n
i=1Zdi →G.

The groupK is defined as the kernel of this map.

Finally, the condition thatZdi →G is injective is equivalent to the condition that
the integral generator ofN′∩R≥0r i is dir i , which holds by Lemma 1.

THEOREM 3. Let Y be a complete toric variety such thatCl(Y) is torsion free,
let d1, . . .dn be positive integers and let Kmin and Gmax be defined as in sequence(3).
Then:
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1. There exists a toric cover branched on Di of order di , i = 1, . . .n, iff the map
Zdi →Gmax is injective for i= 1, . . .n.

2. If condition (1) is satisfied, then among all the toric covers of Y ramified over the
divisors Di with multiplicities di there exists a maximal one XTmax→Y, with Ga-
lois group Gmax, such that any other toric cover X→Y with the same branching
orders is a quotient X= XTmax/H by a subgroup H< Gmax.

Proof. Let X→Y be a toric cover branched onD1, . . .Dn with ordersd1, . . .dn, let N′

be the corresponding sublattice ofN andG = N/N′ the Galois group. LetN′min be
the subgroup ofN generated bydir i , i = 1, . . .n. By Lemma 1 one must haveN′min ⊆
N′, hence the mapZdi → N/N′min is injective sinceZdi → G = N/N′ is injective by
Proposition 1. We setXTmax→ Y to be the cover forN′min. Clearly, the cover for the
latticeN′ is a quotient of the cover for the latticeN′min by the groupH = N′/N′min.

Consider the second and third rows of the diagram of Proposition 1 as a short
exact sequence of 2-step complexes 0→ A• → B• → C• → 0. The associated long
exact sequence of cohomologies gives

Cl(Y)∨ // K // coker(p′) // 0

For N′ = N′min, the mapp′ is surjective, hence Cl(Y)∨→ K is surjective too, andK =
Kmin, N/N′min = Gmax.

Vice versa, suppose that in the following commutative diagram with exact row
and columns each of the mapsZdi →Gmax is injective.

0

��

0

��
Cl(Y)∨

q //

��

Kmin

��

// 0

0 // ⊕n
i=1ZdiD∗i // ⊕n

i=1ZD∗i //

p

��

⊕n
i=1Zdi

//

��

0

N

��

Gmax

��
0 0

We complete the first row on the left by adding ker(q). We have an induced homomor-
phism ker(q)→⊕ZdiD∗i , and we defineN′ to be its cokernel.

Now consider the completed first and second rows as a short exact sequence
of 2-step complexes 0→ A•→ B•→C•→ 0. The associated long exact sequence of
cohomologies says that ker(q)→⊕n

i=1ZdiD∗i is injective, and the sequence

0 // N′ // N // Gmax // 0
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is exact. It follows thatN′ = N′min and the toric morphism(N′min,Σ)→ (N,Σ) is then
the searched-for maximal abelian toric cover.

REMARK 1. Condition (1) in the statement of Theorem 3 can also be expressed
by saying that fori = 1, ...,n the elementdir i ∈ N′min is primitive, whereN′min ⊆ N is
the subgroup generated by all thedir i .

We now combine the results of this section with those of §2 to obtain a structure
result for Galois covers of toric varieties.

THEOREM 4. Let Y be a normal complete toric variety and let f: X→Y be a
connected cover such that the divisorial part of the branch locus of f is contained in
the union of the invariant divisors D1, . . .Dn.
Thendegf is not divisible bycharK and f : X→Y is a toric cover.

Proof. LetU ⊂Y be the open orbit and letX′→U be the cover obtained by restricting
f . SinceU is smooth, by the assumptions and by purity of the branch locus, X′→U
is étale. LetX′′ → U be the Galois closure ofX′ → U : the coverX′′ → U is also
étale, hence by [2, Prop. 1] it is, up to isomorphism, a homomorphism of tori. Since
the kernel of an étale homomorphism of tori is reduced, it follows thatX′′→U is an
abelian cover such that charK does not divide the order of the Galois group.

Moreover, the intermediate coverX′ → U is also abelian (actuallyX′ = X′′).
The coverf : X→Y is abelian, too, sinceX is the integral closure ofY in K(X′). We
denote byG the Galois group off and byd1, . . .dn the orders of ramification ofX→Y
onD1, . . .Dn.
Assume first that Cl(Y) has no torsion, so that every connected abelian cover ofY is
totally ramified (cf. §2). Then by Theorem 1 every connected abelian cover branched
onD1, . . .Dn with ordersd1, . . .dn is a quotient of the maximal abelian coverXmax→Y
by a subgroupH <Gmax. In particular, this is true for the coverXTmax→Y of Theorem
3. SinceXmax andXTmax have the same Galois group it follows thatXmax = XTmax.
HenceX→Y, being a quotient ofXTmax, is a toric cover.

Consider now the general case. Recall that the group TorsCl(Y) is finite, iso-
morphic toN/〈r i〉, and the coverY′→Y corresponding to TorsCl(Y) is toric, and one
has TorsCl(Y′) = 0. Indeed, on a toric variety the group Cl(Y) is generated by theT-
invariant Weil divisorsDi . Thus, Cl(Y) is the quotient of the free abelian group⊕ZDi

of all T-invariant divisors modulo the subgroupM of principal T-invariant divisors.
Thus, TorsCl(Y) ≃ M′/M, whereM′ ⊂ ⊕QDi is the subgroup ofQ-linear functions
on N taking integral values on the vectorsr i . ThenN′ := M′∨ is the subgroup ofN
generated by ther i , and the coverY′→Y is the cover corresponding to the map of fans
(N′,Σ)→ (N,Σ). OnY′ one hasN′ = 〈r i〉, so TorsCl(Y′) = 0.

Let X′ → Y′ be a connected component of the pull back ofX → Y: it is an
abelian cover branched on the invariant divisors ofY′, hence by the first part of the
proof it is toric. The mapX′→Y is toric, since it is a composition of toric morphisms,
hence the intermediate coverX→Y is also toric.
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REMARK 2. The argument that shows that the mapf is an abelian cover in
the proof of Theorem 4 was suggested to us by Angelo Vistoli. He also remarked
that it is possible to prove Theorem 3.6 in a more conceptual way by showing that
the torus action on the coverX′ → U of the open orbit ofY extends toX, in view
of the properties of the integral closure. However our approach has the advantage of
describing explicitly the fan/building data associated with the cover.
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J. Armstrong, M. Povero and S. Salamon

TWISTOR LINES ON CUBIC SURFACES ∗

Abstract. It is shown that there exist non-singular cubic surfaces inCP3 containing 5 twistor
lines. This is the maximum number of twistor fibres that a non-singular cubic can contain.
Cubic surfaces inCP3 with 5 twistor lines are classified up to transformations preserving the
conformal structure ofS4.

Introduction

The twistor space,Z, of an oriented Riemannian 4-manifoldM is the bundle of
almost-complex structures onM compatible with the metric and orientation. The 6-
dimensional total space of the twistor space admits a canonical almost-complex struc-
ture which is integrable whenever the 4-manifold is half conformally flat.

The definition of the twistor space does not require the full Riemannian metric;
it only depends upon the conformal structure of the manifold. The idea of studying the
twistor space is that, on a half conformally flat manifold, the conformal geometry ofM
is encoded into the complex geometry ofZ.

As an example, the condition that an almost-complex structure onM compat-
ible with the conformal structure isintegrablecan be interpreted as saying that the
corresponding section ofZ defines aholomorphicsubmanifold ofZ.

The basic example of twistor space is that of the 4-sphereS4, which itself may be
identified with the quaternionic projective lineHP1, and is topologicallyR4∪∞. The
twistor space in this case is biholomorphic toCP3, and the associated bundle structure
CP3→HP1 is the Hopf fibration. Following the work of Penrose, Ward andAtiyah, it
was used to great effect in classifying instanton bundles onS4 [3, 2].

Combining these two facts, we see that complex hypersurfaces inCP3 locally
give rise to integrable complex structures onS4 compatible with the metric. For topo-
logical reasons there are no global almost-complex structures onS4, so no hypersurface
in CP3 can intersect every fibre of the Hopf fibration in exactly one point.

One can try to investigate the algebraic geometry of surfaces inCP3 from this
twistor perspective. In this paper, we take the opportunityto revisit some of the beauti-
ful results on cubic surfaces discovered by geometers in thenineteenth century. A brief
history of their discoveries can be found in [9].

A natural question when studying complex surfaces from thispoint of view is to
classify surfaces inCP3 of degreed up to a conformal transformation of the base space
S4. Various conformal invariants of a surface can be defined immediately. The fibres
of the Hopf fibration are complex projective lines inCP3, and the number of fibres that

∗Based on the third author’s talk on 23 March 2012 at the conferenceGeometria delle Varietà Algebriche
in Turin, dedicated to Alberto Conte
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lie entirely in the suface is an invariant of the surface up toconformal transformation.

Closely related invariants arise from the topology of the discriminant locus. A
generic fibre, intersecting the surface transversely, willcontaind points. This is simply
because the defining polynomial of the surface, when restricted to the fibre, gives a
polynomial of degreed. The set of points where the discriminant of this polynomial
vanishes is called the discriminant locus. It can be thoughtof as the set of fibres that
are not transverse to the surface at each point of intersection, or as the set of points of
S4 where we cannot locally define a complex structure corresponding to the surface.

In [18], quadric surfaces are classified up to conformal transformation in con-
siderable detail. The table below shows all the possible topologies of the discriminant
locus in this case and how they correspond to the number of twistor lines. A prelimi-
nary question to ask when trying to study the conformal geometry of surfaces of higher
degree is: what is the maximum number of twistor lines on surfaces of that degree?

No of twistor lines Topology of discriminant locus

0 Torus
1 Torus with two points pinched together
2 Torus with two pairs of points pinched together
∞ Circle

Before restricting to twistor lines, it is worth reviewing pure algebro-geometric
results on the number of projective lines on a surface of given degree. Since twistor
lines are fibres of a fibration they must be skew (i.e., mutually disjoint), so we will also
review the maximum number of skew lines on a surface of degreed.

Dimension counting alone leads one to expect that a quadric surface will contain
an infinite number of lines, a cubic surface a finite number of lines and a higher degree
surface will generically contain no lines at all.

A startling result is the celebrated Cayley–Salmon theorem: all non-singular cu-
bic surfaces contain precisely 27 lines. Moreover a non-singular cubic surface contains
precisely 72 sets of 6 skew lines.

The situation for higher degree curves is less well understood. The state of
knowledge about the number of lines on surfaces of degreed was both reviewed and
advanced in [4]. We summarize these findings next.

DefineNd to be the maximum number of lines on a smooth projective surface
of degreed. Then:

• there are always 27 lines on a cubic,

• N4 = 64 (see [20]),

• Nd 6 (d−2)(11d−6) (see [20]),

• Nd > 3d2 (see [6]),

• N6> 180,N8> 352,N12> 864,N20> 1600 (see [6, 4]).
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Here are the bounds onSd, the maximum number of skew lines:

• there are always 6 skew lines on a cubic,

• S4 = 16 (see [15]),

• Sd 6 2d(d−2) whend> 4 (see [13]),

• Sd > d(d−2)+2 (see [17]),

• Sd > d(d−2)+4 whend> 7 is odd (see [4]).

Specializing to the case of twistor lines, it was noted in thefirst version of [18]
that the number of twistor lines is at mostd2 whend> 3 and that there exists a quartic
surface containing exactly 8 twistor lines.

In this paper, we determine the maximum number of twistor lines on a smooth
cubic surface. We shall show that in fact there are at most 5 twistor lines, and we shall
give a detailed classification of all cubic surfaces with 5 twistor lines. In particular we
shall prove the

THEOREM. Any set of 5 points on a 2-sphere, no 4 of which lie on a circle,
determines a one-parameter family of non-singular cubic surfaces with 5 twistor lines.
All cubics in the family are projectively, but not conformally, equivalent. Two such
cubic surfaces are projectively equivalent if and only if the sets of 5 points on the 2-
sphere are conformally equivalent. All cubic surfaces with5 twistor lines arise in this
way.

One would like explicit examples of such surfaces. We provide the necessary
formulae and find the most symmetrical examples. In particular, we shall show that
the cubic surface with 5 twistor lines which has the largest conformal symmetry group
is projectively, but not conformally, equivalent to the Fermat cubic. There are various
choices one can make for a twistor structure onCP3 that give the Fermat cubic 5 twistor
lines, and the set of such structures has 54 connected components.

The paper begins with a brief review of the twistor fibration of CP3 and then
moves on to discuss cubic surfaces. We review the classical results on cubic surfaces
and demonstrate how the same ideas can be used to prove results about the twistor
geometry.

1. The twistor fibration

To identifyS4 with HP1, we define two equivalence relations onH×H:

[q1,q2]∼H [λq1,λq2], λ ∈H∗,

[q1,q2]∼C [λq1,λq2], λ ∈ C∗.

By definition, the quotient ofH×H by the first equivalence relation is the quaternionic
projective line. SinceH×H∼=C4, the quotient by the second relation is isomorphic to
the complex projective spaceCP3.
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Thus we can define a mapπ : CP3→ S4 by sending a complex 1-dimensional
subspace ofC4 to the quaternionic 1-dimensional subspace ofH2 that it spans. The
mapπ is equivalent to the more general twistor fibration defined onan arbitrary oriented
Riemannian 4-manifold as the total space of the bundle of almost-complex structures
compatible with the metric and orientation.

On any twistor fibration one can define a mapj which sends an almost-complex
structureJ to−J. In our case, applyingj can be thought of as the action of multiplying
a 1-dimensional complex subspace ofC4 by the quaternionj in order to get a new
1-dimensional subspace.

The mapj is an anti-holomorphic involution of the twistor space to itself with
no fixed points. Starting with such a mapj, one can recover the twistor fibration: given
a pointz in CP3 there is a unique projective line connectingzand j(z). These lines form
the fibres. We will call an anti-holomorphic involution onCP3 obtained by conjugating
j by a projective transformation atwistor structure. The standard twistor structure on
CP3 is given by

[z1,z2,z3,z4] 7−→ [−z2, z1,−z4, z3].

The conformal symmetries ofS4 can be represented by quaternionic Möbius
transformations

q 7−→ (qc+d)−1(qa+b), q∈H

(see, for example, [10]). These correspond to the projective transformations ofCP3 that
preservej. Thus we will say that two complex submanifolds ofCP3 areconformally
equivalentif they are projectively equivalent by a transformation that preservesj.

As an example, consider lines inCP3. If both lines are fibres ofπ then they are
conformally equivalent by an isometry ofS4 sending the image of one line underπ to
the image of the other line. If a line is not a fibre ofπ then its image will be a round
2-sphere inS4 (corresponding to a 2-sphere or a 2-plane inR4). Given such a 2-sphere
in S4, there are in fact two projective lines lying above it inCP3. Therefore, a line in
CP3 is given by either an oriented 2-sphere or a point inS4. Moreover, any two such
2-spheres are conformally equivalent. This geometrical correspondence is described in
detail by Shapiro [21].

As another example, consider planes inCP3. A plane inCP3 cannot be trans-
verse to every fibre ofπ because it would then define a complex structure on the whole
of S4, which is a topological impossibility. Thus a plane always contains at least one
twistor fibre. Twistor fibres are always skew, whereas two lines in a plane always meet.
Therefore a plane always contains exactly one twistor fibre.If one picks another line
in the plane transverse to the fibre, its image underπ will be a 2-sphere. We can find a
conformal transformation ofS4 mapping any 2-sphere with a marked point to any other
2-sphere with a marked point. We deduce that any two planes inCP3 are conformally
equivalent.

The case of quadric surfaces is considered in detail in [18] and is much more
complicated. The aim of this paper is to make a start on the analogous question for
cubic surfaces.
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2. The Schläfli graph

Before looking at the twistor geometry of cubic surfaces. Let us review the
classical results about the lines on twistor surfaces.

The Cayley–Salmon theorem states that every non-singular cubic surface con-
tains exactly 27 lines [7]. Schläfli discovered that the intersection properties of these
27 lines are the same for all cubics [19]. This means that we can define the Schläfli
graph of a cubic surface to be a graph with 27 vertices corresponding to each line on
the cubic and and with an edge between the two vertices whenever the corresponding
lines do not intersect. This graph will be independent of the choice of non-singular
cubic surface. This definition is the standard one used by graph theorists, but from our
point of view the complement of the Schläfli graph showing which linesdo intersect is
more natural. It is shown in Figure 1.

c35
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c34

c46

b3

c14
a6

c25

c12

c16

c56

b4

c23

a1

b1

b2

a2

c45

c24
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a3

c15

c13

a4

c26

b5

c36

Figure 1: The complement of the Schlafli graph emphasizing a symmetry of order 9
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Understanding the Schläfli graph provides a good deal of insight into the ge-
ometry of cubic surfaces. It is interesting from a purely graph theoretic point of view.
Among its many properties, one particularly nice one is thatit is 4-ultrahomogeneous.
A graph is said to bek-ultrahomogeneous if every isomorphism between subgraphs
with at mostk vertices extends to an automorphism of the entire graph. If agraph is
5-ultrahomogenous it isk-ultrahomogeneous for anyk. It turns out that the Schläfli
graph and its complement are the only 4-ultrahomogeneous connected graphs that are
not 5-ultrahomogeneous [5].

Although our picture of the Schläfli graph is pretty, it is notvery practical.
Schläfli devised a notation that allows one to understand thegraph more directly, and
we shall now describe this.

Among the 27 lines one can always find a set of 6 skew lines. We label these
a1, a2, a3, a4, a5 anda6. Having chosen these labels, there will now be 6 more skew
linesbi (16 i 6 6) with eachbi intersecting all of thea lines except forai . We thereby
obtain the configuration shown in Figure 2.

Figure 2: A “double six”

The remaining 15 lines are labelledci j with (16 i < j 6 6). The lineci j is
defined by the property that it intersectsai anda j , but no othera lines. The full inter-
section rules for distinct lines on the cubic surface are:

• ai never intersectsa j .

• ai intersectsb j iff i 6= j.

• ai intersectsc jk iff i ∈ { j,k}.
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• bi never intersectsb j .

• bi intersectsc jk iff i ∈ { j,k}.

• ci j intersectsckl iff {i, j}∩{k, l}=∅.

Another graphical representation of these properties was given in [16] and is
reproduced in Figure 3. This is intended to be used rather like the tables of distances
between towns that are used to be found in road atlases. A red/darker square indicates
that the two lines intersect and a cyan/lighter ones indicates that the lines are skew.
In this case we have chosen the ordering of the lines to show that this figure can be
constructed using only a small number of different types of tile of size 3× 3. The
grouping is indicated with black lines.

a1 a2 a3 a4 a5 a6 b1 b2 b3 b4 b5 b6 c45 c46 c56 c12 c13 c23 c36 c35 c34 c26 c25 c24 c16 c15 c14
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a2

a3

a4

a5

a6

b1

b2

b3

b4

b5

b6

c45

c46

c56

c12

c13

c23

c36

c35

c34

c26

c25

c24

c16

c15

c14

Figure 3: A tabular representation of the Schäfli graph
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Being 4-ultrahomogeneous, it is no surprise that the Schläfli graph has a large
group of automorphisms. Each choice of 6 skew lines from the 27 will give us a
different way of labelling the lines asai , bi andci j . Schläfli used the following notation
for each choice: (

a1 a2 a3 a4 a5 a6

b1 b2 b3 b4 b5 b6

)

A set of 12 lines with these intersection properties is called a “double-six”. In this
notation here are the forms of the other double sixes:

(
a1 a2 a3 c56 c46 c45

c23 c13 c12 b4 b5 b6

)

(
a1 b1 c23 c24 c25 c26

a2 b2 c13 c14 c15 c16

)

By varying the indices this gives a total of 36 double sixes onany cubic surface —
hence 72 choices of a set of six disjoint lines and 72·6! = 51840 automorphisms of the
Schläfli graph.

This large automorphism group is in fact the Weyl group of theexceptional Lie
groupE6, and 27 is the dimension of the smallest non-trivial irreducible representation
of E6. Relative to the isotropy subgroupSU(6)×Z2 SU(2) of the corresponding Wolf
space [22], this representation decomposes into irreducible subspaces of dimension 12
and 15, namelyC2⊗C6 and

∧2
C6. This is the algebraic interpretation of a double six.

As Schläfli discovered, consideration of the arrangement ofthe 27 lines on a
non-singular cubic surface rapidly leads to a classification of cubic surfaces up to pro-
jective transformation [19]. By applying the same ideas, wecan find a similar classifi-
cation of cubic surfaces with sufficiently many twistor lines.

3. Classifying cubic surfaces with5 twistor lines

As a first application of the Schläfli graph to the study of twistor lines on cubic
surfaces we prove

LEMMA 1. If a non-singular cubic surface inCP3 contains four twistor lines
a1,a2,a3,a4 then, in Schläfli’s notation, jb5 = b6.

Proof. Since the Schläfli graph is 4 ultrahomogenoeus and twistor lines are always
skew, we can assume that the first four lines are indeed those of a double six.

In Schläfli’s notation, the lineb5 intersectsa1, a2, a3 anda4. Therefore jb5

intersectsja1 = a1, ja2 = a2, ja3 = a3 and ja4 = a4. Since it jb5 is a line and since it
intersects the cubic surface in 4 points, it must lie in the cubic surface. Sincej has no
fixed points, the points of intersection ofb5 and jb5 with the linea1 must be distinct.
So jb5 6= b5, Given this and the fact that it intersectsa1, a2, a3 anda4 we deduce that
jb5 = b6.
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COROLLARY 1. If a non-singular cubic surface contains five twistor lines,and
we label the first four a1,a2,a3,a4 in Schläfli’s notation then the fifth line is c56.

Proof. Since the fifth twistor line must be skew toa1, a2, a3 anda4, it must be one of
a5, a6, c56. Suppose that the fifth line isa6. This means it intersectsb5 so ja6 = a6

intersectsjb5 = b6, which is a contradiction. The same argument shows that the fifth
line cannot bea5.

The arrangement of lines described by Corollary 1 is illustrated in Figure 4. The
twistor lines are shown as roughly vertical.

Figure 4: Seven lines

In particular we have proved:

THEOREM 1. A non-singular cubic surface contains at most five twistor lines.

This raises the question of whether or not we can find cubic surfaces containing
5 twistor lines. Simple dimension counting suggests it should be easy to find cubic
surfaces which contain 4 twistor lines. Simply select any four twistor lines and apply
the well-known

PROPOSITION1. Four lines inCP3 always lie on a (possibly singular) cubic
surface.

Proof. Pick 4 points on each line to get a total of 16 points. If a cubicsurface has 4
points in common with a line, then it contains the entire line. So if we can find a cubic
containing all 16 points, it will contain all 4 lines.

The general equation for a cubic surface has 20 coefficients,since this is the
dimension ofS3(C4). Putting the coordinates of these 16 points into the equation for
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the cubic surface gives us 16 linear equations in the 20 unknown coefficients, so non-
trivial solutions exist.

It will become clear later that if we choose everything generically, the cubic
surface will be non-singular. A corollary of this is thatfour generic lines inCP3

have two lines intersecting all four of them. This observation can be proved easily
enough without appealing to the theory of cubics — for example one can use 2-forms
to represent points of the Klein quadric, or Schubert calculus. Indeed, in [12] this
observation is used as the starting point to establish the existence of the 27 lines on a
cubic!

The same dimension counting argument tells us that 5 lines (let alone twistor
ones) do not generically all lie on a cubic surface. Let us understand geometrically
when 5 linesdoall lie on a cubic surface.

PROPOSITION2. Five lines inCP3 lie on a (possibly singular) cubic surface if
they are collinear, that is, there exists a fifth line intersecting all four.

Proof. Let ℓ1, . . . , ℓ5 be the lines and letk be another line intersecting all five in the
pointspi . Choose 3 other points on each of the lines to get a setP of 20 points.

The condition on the coefficients of a cubic surface for it to contain all the points
in P except forp5 is represented by 19 linear equations in 20 unknowns. So we can
find a cubic surface passing through all the points marked in black in Figure 5. This
cubic surface has 4 points in common withk so it containsk. In particular it contains
p5. So it actually contains all 5 of theℓ lines.

Figure 5: Nineteen points plus one

As a partial converse to Proposition 2, we remark that if 5skewlines lie on
a cubic surface then they are necessarily collinear. For example, if the cubic is non-
singular then the Schläfli graph guarantees that the 5 lines are collinear; we can label
thema1, . . . ,a5 (all intersecting justa6) or a1,a2,a3,a4,c56 (all intersectingb5 andb6).
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The situation that is of interest for us is the second, in which we have 5 lines
that are collinear in two different ways. The dimension counting argument above now
shows that if one has 5 lines that are collinear in two ways, there will be a one-parameter
family of (possibly singular) cubic surfaces containing all the lines.

Another way of seeing why there is a one-parameter family of cubics through
such a configuration of lines is to observe that there is a one-parameter family of pro-
jective transformations that fixes all the lines. To see thisobserve that you can choose
coordinates such thatb5 is given by the equationsz1 = z3 = 0 andb6 is given by the
equationsz2 = z4 = 0. Since the linesa1, a2, a3, a4, c56 are all skew, their intersections
with b5 are distinct. So we can make a Möbius transformation ofz2 andz4 so that in
the inhomogenous coordinatez2/z4 the intersection points ofa1, a2, c56 with b5 are
respectivly 0, 1,∞. Similarly we can choose our coordinates such that the intersec-
tions ofa1, a2, c56 with b6 correspond toz1/z3 = 0, 1, ∞. With these specifications,
one can choose to independently rescale the coordinate pairs (z1,z3), (z2,z4) and one
will still have coordinates with these properties. This choice of coordinates gives us a
one-parameter family of projective transformations that fix all the lines.

Given two non-singular cubics(C1,C2) that each contain all 7 lines, we can
construct the projective transformation mappingC1 to C2 directly from the geometry
of the cubics.

Indeed, given a pointp ∈ CP3 away fromb5 andb6 there is a unique lineℓp

passing throughb5, b6 andp. This line intersects eachCi in 3 points, so for genericp
there is a unique projective transformation ofℓp fixing the points whereℓp intersectsb5

andb6, and mapping the remaining point ofℓp∩C1 to that ofℓp∩C2. If we defineΦ to
mapp to the image ofp under this projective transformation, then we see that, so long
as it is defined,Φ mapsC1 to C2. If we can show thatΦ extends to a biholomorphism,
then we will have shown thatΦ is a projective transformation. This is not too difficult
to prove directly, but we will postpone the proof to the next section when it falls out
from general theory.

We have just shown that any two non-singular cubics that contain all 7 lines will
be projectively equivalent by a projective transformationthat fixes all 7 lines.

We have already seen that there is only a one-parameter family of projective
transformations that fix all the lines, so there is at most a parameter family of non-
singular cubics containing all 7 lines. Since non-singularity is an open condition on the
space of cubic surfaces, there is at most a one-parameter family of cubics containing
all 7 lines if there are any non-singular cubics containing all 7 lines.

Putting all of this information together, we end up with a classification of non-
singular cubic surfaces. To make things explicit, write(l1, l2; l3, l4)k for the cross ratio
of the intersection points of four linesl i meeting on a fifth linek. We can then define
four invariants associated with the configuration of lines as follows:

(1)

α = (c56,a1;a2,a3)b5

α′ = (c56,a1;a2,a3)b6

β = (c56,a1;a2,a4)b5

β′ = (c56,a1;a2,a4)b6
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With this notation, we state

THEOREM 2. If b5 and b6 are skew lines inCP3 and a1, a2, a3, a4, c56 are
five other skew lines each passing through b5 and b6 then consider the pencil of cubics
spanned by the following two polynomials in z1, z2, z3, z4:

C1 =
[
(−αββ′+β2β′+βα′β′−β2α′β′−β(β′)2+αβ(β′)2)z3

]
z2
2

+
[(

αβα′−β2α′−αα′β′+β2α′β′+α(β′)2−αβ(β′)2
)

z1

+
(
−βα′+β2α′+αβ′−β2β′−α(β′)2+β(β′)2

)
z3
]
z2z4

+ [(βα′−αβα′−αβ′+αββ′+αα′β′−βα′β′)z1] z2
4

(2)

C2 = [(−βα′+αβα′+αβ′−αββ′−αα′β′+βα′β′)z2]z2
3

+
[(

β(α′)2−αβ(α′)2−α2β′+αββ′+α2α′β′−βα′β′
)

z2

+
(
−α2α′+βα′+α(α′)2−β(α′)2−αβ′+α2β′

)
z4
]
z1z3

+
[(

α2α′−αβα′−α(α′)2+αβ(α′)2+αα′β′−α2α′β′
)

z4
]

z2
1

(3)

All the cubics in this pencil contain all7 lines. If there is a non-singular cubic con-
taining all 7 lines, then all cubics containing the7 lines lie in the pencil. All the
non-singular surfaces in the pencil are projectively isomorphic.

All non-singular cubics arise in this way.

Proof. We have proved all of this already, except the explicit formulae.

One approach to proving this is brute force. Write down the 18× 20 matrix
corresponding to the 18 equations in 20 unknowns. One can then compute its kernel
in order to find the two equations. This is not as tedious as onemight expect; it can be
done by hand, and is the work of moments for a computer algebrasystem. We have
included the formulae for completeness, but will not use them directly, so we will omit
the details.

It is interesting, however, to understand the general form of these equations, and
this is something we will take advantage of.

We have seen that the projective transformations

(4) φ(u,v) : [z1,z2,z3,z4]−→ [uz1,vz2,uz3,vz4]

will preserve the 7 lines. We therefore look for cubic surfaces which are linear inz1, z3

and quadratic inz2, z4. In other words cubics of the form:

(5) (az1+bz3)z
2
2+(cz1+dz3)z2z4+(ez1+ f z3)z

2
4 = 0

The justification for considering such surfaces is that theywill always containb5 and
b6 and will be invariant underφ(u,v).

Suppose that(0,w2,0,w4) and(w1,0,w3,0) are points onb5 andb6. The general
point on the line between these points is:

[λw1,µw2,λw3,µw4]
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with λ, µ in C. When we put the coordinates of this point into equation (5), we get a
common factor ofλµ2. Hence the line lies on this cubic surface if and only if a single
point on the line away fromb5 andb6 does.

If we choose a generic plane transverse tob5 andb6 it will intersect the lines
a1, a2, a3, a4, c56 in 5 points. Plugging the coordinates of these intersectionpoints into
equation (5) we get 5 linear equations in the 6 unknownsa,b, . . . , f . So there is a cubic
surface of the given form that contains all 7 lines.

We have chosen this presentation of the classification of cubic surfaces because
it yields the following classification for twistor lines on cubic surfaces.

THEOREM3. For a generic set of5 points lying on a2-sphere in S4, there exists
a one-parameter family of projectively isomorphic but conformally non-isomorphic
non-singular cubic surfaces with5 twistor lines corresponding to the5 points.

All cubic surfaces with5 twistor lines arise in this way. Given such a surface,
one can label the twistor lines a1, a2, a3, a4, c56 and the two transversals b5, b6.

One can associate a real invariantξ to a labelled cubic surface with five twistor
lines in such a way that labelled cubic surfaces containing5 twistor lines are confor-
mally isomorphic if and only if the points on the sphere are conformally isomorphic
and the values forξ are equal.

Proof. A 2-sphere inS4 lifts to two projective linesb and jb in CP3. The choice of
5 points on the sphere determines 5 collinear lines inCP3. It follows from above that
there exists a one-parameter family of cubics containing all 7 lines. We shall show
later that if the 5 points are chosen generically then the general cubic in this family is
non-singular. This being the case, we can label the twistor fibresa1, a2, a4, a4, c56, and
the transversalsb= b5, jb = b6.

The bijectionb6→ b5 is determined by its action on 3 points, so in the coordi-
nates used in our study we havej[z1,0,z3,0] = [0,z1,0,z3]. The action ofj on all of
CP3 follows by anti-linearity.

Since j maps the intersection ofai andb5 to the intersection ofai with b6, it
follows thatα = α′ andβ = β′ in (1).

In general, a projective transformation (4) ofCP3 which fixes all 7 labelled lines
will not correspond to a conformal transformation ofS4. It will do so if and only if it
preservesj. This will be the case if and only if|u|= |v|.

The general cubic surface containing all 7 lines is given by alinear combination
of C1 andC2 as defined in equation (2) and (3). Given such a cubic, defineM ∈ R to
be the coefficient ofz1z2

4 andN ∈ R to be the coefficient ofz3z2
2. Defineξ = |M/N|.

We need to check that neitherM nor N is zero. We know thatM is a non-
zero multiple of the corresponding coefficient in the polynomial (3). Suppose that this
coefficient were equal to zero. This would mean that any cubicsurface containing the
7 lines would depend only linearly uponz1 since this is the only non-linear term in
z1 in either (3) or (2). This would mean that the cubic was ruled and hence singular.
Similarly, we see thatN is non-zero.
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By construction,ξ is invariant under transformationsφ(u,v) with |u|= |v|. Thus
it is well defined solely in terms of the cubic surface and the labelling. Sinceξ changes
in proportion tou/v, ξ will always distinguish conformally inequivalent surfaces.

COROLLARY 2. Given the27 lines on a non-singular cubic surface there is
an algorithm to determine whether it has a twistor structuresuch that5 of the27 are
twistor fibres.

Proof. Run through all pairs of skew lines, compute the cross ratiosof the intersection
points and check whetherα = α′ andβ = β′

We can summarize by saying that a cubic surface depends up to projective trans-
formation upon a choice of 4 complex parametersα,β,α′,β′ determined by the cross
ratios of the line intersection points. These 4 complex parameters do depend upon a
labelling of the lines in the cubic — so we have an action of thegraph isomorphism
group of the Schläfli graph on the space of such parameters. This is the Weyl group
W(E6) of the exceptional Lie groupE6. Thus the moduli space of cubic surfaces up
to projective isomorphism is given by an open subset ofC4 quotiented byW(E6). For
more details, we refer the reader to [14] and [1].

In the case of conformal isomorphism classes of cubic surfaces with 5 twistor
lines we have a choice of 2 complex parametersα,β and one real parameterξ. In
addition we have a choice of labelling for the 5 twistor linesand a labelling of the
two lines collinear to all the twistor lines. So the moduli space of cubic surfaces with
5 twistor lines up to conformal isomorphism is given by an open subset ofC2×R

quotiented byS5×Z2.

In both cases we can write down an explicit equation for a cubic surface with
given values for the parameters by choosing appropriate multiples of polynomials (2)
and (3).

4. Identifying non-singular cubic surfaces with5 twistor lines

Modern treatments of the classification of cubic surfaces usually state that non-
singular cubic surfaces are given by blowing up 6 points inCP2 in general position,
the latter meaning that no 3 points are collinear and that the6 points do not all lie on a
conic.

This perspective highlights the intrinsic complex geometry of the cubic sur-
faces — it ostensibly describes cubic surfaces up to biholomorphism rather than up to
projective transformation. However, these two classifications are equivalent. This is
guaranteed by the fact that any automorphism of a smooth hypersurface ofCPn (n> 3)
of degreed 6= n+1 is induced by a projective transformation. This in turn follows from
the general correspondence between maps to projective space and sections of complex
line bundles, see [11].

Because we are interested in the classification up to conformal transformation,
we have emphasized the embedding of the cubic surface omCP3. Let us review the
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connection between this and the intrinsic geometry.

Given a cubic surfaceC , let ψ1 be the biholomorphismCP1→ b5 mapping
0, 1, ∞ to the intersection points ofb5 with a1, a2, c56 respectively. Similarly define
ψ2 : CP1→ b6 by sending 0, 1,∞ to points ona1, a2, c56. One can now define a
rational mapψ : CP1×CP1→ C by definingψ(z1,z2) to be the intersection point of
the line containingψ1(z1), ψ2(z2) with the surfaceC .

The mapψ will be well defined for general points(z1,z2) in CP1×CP1. If we
incorporate the multiplicity of the intersection into our definition, it is clear that we have
a mapψ well defined at all points except:(0,0), (1,1), (α,α′), (β,β′), (∞,∞) where
theα’s andβ’s are the cross-ratio invariants defined earlier. These points correspond to
the linesa1, a2, a3, a4, c56 respectively, and are indicated in Figure 6. It turns out that
ψ extends to a biholomorphism fromCP1×CP1 blown up at these five points to the
cubic surfaceC .

Figure 6: The five points to blow up onCP1×CP1

Now, CP1×CP1 can be thought of asCP2 with two points at infinity blown
up and then the line at infinity blown down. This allows us to think of the blow up of
CP1×CP1 at 5 points as being the blow up ofCP2 at 6 points corresponding toa1, a2,
a3, a4, a5, a6. Now, c56 corresponds to the line at infinity.

To be very concrete, blowing up the two points[1,0,0] and[0,1,0] at infinity and
then blowing down the proper transform of the line at infinityis given by the rational
map(z1,z2)→ (z1,z2). The left hand side should be viewed as giving inhomogeneous
coordinates forCP2, the right hand side as giving inhomogeneous coordinates for each
factor ofCP1×CP1. We define a rational map̃ψ fromCP2 to our cubic byψ̃(z1,z2) =
ψ(z1,z2).
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Since any four points in general position inCP3 are projectively equivalent, we
see that a choice of 6 points to blow up corresponds to the 4 cross ratiosα, α′, β, β′.

Notice that the lines on the cubic surface are easily understood in terms of the
blow-up picture. Thea lines correspond to the points that have been blown up. The
line ci j corresponds to the straight line inCP2 passing through the pointsai anda j .
The linebi corresponds to the conic passing through all the blown-up points exceptai .
One can immediately read off the intersection properties ofall the lines when they are
thought of in terms of this picture. This gives a particularly nice way of remembering
the structure of the Schläfli graph.

This intrinsic view of cubic surfaces allows us to tie up a loose end we left
dangling in the previous section. Recall that given two cubics C1 andC2 containing
the linesa1, a2, a3, a4, c56 we constructed a rational mapΦ :CP3→CP3 sendingC1 to
C2. We claimed that this map could was in fact a biholomorphism.Identifying each of
C1 andC2 with CP2 blown up at six points, we see thatΦ restricted toC1 is essentially
the identity — hence it is certainly a biholomorphism.

The most important feature of this intrinsic view of cubic surfaces from the
perspective of the twistor geometry is the criteria it givesfor determining whether a
cubic surface is non-singular. The blow-up ofCP2 at 6 points is obviously smooth,
so if we can find a cubic surface corresponding to the 6 points,that cubic surface will
be non-singular. To construct a cubic surface given 6 pointsin general position, one
considers the vector spaceC of cubiccurvesin CP2 that pass through all 6 points. This
space will be 4-dimensional so long as no 6 points lie on a conic and no 3 points lie on
a line. One then defines a rational map sending a pointz∈ CP2 to the projectized dual
spaceP(C ∗) by mapping a cubic polynomial to its value atz. This rational map is a
biholomorphism of the blow up at 6 points to a cubic surface inP(C ∗). This result was
first discoved by Clebsch in [8]. Details of the proof can be found in [11].

We saw in the previous section that given 5 points lying on a 2-sphere inS4

we can find a family of cubic surfaces with 5 twistor lines corresponding to these five
points. It follows from the discussion above that if the 5 points on the 2-sphere are
chosen in general position then the cubic surfaces will be non-singular. We would like
to identify more clearly what “in general position” actually means in this case.

THEOREM 4. Given5 points lying on a 2-sphere in S4, there is a non-singular
cubic surface with5 twistor lines corresponding to these points if and only if no4 of
the points lie on a circle.

Proof. There are two lines inCP3 lying aboveS4 under the twistor correspondence.
Label one of themb5 and the otherb6.

To each of the five points onb5, there is a unique twistor line over that point.
We label these lines arbitrarily asa1, a2, a3, a4 andc56.

Three distinct points on a 2-sphere are conformally equivalent, and so always
in general position. We choose an inhomogeneous coordinatez1 for b5 andz2 for b6

by requiring that the intersections ofa1, a2, a3, a4 andc56 with b5 are given by 0, 1,
α, β and∞. Similarly we choose an inhomogeneous coordinatez2 for b6 such that the
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intersection points are 0, 1,α, β and∞.

We now have an unambiguously defined rational mapφ from CP2 to b5× b6

given in inhomogenous coordinates byφ(z1,z2) = (z1,z2). Corresponding to each of
the linesa1, a2, a3, a4 andc56 we can define pointsa′1, a′2, a′3, a′4 andc′56 in b5×b6

given by sending a line to its intersection point with eachbi . We can then define six
points inCP2 as follows:

A1 = φ−1(a′1) = [0,0,1]

A2 = φ−1(a′2) = [1,1,1]

A3 = φ−1(a′3) = [α,α,1]

A4 = φ−1(a′4) = [β,β,1]

A5 = [1,0,0]

A6 = [0,1,0]

Note thatc56 corresponds to the line at infinity inCP2. A5 andA6 correspond to the
two lines at infinity inb5×b6. The setup is precisely as summarized in Figure 6.

The point we are making is that these points inCP2 are determined entirely by
the 5 points on the sphere and the choice of labelling: we do not need there to be a
non-singular cubic through the five twistor lines in order toconstruct theAi .

The blow up ofCP2 at theAi corresponds to a smooth cubic if and only if these
Ai are in general position (meaning no three collinear and no conic through all 6). This
cubic must then be biholomorphic to one of the cubic curves inthe pencil generated by
(2) and (3). We deduce that there is a smooth cubic with 5 twistor lines corresponding
to the five points onS2 if and only if these six pointsAi in CP2 are in general position.

A1, A2 andA3 are collinear if and only ifα = α. This is equivalent to saying that
0, 1, α and∞ all lie on the real line. In invariant terms this is equivalent to requiring
thata1, a2, a3 andc56 all lie on a circle inS2.

We deduce that there is a smooth cubic corresponding to the five points onS2

only if no four of the points lie on a circle.

It is a simple calculation to check that the condition that nofour points lie on
a circle implies that no three of theAi lie on a line. We also need to confirm that the
same condition implies that there is no conic through all 6 oftheAi .

Suppose for a contradiction that there is such a conic and so the Ai form an
“inscribed hexagon”. Pascal’s theorem implies the intersection points

A1A2∩A4A5, A2A3∩A5A6, A3A4∩A6A1

are collinear. These points can be computed using the vectorcross product; the first is
(A1×A2)×(A4×A5) with a slight abuse of notation. The collinearity conditionis then

det




β β 1
α−1 α−1 0

0 βα−αβ β−α


= 0,
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which gives
|α|2(β−β)−|β|2(α−α)+αβ−αβ = 0.

But this is easily seen to be exactly the condition that 0,1,α,β lie on a circle inC.

On first reading this proof one may wonder where the asymmetrybetween the
ai andc56 arises. It can be traced directly to the choice to associatec56 with the points
z1 = ∞ andz2 = ∞.

For a coordinate-free explanation of why the cubic must be singular if four of
the 5 points inS2 lie in a circle Γ, recall that by by [18, Theorem 3.10] that there
is a quadric surfaceQ in CP3 containingπ−1(Γ) (whereπ is the twistor projection).
Suppose that there is also non-singular cubicC for which the twistor fibresa1,a2,a3,a4

from part of a double six(ai ,b j). In this case,C must be the only cubic containing the
double six. But eachb j intersects at least three ofa1,a2,a3,a4 and therefore lies inQ.
The latter must now containa5,a6 as well. But then the union ofQ and any plane is a
cubic containing the double six, which is a contradiction.

As an application of our theorem, we observe that the well known Clebsch
diagonal surface does not have 5 twistor lines irrespectiveof the twistor structurej one
places onCP3. The Clebsch diagonal surface is the complex surface inCP4 defined by
the two equations

z3
1+z3

2+z3
3+z3

4+z3
5 = 0

z1+z2+z3+z4+z5 = 0.

It is biholomorphic to the surface inCP3 given by the single equation:

z3
1+z3

2+z3
3+z3

4 = (z1+z2+z3+z4)
3,

and is the only cubic surface with symmetry groupS5. It has the nice property that all
27 lines on the cubic surface are real lines. This immediately means that it admits no
twistor structurej such that it has five twistor lines. Simply note that the crossratios of
all the intersection points on the lines must be real. Therefore any four points on one
of its lines must lie on a circle when that line is viewed as theRiemann sphere.

5. The Fermat cubic

Having found a large family of cubic surfaces with 5 twistor lines we would
like to ask if there are any particularly nice examples. In particular what is the most
symmetrical cubic surface with 5 twistor lines?

A conformal transformation ofS4 that induces a symmetry of a cubic surface
with 5 twistor lines must leave the 2-sphere image ofb5 andb6 fixed. If the conformal
transformation leaves the image of the 5 twistor lines fixed,then the associated pro-
jective transformation must swapb5 andb6. Otherwise the conformal transformation
must permute the 5 points on the 2-sphere.

Therefore let us first choose the most symmetrical arrangement of 5 points on
a 2-sphere no four of which lie on a circle. If we have a rotation of the sphere that
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permutesn of the points then those points must all lie on a circle. Son6 3. So any
rotation fixes at least two points. Either those two points lie on the axis of rotation, or
the rotation is a rotation through 180 degrees and the fixed points all lie on a circle.
We deduce that the largest possible symmetry group for the five points isZ3×Z2 and,
up to conformal transformation of the 2-sphere, we can assume that our five points are
0, ∞ and the three cube roots of unity. TheZ3 action rotates the three cube roots into
each other. TheZ2 action swaps 0 and∞.

Settingα and β to be complex cube roots of unity andα′ and β′ to be their
conjugates, polynomials (2) and (3) simplify to:

−3i
√

3
(
z2z2

3−z2
1z4
)
,

3i
√

3
(
−z2

2z3+z1z2
4

)
.

We now wish to choose a linear combination of these polynomials that will remain
fixed under the transformation that swaps the linesb5 andb6. This corresponds to the
projective transformationz1 7→ z2, z2 7→ z1, z3 7→ z4, z4 7→ z3.

Hence there is, up to conformal transformation, a unique non-singular cubic
surface with 5 twistor lines and symmetry groupZ3×Z2×Z2. It is defined by

(6) z1z2
4+z2z2

3−z3z2
2−z4z2

1 = 0.

One can make a conformal transformation (corresponding to using the cube roots of−1
rather than those of 1) to replace the two minus signs with plus signs. In any case, it
is projectively, but not conformally, equivalent to a familar example: the Fermat cubic,
which is defined by the equation

z3
1+z3

2+z3
3+z3

4 = 0.

One can prove that these surfaces are projectively equivalent by calculating the cross
ratio invariants we defined earlier. This approach allows one to write down an explicit
linear transformation sending the Fermat cubic to the surface (6).

A more pleasing approach is to use the symmetries of the Fermat cubic to de-
duce that there must be some twistor structure that gives it five twistor lines. To see
how this is done, first choose a complex cube root of unityω and label 7 of the lines on
the Fermat cubic as follows:

Label Line

b5 z1+ω z2 = z3+ω2z4 = 0
b6 z1+ω2z2 = z3+ω z4 = 0
a1 z1+ω z2 = z3+ω z4 = 0
a2 z1+z4 = z2+z3 = 0
a3 z1+ω z4 = z2+ω z3 = 0
a4 z1+ω2z4 = z2+ω2z3 = 0
c56 z1+ω2z2 = z3+ω2z4 = 0
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Consider the symmetry of the cubic given by

(z1,z2,z3,z4) 7−→ (z1,z2,ω z3,ω z4).

This generates aZ3 action that fixing the linesb5, b6, a1 andc56 and permutinga2, a3,
a4. Thus we have aZ3 symmetry ofb5 fixing the intersection points witha1 andc56

and permuting the intersection points witha2, a3 anda4. Therefore these 5 points on
b5 are conformally equivalent to the points 0,∞, 1, ω andω on the Riemann sphere.
The same applies to the 5 intersection points withb6. This implies that the invariants
(1) satisfyα = β andα′ = β′

Now consider the symmetry:

(z1,z2,z3,z4) 7−→ (z3,z4,z1,z2).

This swapsb5 andb6, swapsa3 anda4 and fixesa1, a2 andc56. We deduce that:

α = (c56,a1;a2,a4)b5 = (c56,a1;a2,a3)b6 = β′ = α′.

Thus the cross ratios of the intersection points onb5 andb6 are the same as the cross
ratios for the intersection points on the cubic surface (6).We conclude that the cubic
given by (6) is projectively isomorphic to the Fermat cubic.

THEOREM 5. The set of twistor structures onCP3 for which the Fermat cubic
has5 twistor lines is a real1-manifold with 54 components.

Proof. The surface (6) has 12 conformal symmetries. The Fermat cubic has symmetry
groupS4×Z3×Z3×Z3 given by permutations of the coordinates and by multiplying
various coordinates by cube roots of unity. Thus there are 4!· 27/12= 54 twistor
structures onCP3 such that the Fermat cubic is isomorphic to surface (6) with the
standard twistor structure. We can then vary the invariantξ to get a one-parameter
family of conformally inequivalent twistor structures.

We need to check that there are no other twistor structures that give the Fermat
cubic five twistor lines. We we gave an algorithm to do this eariler: run through all
pairs of skew lines and compute cross ratios. We can speed this up significantly using
the symmetries of the Fermat cubic. The general line on the Fermat cubic is

zi +η1zj = zk+η2zl = 0

where{i, j,k, l} is a permutation of{1,2,3,4} andη1 andη2 are cube roots of unity.
So given two skew lines on the Fermat cubic, using the cubic’ssymmetries we can
assume that the first line is:

z1+z2 = z3+z4 = 0

and the second line is one of:

z1+η1z2 = z3+η2z4 = 0,

z1+η1z3 = z2+η2z4 = 0.
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In the first case there is aZ3 symmetry preserving both lines — so if we have 5 twistor
lines it will be one of the cases already considered. In the second case we can further
assume thatη1 = 1 and, since the lines are skew,η2 6= 1. Therefore we just need to
show that the cross ratios of the intersection points of the 5lines on the Fermat cubic
meetingz1+z2 = z3+z4 = 0 andz1+z3 = z2+ωz4 = 0 do not form complex conjugate
pairs. This is easily done.

There is a lot more one could ask about the twistor geometry ofthe Fermat
cubic. For example: what is the topology of its discriminantlocus? How does this
vary as one varies the choice of twistor structure? We will consider these questions in
another paper.
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ABELIAN FOURFOLDS OF WEIL TYPE AND CERTAIN K3

DOUBLE PLANES

Abstract. Double planes branched in 6 lines give a famous example of K3 surfaces. Their
moduli are well understood and related to Abelian fourfolds of Weil type. We compare
these two moduli interpretations and in particular divisorson the moduli spaces. On the
K3 side, this is achieved with the help of elliptic fibrations. We also study the Kuga-Satake
correspondence on these special divisors.

Introduction

The wonderful geometry of double planes branched in 6 lines has been ad-
dressed extensively in the articles [10, 9]. When the lines are in general position such
double planes are K3 surfaces and their moduli are well knownand are determined
through the period map.

The target space for the period map is defined as follows. Consider the lattice

(1) T =U2⊥ 〈−1〉 ⊥ 〈−1〉.

HereU is the hyperbolic lattice with basis{e, f} and 〈e,e〉 = 〈 f , f 〉 = 0, 〈e, f 〉 = 1
and forn∈ Z the notation〈n〉 means that we have a one dimensional lattice with basis
{g} such that〈g,g〉 = n. We writez= (z1,z2,z3,z4) ∈ T⊗C and form the associated
domain

D(T) := {z∈ P(T⊗C) | 〈z,z〉= 0, 〈z, z̄〉> 0}
The orthogonal group O(T) acts onD(T), a space with two connected components;
the commutator subgroup of O(T) preserves the connected components, distinguished
by the sign of im(z3/z1). Let D4 be the one with the positive sign. With SO∗(T) the
group intruduced in 1.1 the target of the period map is

(2) M = D4/SO∗(T).

This is the principal moduli space in this article.

The source of the period map is the configuration spaceU6 of 6 ordered lines in
good position.∗ The linear group GL(3;C) acts on this space and we form the quotient

X : = U6/GL(3;C) : configuration space of 6 ordered lines
in good position inP2.

The symmetric groupS6 acts on this space and the quotientX is the configuration
space of 6 non-ordered lines in good position. One of the peculiarities of the number

∗This means that the resulting sextic has only ordinary nodes.
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6 is that there is a further (holomorphic) involution∗ on 6 lines which comes from the
correlation map with respect to a conic in the plane (see § 3.1) and which we callthe
correlation involution. Six-tuples of lines in good position related by this involution
correspond to isomorphic double covering K3-surfaces. Theexplanation of why this is
true† uses beautiful classical geometry related to Cremona transformations for which
we gratefully acknowledge the source [4]. See Prop. 5 and Remark 7.

Furthermore, the involution commutes with the action ofS6. So the period map
descends to this quotient and by [10] this yields a biholomorphic map

X/H
≃−→ M , H :=S6×{∗}

In other words we may identify our moduli space with the quotient of the configuration
space of 6 unordered lines in good position by the correlation involution.

In loc. cit. some special divisors onX (and hence onM ) are studied, in particular
the divisor calledXQ which corresponds to 6 lines all tangent to a common conic
C. The associated double covers are K3 surfaces with rich geometry. Indeed this
3-dimensional variety is the moduli spaceM2,2 of curves of genus 2 (with a level 2
structure). To see this note that the conicC meets the ramification divisorR(the 6 lines)
in 6 points and on the K3 surface this gives a genus 2 curveD lying over it. In [10,
§0.19] it is explained that the Kummer surfaceJ(D)/{±1} associated to the jacobian
J(D) of D is isomorphic to the double cover branched inR and that there is a natural
level 2 structure onJ(D). Furthermore, the period map induces a biholomorphism

(3) M2,2 = XQ
≃−→ (h2/Γ(2))0 →֒ X, Γ = Sp(2,Z)/±1,

where the image is Zariski-open inh2/Γ(2) (in fact, in loc. cit. an explicit partial
compactificationX̄ of X is described such that the closure ofM2,2 in X̄ is exactly the
spaceh2/Γ(2)).

In [10, 5] one also finds a relation with a certain moduli spaceof Abelian 4–
folds. We recall that principally polarized Abelian varieties of dimensiong (without
any further restriction) are parametrized by the Siegel upper half spacehg. For a generic
such Abelian varietyA its rational endomorphism ring EndQ A is isomorphic toQ, but
special Abelian varieties have larger endomorphism rings and are parametrised by sub-
varieties ofhg. Here we consider 4–dimensionalA with Z(i)⊂End(A) where the endo-
morphisms are assumed to preserve the principal polarization. These are parametrized
by the 4-dimensional domain‡

H2 :=

{
W ∈M2×2(C) |

1
2i
(W−W∗)> 0

}
≃ U((2,2))/U(2)×U(2)

which is indeed (see e.g. [5, §1.2]) a subdomain of the Siegelupper half spaceh4 by

†The referee urged us to find an explanation of this since it could not be found in the literature.
‡As usual, for a matrixW, we abbreviateW∗ = TW̄.
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means of the embedding

(4)

ι : H2 →֒ h4

W 7→ U

(
W 0
0 TW

)
U∗,

U = 1√
2

(
i12 −i12

12 12

)
.





As for all polarized Abelian varieties, the complex structure of such Abelian fourfolds
A is faithfully reflected in the polarized weight one Hodge structure onH1(A). The
second cohomology carries an induced weight 2 Hodge structure. The extra complex
structure onA (induced by multiplication with i) makes it possible to single out a ra-
tional sub Hodge structureT(A) ⊂ H2(A) of rank 6 with Hodge numbersh2,0 = 1,
h1,1 = 4. Such Hodge structures are classified by points in the domain D4 we encoun-
tered before. Indeed, there is an isomorphism

H2
∼−→ D4≃O(2,4)/O(2)×O(4)

which is induced by an isomorphism between classical real Lie groups which on the
level of Lie algebras gives the well known isomorphismsu(2,2) ≃ so(6). This iso-
morphism is implicit in [10]. One of the aims of this article is to review this using the
explicit and classically known isomorphism between corresponding Lie groups. See
§ 1; the corresponding Hodge theoretic discussion is to be found in § 2. This gives an
independent and coordinate free presentation of the corresponding results in [10, 9]. In
particular, on the level of moduli spaces we find (see § 2.2):

M := H2/U∗((2,2);Z[i])
≃−→ D4/SO∗(T).

The group U∗((2,2);Z[i]) is an extension of the unitary group U((2,2);Z[i]) (with
coefficients in the Gaussian integers) by an involution as explained below (see eqn. (9)).

One of the new results in our paper is the study of the Néron-Severi lattice using
the geometry of elliptic pencils. It allows us to determine the generic Néron-Severi
lattice (in § 3.2) as well as the generic transcendental lattice. And indeed, we findT(2)
for the latter (here the brackets mean that we multiply the form by 2; this gives an even
form as it should):

THEOREM(=Theorem 1). For genericX as above we have for the Néron-Severi
lattice NS(X) =U ⊥ D2

6⊥ 〈−2〉2 and for the transcendental latticeT(X) = T(2).§

HereDk is the lattice for the corresponding Dynkin diagram. See thenotation
just after the introduction.

Of course, the divisors inX parametrizing special line configuration also have
a moduli interpretation on the Abelian 4-fold side. This hasbeen studied by Hermann
in [5]. To compare the results from [10] and [5] turned out to be a non trivial exercise
(at least for us). This explains why we needed several details from both papers. We

§See also [10, Prop. 2.3.1]
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collected them in § 1 and § 2.1. We use this comparison in particular to relate (in
§ 3.1) Hermann’s divisorsD∆ for small∆ to some of the divisors described in [10]. We
need this in order to describe (in § 3.6) the geometry of the corresponding K3 surfaces
in more detail. The technique here is the study of the degeneration of a carefully
chosen elliptic pencil (when the surface moves to the special divisor) which reflects the
corresponding lattice enhancements explained in § 3.5. This technique enables us to
calculate the Néron-Severi and transcendental lattice of the generic K3 on the divisors
D∆ for ∆ = 1,2,4,6 respectively (we use Hermann’s notation).

For the full statement we refer to Theorem 3; here we want to single out the
result for∆ = 1:

THEOREM. The divisorD1 ⊂ M corresponds to the divisorXQ⊂ X and so
(see (3)) is isomorphic to a Zariski-open subset in the moduli space of genus two
curves. The generic point onD1 corresponds to a K3 surface which is a double cover
of the plane branched in 6 lines tangent to a common conic. ItsNéron-Severi lattice is
NS(X1) =U ⊥ D4⊥ D8⊥ A3 and its transcendental lattice isU(2)2⊥ 〈−4〉.

This requires a little further explanation beyond what is stated in Theorem 3:
we have seen in (3) that the image ofXQ in M = X/H we get a variety isomorphic
to a Zariski-open subset ofh2/Γ, the moduli space of principally polarized Abelian
varieties of dimension 2 (=the moduli space of genus 2 curves).

A further novelty of this paper is the role of the Kuga-Satakecorrespondence.
For the general configuration of lines this has been done by one of us in [7], building
on work of Paranjape [14]. One of these earlier results reviewed in § 4 (Theorem 9)
states that the Kuga-Satake construction gives back the original Abelian 4–fold up to
isogeny. In the present paper we explain what this construction specializes to for the
K3 surface on the genericD∆, this time forall ∆. See Theorem 5.

Notation

The bilinear form on a lattice is usually denoted by〈−,−〉. Several standard
lattices as well as standard conventions are used:

• Orthogonal direct sums of lattices is denotes by⊥;

• For a latticeT the orthogonal group is denoted O(T) its subgroup of com-
mutators is a subgroup of the special orthogonal group SO(T) and is denoted
SO+(T);

• Let (T,〈−,−〉) be a lattice. The dual ofT is defined by

T∗ := {x∈ T⊗Q | 〈x,y〉 ∈ Z, for all y∈ T}.

Note thatT ⊂T∗. The discriminant groupδ(T) is the finite Abelian groupT∗/T.
If T is even, i.e.〈x,x〉 ∈ 2Z, the form〈−,−〉 induces aQ/Z-valued bilinear form
bT on δ(T) with associatedQ/2Z-valued quadratic formqT .
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• The group of matrices with values in a subringR⊂ C preserving the hermitian
form with Gram matrix

(5) J :=

(
02 12

−12 02

)

will be denoted U((2,2);R) because it has signature(2,2);

• For a∈ Z the lattice〈a〉 is the 1-dimensional lattice with basiseand〈e,e〉= a;

• If L is a lattice, the latticeL(a) is the sameZ–module, but the form gets multi-
plied bya;

• U is the standard hyperbolic lattice with basis{e, f} and 〈e,e〉 = 〈 f , f 〉 = 0,
〈e, f 〉= 1;

• Ak, Dk, Ek: the standardnegative definitelattices associated to the Dynkin dia-
grams: if the diagrams have verticesv1, . . . ,vk, we put−2 on the diagonal, and
in the entriesi j and ji we put 1 or 0 ifvi andv j are connected or not connected
respectively:

s s s s s s Ak

s s s ss s s s✟✟✟
❍❍❍

s

s

Dk s s s s s s

s

Ek

Furthermore, for a projective surfaceX we let NS(X) ⊂ H2(X;Z) andT(X) =
NS(X)⊥ be the Néron-Severi lattice, respectively the transcendental lattice equipped
with the lattice structure fromH2(X;Z), i.e. the intersection product.

Finally we recall the convention to denote congruence subgroups. SupposeR is
a subring ofC, andVR a freeR-module of finite rank andG a subgroup of the group
AutVR. For any principal ideal(ω)⊂ R we set

G(ω) := {g∈G | g≡ id mod(ω)}.

In what follows we restrict ourselves to

R= Z[i]⊂ C, ω = 1+ i, G= SU((2,2);Z[i]).

1. Two Classical Groups, Their Associated Domains and Lattices

1.1. The Groups

We summarize some classical results from [3, IV. § 8].
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Let K be any field andV a 4-dimensionalK–vector space. The decomposable
elements inW := Λ

2V correspond to the 2-planes inV; the corresponding points in
P(W) form the quadricG which is the image of the Grassmann variety of 2-planes inV
under the Plücker-embedding. Concretely, choosing a basis{e1,e2,e3,e4} and setting

(6) x∧y= q(x,y)e1∧e2∧e3∧e4, x,y∈W,

the quadricG has equationq(x,x) = 0.

On G we have two types of planes: the first corresponds to planes contained
in a fixed hyperplane ofV, the second type corresponds to planes passing through a
fixed line. Both types of planes therefore correspond to 3-dimensional subspaces ofW
on which the bilinear formq is isotropic. Its index, being the maximal dimension of
q–isotropic subspace equals 3.

Any A∈ GL(V) induces a linear mapB= Λ
2A of W preserving the quadricG.

Conversely such a linear mapB is of this form, provided it preserves the two types of
planes on the quadricG. This is precisely the case if det(B)> 0 and so one obtains the
classical isomorphism betweensimplegroups

SL(4,K)/center
≃−→ SO+(6,q,K)/center,

A 7→ Λ
2A

where we recall that the superscript+ stands for the commutator subgroup.¶

From this isomorphism several others are deduced (loc. cit)through a process
of field extensions. The idea is that ifK = k(α), an imaginary quadratic extension of a
real fieldk, the formq which overK has maximal index 3, overk can be made to have
index 2. This is done as follows. One restricts to a subset ofK-linear transformations
of V which preserve a certain well-chosen anti-hermitian formf . The linear mapsΛ2A
then preserve thehermitianform g= Λ

2 f given by

(7) g(x∧y,z∧ t) = det

(
f (x,z) f (y,z)
f (x, t) f (y, t)

)

Suppose that in someK–basis forW the Gram matrices forg andq coincide and both
have entries ink. Then the matrix ofB= Λ

2A being at the same timeq–orthogonal and
g–hermitian must be real. So this yields an isomorphism

SU(V, f ,K)/center
≃−→ SO+(6,q,k)/center

A 7→ Λ
2A

In our situationK = k(i) (with, as before,k a real field). We choose our basis
{a1,a2,b1,b2}, for V in such a way that the anti-hermitian formf has Gram matrix
iJ (see (5)).

The Gram matrix of−q is the (integral) Gram matrix forU ⊥U ⊥U . The Gram
matrix of the hermitian form−g is found to be the Gram matrix forU ⊥U ⊥ 〈−1〉 ⊥
〈−1〉 of signature(2,4). In a differentK-basis forW the Gram matrix ofq is found to
coincide with the Gram matrix forg:

¶The last subgroup can also be identified with the subgroup of elements whose spinor norm is 1, but we
won’t use this characterization.
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LEMMA 1. Let ω = 1
2(−1+ i) and set

g1 = f1, g2 = f2, g3 = f3, g4 = f4, g5 = ω f5− ω̄ f6, g6 = (−ω̄ f5+ω f6)
T := Z–lattice spanned by{g1, . . . ,g6}.

Then the Gram matrices of−q (see(6)) and−g (see(7)) on T are both equal to
U ⊥U ⊥ 〈−1〉 ⊥ 〈−1〉.

Indeed, in this basis we obtain the desired isomorphisms:

LEMMA 2 ([9, § 1.4]). Set TQ := T ⊗Q. We have an isomorphism ofQ–
algebraic groups (see(5))

SU((2,2);Q(i))/{1,−1} ≃−→ SO+(TQ;Q)
A 7→ Λ

2A|TQ.

On the level of integral points we have

(8) ϕ : SU((2,2);Z[i])/{1,−1} ∼−→ SO+(T).

This isomorphism induces an isomorphism of real Lie groups

SU((2,2);C/){1,−1} ≃−→ SO+((2,4);R).

The target is the component of the identity ofSO((2,4);R) and is a simple group.

Proof. As noted before, a matrix which is at the same time hermitian and orthogonal
with respect to the same real matrix has to have real coefficients. So the mapA 7→
Λ

2A sends SU((2,2);C) injectively to a connected real subgroup of SO((6,q)). A
dimension count shows that we get the entire connected component of the latter group
which is (isomorphic to) SO+((2,4);R).

Assume now thatA has coefficients inQ(i). It then also follows thatΛ2A|TQ
must have rational coefficients, i.e. we have shown the first assertion of the lemma.
The assertion about integral points follows since the change of basis matrix from the
f -basis to theg-basis is unimodular and hence ifA preserves a lattice,Λ2A|T preserves
the corresponding lattice.

REMARK 1. This isomorphism can be extended to U((2,2)) modulo its center
U(1) provided one takes the semi-direct product of the latter group with an involution
τ which acts on matricesA∈ U((2,2)) by τ(A) = τAτ = Ā. We set

(9) U∗((2,2)) := U((2,2))⋊ 〈τ〉.

Now τ also induces complex conjugation onΛ2V with respect to the real structure given
by the real basis{ f1, . . . , f6}. This involution preserves{g1, . . . ,g4} but interchanges
g5 andg6. So onT the involution becomes identified with the involution

(10) τ̃ : T→ T, τ̃(gk) = gk, k= 1, . . . ,4, τ̃(g5) = g6
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and one can extend the homomorphismϕ from (8) by sendingτ to τ̃.

Accordingly, we define a two component subgroup of O(2,4):

SO∗(2,4) = SO+(2,4)⋊ 〈τ̃〉.

Note that−1∈ SO∗(2,4) so that
(

U((2,2))/U(1)
)
⋊ 〈τ〉 ≃ SU((2,2))/{±1,±i1}⋊ 〈τ〉 ≃−→ SO∗(2,4)/{±1}

SU((2,2))/{±1,±i1} ≃−→ SO+(2,4)/{±1}.

REMARK 2. The (symplectic) basis{a1,a2,b1,b2} of V can be used to define
a linear isomorphism

(11) det :Λ4VC
∼−→ C, a1∧a2∧b1∧b2 7→ 1.

We use this to obtain aC-antilinear involutiont of Λ2
CV as follows:

t : Λ2VC
∼−→ Λ

2VC such that g(u,v) =−det(t(v)∧u).

By definition of t one hast( fi) = fi , i = 1, . . . ,4 andt( f5) = f6, t( f6) = f5 and since
t is C anti-linear we see thatt preserves not only the first 4 basis vectorsgi of T but
also the last twog5,g6. So the 12-dimensional real vector spaceΛ

2VC splits into two
real 6-dimensionalt-eigenspaces, namelyTR = T ⊕R for eigenvalue 1 and iTR (for
eigenvalue−1) respectively:

(12) Λ
2VC = TR ⊥ iTR.

1.2. Congruence Subgroups

The quotient SU((2,2);R)/SU((2,2);R)(ω) acts naturally on(R/(ωR))4 = F4
2.

Since the hermitian form if in the basis{a1,a2,b1,b2} descends to thisF2–vector space
to give a symplectic form, we then get an isomorphism

SU((2,2);R)/SU((2,2);R)(ω) ∼−→ Sp(4;F2).

By (12) we haveT⊕ iT = Λ
2VR. Lemma 2, states that the group SU((2,2);R) acts on

T and so the subgroup SU((2,2);R)(ω) acts on(1+ i)2
Λ

2VR = 2Λ2VR. It preserves
the sublattice 2T ⊂ T. It follows that under the isomorphism of Lemma 2 one gets an
identification

(13) Sp(4;F2)
∼←−SU((2,2);R)/SU((2,2);R)(ω) ∼−→SO+(T)/SO+(T)(2).

Since the involutioñτ ∈ O+(2,4) (see (10)) obviously does not belong to the congru-
ence 2 subgroup, we may define extensions as follows:

SO∗(T)(2) := SO+(T)(2)⋉ 〈τ̃〉, U∗((2,2);R)(ω) := U((2,2);R)(ω)⋉ 〈τ〉.

In particular we have

(14) Sp(4;F2)
∼←−U∗((2,2);R)/U∗((2,2);R)(ω) ∼−→SO∗(T)/SO∗(T)(2).



Abelian Fourfolds of Weil type... 347

REMARK 1. 1. See also [9, § 1.5], where the result is shown by brute force. To
compare, we need a dictionary. The groupΓA from loc. cit. is our SO∗(T)/±1. The
groupΓA(2) is the congruence 2 subgroup which is equal to O+(T)(2)/±1. It lacks
the involutionτ̃ and hence has index 2 in the extended group O+(T)(2)⋉ 〈τ̃〉 modulo
its center. This explains whyΓA/ΓA(2)≃ Sp(4;F2)×Z/2Z.
2. As in [6, §3] it can be shown that the restriction homomorphism O(T(2)) →
O(qT(2)) is surjective with kernel the congruence subgroup O(T(2))(2). The orbits
of O(qT(2)) acting onT(2)∗/T(2)≃ F6

2 have been described explicitly in loc. cit., us-
ing coordinates induced by the standard basis forU(2) ⊥U(2) ⊥ A1 ⊥ A1. The form
qT(2) is Z/2Z-valued on the sublatticeF = {a= (a1, . . . ,a6) ∈ F6

2 | a5+a6 = 0} and
bT(2) restricts to zero onF0 = {0,κ = (1,1,1,1,0,0)}. HencebT(2) induces a symplec-
tic form onF/F0≃ F4

2 (this explains anew thatΓA/ΓA(2)≃ Sp(4;F2)×Z/2Z). The
orbits are now as follows:

1. two orbits of length 1: 0 andκ;

2. {a 6= 0,qT(2) = 0}, the orbit (of length 15) of(1,0,0,0,0,0);

3. {a 6= κ,qT(2) = 1}, the orbit (of length 15) of(1,1,0,0,0,0);

4. {a,qT(2) =
1
2}, the orbit (of length 12) of(1,1,0,0,1,0); it splits into two equal

orbits under SO∗(T(2))/SO∗(T(2))(2) (the involution exchanging the last two
coordinates act as the identity in this quotient);

5. {a,qT(2) =−1
2}, the orbit (of length 20) of(0,0,0,0,1,0); it splits also into two

equal orbits under SO∗(T(2))/SO∗(T(2))(2).

1.3. The Corresponding Symmetric Domains

Recall [9, § 1.1] , that the symmetric domain associated to the group U(n,n),
n≥ 1 is then2–dimensional domain‖

Hn :=

{
W ∈Mn×n(C) |

1
2i
(W−W∗)> 0

}
≃ U(n,n)/U(n)×U(n).

Indeed, writing

γ =
(

A B
C D

)
∈ U(n,n), A,B,C,D ∈Mn×n(C)

the action is given byγ(W) = (AW+B)(CW+D)−1. The full automorphism group
of Hn is the semi-direct product[U(n,n)/U(1)]⋊ 〈τ〉 whereτ is the involution given
by τ(W) = W−1. Sinceτ◦γ◦τ = γ this indeed corresponds to complex conjugation on
SU(n,n) (see Remark 1).

‖Recall: for a matrixW, we abbreviateW∗ = TW̄.
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The symmetric domain associated to a bilinear formb of signature(2,n), n≥ 2
is then-dimensional connectedbounded domain of type IV

Dn := {z= [(z1 : . . . : zn+2)] ∈ Pn+1 | Tzbz= 0, z∗bz> 0, im(z3/z1)> 0}.

Without the second defining inequality the resulting domainis no longer connected;
the subgroup O+(2,n) preserves each connected component.

This domain parametrizes polarized weight 2 Hodge structures(T,b)with Hodge
numbers(1,n,1). This can be seen as follows. The subspaceT2,0 ⊂ T⊗C is a line in
T⊗C, i.e. a pointz∈ P(T). The polarizing formb is a form of signature(2,n) and
the two Riemann conditions translate intoTzbz= 0 andz∗bz> 0. These two relations
determine an open subsetD(T)⊂ P(T) and the moduli space of such Hodge structures
is thusD(T)/O(T). Now D(T) has two components, one of which is (isomorphic to)
Dn; both SO+(T) and the involutioñτ preserve the components, SO+(T) has index 4
in O(T) and hence

O(T) = SO+(T)∪ τ̃SO+(T)︸ ︷︷ ︸
SO∗(T)

∪σSO+(T)∪στ̃SO+(T)︸ ︷︷ ︸
σSO∗(T)

whereσ permutes the two components ofD(T): our moduli space can be written as
the orbit space

Dn/SO∗(T).

REMARK 3. Let us specify this to the case which interests us most,n= 4. Then,
D4 = SO+(2,4)/((O(2)×O(4))∩SO(6)) and its automorphism group is
O+(2,4)/〈−1〉 (acting as group of projectivities on the projective spaceP5 preserv-
ing the quadric in whichD4 is naturally sitting).

The elementc := diag(1,1,−1,−1,1,1) ∈ SO(2,4) preserves the latticeT and
exchanges the two components; every element of SO(2,4) can be written ascg= g′c

with g,g′ ∈ SO+(2,4). The elementa := diag(1,1,1,1,U), U =

(
0 1
1 0

)
has deter-

minant−1 and every element in O(2,4) can be written as a productacg= cag with
g∈ SO+(2,4).

PROPOSITION1 ( [9, §1.1]). There is a classical isomorphism between the two
domainsH2

∼−→ D4 which is equivariant with respect to the isomorphism

[U((2,2))/U(1)]⋊ 〈τ〉 ≃−→ SO∗(2,4)/{±1}

of Remark 1.

Sketch of proof:We describe the isomorphism briefly as follows. To the matrixW∈H2

one associates the 2–plane inC4 spanned by the rows of the matrix(W|12). This sends
H2 isomorphically to an open subset in the Grasmannian of 2–planes inC4 which by
the Plücker embedding gets identified with an open subset of the Plücker quadric inP5.
This open subset is the type IV domainD4.
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REMARK 4. Recall we started § 1.1 with a pair(V, f ), with V = Q(i)4 and f
a non-degenerate skew-hermitian form onV. The above assignmentW 7→ the plane
P= PW ⊂V spanned by the rows of the matrix(W|12) is such that the hermitian form
i f |P is positive. In other words, the domainH2 parametrizes the complex 2–planesP
in VC =V⊗C= C4 such(i · f )|P> 0.

1.4. Orbits in The Associated Lattice.

Recall thatT := U2⊕〈−1〉2 is the lattice on which the group O∗(T) acts by
isometries. To study the orbits of vectors inT we use the results from [20]. We sum-
marize these for this example. Recall that a primitive vector x in a lattice is called
characteristic if 〈x,y〉 ≡ 〈y,y〉 mod 2 for all vectorsy in the lattice. Other vectors are
calledordinary . In an even lattice all primitive vectors are characteristic. In the stan-
dard basis{e1,e2,e3,e4,e5,e6} for T we letx= (x1,x2,x3,x4,x5,x6) be the coordinates.
Thenx is characteristic if and only ifx1, . . . ,x4 are even andx5,x6 are odd. Thetype
of a primitive lattice vector is said to be 0 for ordinary vectors and 1 for characteristic
vectors. Wall’s result formulated forT states that two primitive vectors of the same
norm squared and of the same type are in the same O(T)–orbit. So we have:

PROPOSITION2. T =U2⊕〈−1〉2 is a unimodular odd indefinite lattice of sig-
nature(2,4), isometric to〈1〉2⊥ 〈−1〉4. Letx∈T be primitive with〈x,x〉=−(2k+1),
respectively−2k, k> 0.

• In the first casex is always non-characteristic andO(T)–equivalent to
(1,−k,0,0,1,0).

• In the second case, a vectorx is O(T)–equivalent to(2, 1
2(−k+1),0,0,1,1) if

characteristic (and then k≡ 1 mod 4) and to(1,−k,0,0,0,0) if not.

REMARK 5. 1) From the description of the subgroups SO(T) and SO+(T) in
Remark 3, we see that the “extra” isometriesc anda do not change the two typical
vectors(1,−k,0,0,0,0), (2, 1

2(−k+1),0,0,1,1) while a replaces(1,−k,0,0,1,0) by
(1,−k,0,0,0,1). This can be counteracted upon applying the map
diag(−1,−1,−1,1,U) ∈ SO+(T). In other words, the preceding Proposition remains
true for orbits under the two subgroups SO(T) and SO+(T).

2) Suppose that−d= 〈x,x〉 is a negative even number. It follows quite easily that in the
non-characteristic casex⊥ is isometric to〈d〉 ⊥U ⊥ 〈−1〉 ⊥ 〈−1〉. In the characteristic
case this is subtler. For instance, ifd=−2k andk is a sum of two squares, sayk= u2+
v2, the vector x is in the orbit of
(0,0,0,0,u+ v,u− v) and sox⊥ ≃ U ⊥ U ⊥ 〈−d〉. This is the case ifk = a2b with
b square free andb≡ 1 mod 4. However, in the general situation the answer is more
complicated. The situation over the rational numbers is easier to explain. For later
reference we introduce

∆(x) :=−1
2
〈x,x〉= 1

2
(x2

5+x2
6−2(x1x2+x3x4))> 0.
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Then, completing the square, one finds:

(15) x⊥ ∼Q U ⊥ 〈−2〉2⊥ 〈2∆(x)〉.

COROLLARY 1. Consider the set Y⊂ T of vectors of the form

y = (2y1,2y2,2y3,2y4,y5+y6,y5−y6) ∈ T,yi ∈ Z, gcd(y1, . . . ,y6) = 1.

We have
∆(y) = y2

5+y2
6−4(y1y2+y3y4).

If y5 6≡ y6 mod 2, the vector is a characteristic primitive vector,∆ ≡ 1 mod 4andy is
in the orbit of(2, 1

2(1−∆),0,0,1,1).
If y5 ≡ y6 mod 2the vector1

2y ∈ T is primitive and non-characteristic and ei-
ther ∆ ≡ 0 mod 4and 1

2y is in the orbit of(1,−1
4∆,0,0,0,0), or ∆ ≡ 2 mod 4and 1

2y
is in the orbit of(1, 1

4(2−∆),0,0,1,0).
Hence two vectors in Y with the same∆–invariant are in the sameO(T)–orbit.

Conversely, if the∆–invariants are different the vectors are in different orbits.

To be able to make a comparison between [5] and [9] we have to realize that
T(2) is the transcendental lattice of the K3 surface in [9] while the lattice which plays
a role in [5] is the latticeT(−1). The special vectorsy ∈Y related to Hermann’s paper
are not necessarily primitive. A primitive vectory∗ in the lineZ ·y is called aprimitive
representativefor y. This vector will be considered as a vector ofT(2). This makes
the transition between the two papers possible.

EXAMPLE 1. As a warning, we should point out that it might happen that
primitive vectorsy∗ with the same norm squared inT(2) correspond todifferent∆(y).
For exampley = (2,−2,0,0,0,0) and(0,0,0,0,1,1) correspond to(1,−1,0,0,0,0),
respectively(0,0,0,0,1,1). Both vectors inT(2) have norm squared−4 while the first
(with y1 = 1,y2 =−1) has∆ = 4 and the second has∆ = 1, sincey5 = 1,y6 = 0. From
the above it follows that the two arenot in the same orbit under the orthogonal group
of T(2).

Observe now that divisors in our moduli space are cut out by hyperplanes in
P(T ⊗C) orthogonal to elementst ∈ T and any multiple oft determines the same
divisor. We get therefore all possible divisors by restricting ourselves to the setY ⊂ T.
Accordingly we use the subgroup of SO∗(T) preserving the setY of vectors of this
form. Then it is natural to consider the basis{2g1,2g2,2g3,2g4,g5+ g6,g5− g6} so
that the new coordinates ofy become(y1,y2,y3,y4,y5,y6). We may identify this vector
with y∗.

REMARK 6. Supposey ∈Y as in Corr. 1. Set∆(y) = ∆. Let n(∆) the number
of different SO∗(T)(2)–orbits in a given SO∗(T)-orbit for y ∈ T when∆ ≡ 0 mod 4,
respectively1

2y else. Using Corr. 1 and Rem. 1.2 one sees the following:

• If ∆≡ 0 mod 4 thenn(∆) = 15;
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• If ∆≡ 2 mod 8 thenn(∆) = 10;

• If ∆≡ 6 mod 8 thenn(∆) = 6;

• If ∆≡ 1 mod 4 thenn(∆) = 1.

Indeed, for instance a vector for which∆ ≡ 0 mod 4 is in the SO∗(T)-orbit of
(1,−∆

4 ,0,0,0,0) which corresponds to(1,0,0,0,0,0) or (1,1,0,0,0,0) in F6
2 accord-

ing to whether∆ ≡ 0 mod 8 or∆ ≡ 4 mod 8. Both of these have orbitsize 15 under
O(qT(2)). If ∆≡ 2,6 mod 8, in applying Rem. 1 2., one has to take care of the extra in-
volution explaining why the number of orbitsn(∆) is half the orbitsize under O(qT(2)).

In fact, this result is completely equivalent to [5, Prop. 2]which is stated below
(Prop. 4).

2. A Moduli Interpretation: the Abelian Varieties Side

2.1. Special Abelian Varieties

We say that an even dimensional polarized Abelian variety(A,E) is of K-Weil
type if EndQ(A) contains an imaginary quadratic fieldK = Q(α) ⊂ C such that the
action ofα on the tangent space ofA at 0 has half of its eigenvalues equal toα and
half of its eigenvalues equal tōα (note that this does not depend on the embedding
K →֒ C). We say thatα has type(k,k), where 2k = dimA. Moreover, we want that
E(αx,αy) = |α|2E(x,y). If α = i this means thatA admits an automorphismM with
M2 =−1 which preserves the polarization. Equivalently,R⊂ End(A,E).

As is well known (cf. [5, § 1.2], [19, §10]), the symmetric domain H2

parametrizes such Abelian 4–folds ofQ(i)–Weil type. We recall briefly how this can
be seen. Consider the latticeVR = R4 equipped with the skew formJ (see (5)). The
complex vector spaceV =C4, considered as a real vector space, containsVR as a lattice
andJ is a unimodular integral form on it. Weight−1 Hodge structures onV polarized
by this form are given by complex structuresJ that preserve the form. They correspond
to principally polarized Abelian 4-foldsA, and ifJ commutes with multiplication by i
the Abelian varietyA admits an order 4 automorphismM of type(2,2) which preserves
the polarization. The converse is also true.

To get the link with the domainH2, recall from Remark 4 that points inH2

correspond precisely to complex 2-planesP in V for which (i · f )|P > 0. The direct
sum splitting ofV = P⊥ P⊥ can be used to define a complex structureJ on the 8-
dimensional real vector spaceV as desired by imposingJ|P = i1, J|P⊥ = −i1. This
complex structure commutes with multiplication by i onV and preserves if (since this
is a hermitian form). The embedding (4) identifies the image with thoseτ ∈ h4 that
form the fixed locus of the order 4 automorphism formed fromJ (see (5))

(
J 04

04 J

)
∈ Sp(4;Z).

This automorphism corresponds to multiplication with i on the Abelian 4-fold.
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The discrete group U∗((2,2);R) acts naturally onH2. It sends an Abelian va-
riety of the given type to an isomorphic one. This is clear forU((2,2);R). Regarding
τ, by [5, § 1.2] the embedding (4) is equivariant with respect to it; indeed, it acts as an
integral symplectic matrix onh4 and hence alsoτ permutes isomorphic Abelian vari-
eties. Conversely, since U∗((2,2)) modulo its center is the full group of isomorphisms
of H2 it follows that two isomorphic Abelian varieties with multiplication byR are in
the same U∗((2,2);R)–orbit.∗∗ So the quotient

M := H2/U∗((2,2);R)

is the moduli space of principally polarized Abelian fourfolds with multiplication by
R.

2.2. Relation With Special Weight2 Hodge Structures

Consider the Hodge structures parametrized by the domainD4 introduced in
§ 1.3. The construction of § 2.1 relates such Hodge structures to polarized Abelian 4-
foldsA with multiplication byR. Indeed,V = H1(A;R) underlies an integral polarized
Hodge structure of weight−1 and rank 8 admitting an extra automorphismM of order
4 induced by i∈ End(A). Giving a polarized integral Hodge structure onV of weight
1 is the same as giving a complex structureJ preserving the polarization; moreover,
M andJ commute. According to [7, § 3] this can now be rephrased as follows. Since
V = H1(A;R) underlies a rational polarized Hodge structure of weight−1 and rank
8, the second cohomologyH2(A) = Λ

2H1(A)∗, inherits a polarized Hodge structure
of weight 2 and rank 28. We view(V,J) as a 4-dimensional complex vector space and
hence we get a complex subspaceΛ

2
CV∗⊂H2(A;R) of complex dimension 6 and hence

a real Hodge structure of dimension 12. In fact it can be seen to be rational. Recall
from Remark 2 that there is a furtherC–anti linear involutiont on Λ

2
CV∗. Its (+1)–

eigenspaceT(A) has dimension 6 and gives a polarized Hodge substructure ofH2(A)
of weight 2 and Hodge numbers(1,4,1) as desired. So, this construction explains the
isomorphism

M := H2/U∗((2,2);R)
≃−→ D4/SO∗(T)

Hodge theoretically as the the one induced byA 7→ T(A).

If instead we divide out by the congruence subgroup U∗((2,2);R)(ω) the quo-
tient M ∗ := H2/U∗((2,2);R)(ω) under the natural morphismM ∗→M is Galois over
of M with group Sp(4;F2):

M ∗ ≃−→ D4/SO∗(T)(2)y p

y
M ≃−→ D4/SO∗(T).

∗∗If we would consider such Abelian varieties up toisogenywe would classify the isomorphism classes
of Abelian 4-folds ofQ(i)–Weil type.
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2.3. Hypersurfaces in the Moduli Spaces

Any line [a] ∈ P(T⊗Q) defines the divisorD[a] = {x∈ D4 | 〈a,x〉 = 0} inside
the domainD4. As explained in § 1.4, we only consider representativesa∈ T which
belong to the setY ⊂ T whose coordinates with respect to the basis{g1, . . . ,g6} are of
the form:

(16) y = (2y1,2y2,2y3,2y4,y5+y6,y5−y6) ∈ T.

The corresponding divisorD[y] insideH2 can be described by means of the skew sym-
metric matrix

M(y) :=




0 −y2
1
2(y5− iy6) −y4

y2 0 −y3 −1
2(y5+ iy6)

−1
2(y5− iy6) y3 0 −y1

y4
1
2(y5+ iy6) y1 0


 .

Indeed, we have [5, p. 119]

D[y] :=

{
W ∈ H2 |

(
TW 12

)
M(y)

(
W
12

)
=
(
02
)}

.

ThenA∈ SU((2,2)) acts by sendingM = M(y) to

A[M] := TAMA= M(z), z= Λ
2A(y).

For a skew symmetric matrixM with coefficients in any fieldK the determinant is
always a square in the field and any root is called a pfaffian ofM and denoted by
Pf(M). If K ⊂ R we take thepositive rootand call it the pfaffian. By Corol. 1 and
Remark 5, 1) we have

PROPOSITION3. Given a positive integer∆, there is precisely oneSO+(T) or-
bit of primitive vectorsy∈Y for which∆=−1

2〈y,y〉. All such vectorsy areSU((2,2))-
equivalent and the corresponding pfaffiansPf(My) are all equal.

Moreover, such divisors D[y] define the same irreducible divisor D∆ in the mod-
uli spaceM .

REMARK 2. The image of such a divisorD∆ in the moduli spaceM can be
considered as a three dimensional modular varietyh2/Γ, whereΓ is a discrete subgroup
of a certain modular group Sp(2;R) (depending only on∆). For this point of view see
[5]. For the special case∆ = 1 see also (3) in the Introduction.

Under the congruence subgroup SU((2,2);R)(ω) there are more orbits corre-
sponding to the fact thatD∆ may split under the coverM ∗ → M . By Remark 6 we
have:

PROPOSITION4 ([5, Prop. 2]). Under theSp(4,F2)-cover π : M∗ → M the
divisor π−1D∆ associated to a primitive class a∈ T∗Z with q(a) = ∆ splits in15, 10, 6
or 1 components if∆≡ 0 mod 4,≡ 2 mod 8,≡ 6 mod 8, respectively≡ 1 mod 4.
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3. Moduli Interpretation: Special K3 surfaces

3.1. Configurations of 6 Lines in the Plane

For this section see [10] and in particular Appendix A in it.

Let P = P2 andP∗ the dual projective space. For any integern≥ 4 a config-
uration ofn-tuples of points inP corresponds to a configuration forn-tuples of lines
in P∗. The notion ofgood positionis easy to describe on the dual space as follows.
An n-tuple of lines(ℓ1, · · · , ℓn) ∈ (P∗)n is calledin good positionif the corresponding
curveℓ1∪ ·· · ∪ ℓn ⊂ P2 has only ordinary double points. They form a Zariski open
subset

Un = {(ℓ1, · · · , ℓn) in good position} ⊂ (P∗)n.

The linear group GL(3;C) acts on this space and we form the quotient

Xn : = Un/GL(3;C) : configuration space ofn ordered lines
in good position inP2.

This is a Zariski open subset ofC2(n−4). The symmetric groupSn acts onXn and the
quotient is the configuration space ofn unordered lines in general position.

If n= 6 there is an extra involution onX6 induced by the correlation

δ : P→ P∗, x 7→ polar ofx with respect to a nonsingular conicC

as follows: the 6 lines{ℓ1, . . . , ℓ6} form 2 triplets, say{ℓ1, ℓ2, ℓ3} and{ℓ4, ℓ5, ℓ6} each
having precisely 3 intersection points. If we setPi j = ℓi ∩ ℓ j we thus get the triplets
{P12,P13,P23} and {P45,P46,P56}. A correlationδ is an involutive projective trans-
formation: it sends the line throughP andQ to the line throughδ(P) andδ(Q). In
particular, three distinct points which are the vertices ofa triangle are sent to the three
sides of some (in general different) triangle. This gives already a involution on the
variety of three ordered non-aligned points which is easilyseen to be holomorphic.
However, it descends as the trivial involution on the space of unordered non-aligned
triples since a projectivity maps any such triple to a given one.

The above procedure for six points gives a holomorphic involution onU6

∗C(ℓ1, . . . , ℓ6) = (δP12,δP13,δP23,δP45,δP46,δP56).

It descends to an involution onX = X6 which does not depend on the choice ofC and
commutes with the action of the symmetric groupS6. We set

Y = X/{∗}.

The involution∗C has as fixed point set onU6 the 6-tuples of lines all tangent to the
conicC. On X this gives a non-singular divisorXQ⊂ X, the configuration of 6-uples
of lines tangent to some fixed conic. This shows in particularthat∗C is a non-trivial
involution, in contrast to what happens for triplets of points.

We need an alternative description of this involution:
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PROPOSITION5. The involution∗ is, up to a projective transformation, induced
by a standard Cremona transformation with fundamental points P14,P25,P36.

Proof. For the proof consult also Fig. 1. The pointsP14,P25,P36 form a triangle∆0. The
lines ℓ1, ℓ2, ℓ3 form a triangle∆1 andℓ4, ℓ5, ℓ6 another triangle∆2. In the dual plane
the sides of the triangle∆0 correspond to three non-collinear points, sayp,q, r ∈ P∗.
We denote the points inP∗ corresponding to the linesℓ j by the same letter. The con-
figuration of the three triangles∆0,∆1, ∆2 is self-dual in the obvious sense. Note that
the cubic curvesℓ1ℓ2ℓ3 = 0 andℓ4ℓ5ℓ6 = 0 span a pencil of cubics passing through the
vertices of the union of the triangles∆1∪∆2. The same holds for the dual configuration
in P∗.

By [4, p. 118–119] this implies that the standard Cremona transformationT∗

with fundamental pointsp,q, r transforms these "dual" 6 vertices into a so-called as-
sociated 6-uple. To see this, letY be the 3×6 matrix whose columns are the vectors
of the six points{ℓ1, . . . , ℓ6} (in some homogeneous coordinate system). The corre-
sponding matrixY∗ for the associated point set{T∗ℓ1, . . . ,T∗ℓ6} by definition satis-
fiesYΛTY∗ = 0 for some diagonal matrixΛ. In our case we can take coordinates in
such a way thatY = (I3,A) with A invertible and after a projective transformation we
may assume thatY∗ = (I3,− 1

detAA∗), whereA∗ is the matrix of cofactors ofA so that
ATA∗ = det(A)I3. This exactly means that the point set which givesY is related to the
point set given byY∗ by the involution∗C whereC is the conicx2+ y2+ z2 = 0. See
the calculations in [10, Appendix A2].

The spaceX can be compactified tōX by adding certain degenerate configura-
tions to which the involution∗ extends and the resulting compactificationX̄ = X̄/{∗}
is naturally isomorphic toP4. The groupS6 acts on both sides giving a commutative
diagram

X̄
σ−→ Ȳ ≃ P4y

y π

X̄/S6
σ̄−→ Ȳ/S6.

Comparison with Hermann’s work

We now compare the result with [5]. We need some more details of the above
construction. To start with we choose coordinates inY by representing first a point in
Y by a 3× 6 matrix (xi j ) (the 6 rows give the six lines) and letdi jk(x) be the minor
obtained by taking columnsi, j,k. Then for every permutation{i jkℓmn} of {1, . . . ,6},
consider the 10 Plücker coordinatesZi jk := di jkdℓmn which one uses to embedY in P9.
The Plücker relationsZi jk −Zi j ℓ+Zi jm−Zi jn = 0 then show that this embedding is a
linear embedding intoP4 ⊂ P9. Note that the permutation groupS6 interchanges the
Plücker coordinates and the image 4-space is invariant under this action.

In [5, § 4] an embedding†† of Ȳ into P5 with homogeneous coordinates

††What Hermann calls̄X(1+ i) is in our notationȲ and in Matsumoto’s notationY∗.
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(Y0, . . . ,Y5) is constructed with image the hyperplane(Y0 + · · ·+Y5) = 0. We may
assume that theYi , 0≤ i ≤ 4 coincide with some of our Plücker coordinates which we
write accordingly as{Y0, . . . ,Y9}. Indeed, Hermann’s six coordinates are permuted as
the standard permutation ofS6 on 6 letters and we can scale them in order that the
hyperplane in which the image lies is given by the equation(Y0+ · · ·+Y5) = 0.

One of the divisors inX̄ added toX is needed below. It is calledX3 in [10]
and has the 20 componentsXi jk

3 of configurations of 6 lines where precisely the three
lines ℓi , ℓ j , ℓk meet at one point which create one triple point. There are 12 further
points where only 2 lines meet. We now show how to identifyσ(X3) with the divisor
D′2 = π−1D2 from Prop. 4. First invoke [10, Prop. 2.10.1] (see also Theorem 2 below)
which makes the transition fromX to M possible. Next, from [5, p. 122-123], we infer
that the equation ofD′2 reads

∏
abc

(Ya+Yb+Yc) = 0.

By the Plücker relationsYa+Yb+Yc =±Yd for somed ∈ {0, . . . ,9}. HenceYa+Yb+
Yc =±Yd, say±Yd =Zi jk and the zero locus of that factor corresponds toDi jk ·Dlmn= 0.
It follows that indeedD′2 = X3. We observe that there are 20 irreducible components

Xi jk
3 but eachYd gives two of them via the double coverσ, so we get indeed the 10

divisors of Hermann.

As a side remark,̄X−X contains further divisors, several of which parametrize
K3 surfaces, namely whenever the double points in the configuration coalesce to triple
points at worst.

We want to stress that the definition ofgood includes rather special configu-
rations, one of which is needed below, namely the ones forming a divisorXcoll ⊂ X̄
corresponding to 6 lines{ℓ1, . . . , ℓ6} where the intersection pointsP12 = ℓ1∩ ℓ2,P34 =
ℓ3∩ ℓ4,P56 = ℓ5∩ ℓ6 of three pairs of lines are collinear. We can identifyσXcoll with
π−1D4 as follows. From [5, p. 123], we find that the equation ofD4 is

∏
i j

Yi−Yj = 0.

The Plücker relations yield the equations

DabcDe f g= Da′b′c′De′ f ′g′

where in addition to{a,b,c,e, f ,g} = {a′,b′,c′,e′, f ′,g′} = {1, . . . ,6} necessarily (up
to commuting the factors of the products)

#{a,b,c}∩{a′,b′,c′}= #{e, f ,g}∩{e′, f ′,g′}= 2.

Dually looking at 6 points inP2, we obtain the same result if three lines (spanned by
different pairs of such points) meet in one and the same point. So indeed, we getσXcoll.
Observe that there are1615× 6 = 15 ways to make the intersection points collinear
giving 15 components as it should.
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Relation to recent work of Kondō

In a recent preprint [6], Kond̄o also studies Heegner divisors on the moduli space
of 6 lines inP2 using Borcherd’s theory of automorphic forms on bounded symmetric
domains of type IV. Specifically he singles out four divisorsin [6, §3] which correspond
to the cases∆ = 1,2,4,6 studied extensively in this paper.

3.2. Double Cover Branched in6 Lines in Good Position

We refer to [1, Ch VIII] for details of the following discussion on moduli of
K3-surfaces. The second cohomology group of K3 surfaceX equipped with the cup
product pairing is known to be isomorphic to the unimodular even lattice

Λ :=U ⊥U ⊥U ⊥ E8⊥ E8.

The lattice underlies a weight 2 polarized Hodge structure with Hodge numbersh2,0 =
1, h1,1 = 20. The Néron-Severi lattice NS(X) gives a sub Hodge structure with Hodge
numbersh2,0 = 0, h1,1 = ρ, the Picard number. Its orthogonal complementT(X), the
transcendental lattice, thus also is a polarized Hodge structure with Hodge numbers
h2,0 = 1,h1,1 = 20−ρ. The Néron-Severi lattice is a Tate Hodge structure, butT(X) has
moduli. The two Riemann bilinear relations show that these kind of Hodge structures
are parametrized by a type IV domainD20−ρ (see § 1.3). Conversely, given a sublattice
T ⊂ Λ of signature(2,n),n < 20, the polarized Hodge structures onT with Hodge
numbersh2,0 = 1, h1,1 = n are parametrized by a domainD(T) of type IV whose
points correspond to K3 surfaces with the property that the transcendental lattice is
contained inT. For generic such points the transcendental lattice will beexactlyT,
but upon specialization the surfaces may acquire extra algebraic cycles which show up
in T. In other words, the transcendental lattice of the specialization becomes strictly
smaller thanT. Note also that dimD(T) = n. These surfaces, commonly calledT-
lattice polarized K3 surfaces, thus haven moduli. It is not true that all points in
D(T) correspond to such K3 surfaces: one has to leave out the hyperplanesHα that
are perpendicular to the rootsα in T; sinceT is an even lattice, these are elements
α ∈ T with 〈α,α〉=−2. We quote the following result [1, VIII, §22] which makes this
precise:

THEOREM. Let

D0(T) := D(T)−
⋃

Hα, α a root inT.

The moduli space of T -lattice polarized K3 surfaces is the quotient of D0(T) by the
groupSO∗(T).

Examples of K3 surfaces withρ = 1 (having 19 moduli) are the double cov-
ers of the plane branched in a generic smooth curve of degree 6parametrized by a
19-dimensional type IV domain. If we let this curve acquire more and more singular-
ities we get deeper and deeper into this domain. We are especially interested in those
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sextics that are the union of six lines in good position (see Fig. 1) and certain of their
degenerations which were treated in § 3.1.

Figure 1: The 6 branch lines and the 15 exceptional curvesEk j

PROPOSITION6. Let X be the minimal resolution of the double of cover of the
plane given by an equation:

w2 = ℓ1(x,y,z) · · ·ℓ6(x,y,z).(17)

Assume that the 6 linesℓi , i = 1, . . . ,6 are in general (and, in particular, in good)
position. Then the Picard numberρ(X) equalsρ(X) = 16.

Proof. The 15 ordinary double pointsPi j (1≤ i < j ≤ 6) in the configuration give 15
Ei j disjoint exceptional divisors onX; these are(−2)-curves, i.e. rational curves with
self intersection(−2). The generic line gives one further divisorℓ with ℓ2 = 2 and
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which is orthogonal to theEi j . The divisors{ℓ,E12, . . . ,E56} thus form a sublatticeN
of rank 16 within the Néron-Severi lattice NS(X). So for the Picard number we have
ρ≥ 16. As explained above, we have 20−ρ moduli whereρ is the Picard number of a
generic member of the family. Soρ = 16 and hence for generic choices of linesℓi the
lattice NS(X) containsN as a sublattice of finite index.

We need a simple consequence of the proof. To explain it we need a few notions
from lattice theory. Recall that the dual of a latticeL is defined by

L∗ := {x∈ L⊗Q | 〈x,y〉 ∈ Z, for all y∈ L}

and that the discriminant groupδ(L) is the finite Abelian groupL∗/L. We say thatL is
p–elementary, if this is so forδ(L), i.e.

L∗/L∼= (Z/pZ)ℓ, ℓ := length of L≤ rank(L).

From the above proof we see that

〈2〉 ⊥ 〈−2〉15⊂ NS(X).

and so

COROLLARY 2. The Néron-Severi latticeNS(X) is 2–elementary.

In what follows we shall first of all determine both the Néron-Severi and the
transcendental lattice for such a generic K3 surfaceX. We shall prove:

THEOREM 1. For generic X as above we haveNS(X) = U ⊥ D2
6 ⊥ A2

1 and
T(X) =U(2)2⊥ A2

1 = T(2).

This gives an interpretation of the previous results in terms of the moduli of K3
surfaces. Indeed we haveD(T(2)) = D4 and we note thatT(X) = T(2) andT have the
same orthogonal group. So the above result shows that our moduli space equals

D0(T)/SO∗(T) = D0
4/SO∗(T).

Moreover, by the results of [10] we can now identify this moduli space with the con-
figuration spaces from § 3.1.

THEOREM 2 ([10, Prop. 2.10.1]).There is a commutative diagram

X/{∗}= Y
p̃−−−−→
≃

D0
4/SO∗(T)(2)⊂M ∗y π

y
X/ [{∗}×S6] = Y/S6

≃−−−−→
p

D0
4/SO∗(T)⊂M .

The holomorphic maps̃p and p are biholomorphisms. They are the period maps.
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In other words, the moduli space ofT–lattice polarized K3’s can be identified
with the quotient of the configuration space of unordered 6-tuples of lines inP2 by the
correlation involution∗. Note also that the groupS6 on the left is indeed isomorphic
to the quotient SO∗(T)/SO∗(T)(2) = Sp(4;F2) (see (13)).

REMARK 7. Recall that∗ sends the corresponding double covering K3 surface
X to a K3 surface∗X. The involution∗ sends the 6 branch lines definingX to the three
branch lines defining∗X. By Prop. 5 there is a standard Cremona transformation with
fundamental points the three pointsP14,P25,P36 which induces this involution on the
level of the plane and henceX and∗X are isomorphic K3-surfaces, the isomorphism
being induced by the Cremona transformation. It follows that the quasi-polarization
(given by the class of a lineℓ on the plane) is not preserved under this isomorphism: it
is sent to 2ℓ−e14−e25−e36 whereei j is the class of the exceptional curveEi j .

By [9, §1.4.] the involution∗ corresponds to the involutionj which onT =
U2 ⊥ 〈−1〉2 fixes the first 4 basis vectors and sends the fifth to minus the sixth. Since
T as well as its orthogonal complementS= T⊥ is 2-elementary, by [11, Theorem
3.6.2] the restriction O(S)→ O(qS) is surjective. Any lift of the image ofj under the
homomorphism O(T)→ O(qT) to S then can be glued together withj to obtain an
isometry of the K3-latticeΛ. Such an isometry sends the period ofX to the period of
an isomorphic K3-surface which must be∗X by the Torelli theorem.

Next, we study what happens when the line configuraton degenerates.

THEOREM 3. Put

X∆ : the generic K3 surface on D∆ ⊂M

We have

1. NS(X2) =U ⊥ D2
4⊥ E7, T(X2) =U(2)2⊥ A1;

2. NS(X4) =U ⊥ D2
6⊥ A3, T(X4) =U(2)⊥ 〈4〉 ⊥ A2

1.

3. NS(X1) =U ⊥ D4⊥ D8⊥ A3, T(X1) =U(2)2⊥ 〈−4〉.

4. NS(X6) =U ⊥ D2
6⊥ A1⊥ A2, T(X6) =U(2)⊥ A2

1⊥ 〈6〉.

To prove this we will make substantial use of elliptic fibrations. We should
point out that most, if not all computations can be carried out with explicit divisor
classes on the K3 surfaces; elliptic fibrations have the advantage of easing the lattice
computations as well as providing geometric insights, since the root lattices in the
above decomposition of NS appear naturally as singular fibers of the fibration (conf. for
instance [2], [13]).

After reviewing the basics on elliptic fibrations needed, wewill first prove The-
orem 1 in 3.4. Then using lattice enhancements the three cases of Theorem 3 will be
covered in 3.6, 3.6 and 3.6.
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3.3. Elliptic fibrations and the Mordell-Weil lattice

We start by reviewing basic facts on elliptic fibrations, andin particular on the
Néron-Severi lattice for an elliptic fibration with sectionfollowing Shioda as summa-
rized in [17].

Let S→C be an elliptic fibration of a surfaceS, with a sectionsand general fiber
f . These two span a rank 2 sublatticeU of the Néron-Severi lattice NS= (NS(S),〈 , 〉),
isomorphic to the hyperbolic plane. We calls thezero section; it meets every singular
fiber in a point which figures as the neutral element in a groupGν whose structure is
given in the table below.

Fiber type Fν eν Gν discr(Fν) discr. gr.

In An−1 n C∗×Z/nZ (−1)n(n+1) Z/nZ
II – 1 C∗ 1 {1}
III A1 1 C×Z/2Z −2 Z/2Z
IV A2 2 C×Z/3Z −3 Z/3Z
I∗2n D2n+4 2n+5 C× (Z/2Z)2 4 (Z/2Z)2

I∗2n+1 D2n+5 2n+6 C×Z/4Z −4 Z/4Z
II ∗ E8 9 C 1 {1}
III ∗ E7 8 C×Z/2Z −2 Z/2Z
IV ∗ E6 7 C×Z/3Z 3 Z/3Z

In the table we enumerate Kodaira’s list of singular fibers. The components of a sin-
gular fiber fν not met by the zero section define mutually orthogonal negative-definite
sublatticesFν of the Néron-Severi lattice, all orthogonal to the hyperbolic planeU . The
Euler number of the fiberfν is abbreviated byeν in the table. The last two entries are
the discriminant and the discriminant group of the latticeFν.

The lattice
T :=U ⊥

⊕

ν
Fν

is called thetrivial lattice of the elliptic surfaceX. It is a sublattice of NS, butnot
necessarily primitive. Its orthogonal complement (inside NS(X))

L := T⊥NS

is called theessential lattice. The group of sections forms theMordell Weil group E.
Its torsion part can be calculated as follows:

T ′ := primitive closure ofT in NS; T ′/T ≃ Etors.

It is one of the main results of the theory of elliptic surfaces that

E ∼= NS/T.(18)

The most famous incarnation of this fact is often referred toas Shioda-Tate formula:

rank(NS) = 2+∑
ν

rank(Tν)+ rank(E).(19)
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The main idea now is to endowE/Etors with the structure of a positive definite lattice,
theMordell-Weil lattice MWL = MWL(S). This can be achieved as follows. Since
LQ ⊥ TQ = NSQ, the restriction toE

πE : NSQ|E→ LQ

of the orthogonal projection is well-defined with kernelEtors. Theheight pairing on
MWL = E/Etors by definition is induced from the pairing on the Néron-Severigroup:

〈P,Q〉 :=−〈πE(P),πE(Q)〉, P,Q∈ E.

Note that by definition, this pairing need not be integral. Shioda has shown that the
height pairing can be calculated directly from the way the sections P,Q meet each
other, the zero section, and in particular the singular fibers fν. In the sequel we will
need this only for the height〈P,P〉 of an individual sectionP∈E. The only components
of fν possibly met by a section are the multiplicity 1 components not met by the zero
section. ForIn, this givesn−1 components that one enumerates successively, starting
from the first component next to the one meeting the zero section (upto changing the
orientation). ForI∗n , n> 0, there are 3 components: thenearone (the first component
next to the one meeting the zero section) and two far ones (forI∗0 fibers the three simple
non-identity components are indistinguishable). In the end, the height formula reads

(20) h(P) := 〈P,P〉= 2χ(OS)+2〈P,s〉−∑
ν

cν,

where the local contributioncν for fν can be found in the following table and is de-
termined by the component which the sectionP meets (numberedi = 0,1, . . . ,n−1 as
above for fibers of typeIn):

Fiber type root lattice cν

In (n> 1) An−1
i(n−i)

n
III A1

1
2

IV A2
2
3

I∗n (n≥ 0) Dn+4 1 (near), 1+ n
4 (far)

II ∗ E8 −
III ∗ E7

3
2

IV ∗ E6
4
3

The following formula for the discriminant of NS= NS(S), the Néron-Severi
lattice can be shown to follow from the above observations:

(21) discr(N) =
(−1)rankE

|Etors|2
discr(T) ·discr(MWL).
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3.4. GenericNS(X) and the Proof of Theorem 1

For later use, we start by computing the Néron-Severi lattice NS(X) and the
transcendental latticeT(X) with the help of elliptic fibrations with a section, the so-
calledjacobian elliptic fibrations . It is a special feature of K3 surfaces that they may
admit several jacobian elliptic fibrations. For instance, we can multiply any three linear
forms from to the RHS to the LHS of (17) such as

X : ℓ1 · · ·ℓ3w2 = ℓ4 · · ·ℓ5.(22)

Here a fibration is simply given by projection ontoP1
w; it is the quadratic base change

v = w2 of a cubic pencil with 9 base pointsP14, . . . ,P36 as sections. However, this
plentitude of sections (forming a Mordell-Weil lattice of rank 4) makes the lattice com-
putations quite complicated, so we will rather work with twoother elliptic fibrations
onX.

Note that due to the freedom in arranging the lines in (22), the K3 surfaceX ad-
mits indeed several different fibrations of the above shape.This ambiguity will persist
for all elliptic fibrations throughout this note.

Standard elliptic fibration

We shall now derive an elliptic fibration onX which will serve as our main
object in the following. For this purpose we specify the elliptic parameteru giving the
fibration by

u= ℓ1/ℓ2.

One easily computes the divisor ofu as

(u) = 2ℓ1+E13+ . . .+E16−2ℓ2− (E23+ . . .+E26).

Both zero and pole divisor encode divisors of Kodaira typeI∗0 , hence the morphism

u : X→ P1

defines an elliptic fibration onX with sectionsℓ3, . . . , ℓ6. Note that the exceptional divi-
sorsEi j (3≤ i < j ≤ 6) are orthogonal to both fibers; hence they comprise components
of other fibers. We sketch some of these curves in the following figure:

There is an immediate sublatticeN of NS(X) generated by the zero section and
fiber components. Here this amounts to

N =U ⊥ D2
4⊥ A6

1.

Since the rank ofN equals the Picard numberρ = 16 of X, the sublatticeN has finite
index in NS(X). We note two consequences. First, the(−2) curvesEi j (3≤ i < j ≤ 6)
generically sit on 6 fibers of typeI2 (because otherwise there would be an additional
fiber component contributing to NS(X)). For later reference, we denote the other com-
ponent of the respective fiber byE′i j ; this gives another−2-curve onX. Secondly, we
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Figure 2: Some sections and fiber components of the standard fibration

deduce from (19) that generically the Mordell-Weil rank is zero. SinceI∗0 fibers can
only accommodate torsion section of order 2, the given four sections give the full 2-
torsion. Alternatively, this can be computed with the height pairing as sketched in 3.3
or it can be derived from the actual equations which we give in3.6. From (21) we
deduce that NS(X) has discriminant

discrNS(X) =−210/24 =−26.(23)

Since by Corollary 2 NS(X) is 2–elementary we find that (23) implies the length of the
Néron–Severi lattice to equal 6.

Transcendental lattice

We want to compute the transcendental latticeT(X). Again we need some gen-
eral facts from lattice theory which we collect at this placefor the reader’s convenience.

For an even non-degenerate integral lattice(L,〈−,−〉) recall (see "Notation")
the discriminant groupδ(L) = L∗/L and theQ/2Z–valueddiscriminant form induced
by 〈−,−〉 denotedqL. The importance of this invariant stems from the following result
of Nikulin [11]: two even lattices with the same signature and discriminant form are in
the same genus, i.e. are isomorphic over the rationals.

Below we need a more precise result in a special situation:

PROPOSITION7 ([12, Prop. 4.3.2]).Any indefinite 2-elementary lattice is de-
termined up to isometry by signature, length, and the property whether the discriminant
form takes only integer values or not.

We return to our double sexticsX in the generic situation. SinceT(X) and
NS(X) are orthogonal complements embedded primitively into the unimodular lattice
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Λ, we find by construction an isomorphism of discriminant forms

qT(X)
∼=−qNS(X).(24)

In particular,T(X) is again 2-elementary of lengthl = 6, and of signature(2,4). So
we may apply the above Prop. 7. To do so we need to be able to determine properties
of the discriminant form. To decide this without going through explicit computations
with divisor classes onX, we switch to another elliptic fibration onX.

Alternative elliptic fibration

In order to exhibit another elliptic fibration onX, we start by identifying two
perpendicular divisors of Kodaira typeI∗2 :

D1 = E15+E16+2(ℓ1+E13+ ℓ3)+E35+E′46

D2 = E25+E26+2(ℓ2+E24+ ℓ4)+E45+E′36

Their linear systems induce an elliptic fibration with section induced byℓ6, since
ℓ6.Di = 1. In addition to the two fibers of typeI∗2 , there are 2 further reducible fibers
with identity componentE′34 on the one hand andE56 on the other hand. Rank consider-
ations imply that their type is genericallyI2, so that the given fibers and the zero section
generate the sublatticeU +D2

6+A2
1 of NS(X). In fact, since ranks and discriminants

agree, we find the generic equality

NS(X) =U ⊥ D2
6⊥ A2

1.(25)

In particular, this singles outA∗1/A1 as an orthogonal summand of the discriminant
groupδ(NS(X)) = NS(X)∗/NS(X). Its quadratic form thus takes non-integer values
in 1

2Z/2Z. As T(X) has the same invariants asU(2)2 ⊥ A2
1, by Prop. 7 these must be

isomorphic:
T(X) =U(2)2⊥ A2

1.

This concludes the proof of Theorem 1.

The representation of NS(X) in (25) is especially useful for the concept of lattice
enhancements as it allows for writing an abstract isomorphism of discriminant forms
as in (24). We will make this isomorphism explicit in 3.5 and exploit it on the level of
elliptic fibrations.

3.5. Lattice Enhancements

General Theory

The theory of lattice polarised K3 surfaces as sketched in 3.2 predicts for a given
even latticeL of signature(1, r−1) that K3 surfaces admitting a primitive embedding

L →֒ NS
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come in(20− r)-dimensional families (ifL admits a primitive embedding into the K3
lattice Λ = U3 ⊥ E2

8 at all). Equivalently, on the level of transcendental lattices, the
primitive embedding has to be reversed forM the orthogonal complement ofL in Λ:

T →֒M.

Lattice enhancements provide an easy concept of specifyingsubfamilies of lattice po-
larised K3 surfaces. Namely one picks a vectorv∈ M of negative squarev2 < 0 and
enhances NS by postulatingv to correspond to an algebraic class. Generically this
leads to a codimension one subfamily of K3 surfaces with transcendental lattice

T = v⊥ ⊂M.

The generic Néron-Severi lattice arises as primitive closure (or saturation)

NS= (L+Zv)′ ⊂ Λ.

Explicitly NS can be computed with the discriminant form. Namelyv induces a unique
primitive element in the dual latticeM∗. The resulting equivalence class ¯v ∈ M∗/M
corresponds via the isomorphism of discriminant formsqM

∼= −qL as in (24) with an
equivalence class ¯w∈ L∗/L. EnhancingL+Zv by v̄+ w̄ results in a well-defined even
saturated lattice which exactly gives NS.

Note that presentlyM =U(2)2⊥ A2
1 has rank equalling its length, so any prim-

itive vectorv 6= 0 induces an order 2 element ¯v in M∗/M. In other words,(L+Zv) has
index 2 in its primitive closure. Ifv is assumed to be primitive inM, then we find the
generic discriminant of the lattice enhancement

discrNS= (discrL) ·v2/4=−16v2.(26)

In the following we want to study the K3 surfaces corresponding to the divi-
sorsD∆ in the moduli space and relate them to Hermann’s work [5]. To this end, we
shall enhance NS by a primitive representativey∗ as explained in Corollary 1 and the
following paragraph.

Example: lattice enhancements by a−4 vector

We return to our double sextics branched along 6 lines. Following 3.5 we will
enhance the Néron-Severi lattice by a−4-vector fromM =U(2)2 ⊥ A2

1. We consider
two ways to do so which we will soon see to be inequivalent and exhaustive. Following
up on Example 1 we shall take either

v1 = (0,0,0,0,1,1) or v2 = (1,−1,0,0,0,0).

Computing their orthogonal complements inM, we find the generic transcendental
lattices of the enhanced lattice polarised K3 surfaces:

T1 = v⊥1 = U(2)2⊥ 〈−4〉,(27)

T2 = v⊥2 = U(2)⊥ A2
1⊥ 〈4〉.(28)
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Note that the first lattice (which corresponds to∆ = 1 by Example 1, see also 3.6) is
2-divisible as an even lattice while the second lattice (corresponding to∆ = 4, see also
3.6) certainly is not. This confirms that these two cases are indeed inequivalent. In
what follows, we will interpret the enhancements in terms ofelliptic fibrations. Along
the way, we will verify that any other lattice enhancement bya−4-vector is equivalent
to one of the above.

Interpretation in terms of elliptic fibrations

In view of the Picard number, a jacobian elliptic fibration can be enhanced in
only 2 ways: either by a degeneration of singular fibers (changing the configuration
of ADE-types) or by an additional section (which any multisection can be reduced to
by (18)). For the second alternative, there are usually manypossibilities, distinguished
by the height of the section, but also by precise intersection numbers, for instance
encoding the fiber components met. However, once we fix the discriminant which we
are aiming at, this leaves only a finite number of possibilities.

As an illustration, consider the fibration from 3.4 exhibiting the representation

NS(X) =U ⊥ D2
6⊥ A2

1.

Enhancing NS as in 3.5, we reach a subfamily of lattice polarised K3 surfaces of Picard
numberρ = 17 and discriminant 64 by (26). As the discriminant stays thesame as
before up to sign, there are only 3 possibilities of enhancement to start with:

• 2 fibers of typeI2 degenerate toI4,

• I1 andI∗2 degenerate toI∗3 ,

• or a sectionP of heighth(P) = 1.

Using the theory of Mordell-Weil lattices from 3.3, the third case can be broken down
into another 3 subcases, depending on the precise fiber components met. Recall that
the non-identity components ofI∗n fibers (n> 0) are divided into the near component
(only one component away from the identity component) and the two far components
as visible in the corresponding root diagram of Dynkin typeDn+4:

s s s s✟✟✟
❍❍❍

s

s

near
far

far

An easy enumeration of the possible configurations reveals the following possi-
bilities for a sectionP of heighth(P) = 1; all of them haveP perpendicular to the zero
section.

alternative I∗2 ’s I2’s
(1) far, far id, id
(2) far, near id, non-id
(3) near, near non-id, non-id
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Comparison of enhancements

We shall now compare our investigation of the above ellipticfibration with the
concept of lattice enhancements by making the isomorphism (24) explicit. We start
by calculating the discriminant form ofD6. The discriminant group is(Z/2Z)2 with
generatorsa± ∈D6⊗Q represented by elements meeting each one of the two far nodes
r± precisely once and none of the remaining rootsr1, . . . , r4 (enumerated from left to
right).

s s s s✟✟✟
❍❍❍

s

s

−1
2 −1 −3

2 −2 −3
2

−1

The correct rational linear combinationa+ =−(1
2r + 3

2r++ r−), r = r1+2r2+
3r3+4r4 a root, is shown in the figure. Of course the combination fora− is similar and
so we find(a±)2 =−3

2 anda+ ·a− =−1 so that

qD6 =

(
−3

2 −1
−1 −3

2

)
.

The discriminant group ofU(2) is also(Z/2Z)2 with basise, f induced from the stan-
dard basis ofU(2). It follows that

qU(2) =

(
0 1

2
1
2 0

)
.

Thus one easily verifies the isomorphism in the standard basis:

qU(2)⊥A1

∼=−→ −qD6⊥A1

(e, f ,g) 7→ (g+e,g+ f ,e+ f +g)

Duplicated this directly extends to the isomorphism (24). We continue by computing
the impact of the enhancing vectorsvi from 3.5.

Starting out withv1, this vector induces the element(0,0,1) in either copy of
qU(2)⊥A1

→֒ qT(X). In eachqD6⊥A1 this corresponds to the class(1,1,1). Thus we obtain
an algebraic class meeting each reducible fiber. A priori this would be a multisection,
but using the group structure it induces a section, necessarily of height 1, of the third
alternative in 3.5.

Next we turn tov2. We have

v̄2 = ((1,1,0),(0,0,0)) ∈ (qU(2)⊥A1
)2∼= qT(X).

Hencev2 induces the same class in(qD6⊥A1)
2. This corresponds to an algebraic class

meeting only oneI∗2 fiber non-trivially. By inspection of the alternatives in 3.5, this
class cannot be a section of height 1 (which always meets bothI∗2 fibers non-trivially),
but it fits in with the degeneration ofI1 andI∗2 to I∗3 .
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Connection with other enhancements

Before returning to the arrangement of the 6 lines, we comment on the other
three possible enhancements of the elliptic fibration in 3.5. In fact, the freedom of
choosing some lines out of the 6 carries over to these elliptic fibrations endowingX
with several different ones of the same shape. We leave it to the reader to follow the
degeneration of singular fibers on the given fibration through the other elliptic fibra-
tions. Without too much effort, this enables us to identify all remaining degenerations
with the one which was shown in 3.5 to correspond to the lattice enhancement byv2.

3.6. Special Arrangements of the6 Lines; Proof of Theorem 3

We are now in the position to investigate the subfamilies of our double sextics
corresponding to the first few divisors on the moduli space ofAbelian fourfolds of
Weil type. In each case, we start from the special arrangement of lines to fill out the
geometric and lattice theoretic details.

∆ = 2

Recall from § 3.1 thatD2 corresponds toX3. We now consider the component
X345

3 , that is, when the linesℓ3, ℓ4, ℓ5 meet in a single point. On the double covering K3
surface, this results in a triple point whose resolution requires an additional blow-up.
On the degenerate K3 surface, the original exceptional divisors can still be regarded
as perpendicular (with notation adjusted, see the figure below); with the lines, how-
ever, they do not connect to a hexagon anymore, but to a star through the additional
exceptional componentD (Kodaira typeIV ∗):

r r

r r

r r

❆
❆
❆
❆
❆❆

❆
❆
❆
❆
❆❆✁

✁
✁
✁
✁✁

✁
✁
✁
✁
✁✁

r r r

r

r

r

r

t�
�

�
�
��

❅
❅

❅
❅
❅❅

ℓ3 ℓ3

ℓ5 ℓ5

ℓ4 ℓ4
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D❀

On the standard elliptic fibration from 3.4, this degeneration causes threeI2
fibers to merge to a single additional fiber of typeI∗0 (with a ’new’ rational curveE
as 4th simple component; compare Figure 2 where also some rational curves such as
ℓ5, ℓ6 have been omitted) as indicated in the figure on the next page.

Thus NS has the index 4 sublatticeU ⊥D3
4⊥ A3

1 – which is again 2-elementary.
The remaining generators of NS(X) can be given by the 2-torsion sections. To decide
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on the discriminant form, we once more switch to the alternative elliptic fibration from
3.4. The fibration degenerates as follows: in the notation from 3.4 we have to replace
E35,E45 by E3,E4 as components of theI∗2 fibers, andE′34 by E5 as component of one
I2 fiber. ThenE56 still sits on a secondI2 fiber whileE gives yet another one. HereD
induces a 2-torsion section: visibly it meets bothI∗2 fibers at far components. As for the
I2 fibers, it meets the one containingE56 at the other component (i.e. non-identity) and
the one containingE5 in this very component (non-identity again). Since the height of
a section is non-negative, this already implies that the section D has height 0; then the
fiber types predict thatD can only be 2-torsion.

For completeness we study the fiber containingE in detail. Sinceℓ6 is also a
section for the standard fibration, it meets some simple component of the degenerate
I∗0 fiber. Obviouslyℓ6 does not meet any ofE3,E4,E5. Henceℓ6 has to meetE. In
conclusionE is the identity component of the degenerateI2 fiber of the alternative
fibration. AsD meets this fiber trivially, we find the orthogonal decomposition

NS(X) =U ⊥ 〈D2
6,A

2
1,D〉 ⊥ A1.

As before, we deduce from the orthogonal summandA1 that the discriminant form
takes non-integer values. Hence by Proposition 7 we deduce that

(29) T(X) =U(2)2⊥ A1 corresponding to∆ = 2.

In the language of lattice enhancements, the subfamily thusarises from a generator of
eitherA1 summand in the generic transcendental lattice. Recall thatgeometrically, this
vector corresponds to the extra rational curveD involved in the resolution of the triple
point where three lines come together. Conversely, we can derive from Proposition 7
again that the Néron-Severi lattice admits several representations purely in terms ofU
and root lattices such as

NS(X) =U ⊥ D2
4⊥ E7.

This concludes the proof of Theorem 3 1.
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∆ = 4

Recall from § 3.1 thatX4 comes from the divisorXcoll. Let ℓ be the line which
contains the collinear points. Thenℓ splits onX asπ∗ℓ = ℓ′+ ℓ′′. Let D = ℓ′− ℓ′′.
SinceD is anti-invariant for the covering involution, it defines analgebraic divisor
on X which is orthogonal to the classes specialising from the generic member. By
construction,ℓ′.ℓ′′ = 0 so thatD2 =−4. In particular,D is primitive in NS(X), andX
arises from a lattice enhancement by the−4-vectorD as in 3.5. Presently we can even
give aZ-basis of NS(X) by complementing the generic basis byℓ′, say. To compute
NS(X) andT(X) without writing out intersection matrices etc, we make use of elliptic
fibrations again.

For the standard fibration, it is convenient to choose the collinear points as
P12,P34,P56. From the obvious−2-curves, eachℓ′ andℓ′′ then meets exactly the cor-
responding exceptional divisorsE12,E34,E56 onX. On the standard fibration from 3.4,
the two singular fibers of typeI2 at E34 andE56 are thus connected byℓ′, ℓ′′, merging
to a fiber of typeI4. Note that this indeed preserves the discriminant up to signwhile
raising the rank by one.
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Switching to the alternative fibration from 3.4, the classesℓ′,E56, ℓ
′′ which cor-

respond to the root latticeA3 remain orthogonal to the fibersD1,D2. Generically they
are therefore contained in a fiber of typeI4, merging theI2 fibers generically atE56 and
at E′34. That is, NS(X) = U ⊥ D2

6 ⊥ A3. By 3.5, 3.5 we can thus verify thatX arises
from the lattice enhancement byv2 with transcendental latticeT(X) =U(2)⊥ 〈4〉 ⊥A2

1
as stated in Theorem 3 2.

∆ = 1

As the key part of this subsection, we now come to the case∆ = 1 which will
cover almost the rest of this section up to 3.6. Recall from §3.1 that we have the divisor
XQ⊂ X of 6-uples of lines tangent to a fixed conic. This divisor can be identified
with D1 as follows from [9, Prop. 2.13.4]. Indeed, that hyperplaneXQ is exactly the
hyperplane orthogonal to ourv1 (see § 3.5).
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This can also be read off directly from the fact thatX is a Kummer surface.
Indeed, by [10, § 0.19] the surfaceX arises from the jacobian of the genus 2 curve
which is the double cover of the conic branched along the six intersection points with
the lines. This givesT(X) =U(2)2+ 〈−4〉 in agreement with the lattice enhancement
by v1. We shall confirm this from our methods using elliptic fibrations.

The above argument, however, gives no information about theextra algebraic
class needed to generate NS(X) overZ. To overcome this lack of a generator, we shall
work geometrically with elliptic fibrations, starting withthe alternative fibration. Go-
ing backwards in our constructions, we first develop the corresponding section on the
standard fibration and then interpret this in terms of a certain conic inP2 which splits
on X. Finally we confirm our geometric arguments by providing explicit equations.
Throughout we do not use any information about the Kummer surface structure.

First, denoting the conic byC, we have a splittingC = C1 +C2 on X. As in
3.6, the divisorD =C1−C2 is anti-invariant for the covering involution and therefore
orthogonal to the rank 16 sublattice of NS(X) generated by the classes of the lines and
the exceptional divisors. The subtle difference, though, is thatD is in fact 2-divisible
in NS(X) sinceC∼ 2H:

1
2

D = H−C2 ∈ NS(X).

SinceD2 = −16, we find that the latter class has square−4, hence we are indeed
confronted with a lattice enhancement as in 3.5.

From alternative to standard fibration

In 3.5 we interpreted lattices enhancements in terms of the alternative elliptic
fibration from 3.4. By 3.5, 3.5 it is alternative (3) which corresponds to the lattice
enhancement byv1. In detail, the alternative fibration admits a sectionP intersecting
the following fiber components (see Figure 3 for the resulting diagram of−2-curves):

singular fiber D1 = I∗2 D2 = I∗2 I2 I2
component met byℓ′ E15 E25 oppositeE′34 oppositeE56

On the standard fibration,P defines a multisection whose degree is not imme-
diate. Here we develop a backwards engineering argument to prove that the degree is
actually 1, i.e.P is a section for both fibrations.

A priori the degreed of the multisectionP need not be 1 on the standard fibra-
tion, butP always induces a sectionP′ of height 1. The essential point of our argument
is that we can read off from the alternative fibration which fiber components are not
met by the multisection on the standard fibration. For each singular fiber this leaves
only one fiber component with intersection multiplicity depending on the degreed. But
then we can use the group structure to determine which fiber component will be met
by the induced sectionP′. Thanks to the specific singular fibers, the argument only
depends on the parity ofd:
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singular
fiber

I∗0 I∗0 I2 I2 I2 I2 I2 I2

comp’s met
by P

E15,
(d−1)E14

E25,
(d−1)E23

dE34 dE′35 dE36 dE′45 dE46 dE′56

comp met
by P′

E16 E25 E34 E35 E36 E′45 E′46 E′56

for evend non-id non-id id id id id id id
comp met
by P′

E15 E25 E34 E′35 E36 E′45 E46 E′56

for oddd non-id non-id id non-id id id non-id id

Note that for evend the sectionP′ would have even height by inspection of the
fiber components met, contradictingh(P′) = h(P) = 1. Henced is odd, and the induced
sectionP′ meets the fiber components indicated in the last two rows of the table. With
this section at hand, we can complete the circle: namelyP′ defines a section for both
fibrations, of exactly the same shape asP, henceP′ = P (andd = 1).

For later reference, we point out the symmetry in the fiber components met by
P on the standard fibration: on theI∗0 fibers, it is exactly those met by the sectionℓ5,
while on theI2 fibers it is exactly those not met byℓ5. This symmetry is essential for
the section to be well-defined as it ensures that adding a 2-torsion section toP will
always result in a section of height 1 (compare 3.6).

From standard fibration to double sextic

On the double sextic model, the sectionP arises from a curveQ in P2 which
splits into 2 rational curvesQ1,Q2 onX. Here we give an abstract description ofQ and
its components onX based on the geometry of the elliptic fibrations.

From the alternative fibration we know thatP is perpendicular to the linesℓi for
i 6= 5. On the other hand, the standard fibration reveals by inspection of the above table
which exceptional curves intersectP:

exactly E15,E25,E34,E36,E46 plus possibly E12.

The latter is the only exceptional curve which is not visibleas section or fiber compo-
nent on the standard fibration. The remaining two intersection numbers can be com-
puted as follows: regardingℓ5 as a 2-torsion section of the standard fibration, the height
pairing〈P, ℓ5〉= 0 implies by virtue of the fiber components met thatP.ℓ5 = 0. As for
E12, consider the auxiliary standard fibration defined byu′ = ℓ1/ℓ5. ThenP defines a
section for this fibration as well, as it meets the fiber

(u′)−1(∞) = 2ℓ5+E25+E35+E45+E56

exactly inE25 (transversally) by the above considerations. Looking at the fiber

(u′)−1(0) = 2ℓ1+E12+E13+E14+E16
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we deduceP.E12= 1 from the fact thatP does not intersect the other fiber components.

Turning to the double sextic model ofX, P defines a curve meetingE12,E15,E25,
E34,E36,E46 transversally, but no other exceptional curvesEi j nor any of theℓi . On the
baseP2, this curve necessarily corresponds to a conicQ through the six underlying
nodes. OnX, this conic splits into two disjoint rational curvesQ1,Q2 whereQ1 = P,
say, andQ2 corresponds to the section−P on the elliptic fibrations.

Explicit equations

We start out with the general equation of a jacobian ellipticK3 surfaceX with
singular fibers of typeI∗0 twice and 6 timesI2 over some fieldk of characteristic6= 2.
Necessarily this comes with full 2-torsion. Locating theI∗0 fibers att = 0,∞, we can
write

X : tw2 = x(x− p(t))(x−q(t))(30)

wherep,q ∈ k[t] have degree 2. Here theI2 fibers are located atp = 0,q = 0 p = q.
Up to symmetries, there are only two ways to endow the above fibration with a section
of height 1. Abstractly, restrictions are imposed by the compatibility with the 2-torsion
sections. On the one hand, there is the symmetric arrangement encountered in 3.6.
This will be investigated below. On the other hand, an asymmetric arrangement can be
encoded, for instance, in terms of the standard fibration by asection with the following
intersection behaviour:

singular fiber I∗0 I∗0 I2 I2 I2 I2 I2 I2
component met E15 E26 E34 E35 E36 E45 E46 E′56

To see that the arrangements do indeed generically describedifferent K3 sur-
faces, we switch to the alternative fibration from 3.4 for onefinal time. Here the sec-
tion P with intersection pattern as in the above table induces a bisection meeting far and
near component ofD1 and far and identity component ofD2. Using the group structure
the induced section intersects bothI∗2 fibers in a far component. In terms of 3.5 this
corresponds to alternative (1) which was shown in 3.5, 3.5 todiffer from alternative (3)
which underlies the section arrangement in 3.6.

We shall now continue by deriving equations admitting a section of height 1 as
encountered in 3.6. In agreement with this, we model the section P to intersect the
same components of theI∗0 fibers as the 2-torsion section(0,0). In terms of the RHS
of (30), these correpond to the factorx. The sectionP therefore takes the shape

P= (at, . . .) for some constanta∈ k.

Upon subsituting into (30), we now require the other two factors on the RHS to produce
the same quadratic polynomial up to a constant. Concretely this polynomial can be
given by

g= at− p.(31)
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Then we consider the codimension 1 subfamily of allX such that there existsb∈ k,b 6=
1 such that

q= at−bg.(32)

By construction, these elliptic K3 surfaces admit the section

P= (at,
√

abg).

This section has height 1: not only does it meet bothI∗0 fibers non-trivially thanks to
our set-up, but also theI2 fibers atp−q= (b−1)g= 0 while being perpendicular to
the zero section. As a whole, the family of K3 surfaces can be given by lettingg,a,b
vary andp,q depend on them as above. There are still normalisations int and in(x,w)
left which bring us down to the 3 moduli dimensions indeed.

Standard fibration reflecting the 6 lines

We shall now translate the above considerations to the standard fibration as it
comes from the 6 lines in 3.4. Withu= ℓ1/ℓ2, we naturally have an equation

uw2 = ℓ3ℓ4ℓ5ℓ6.(33)

Here we can useu to eliminatex, say, so that after clearing denominators the expres-
sionsℓi are separately linear in bothy andu. In particular, the family of elliptic curves
overP1

u becomes evident, with 2-torsion sections given byℓi = 0 (i = 3,4,5,6).

For ease of explicit computations, we normalise the lines tobe

ℓ1 = x, ℓ2 = y, ℓ3 = x+y+z, ℓ4 = a1x+a2y+a3z, ℓ5 = z, ℓ6 = b1x+b2y+b3z.

Working affinely in the chartz= 1, equation (33) readily takes the shape of a twisted
Weierstrass form

uw2 = ((u+1)y+1)((a1u+a2)y+a3)((b1u+b2)y+b3).

Standard variable transformations take this to:

uw2 = (y+(a1u+a2)(b1u+b2))(y+a3(u+1)(b1u+b2))(y+b3(u+1)(a1u+a2)).

Translating to the shape of (30) and solving for (31), (32), we find

b1 = ba1b3/(a3+(b−1)a1), b2 = ba2b3/(a3+(b−1)a2)

with a=−ba3b3(a1−a2)
2/[(a3+(b−1)a1)(a3+(b−1)a2)].
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Conics on the double sextic

Finally we can trace back the sectionP to the double sextic model. Step by step,
it leads to the following conic in the affine chartz= 1:

Q = −a2
1x2a2+a2

1x2a3+a2
1x2ba2−a2

1xa2y+xa2
1a2b+a2

1xa2yb

−a1xa2
2y+2a3xya1a2−xa2

1a2+xa3a2
1+a1xa2

2yb+a1a2
2yb

−a1a2
2y+a3ya2

2−a2
2y2a1+a2

2y2a3+a2
2y2ba1.

One directly verifies thatQ indeed passes through the nodesP12,P15,P25, P34, P36,P46

in P2 as in 3.6. HenceQ splits into two components on the double sexticX one of
which isP.

We conclude this paragraph by verifying that the subfamily of double sextics
constructed in 3.6 does in fact admit a conic which is tangentto each of the 6 lines. For
this purpose, set

α = a1(a2−a3),β = a2(a3−a1),γ = a3(a1−a2).

Then the conic inP2 given by

α2x2+β2y2+ γ2z2−2(αβxy+αγxz+βγyz) = 0

meets each of the 6 linesℓi tangentially.

Conclusion

By comparison of moduli dimensions, it follows conversely that the K3 sur-
facesX1 with a conic tangent to each of the 6 lines of the branch locus also admits a
conic through a selection of 6 nodes as above. From 3.6 we therefore deduce thatX1

generically arises fromX via the lattice enhancement by the vectorv1; that is, by 3.5

T(X1) =U(2)2⊥ 〈−4〉.

The Néron-Severi lattice NS(X1) is thus generically generated by the sublatticeU ⊥
D2

6⊥A2
1 coming fromX enhanced by the sectionP from 3.6. The simple representation

of NS(X1) =U ⊥ D4 ⊥ D8 ⊥ A3 in Theorem 3 is derived from the above fibration by
switching to yet another jacobian elliptic fibration as depicted below.

∆ = 6

Our aim for the final bit of this section is to understand the geometry of the K3
surfaces forD6, i.e. the case∆ = 6 (the final Heegner divisor singled out in [6]). By
Corollary 1 and the discussion succeeding it, this corresponds to a lattice enhancement
by a vectorv∈ T(2) of squarev2 =−6. Here we choose the primitive representative

v= (1,−1,1) in one copy ofU(2)⊥ A1⊂ T(2),
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Figure 3: From alternative fibration toU ⊥ D4⊥ D8⊥ A3 onX1

augmented by zeroes inT(2). Then v/2 defines a class in the discriminant group
T(2)∗/T(2) which via the isomorphism in 3.5 maps to the class

(0,0,1) ∈ (D6⊥ A1)
∗/(D6⊥ A1) →֒ NS∗/NS,

augmented by zeroes in NS∗/NS. The Néron-Severi lattice NS is thus enhanced by
a divisor which only meets one reducible fiber of the alternative fibration in a non-
identity component (corresponding toA1). If this divisor were a section, then it would
have heighth≥ 4−1/2= 7/2 by 3.3, but certainly not 3/2. Hence the lattice enhance-
ment can only result in a fiber degeneration

A1 A2

on the alternative fibration. Thus we find the enhanced Néron-Severi lattice

NS′ =U ⊥ 2D6⊥ A1⊥ A2(34)

in agreement with the generic transcendental lattice of theenhanced subfamily,

T(X) =U(2)⊥ A2
1⊥ 〈6〉 corresponding to∆ = 6.

In order to determine the corresponding special curve inP2 explicitly, we assume with-
out loss of generality that theI2 fiber with E56 as non-identity component degenerates
to Kodaira typeI3. That is, there are two other smooth rational curvesD1,D2 as fiber
components. Both give sections of the standard fibration, meeting exactly the following
fiber components:

singular fiber I∗0 I∗0 I2 I2 I2 I2 I2 I2
component met E14 E23 E34 E′35 E36 E′45 E46 E′56

non-id id id non-id id id non-id non-id
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Figure 4: The 6 lines and the singular cubic

One directly checks that the height pairing from 3.3 givesh(D1) = h(D2) = 3/2;
in fact the sections are inverse to each other, since they meet the same fiber components
and 〈D1,D2〉 = −3/2. The intersection numbers with all other rational curves from
the line arrangement are zero except forE12 andℓ5 which are neither visible on the
alternative fibration nor fiber components of the standard fibration. Here, sinceℓ5

defines a 2-torsion section of the standard fibration, the height pairing

0= 〈D1, ℓ5〉= 2−D1.ℓ5− 1/2︸︷︷︸
I∗0 atE14,E15

− 1/2︸︷︷︸
I2 atE46

gives D1.ℓ5 = 1,

and likewise forD2. As for E12, arguing with an auxiliary standard fibration such as
the one induced byℓ1/ℓ4, we find

D1.E12 = D2.E12 = 2.

It follows thatD1 andD2 correspond to a cubic curveC⊂ P2 of the following shape:

• with a singularity at the node underlyingE12,
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• through the nodes underlyingE14,E23,E34,E36,E46,E56,

• meetingℓ5 tangentially in a smooth point.

4. The Kuga-Satake Construction

4.1. Clifford Algebras

Let V be a finite dimensionalk-vector space equipped with a non-degenerate
bilinear formq. Its tensor algebra isTV = ⊕p≥0V⊗p, where the convention is that
V(0) = k. Recall that theClifford algebra is the following quotient algebra of this
algebra:

Cl(V) = Cl(V,q) := TV/ideal generated by{x⊗x−q(x,x) ·1 | x∈V}.

Then we havexy+ yx = 2q(x,y) in the algebra Cl(V); in particular x and y anti-
commute whenever they are orthogonal.

The Clifford algebra has dimension 2n wheren= dimkV. Let us make this ex-
plicit for k=Q. ThenQ can be diagonalised in some basis, say{e1, . . . ,en}. Consider
a= (a1, . . . ,an) ∈ Fn

2. Taking all 2n possibilities, we find a basis for Cl(V) :

ea := ea1
1 · · ·ean

n .

The even Clifford algebra Cl+(V) is generated by thoseea for which ∑a j is even.

To describe Clifford algebras certain quaternion algebrasplay a role. LetF be
a field anda,b ∈ F×. The quaternion algebra(a,b)F over a fieldF has anF–basis
{1, i, j ,k} such thati2 = a, j2 = b, ij = −ji = k. The Clifford algebra Cl(〈a〉 ⊥ 〈b〉),
a,b∈Q× is isomorphic to(a,b)Q while Cl+(〈a〉 ⊥ 〈b〉) =Q(

√
−ab). One can see (cf.

[16]) that for rank 3, 4 and 5 the results are:

LEMMA 3. Suppose Q= diag(a1, . . . ,am). Put d= (−)ma1 · · ·am. Then

1. For m= 3 we haveCl+(Q) = (−a1a2,−a2a3)Q;

2. For m= 4 we haveCl+(Q) = (−a1a2,−a2a4)Q⊗F with F =Q
√

d;

3. For m= 5 we haveCl+(Q) = (−a1a2,−a2a3)Q⊗Q (a1a2a3a4,−a4a5)Q.

4.2. From Certain Weight 2 Hodge Structures to Abelian Varieties

Next suppose that(V,q) carries a weight 2 Hodge structure polarized byq with
h2,0 = 1. ThenV2,0⊕V0,2 is the complexification of a real planeW ⊂ V carrying a
Hodge substructure andq polarizes it. Thenb(x,y) :=−q(x,y) is a metric on this plane
sinceC = −1 is the Weil-operator‡‡ of this Hodge structure. A choice of orientation
for W then defines a unique almost complex structure which is the rotation overπ/2

‡‡Recall thatC is defined byC|H p,q = ip−q.
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in the positive direction. Equivalently, this almost complex structure is determined by
any positively oriented orthonormal basis{ f1, f2} for W. Such a choice also defines an
almost complex structureJ = f1 f2 on Cl+(V) since f1 f2 f1 f2 =− f 2

1 f 2
2 =−1. ThenJ

defines a weight 1 Hodge structure: the eigenspaces ofJ for the eigenvalues±i are the
Hodge summandsH1.0, respectivelyH0,1.

It turns out that the Hodge structure is polarized by a very natural skew form

E : Cl+(V)×Cl+(V)→Q, (x,y) 7→ tr(ει(x)y)

built out of the canonical involution

ι : Cl+(V)→ Cl+(V), ea1
1 · · ·ean

n 7→ ean
1 · · ·ea1

n ,

the trace map

tr : Cl+(V)→Q, c 7→ tr(Rc), Rc : x 7→ cx, (left multiplication byc)

andε ∈ Cl+(V) any element withι◦ε =−ε, for instanceε = e1e2. If we set

U := vector space dual to Cl+(V),

any choice of a freeZ-moduleUZ makesU/UZ into a complex torus which is polarized
by E. This Abelian variety by definition is theKuga Satake variety and is denoted
by A(V,q). It is an Abelian variety of dimension 2n−2, half of the real dimension of
Cl+(V).

Recall (e.g. [15]):

THEOREM 4. One hasCl+(V)⊂ EndQ(A(V,q)). If

Cl+(V) = Mn1(D1)×·· ·×Mnd(Dd), D j division algebra, j= 1, . . . ,d,

then we have a decomposition into simple polarized Abelian varieties (here∼ denotes
isogeny):

A(V,q)∼ An1
1 ×·· ·×And

d , A j with D j ⊂ EndQ(A j), j = 1, . . . ,d.(35)

4.3. Abelian Varieties of Weil Type

In this note we are mainly interested in the following two examples which arise
as certain Kuga-Satake varieties. The first class of examples is related to Abelian vari-
eties in the full moduli spacẽM , and they are described by the following proposition.

PROPOSITION8 ([7, Theorem 6.2]).Let V be a rational vector space of di-
mension6 and let q= 〈2〉 ⊕ 〈2〉 ⊕ 〈−2〉 ⊕ 〈−2〉 ⊕ 〈−a〉 ⊕ 〈−b〉, a,b ∈ Q+. We put
α = i

√
ab.

Suppose that(V,q) is a polarized weight2 Hodge structure with h2,0 = 1. Then
the Kuga-Satake variety A(V,q) is a16-dimensional Abelian variety ofQ(α)-Weil-type.
For a generic such Hodge structureEndQ(A(V,q)) = M4(Q(α)).
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In the situation of Theorem 4 we haved = 1 andn1 = 4, i.e. :

A(V,q)∼ B4, B simple 4-dim. Abelian variety withQ(α)⊂ EndQ(B).

On the other hand, the procedure of § 2.2 describes how one mayassociate to any
Abelian varietyA of dimension 4 ofQ(i)–Weil-type a polarized Hodge substructure
T(A) of H2(A) with h2,0 = 1. We have:

PROPOSITION9 ([7, Theorem 6.5]).For an Abelian variety A of dimension 4
which is ofQ(i)–Weil type we have

A(T(A))∼ A4,

in other words, the Kuga-Satake procedure applied to T(A) gives back the original
Abelian variety A up to isogeny.

The second class relates to the Abelian varieties in the hypersurfacesD∆ of the
moduli spaceM . We recall equation (15) where we found the generic transcendental
subspace(T∆)Q ⊂ (T(A∆))Q of such an Abelian varietyA∆.

We have:

THEOREM 5. Let T∆ = 〈2∆〉 ⊥U ⊥ 〈−2〉2 be a polarized Hodge structure of
type(1,3,1) and let A(T∆) be its associated Kuga-Satake variety. If A∆ is any Abelian
variety with moduli point in the hypersurface D∆ of the moduli spaceM such that
T(A∆) = T∆ as polarizedQ–Hodge structures, then we have an isogeny

A(T∆)∼ A2
∆, (−1,∆)Q ⊂ EndQ (A∆) .

Proof. We consider the Clifford algebra associated to the Hodge structureT∆, since
U ∼=Q 〈2〉⊕〈−2〉 the quadratic form isQ=diag(2,−2,−2,−2,2∆). For the correspond-
ing Clifford algebra we deduce from Lemma 3 that

Cl+(Q) ∼= (4,−4)Q⊗ (−16,4∆)Q
∼= (1,−1)Q⊗ (−1,∆)Q ∼= M2((−1,∆)Q).

From Thm. 4 the Kuga-Satake variety can be decomposed asA(T∆) ∼ B2 whereB is
an Abelian fourfold with(−1,∆)Q contained in EndQ(B). SinceT∆ is a sub Hodge
structure ofT(A∆)), the corresponding Kuga-Satake variety is a factor ofA(T(A∆))∼
A4

∆, i.e. B∼ A∆ so thatA(T∆)∼ A2
∆.

REMARK 3. The quaternion algebra(−1,∆)Q has zero divisors (i.e.(−1,∆)Q≃
M2(Q)) precisely when∆ is a sum of two squares inZ which is the case if and only if
all primesp≡ 3 mod 4 divide∆ with even power. In these cases the Abelian fourfold is
isogeneous to a productB2 with B an Abelian surface. It is an interesting open question
if and how the Kummer surface ofB and the K3 double plane are related. This occurs
for instance if∆ = 1,2,4 and for∆ = 1 we have a candidate forB.
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A. Beauville

NON-RATIONALITY OF THE S6-SYMMETRIC QUARTIC

THREEFOLDS

Abstract. We prove that the quartic hypersurfaces defined by∑xi = t ∑x4
i − (∑x2

i )
2 = 0 in

P5 are not rational fort 6= 0,2,4,6, 10
7 ·

Pour Alberto, à l’occasion de son70e anniversaire

1. Introduction

LetV be the standard representation ofS6 (that is,V is the hyperplane∑xi = 0
in C6, with S6 acting by permutation of the basis vectors). The quartic hypersurfaces
in P(V) (∼= P4) invariant underS6 form the pencil

Xt : t ∑x4
i − (∑x2

i )
2 = 0 , t ∈ P1 .

This pencil contains two classical quartic hypersurfaces,the Burkhardt quarticX2 and
the Igusa quarticX4 (see for instance [6]); they are both rational.

For t 6= 0,2,4,6 and10
17, the quarticXt has exactly 30 nodes; the set of nodesN

is the orbit underS6 of (1,1,ρ,ρ,ρ2,ρ2), with ρ = e
2πi
3 ([7], §4). We will prove:

THEOREM. For t 6= 0,2,4,6, 10
7 , Xt is not rational.

The method is that of [1] : we show that the intermediate Jacobian of a desin-
gularization ofXt is 5-dimensional and that the action ofS6 on its tangent space at
0 is irreducible. From this one sees easily that this intermediate Jacobian cannot be a
Jacobian or a product of Jacobians, henceXt is not rational by the Clemens-Griffiths
criterion. We do not know whetherXt is unirational.

I am indebted to A. Bondal and Y. Prokhorov for suggesting the problem, to A. Dimca
for explaining to me how to compute explicitly the defect of a nodal hypersurface, and to I.
Cheltsov for pointing out the rationality ofX10

7
.

2. The action ofS6 on T0(JX)

We fix t 6= 0,2,4,6, 10
7 , and denote byX the desingularization ofXt obtained by

blowing up the nodes. The main ingredient of the proof is the fact that the action ofS6

on JX is non-trivial. To prove this we consider the action ofS6 on the tangent space
T0(JX), which is by definitionH2(X,Ω1

X).

385
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LEMMA 1. LetC be the space of cubic forms onP(V) vanishing alongN . We
have an isomorphism ofS6-modulesC ∼=V⊕H2(X,Ω1

X).

Proof : The proof is essentially contained in [2]; we explain how toadapt the arguments
there to our situation. Letb : P→ P(V) be the blowing-up ofP(V) alongN . The
threefoldX is the strict transform ofXt in P. The exact sequence

0→ N∗X/P−→Ω1
P|X −→Ω1

X → 0

gives rise to an exact sequence

0→ H2(X,Ω1
X)−→ H3(X,N∗X/P)−→ H3(X,Ω1

P|X)→ 0

([2], proof of theorem 1), which isS6-equivariant. We will compute the two last terms.

The exact sequence

0→Ω1
P(−X)−→Ω1

P−→Ω1
P|X→ 0

provides an isomorphismH3(X,Ω1
P|X)

∼−→ H4(P,Ω1
P(−X)), and the latter space is iso-

morphic toH4(P(V),Ω1
P(V)(−4)) ([2], proof of Lemma 3). By Serre dualityH4(P(V),

Ω1
P(V)(−4)) is dual toH0(P(V),TP(V)(−1))∼=V. Thus theS6-moduleH3(X,Ω1

P|X) is
isomorphic toV∗, hence also toV.

Similarly the exact sequence 0→ OP(−2X) −→ OP(−X) −→ N∗X/P→ 0 and

the vanishing ofH i(P,OP(−X)) ([2], Corollary 2) provide an isomorphism of
H3(X,N∗X/P) onto H4(P,OP(−2X)), which is naturally isomorphic to the dual ofC
([2], proof of Proposition 2). The lemma follows.

LEMMA 2. The dimension ofC is 10.

Proof : Recall that thedefectof Xt is the difference between the dimension ofC and
its expected dimension, namely :

def(Xt) := dimC − (dimH0(P(V),OP(V)(3))−#N ) .

Thus our assertion is equivalent to def(Xt) = 5.

To compute this defect we use the formula of [5], Theorem 1.5.Let F = 0 be
an equation ofXt in P4; let R :=C[X0, . . . ,X4]/(F ′X0

, . . . ,F ′X4
) be the Jacobian ring ofF ,

and letRsmbe the Jacobian ring of asmoothquartic hypersurface inP4. The formula is

def(Xt) = dimR7−dimRsm
7 .

In our case we have dimRsm
7 = dimRsm

3 = 35− 5 = 30; a simple computation with
Singular (for instance) gives dimR7 = 35. This implies the lemma.

PROPOSITION1. TheS6-module H2(X,Ω1
X) is isomorphic to V .
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Proof : Consider the homomorphismsa andb of C6 into H0(P(V),OP(V)(3)) given
by a(ei) = x3

i , b(ei) = xi ∑x2
j . They are bothS6-equivariant and mapV into C ; the

subspacesa(V) and b(V) of C do not coincide, so we havea(V)∩ b(V) = 0. By
Lemma 2 this impliesC = a(V)⊕b(V), soH2(X,Ω1

X) is isomorphic toV by Lemma
1.

REMARK 1. Supposet = 2,6 or 10
7 . Then the singular locus ofXt is N ∪N ′,

whereN ′ is theS6-orbit of the point(1,−1,0,0,0,0) for t = 2, (1,−1,1,−1,1,−1)
for t = 6, (−5,1,1,1,1,1) for t = 10

7 [7]. Sincex3
1− x3

0 does not vanish onN ′, the
space of cubics vanishing alongN ∪N ′ is strictly contained inC . By Lemma 1 it
contains a copy ofV, hence it is isomorphic toV; thereforeH2(X,Ω1

X) andJX are zero
in these cases. We have already mentioned thatX2 andX4 are rational. The quarticX10

7

is rational: it is the image of the anticanonical map ofP3 blown up along 6 lines which
are permuted byS6 (see [4], proof of Lemma 4.5, and the references given there). We
do not know whether this is the case forX6.

3. Proof of the theorem

To prove thatX is not rational, we apply the Clemens-Griffiths criterion ([3],
Cor. 3.26): it suffices to prove thatJX is not a Jacobian or a product of Jacobians.

SupposeJX∼= JC for some curveC of genus 5. By the PropositionS6 embeds
into the group of automorphisms ofJC preserving the principal polarization; by the
Torelli theorem this group is isomorphic to Aut(C) if C is hyperelliptic and Aut(C) ×
Z/2 otherwise. Thus we find #Aut(C)≥ 1

26! = 360. But this contradicts the Hurwitz
bound #Aut(C)≤ 84(5−1) = 336.

Now suppose thatJX is isomorphic to a product of JacobiansJ1× . . .× Jp,
with p≥ 2. Recall that such a decomposition isuniqueup to the order of the factors:
it corresponds to the decomposition of the Theta divisor into irreducible components
([3], Cor. 3.23). Thus the groupS6 permutes the factorsJi , and therefore acts on[1, p];
by the Proposition this action must be transitive. But we have p≤ dimJX = 5, so this
is impossible.
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A. Calabri, C. Ciliberto ∗

ON CREMONA CONTRACTIBILITY

Dedicated to Professor Alberto Conte on the occasion of his70th birthday

Abstract. In this note we give a constructive proof of a classical theorem which determines
irreducible plane curves that are contractible to a point bya Cremona transformation. The
problem of characterizing Cremona contractible (not necessarily irreducible) hypersurfaces
in a projective space is in general widely open: we report on the only known result about re-
ducible plane curves consisting of two components, due to Iitaka, and we discuss a couple of
examples concerning plane curves with more components. Finally, we prove that all varieties
of codimension at least two in a projective space are Cremona contractible to a point.

Introduction

Let P2 be the projective plane overC. Plane Cremona transformations are bi-
rational mapsP2 99K P2 and they form the Cremona group Cr(P2). Cremona studied
properties of geometric objects which are invariants underthe action of Cr(P2). In this
setting, a general problem is the classification of plane curves and linear systems up to
Cremona transformations. See [3] for a classification, in particular of Cremonamini-
mal degreemodels of plane curves. Such minimal degree is called theCremona degree
of the plane curve.

In this paper we deal with reduced, not necessarily irreducible, plane curves
with Cremona degree 0, i.e. curves which are contracted to a set of points by a Cre-
mona transformation. We say that these curves areCremona contractible, shortlyCr-
contractible.

Classical tools to study a plane curveC are them-adjoint linear systemsto C:

adm(C) = f∗(|C̃+mKS|),

where f : S→ P2 is a birational morphism which resolves the singularities of the curve
C andC̃ denotes the strict transform ofC onS. Relevant invariants ofC can be read off
from adjoint linear systems: for example, dimad1(C)+1= g(C), whereg(C) = pa(C̃)
is thegeometric genusof C (e.g., ifC is a union of rational curves, then ad1(C) = /0).

In [4] and in [6, III, §21, p. 188], one finds the following:

THEOREM 1. Let C be an irreducible plane curve. There exists a plane Cre-
mona transformation which maps C to a line (which in turn is Cr-contractible) if and
only if adm(C) = /0 for each m≥ 1.

∗The authors are members of G.N.S.A.G.A. at I.N.d.A.M. “Francesco Severi”.
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The proof in [4] is incomplete, because of a careless use of infinitely near points
of order two which aresatellite, see Section 1 for notation and definitions, while the
proof in [6] lacks some details. In Section 2 we give a complete and quick proof of this
theorem, which is also constructive, in the sense that it describes the steps one has to
make in order to find the Cremona transformation contractingthe curve.

In 1982, Kumar and Murthy proved a stronger version of Theorem 1 with dif-
ferent methods which however are not constructive (in modern terms, they run a log
minimal model program). It is interesting to notice that Kumar and Murthy, apparently
unaware of the gap in Coolidge’s proof, reported itverbatimin [10]. Their result is as
follows:

THEOREM 2 (Kumar-Murthy). Let C be an irreducible plane curve. There ex-
ists a plane Cremona transformation which maps C to a line if and only if ad1(C) =
ad2(C) = /0.

In general, one can considerpairs(D,S), whereD is a smooth curve on a smooth
rational surfaceS. This viewpoint has been introduced by Suzuki in [17] and exten-
sively carried out by Iitaka in several papers, cf. e.g. [7].One defines the (log)pluri-
generaof the pair(D,S) asPm(D,S) = h0(S,OS(m(D+KS))), for eachm≥ 1. One
shows that the plurigenera are birational invariants of thepair (D,S). Moreover, one
says that the pair(D,S) has (log)Kodaira dimension−∞, shortly κ(D,S) = −∞, if
Pm(D,S) = 0 for eachm≥ 1. The study of such pairs may be considered as the basic
step of the classification problem in the birational setting.

If C is a reduced plane curve, we consider the pair(C̃,S) as above. By abusing
notation, we also denote such a pair by(C,P2).

In this setting, Kumar-Murthy’s Theorem 2 says that the pair(C,P2), with C
irreducible, has Kodaira dimension−∞ if and only if P2(C,P2) = 0, which is a log-
analogue of Castelnuovo’s rationality criterion for regular surfaces.

SinceC is effective, if(C,P2) has Kodaira dimension−∞, then the adjoint linear
systems adm(C) are empty, for eachm≥ 1. Hence Theorem 2 says that being all the
adjoint systems toC are empty is equivalent toκ(C,P2) =−∞.

An interesting problem is the extension of Kumar-Murthy’s Theorem 2 to the
case of reducible curves. The only result in this direction is due to Iitaka, see [8, 9]:

THEOREM 3 (Iitaka). Let C= C1+C2 be a reduced plane curve with two ir-
reducible components. There exists a plane Cremona transformation which maps C to
two lines (which are Cr-contractible) if and only ifad1(C) = ad2(C) = /0, or equiva-
lently P2(C,P2) = 0.

Again Cr-contractibility is equivalent toκ(C,P2) =−∞ in this case.

After Iitaka’s extension of Kumar-Murthy’s result, an optimistic and naif con-
jecture would be the equivalence between Cr-contractibility and P2(C,P2) = 0, or
equivalently ad1(C) = ad2(C) = /0.

Interestingly enough, things are more complicated. An old example of Pompilj
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in [16] shows that Iitaka’s Theorem 3 cannot be extended to the case of three compo-
nents and moreover that the implication

ad1(C) = ad2(C) = /0 =⇒ adm(C) = /0, for eachm≥ 1,

is not true ifC has more than two components, see Example 1 in Section 3.

Note, however, the following result:

THEOREM 4 (Kojima-Takahashi).Let C be a reduced plane curve with at most
four irreducible components. Then,κ(C,P2) =−∞ if and only if P6(C,P2) = 0.

Kojima and Takahashi do not consider the Cr-contractibility of C.

A further remark is that, in general, for a reducible plane curve, the property
thatκ(C,P2) = −∞ is not equivalent to adm(C) = /0, for eachm≥ 1, as it happens in
the irreducible case, see Example 2 in Section 3. Example 2 isalso a counterexample
to the assertion in [6, III, §21, p. 190] that the irreducibility assumption in Theorem 1
can be removed.

All this given, one can consider the following:

PROBLEM 1. Is it true that a reduced plane curveC is Cr-contractible if and
only if κ(C,P2) =−∞ ?

In a work in progress, we deal with this problem for a reduced union of lines.

Concerning higher dimensional analogues, in Section 4 we show that any Zariski
closed subset ofPr of codimension at least two is contractible to a point by a Cremona
transformationPr 99K Pr . Thus the analogue to Problem 1 is meaningful only for hy-
persurfaces inPr : for example, which reduced and irreducible hypersurfacesin Pr can
be contracted to a point by a Cremona transformation? Whenr = 3, Mella and Polastri
in [13] gave a criterion, which is difficult to use, because one needs information on
infinitely many birational models of the pair given by the surface andP3. The case of
cones has been solved by Mella in this volume, see [12].

1. Notation and preliminaries

We will use standard notation in surface theory, e.g.K =KS will denote a canon-
ical divisor, the linear equivalence of divisors will be denoted by≡, etc.

1.1. Infinitely near, proximate and satellite points (cf., e.g., [1, 3, 6])

Let S be a rational smooth irreducible projective surface. Any birational mor-
phismσ : S→ P2 is the composition of blowing-upsσi : Si → Si−1 at a pointpi ∈ Si−1,
i = 1, . . . ,n:

(1) σ : S= Sn
σn−→ Sn−1

σn−1−−−→ ·· · σ2−→ S1
σ1−→ S0 = P2.
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Let p∈ P2 be a point. One says thatq is aninfinitely near point to p of order n,
and we writeq>n p, if there exists a birational morphismσ : S→ P2 as in (1), such that
p1 = p, σi(pi+1) = pi , i = 1, . . . ,n−1, andq∈ Zn = σ−1

n (pn−1). For eachi = 1, . . . ,n,
let Ei = σ−1

i (pi)⊂ Si be the exceptional curve ofσi . If i > j, let σi, j be the morphism
Si → Sj . For eachi = 1, . . . ,n−1, setZi = σ∗n,i+1(Ei) and letE′i be the strict transform
of Ei onS. Recall thatZ1, . . . ,Zn−1,Zn = En generate the Picard group Pic(S) of Sover
Pic(P2).

One says thatq is proximate to p, and we writeq→ p, if eitherq>1 p or q>n p
with n> 1 andq lies on the strict transformE′1 of E1 on S. In the latter case, one says
thatq is satellite to p, and we writeq⊙ p. This may happen only ifpi lies on the strict
transform ofE1 onSi−1, for eachi = 2, . . . ,n.

We will refer topoints onthe planeP2 including infinitely near ones. We will
say that a pointp is proper, and we will writep∈ P2, if p is not infinitely near to any
point ofP2.

Let now C′ be a curve onS andC = σ∗(C′). ThenC′ = σ∗(C)−∑n
i=1miZi ,

wherem1, . . . ,mn are integers. IfC is a curve, i.e. ifC′ is not contracted byσ, one says
thatmi , i = 1, . . . ,n, is the(virtual) multiplicity of C at the pointpi . If no component of
C′ is contracted byσ, then, for eachi = 1, . . . ,n, one hasC′ ·E′i > 0, equivalently

(2) mi > ∑
j : p j→pi

mj .

which is theproximity inequality at pi .

A complete linear systemL on S has the formL = |dH−∑n
i=1miZi | whered

and themi are integers andH = σ∗(L), with L a general line inP2. Abusing notation,
we also writeL asL = |dL−∑n

i=1mi pi |.

1.2. Simplicity of a plane curve

Let C be a reduced plane curve. Letd = deg(C) and letm1≥m2≥ ·· · ≥mn be
the respective multiplicities of the singular pointsp1, p2, . . . , pn of C. If C is smooth,
we assumem1 = 1 andp1 is a general point ofC. By the proximity inequalities, we
may and will assume thatpi > p j implies i > j. Thereforep1 ∈ P2 and eitherp2 ∈ P2

or p2 >
1 p1.

Seth= (d−m1)/2, let t be the number of pointspi of multiplicity mi > h and
let sbe the number ofsatellitepoints among them.

The triplet(h, t,s) is called thesimplicityof the curveC. A curveC′ is said to
besimplerthanC if the simplicity ofC′ is lexicographically lower than the simplicity
of C.

1.3. Cremona transformations

A linear systemL of plane curves, with no divisorial fixed component, is called
a net if dim(L) = 2. If, in addition,L defines a birational mapγ : P2 99K P2, i.e. a
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Cremona transformation, the net is calledhomaloidal. In that case, the general curve
C of L is irreducible and rational. Ifd is the degree of the members ofL , one says
that γ hasdegree d. Cremona transformations of degree 1 areprojectiveor linear
transformations. Whend= 2, one says that the Cremona transformationγ is quadratic.
In that case, the homaloidal net definingγ has three simple base pointsp1, p2, p3 and
one says thatγ is centeredat p1, p2, p3 and thatp1, p2, p3 are the fundamental points of
γ. Whenγ has degreed≥ 2 and the homaloidal netL has a base pointp1 of multiplicity
d−1, thenL also has 2d−2 simple base pointsp2, . . . , p2d−1 and one says thatγ is a
de Jonquièrestransformation centered atp1, p2, . . . , p2d−1.

The famous Noether-Castelnuovo Theorem states that each Cremona transfor-
mation is the composition of finitely many linear and quadratic transformations (see
[3] for a short proof that uses the simplicity).

The next lemmas show that quadratic transformations can make a curve simpler.

LEMMA 1. Let (h, t,s) be the simplicity of an irreducible plane curve C. As-
sume there exists the quadratic Cremona transformationγ centered at points p1, pi , p j

where C has respective multiplicities m1,mi ,mj with m1 = d−2h≥mi ≥mj > h. Then
γ∗(C) is simpler than C.

Proof. Let p̃k, k = 1, i, j, be the fundamental points ofγ−1. Settingδ = m1 +mi +
mj − d > m1 + 2h− d = 0, the curveγ∗(C) has degreed̃ = d− δ and multiplicity
m̃k = mk−δ at p̃k, k= 1, i, j, while all the other multiplicities ofγ∗(C) are the same as
the corresponding ones ofC. Denote by(h̃, t̃, s̃) the simplicity ofγ∗(C). Settingm̃ the
maximal multiplicity of points ofγ∗(C), one has that 2̃h= d̃− m̃≤ d̃− m̃1 = d−m1 =
2h. If h̃< h, thenγ∗(C) is simpler thanC. Otherwisẽh= h butm̃i =mi−δ= 2h−mj <
h andm̃j = mj −δ = 2h−mi < h, hencẽt = t−2 andγ∗(C) is simpler thanC.

LEMMA 2. Let (h, t,s) be the simplicity of an irreducible plane curve C. Sup-
pose that C has multiplicity m1,mi ,mj at the points p1, pi , p j with m1 = d−2h≥mi ≥
mj > h, pj >

1 pi >
1 p1 and pj is satellite to p1. Then, a quadratic Cremona transfor-

mationγ centered at p1, pi , p, where p is a general point inP2, is such thatγ∗(C) is
simpler than C.

Proof. Let p̃1, p̃i , p̃ be the fundamental points ofγ−1. Settingλ = d−m1−mi , one
has 0≤ λ = 2h−mi < h. The curveγ∗(C) has degreẽd = d+λ ≥ d and multiplicity
m̃1 = m1+λ ≥m1 at p̃1, multiplicity m̃i = mi +λ at p̃i and multiplicityλ at p̃, while
the remaining multiplicities are not affected byγ. Denote by(h̃, t̃, s̃) the simplicity of
γ∗(C). Then, 2̃h= d̃− m̃1 = d−m1 = 2h and furthermorẽt = t, but s̃= s−1 because
the pointp̃ j corresponding top j via γ is no longer satellite, in fact ˜p j >

1 p̃1.

2. A proof of Theorem 1

The proof is by induction on the simplicity.

One has thath≥ 0 and thath= 0 if and only ifC is a line, that is the assertion.
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If h = 1/2, thenC is a curve of degreed ≥ 2 with a pointp1 of multiplicity
m1 = d−1 and no other singular point, otherwise the line through it and p1 would be
a component ofC, contradicting the irreducibility assumption. The curveC is mapped
to a line by a de Jonquières transformation of degreed centered atp1, with multiplicity
d−1, and 2d−2 general points ofC.

Let nowh≥ 1. The proof of Theorem 1 will be concluded by the following

PROPOSITION1. Let C be an irreducible plane curve such that its maximal
multiplicity is m1≤ d−2, where d is the degree of C. If

(3) adm(C) = /0, for each m≥ 1,

then there exists a quadratic transformation which maps C toa simpler curve.

First we need some lemmas.

LEMMA 3. In the above setting, one has m1 > h, or equivalently m1 > d/3.

Proof. The equivalence betweenm1 > h andm1 > d/3 is clear. The assertion is trivial
if d < 3, so we assumed≥ 3.
Suppose by contradiction thatm1 < d/3. Then the[d/3]-adjoint toC, where[x] =
max{m∈ N |m≤ x}, would be non-empty:

|C̃+[d/3]K|=
∣∣∣∣∣

(
d−3

[
d
3

])
L−

n

∑
i=1

(
mi−

[
d
3

])
pi

∣∣∣∣∣⊇ |(d mod 3)L| 6= /0,

contradicting (3).

Seth̄= [h] ∈ Z andε = 2(h− h̄) ∈ {0,1}. Lemma 3 readsm1≥ h̄+1.

LEMMA 4. In the above setting, one has m2≥m3≥ h̄+1.

Proof. Suppose by contradiction thatm3≤ h̄. Then

|C̃+ h̄K| ⊇
∣∣εL+(m1− h̄)(L− p1)− (m2− h̄)p2

∣∣=
= (m2− h̄)L12+ |εL+(m1−m2)(L− p1)| 6= /0,

whereL12 is (the strict transform of) the line passing throughp1 andp2, against (3).

Eitherp2 ∈ P2 or p2 >
1 p1. Moreover, eitherp3 ∈ P2, or p3 >

1 p1, or p3 >
1 p2.

In any case, there is no line passing throughp1, p2, p3, becausem1 +m2 +m3 >
m1+2h= d andC is irreducible of degreed≥ 3. By Lemma 1, the curveC is mapped
to a simpler curve by a quadratic transformationγ centered atp1, p2, p3, unless either

1. p3 >
1 p2 >

1 p1 andp3 is satellite top1, or

2. p2 >
1 p1 andp3 >

1 p1,
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that are the cases when there is no quadratic transformationcentered atp1, p2, p3.

In case (1), the curveC is mapped to a simpler curve by the quadratic transfor-
mation centered atp1, p2 and at a general point inP2 by Lemma 2.

We are left with case (2). Letj be the largest integer such thatpi >
1 p1 for each

2≤ i ≤ j. By construction, one hasj ≥ 3.

LEMMA 5. In the above setting, one has j+1≤ n and mj+1≥ h̄+1.

Proof. The proximity inequality atp1 implies thatm1≥m2+m3+ · · ·+mj , therefore

m1− h̄≥m2+m3+ · · ·+mj − ( j−1)h̄= (m2− h̄)+(m3− h̄)+ · · ·+(mj − h̄).

Suppose by contradiction that eitherj = n or mj+1≤ h̄. Then

|C̃+ h̄K| ⊇
∣∣∣∣∣εL+(m1− h̄)(L− p1)−

j

∑
i=2

(
mi− h̄

)
pi

∣∣∣∣∣⊇

⊇
j

∑
i=2

(
mi− h̄

)
L1i +

∣∣∣∣∣εL+

(
m1− h̄−

j

∑
i=2

(mi− h̄)

)
(L− p1)

∣∣∣∣∣ 6= /0,

whereL1i is (the strict transform of) the line passing throughp1 andpi , contradicting
(3).

Then, eitherp j+1 ∈ P2 or p j+1 >
1 pi >

1 p1, with 1< i ≤ j. In the latter case,
either p j+1 is satellite or it is not. Ifp j+1 is satellite, then we get a simpler curve by
using Lemma 2. Otherwise, there is no line passing throughp1, pi , p j+1, because of
the irreducibility ofC and we get a simpler curve by using Lemma 1.

This ends the proof of Proposition 1 and hence of Theorem 1.

3. Examples and a remark

We recall an interesting example due to Pompilj in [16].

EXAMPLE 1 (Pompilj). LetC1,C2 be two irreducible rational plane quartic
curves and letC3 be a line such thatC = C1 +C2 +C3 is a reduced curve of degree
9 with 10 triple points, where the multiplicities of theCi , i = 1,2,3, are as follows:

deg p0 p1 p2 p3 p4 p5 p6 p7 p8 p9

C1 4 2 2 2 1 1 1 1 1 1 1
C2 4 1 1 1 2 2 2 1 1 1 1
C3 1 0 0 0 0 0 0 1 1 1 1

C 9 3 3 3 3 3 3 3 3 3 3

One checks that ad1(C)= ad2(C)= /0, but ad3(C) 6= /0, thereforeC is not Cr-contractible.
The existence ofC can be proved by giving equations: for example we takeC1 : x2y2+
2x2+3y2+6xy(x+y+1) = 0,C3 : x+y+1= 0, andC2 the orthogonal symmetric of
C1 with respect toC3.
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REMARK 1. Let C be a reduced union of lines in the plane. By definition,
(C,P2) has Kodaira dimension−∞ if and only if |m(C+K)|= /0, for eachm> 1. On the
other hand, sinceC+K intersects negatively all components ofC, then|mC+mK| 6= /0
if and only if |(m−1)C+mK| 6= /0. Whenm= 2, this means that

P2(C,P
2) = dim(ad2(C))+1.

Whenm≥ 3, as the next example shows, it is possible that

Pm(C,P
2)> dim(adm(C))+1.

EXAMPLE 2. LetC be the union ofd≥ 9 distinct linesL1, . . . ,Ld with the first
d−3 passing through a pointp0, while the remaining three in general position. ThusC
has an ordinary pointp0 of multiplicity d−3 and 3(d−2) nodesp1, . . . , p3(d−2). One
checks that adm(C) = /0 for eachm≥ 1. Since

C̃= L1+L2+ · · ·+Ld ≡ dL− (d−3)p0−2(p1+ p2+ · · ·+ p3(d−2)),

where we denote byLi , i = 1, . . . ,d, also the strict transform ofLi in S, one has

|2C̃+3K|= |(2d−9)L− (2d−9)p0−1(p1+ · · ·+ p3(d−2))|=
= {L1+ · · ·+Ld−3+L′1+L′2+L′3} 6= /0,

whereL′i , i = 1,2,3, is the line passing throughp0 and a vertex of the triangle whose
sides are the three general linesLd−2,Ld−1,Ld.

4. Cremona contractibility in codimension at least 2

4.1. Monoids.

A monoidin Pr is a hypersurface of degreed with a point of multiplicityd−
1, called thevertexof the monoid. A monoid will be called atrue monoid if it is
irreducible and the vertex has multiplicity exactly one less than the degree. Such a
monoid is rational, because itsstereographic projectionfrom the vertex to a hyperplane
not containing the vertex is birational.

REMARK 2. The linear system of monoids of degreed and fixed vertex inPr

has dimension
(

d+ r
r

)
−1−

(
d+ r−2

r

)
=

2
(r−1)!

dr−1+
r−1

(r−2)!
dr−2+O(dr−3).

LEMMA 6. Consider a Zariski closed subset Z ofPr , no component of which is
a hypersurface. For a general point p∈ Pr , Z is contained in a true monoid with vertex
p.
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Proof. Let n≤ r−2 be the dimension ofZ, i.e. the maximal dimension of the compo-
nents ofZ.

Let π : Z 99K Z′ ⊂ Π be the projection ofZ to a hyperplaneΠ not containing
p. Let us take affine coordinates so thatp is the point at infinity of thexr -axis and
Π : xr = 0.

Assume first thatn < r − 2. Then we may consider two polynomialsf ,g ∈
k[x1, . . . ,xr−1] of degreed andd−1, respectively, with no common factor, vanishing
on Z′. They clearly exist ford≫ 0. Then the monoid with equationf + xrg= 0 is a
true monoid with vertexp containingZ.

Suppose nown = r − 2 and letδ be the degree of the codimension 2 partZ1

of Z. The linear systemL of monoids with vertexp containingZ contains the linear
systemL ′ of cones with vertexp overZ1 plus a monoid of degreed−δ with vertexp
containingZ2 = Z\Z1.

By Remark 2 and by the Riemann-Roch Theorem, we have

dimL ≥ 2
(r−1)!

dr−1+
r−1−δ
(r−2)!

dr−2+O(dr−3).

On the other hand, by the same argument,

dimL ′ =
2

(r−1)!
dr−1+

r−1−2δ
(r−2)!

dr−2+O(dr−3),

therefore dimL ′ < dimL , so thatL ′ is strictly contained inL .

If Z1 is irreducible, the assertion follows by Bertini’s Theorem. If Z1 is re-
ducible, one has to iterate this argument using Bertini’s Theorem by stepwise eliminat-
ing all cones over the components ofZ1.

REMARK 3. In the hypothesis of the previous lemma, the generality assumption
on pcan be relaxed: it suffices to assume that the projection fromppreserves the degree
of the components ofZ of codimension 2, if it preserves the dimension ofZ.

4.2. Monoidal transformations.

We call a Cremona transformationPn 99K Pn monoidal if it is defined by a
homaloidal linear systemL whose general member is a monoid. The classification of
monoidal linear systems is an interesting problem which, tothe best of our knowledge,
has never been considered in its generality: the case of quadrics is classical but a com-
plete classification inP3 has been obtained only recently [14]; contributions to special
quadratic ones is due to [2] and [15]. See also [5] as a generalreference.

A specialcase is the one in which the vertexp of the monoids of the system is
fixed.

EXAMPLE 3 (De Jonquières transformations). LetX be a true monoid of degree
d with vertex p. Let us consider a true monoidY of degreed−1 with vertexp and
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let C be the intersection scheme ofX andY. LetL be the linear system of monoids of
degreed with vertexp containingC. ThenL is a special homaloidal linear system.

Indeed, the restriction sequence ofL to X (or, for all that matters, to the general
monoid ofL) shows that dimL = r and that the rational map defined byL restricts to
X to the stereographic projection from the vertex.

The examples implies:

PROPOSITION2. Every true monoid is Cr-contractible, i.e. it is contained in a
homaloidal linear system.

4.3. Cr-contractibility in codimension at least 2.

THEOREM 5. Let Z be a Zariski closed subset ofPr , no component of which
is a hypersurface. For a general point p∈ Pr , there exists a Cremona transformation
γ : Pr 99K Pr such thatγ(Z) is the projection of Z from p to a hyperplane not containing
p.

Proof. It follows by Lemma 6 and Example 3.

REMARK 4. The generality of the pointp is not necessary in the statement of
the previous theorem. It suffices to take the point off the 0-dimensional components of
Z.

Let n≤ r − 2 be the dimension ofZ. By iterating Theorem 5, there exists a
Cremona transformationγ : Pr → Pr such thatγ|Z : Z→ Pn is a general projection,
hence it is a finite morphism.

LEMMA 7. Fix a linear subspacePn in Pr , r > n. Then there exists a Cremona
transformationPr 99K Pr which contractsPn to a point.

Proof. Follows from Theorem 5 and Remark 4.

COROLLARY 1. Let Z be a Zariski closed subset ofPr , no component of which
is a hypersurface. Then there exists a Cremona transformation γ : Pr 99K Pr , which is
defined at the general point of each component of Z, such thatγ(Z) is a point.
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E. Esteves

JETS OF SINGULAR FOLIATIONS ∗

Abstract. Given a singular foliation satisfying locally everywhere the Frobenius condition,
even at the singularities, we show how to construct its global sheaves of jets. Our construction
is purely formal, and thus applicable in a variety of contexts.

1. Introduction

LetM be a complex manifold of complex dimensionm. A holomorphic foliation
L of dimensionn of M is a decomposition ofM in complex submanifolds, called
leaves, of dimensionn. Also, locally the leaves must pile up nicely, like the fibersof
a holomorphic map. In other words, for each pointp of M there must exist an open
neighborhoodU and a holomorphic submersionϕ : U→V to an open subsetV ⊆Cm−n

such that the fibers ofϕ are the intersection of the leaves withU . We say thatϕ defines
L onU .

A holomorphic foliationL of M induces a vector subbundle of the tangent bun-
dle TM of M: for eachp ∈ M, the vector subspace ofTM,p is the tangent space atp
of the unique leaf passing throughp. Thinking in dual terms,L induces a surjection
w: T∗M → E from the bundle of holomorphic 1-forms to a holomorphic rank-n vector
bundleE. The bundleE, also denoted byT∗L , is regarded as the bundle of 1-forms of
L .

Not all surjectionsw: T∗M → E to a holomorphic vector bundleE arise from
foliations. The necessary and sufficient condition for thisis given by the Frobenius
Theorem: locally at each pointp of M, choose a trivialization ofE, and consider the
vector fieldsX1, . . . ,Xn induced byw; if their Lie brackets[Xi ,Xj ] can be expressed as
sums∑ℓgℓXℓ, where thegℓ are holomorphic functions on a neighborhood ofp, thenw
arises from a foliation.

The surjectionw can be seen, locally on an open subsetU ⊆M for which there
is a submersionϕ : U→V ⊆Cm−n definingL , as the natural mapT∗U → T∗U/V from the
bundle of 1-forms onU to the bundle of relative 1-forms onU overV. Also, on such a
U , we may consider the natural surjectionJq

U → Jq
U/V from the bundleJq

U of q-jets (or

principal parts of orderq) onU to the bundleJq
U/V of relative jets ofϕ, for each integer

q≥ 0. These patch to form surjectionswq : Jq
M→ Jq

L to bundlesJq
L that can be regarded

as the bundles ofq-jets of the foliation.

But what happens if all the data are algebraic? More precisely, assumeM is
algebraic,E andw are algebraic, and there is an algebraic trivialization ofE at each
p∈M such that the resulting vector fieldsX1, . . . ,Xn are involutive, i.e. satisfy[Xi ,Xj ] =

∗Supported by CNPq, Proc. 478625/03-0 and 301117/04-7, FAPERJ, Proc. E-26/170.418/00, and
CNPq/FAPERJ, Proc. E-26/171.174/03.
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∑ℓgi, j
ℓ Xℓ for gi, j

ℓ algebraic. Are the bundlesJm
L algebraic? In principle, they are just

holomorphic, since the local submersionsϕ from which they arise are just holomorphic,
constructed by means of the implicit function theorem.

Moreover, it is rare for a projective manifold to admit interesting foliations.
For this reason, one has started to studysingular foliations, in a variety of ways. For
instance, a singular foliation ofM of dimensionn may be defined to be a mapw: T∗M→
E to a rank-n holomorphic vector bundleE which, on a dense open subsetM0 ⊆ M,
arises from a foliationL . We still regardE as the bundle of 1-forms of the foliation. But
the bundles of jetsJm

L are, in principle, only defined onM0. Under which conditions
do they extend toM?

In the present paper, we will show that if all the data are algebraic, then the bun-
dlesJm

L are algebraic. Furthermore, if the same Frobenius’ conditions, appropriately
formulated, are verified at each point ofM−M0, then the bundlesJm

L extend to the
whole M. For the proofs, we will completely bypass Frobenius Theorem, giving an
entirely formal construction of the bundles of jets that applies in many categories, for
instance that of differentiable manifolds, or of schemes over any base. Furthermore,
not only will we consider maps to bundlesE, but also to sheaves of modules, locally
free or not, obtaining thus sheaves of jets.

Our construction of the sheaves of jets is by “iteration”, sowill only apply in
characteristic zero. For an approach in positive characteristic, albeit limited in scope,
see [1] or [10]. From now on, all rings are assumed to beQ-algebras.

Here is what we do. LetX be a topological space,OB a sheaf ofQ-algebras
andOX a sheaf ofOB-algebras. LetF be a sheaf ofOX-modules andD : OX → F an
OB-derivation. We may think ofOX as the sheaf of “functions” onX and ofOB as the
sheaf of “constant functions.” For each integeri ≥ 0, letT i(F ) be the tensor product
overOX of i copies ofF , and denote byS i(F ) andA i(F ) its symmetric and exterior
quotients. LetS(F ) be the direct product of all theSi(F ) for all integersi ≥ 0, with
its natural gradedOX-algebra structure. We may think ofS(F ) as the sheaf of “formal
power series” on the sections ofF .

We define aD-connection to be a map ofOB-modulesγ : F → T 2(F ) satisfying

γ(am) = D(a)⊗m+aγ(m)

for all local sectionsa of OX andm of F . We will see in Construction 2 howγ can be
used to iterateD to obtain a sequence of mapsTi : F → S i(F )⊗F , for i = 0,1, . . . ,
whereT0 := idF , T1 = γ, and theTi satisfy properties similar to that of a connection,
i.e. Equations 3. We call any sequence of mapsT = (T0,T1, . . .) with these properties,
for anyD-connectionγ, an extendedD-connection.

From an extendedD-connectionT we get a maph: OX→ S(F ) ofOB-algebras,
with h0 := idOX andh1 := D, by lettinghi(a) be the class inS i(F ) of (1/i)Ti−1D(a)
for each local sectiona of OX; see Construction 3. We may think ofh as a way of
computing “Taylor series” of functions onX. In this way,S(F ) may be regarded as a
sheaf of jets. We call such anh an iterated Hasse derivation.

However,D-connections are usually local gadgets. So, to be able to patch the
local mapsh, we needD-connections to be canonical. But there is nothing canonical



Jets of singular foliations 403

aboutγ: for everyOX-linear mapν : F → T 2(F ), the sumγ+ν is also aD-connection!
So we study specialD-connections.

A D-connectionγ is called flat if the image ofγD(OX) in A2(F ) is zero. When
suchγ exists, we say thatD is integrable. Our main result, Theorem 5, shows that,
given a flatD-connectionγ, there is an extendedD-connectionT with T1 = γ, which is
also flat, meaning thatTiD(OX) lies in the subsheaf ofS i(F )⊗F generated locally by

i

∑
ℓ=1

m1m2 · · ·mℓ−1mℓ+1mℓ+2 · · ·mi⊗mℓ

for all local sectionsm1, . . . ,mi of F , for eachi ≥ 1.

Now, our Proposition 1 says that a flat, extendedD-connection is “comparable”
to any other extendedD-connection. So, Theorem 5 and Proposition 1 can be coupled
to yield that all iterated Hasse derivations are equivalent; see Corollary 1. More pre-
cisely, if h andh′ are iterated Hasse derivations, there is anOX-algebra automorphism
φ : S(F )→ S(F ) such thath′ = φh. Furthermore, the degree-i part of thisφ is zero if
i < 0 and the identity ifi = 0.

Now, for the patching we also need the automorphismsφ to be canonical, so
that cocycle conditions are satisfied. For this, we make a technical assumption onD,
that bounds its singularities, and holds in all applications we know of; see Corollary 1
and the remark thereafter.

Finally, assume thatD is locally integrable, and has bounded singularities, in
the sense alluded to above. The patching of the local iterated Hasse derivations and
theOX-algebra automorphisms comparing them is straightforward. We obtain anOX-
algebraJ and a maph: OX → J of OB-algebras. Also, since the localOX-algebra
automorphisms do not decrease degrees, and their degree-0 parts are the identity,J
comes naturally with a filtration byOX-algebra quotientsJ q, for q= 0,1, . . . , and nat-
ural exact sequences

0→ Sq(F )→ J q→ J q−1→ 0

for eachq> 0; see Construction 6. We say thatJ q is the sheaf ofq-jets ofD.

How does this formal construction fit with the geometric setting? If M is a
holomorphic manifold, let(X,OX) be the ringed space whereX is the underlying topo-
logical space ofM andOX is its sheaf of holomorphic functions. LetOB be the sheaf
of constant complex functions. A map of vector bundlesw: T∗M → E corresponds to
a derivationD : OX → F , whereF is the sheaf of holomorphic sections ofE. To
say thatw arises from a foliation on an open subsetU ⊆ M is equivalent to say that
F |U = OUD(OU ) andD|U is locally integrable onU ; see Example 2. Now, assume
that D is locally integrable on the wholeX, and thatD(OX) generatesF as anOX-
module on a dense open subsetM0 ⊆M. Then there exists a sheaf ofq-jetsJ q on X,
as explained above. Also,w defines a foliationL on M0, andJ q|M0 is the sheaf of
sections of the bundle ofq-jetsJq

L ; see Example 4.

Bundles of jets associated to foliations or derivations were considered by a num-
ber of people. In algebraic geometry, to my knowledge, the first was Letterio Gatto,
who in his thesis [6] constructed jets from a family of stablecurves f : X → S and
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its canonical derivationOX → ωX/S, whereωX/S is the relative dualizing sheaf. Af-
terwards, in [1], jets were constructed for more general families, of local complete
intersection curves, over any base and in any characteristic.

Also, Dan Laksov and Anders Thorup constructed bundles of jets in a series
of articles in different setups; see [8], [9] and [10]. In characteristic zero, their more
general work is [9]. Actually, in [9], Laksov and Thorup construct larger sheaves of
“jets”, that are naturally noncommutative. The true generalization of the sheaf of jets
is what they call “symmetric” jets. They show that the sheaf of (symmetric) jets is
uniquely defined whenF is free and has anOX-basis under whichD can be expressed
using commuting derivations ofOX. As we have observed above, the uniqueness of
the definition is important for patching. However, the commutativity is stronger than
Frobenius’ conditions, at least in the algebraic category —in the analytic category,
at nonsingular points, the local existence of commuting derivations follows from the
existence of the foliation. The present work arose from the feeling that the Frobenius’
conditions should be enough to construct sheaves of jets.

There have already been applications of the sheaves of jets associated to a fo-
liation or a derivation. They were used by Gatto [7], and Gatto and myself [3] in
enumerative aplications. They were used by myself in understanding limits of ramifi-
cation points [2], and of Weierstrass points, with Nivaldo Medeiros, [4] and [5]. They
were also used by Jorge Vitório Pereira in the study of foliations of the projective space
[12].

Finally, we will see an example where the integrability condition holds andF is
not locally free; see Example 3. That will be the example of the canonical derivation on
a special non-Gorenstein curve, arguably the simplest non-Gorenstein unibranch curve
there is, whose complete local ring at the singular point is of the formC[[t3, t4, t5]], as
a subring ofC[[t]]. It could be that the integrability condition holds for the canonical
derivation on any curve, Gorenstein or not. If so, the sheaf of jets might be used to
define Weierstrass points on non-Gorenstein integral curves, and show that these points
are limits of Weierstrass points on nearby curves, in the waydone by Robert Lax and
Carl Widland for Gorenstein curves; see [11] and [13]. However, this problem will not
be pursued here.

Here is a layout of the article. In Section 2, we define connections, extended
connections and iterated Hasse derivations, and explain a few preliminary construc-
tions. In Section 3, we define integrable derivations and flat(extended) connections,
and show that a flat, extended connection is comparable with any other extended con-
nection. Finally, in Section 4, we show that, if a derivationD is integrable, then flat,
extended connections exist, and all iterated Hasse derivations are equivalent; then we
construct the sheaves of jets for locally integrable derivations.

Throughout the paper, X will stand for a topological space,OB for a sheaf ofQ-
algebras,OX for a sheaf ofOB-algebras,F for a sheaf ofOX-modules and D: OX→F
for anOB-derivation.

This work started as a joint work with Letterio Gatto. However, he felt he did
not contribute to it as much as he wished. Though a few discussions with him were
vital to how this work came to be, and though I feel that this could be classified as a
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joint work, I had to respect his decision to not coauthor it. Anyway, being the only
thing left for me to do, I thank him for his great contributions.

2. Derivations and connections

Recall the notation forX, OB, OX, F andD.

CONSTRUCTION1. (Tensor operations) We denote by

T (F ) :=
∞

∏
n=0

T n(F ), S(F ) :=
∞

∏
n=0

Sn(F ), A(F ) :=
∞

∏
n=0

An(F )

the formal tensor, symmetricandexterior graded sheaf ofOX-algebras ofF , respec-
tively. (Note that we take the direct product and not the direct sum.)

SetR 0(F ) := OX. Also, setR n(F ) := Sn−1(F )⊗F for each integern≥ 1,
and

R (F ) :=
∞

∏
n=0

R n(F ).

ThenR (F ) is a gradedOX-algebra quotient ofT (F ), in a natural way.

As usual, we letT+(F ), S+(F ),A+(F ) andR+(F ) denote the ideals generated
by formal sums with zero constant terms in each of the indicatedOX-algebras.

We viewT (F ) as a sheaf of algebras, with the (noncommutative) product in-
duced by tensor product. So, given local sectionsm1, . . . ,mn of F , we let m1 · · ·mn

denote their product inT n(F ). Also, we viewS(F ), A(F ) andR (F ) as sheaves
of T (F )-algebras, andS(F ) as a sheaf ofR (F )-algebras, under the natural quotient
maps. So, given a local sectionω of T n(F ) (resp. R n(F )), we will use the same
symbol ω to denote its image inSn(F ), An(F ) or R n(F ) (resp. Sn(F )). These
simplifications should not lead to confusion, and will cleanthe notation enormously.

Define theswitch operatorσ : R+(F )→R+(F ) as the homogeneousOX-linear
map of degree 0 given byσ|F := 0, and on eachR n(F ), for n≥ 2, by the formula:

σ(m1 · · ·mn) =
n−1

∑
i=1

mnmn−1 · · ·mn−i+2mn−i+1m1m2 · · ·mn−i−1mn−i

for all local sectionsm1, . . . ,mn of F . The reader may check thatσ is actually well-
defined onR+(F ), and not only onT+(F ).

Let σ⋆ := 1+σ. Notice thatσ⋆ factors throughS+(F ). For each integern≥ 1,
let K n(F ) := σ⋆(R n(F )). ThenK n(F ) is also the kernel ofn−σ⋆. In particular,
K 2(F ) is the kernel of the surjectionT 2(F )→ A2(F ). Indeed, thatK n(F ) is in the
kernel ofn−σ⋆ follows from the equality

σ⋆σ⋆|R n(F ) = nσ⋆|R n(F ),

a fact checked locally. And ifω is a local section ofR n(F ) such that(n−σ⋆)(ω) = 0,
thenω = σ⋆((1/n)ω), and thusω is a local section ofK n(F ).
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Put

K+(F ) :=
∞

∏
n=1

K n(F ).

DEFINITION 1. A Hasse derivation ofF is a map ofOB-algebras

h= (h0,h1, . . .) : OX −→
∞

∏
i=0

S i(F )

with h0 = idOX . We say that hextendsD if h1 = D.

If h = (h0,h1, . . .) is a Hasse derivation ofF , then h1 : OX → F is anOB-
derivation ofF . Conversely, givenD, we may ask when there is a Hasse derivation
h = (h0,h1, . . .) of F extendingD. We will see in Construction 3 that suchh exists
when there is aD-connection.

DEFINITION 2. A D-connectionis a map ofOB-modules

γ : F → T 2(F )

satisfying

(1) γ(am) = D(a)m+aγ(m)

for each local sections a ofOX and m ofF .

EXAMPLE 1. There may not exist aD-connection. For instance, assumeX is
the union of two transversal lines in the plane, orX = Spec(C[x,y]/(xy)). Assume
F = Ω1

X, the sheaf of differentials, andD : OX → Ω1
X is the universalC-derivation.

The sheafΩ1
X is generated byD(x) andD(y), and the sheaf of relations is generated

by the single relationyD(x)+ xD(y) = 0. In particular,D(x) andD(y) areC-linearly
independent at the node. Suppose there were aD-connectionγ : Ω1

X → T 2(Ω1
X). Then

0= γ(yD(x)+xD(y)) = D(y)D(x)+D(x)D(y)+yγ(D(x))+xγ(D(y)).

However,D(x)D(x), D(x)D(y), D(y)D(x) andD(y)D(y) are linearly independent sec-
tions ofT 2(Ω1

X) at the node. Hence the above relation is not possible.

When aD-connectionγ exists, it is not unique, since for everyOX-linear map
λ : F → T 2(F ), the sumγ + λ is a D-connection. However, these are all theD-
connections.

A D-connection allows us to iterateD to a Hasse derivation, as we will explain
in Construction 3. First, we will see how to extend a connection.

CONSTRUCTION 2. (Extending connections) Let γ : F → T 2(F ) be a
D-connection. Define a homogeneous map of degree 1 ofOB-modules,

(1) ∇ : R+(F )→ R+(F ),
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given on each graded partR n(F ) by

(2) ∇(m1 · · ·mn) :=
n

∑
i=1

m1 · · ·mi−1γ(mi)mi+1 · · ·mn

for each local sectionsm1, . . . ,mn of F .

At first, it seems∇ would be a well-defined map fromT+(F ) to T+(F ). This
would indeed be true, wereγ a map ofOX-modules. Butγ is not! To check that∇,
as given above, is well-defined, we need to check the following three properties for
all local sectionsm1, . . . ,mi ,m′i , . . . ,m

′
n of F anda of OX, and each permutationτ of

{1, . . . ,n−1}:

1. For eachi = 1, . . . ,n,

∇(m1 · · ·(mi +m′i) · · ·mn) = ∇(m1 · · ·mi · · ·mn)+∇(m1 · · ·m′i · · ·mn).

2. For eachi, j = 1, . . . ,n,

∇(m1 · · ·(ami) · · ·mn) = ∇(m1 · · ·(amj) · · ·mn).

3. ∇(m1 · · ·mn−1mn) = ∇(mτ(1) · · ·mτ(n−1)mn).

The first (multilinearity) and third (symmetry) propertiesare left for the reader to check.
The second property is the key to why∇ must take values inR+(F ), so let us check it:
from the definition of∇, and usingγ(ami) = D(a)mi +aγ(mi), we get

∇(m1 · · ·(ami) · · ·mn) = m1 · · ·mi−1D(a)mi · · ·mn+a
n

∑
j=1

m1 · · ·γ(mj) · · ·mn.

So ∇(m1 · · ·(ami) · · ·mn) would depend oni, were∇ to take values inT+(F ). But
instead,∇ takes values inR+(F ), and hence

m1 · · ·mi−1D(a)mi · · ·mn = D(a)m1 · · ·mi−1mi · · ·mn.

So the second property (scalar multiplication) is checked,and the three properties im-
ply that∇ is well-defined. Also, we proved the formula

∇(aω) = D(a)ω+a∇(ω)

for all local sectionsω of R+(F ) anda of OX.

Now, for each integern≥ 1, put

Tn :=
1
n!

∇n|F : F → R n+1(F ).

Also, setT0 := idF . ThenTn = (1/n)∇Tn−1 for eachn≥ 1. Furthermore, for each
integeri ≥ 1, and each local sectionsa of OX andm of F ,

(3) Ti(am) = aTi(m)+
i

∑
j=1

1
j
Tj−1D(a)Ti− j(m).
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Indeed, Formula (3) holds fori = 1, becauseT1 = γ andγ is aD-connection. And if, by
induction, Formula (3) holds for a certaini ≥ 1, then

Ti+1(am) =
1

(i +1)
∇Ti(am)

=
1

(i +1)
∇
(

aTi(m)+
i

∑
j=1

1
j
Tj−1D(a)Ti− j(m)

)

=
1

(i +1)

(
a∇Ti(m)+D(a)Ti(m)

)

+
1

(i +1)

i

∑
j=1

1
j

(
∇Tj−1D(a)Ti− j(m)+Tj−1D(a)∇Ti− j(m)

)

=aTi+1(m)+
1

(i +1)
D(a)Ti(m)

+
1

(i +1)

i

∑
j=1

(
TjD(a)Ti− j(m)+

(i +1− j)
j

Tj−1D(a)Ti+1− j(m)
)

=aTi+1(m)+
1

(i +1)
D(a)Ti(m)

+
i

∑
j=2

(1
j
Tj−1D(a)Ti+1− j(m)

)
+

1
(i +1)

TiD(a)m+
i

(i +1)
D(a)Ti(m)

=aTi+1(m)+
i+1

∑
j=1

1
j
Tj−1D(a)Ti+1− j(m).

The mapsTn form an extendedD-connection, according to the definition below.

DEFINITION 3. Let n be a positive integer or n:= ∞. A map ofOB-modules

T = (T0,T1,T2, . . .) : F −→
n

∏
i=0

R i+1(F )

is called anextendedD-connectionif T0 = idF and Formula(3) holds for each i≥ 1
and all local sections a ofOX and m ofF .

If nothing is noted otherwise, extendedD-connections are assumedfull, that is,
with n := ∞.

CONSTRUCTION3. (Hasse derivations extending D) Let T : F → R+(F ) be
an extendedD-connection. Notice that the mapT1 : F → F ⊗F is a D-connection.
However,T need not arise fromT1 as in Construction 2.

Puth0 := idOX , and for each integeri ≥ 1 let hi : OX → S i(F ) be theOB-linear
map given byhi(a) := (1/i)Ti−1D(a) for each local sectiona of OX. Then

h := (h0,h1,h2, . . .) : OX −→
∞

∏
i=0

S i(F )
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is a Hasse derivation ofF extendingD. Indeed, clearlyh1 = D. Now, if a andb are
local sections ofOX, andi ≥ 1, then

hi(ab) =
1
i
Ti−1

(
aD(b)+bD(a)

)

=
1
i

(
aTi−1D(b)+

i−1

∑
j=1

1
j
Tj−1D(a)Ti−1− jD(b)

)

+
1
i

(
bTi−1D(a)+

i−1

∑
j=1

1
j
Tj−1D(b)Ti−1− jD(a)

)

=ahi(b)+bhi(a)

+
1
i

i−1

∑
j=1

(1
j
Tj−1D(a)Ti−1− jD(b)+

1
i− j

Ti−1− jD(b)Tj−1D(a)
)

=ahi(b)+bhi(a)+
i−1

∑
j=1

( 1
j(i− j)

Tj−1D(a)Ti−1− jD(b)
)

=
i

∑
j=0

h j(a)hi− j(b),

where in the fourth equality we used that the computation is done inS i(F ).

DEFINITION 4. Let h be a Hasse derivation extending D. We say that h is
iteratedif there is an extended D-connection T such that hi = (1/i)Ti−1D for each
i ≥ 1.

3. Flat connections and integrable derivations

Recall the notation forX, OB, OX, F andD.

DEFINITION 5. A D-connectionγ : F → T 2(F ) is called flat if γD(OX) ⊆
K 2(F ). We say that D isintegrableif there exists a flat D-connection.

EXAMPLE 2. Assume thatF is the free sheaf ofOX-modules with basise1, . . . ,
en. ThenD = D1e1+ · · ·+Dnen, where theDi areOB-derivations ofOX. Conversely, a
n-tuple(D1, . . . ,Dn) of OB-derivations ofOX defines anOB-derivation ofF .

There is a naturalD-connectionγ : F → T 2(F ), satisfying

γ(
n

∑
i=1

aiei) =
n

∑
i=1

n

∑
j=1

D j(ai)ejei

for all local sectionsa1, . . . ,an of OX. Any otherD-connection is of the formγ+ ν,
whereν : F → T 2(F ) is a map ofOX-modules. The mapν is defined by global
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sectionsc j,i
ℓ of OX, for 1≤ i, j, ℓ≤ n, satisfying

ν(eℓ) =
n

∑
i=1

n

∑
j=1

c j,i
ℓ ejei .

To say that(γ+ν)D(a) = 0 inA2(F ) for a local sectiona of OX is to say that

n

∑
i=1

n

∑
j=1

D jDi(a)ejei +
n

∑
ℓ=1

n

∑
i=1

n

∑
j=1

c j,i
ℓ Dℓ(a)ejei = 0

in A2(F ) or, equivalently,

D jDi(a)−DiD j(a) =
n

∑
ℓ=1

(ci, j
ℓ −c j,i

ℓ )Dℓ(a)

for all distinct i and j. In other words,D is integrable if and only if the collection
{D1, . . . ,Dn} is involutive, i.e., if and only if there are sectionsb j,i

ℓ of OX such that

[D j ,Di ] =
n

∑
ℓ=1

b j,i
ℓ Dℓ

for all distinct i and j.

Let T be the extendedD-connection of Construction 2, derived fromγ. From
the definition ofγ we haveTq(ei) = 0 for each integerq > 0 and eachi = 1, . . . ,n.
SupposeγD = 0 in A2(F ), or in other words[D j ,Di ] = 0 for all i and j. Then the
Hasse derivationh associated toT satisfies

(1) hq(a) =
n

∑
j1=1
· · ·

n

∑
jq=1

D j1 · · ·D jq(a)

q!
ej1 · · ·ejq

for each integerq> 0 and each local sectiona of F .

EXAMPLE 3. It is not necessary thatF be locally free for a flatD-connection
to exist. For instance, assumeX = Spec(C[t3, t4, t5]). Viewed as a sheaf of regular
meromorphic differentials, Rosenlicht-style, the dualizing sheafωX is generated by
dt/t2 anddt/t3. AssumeF = ωX. Let η1 := dt/t2 andη2 := dt/t3. The following
relations generate all relationsη1 andη2 satisfy with coefficients inOX:

(1) t3η1 = t4η2, t4η1 = t5η2, t5η1 = t6η2.

AssumeD : OX→ ωX is the composition of the universal derivation with the canonical
mapΩ1

X → ωX. ThenD satisfies

D(t3) = 3t4η1 = 3t5η2, D(t4) = 4t5η1 = 4t6η2, D(t5) = 5t6η1 = 5t7η2.

SoD(a)ηi = 0 inA2(ωX) for each local sectiona of OX and eachi = 1,2.
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Defineγ : ωX → T 2(ωX) by letting

γ(aη1+bη2) = D(a)η1+D(b)η2+4t3aη2η2+3bη1η1

for all local sectionsa andb of OX. To check thatγ is well defined we need only check
that the values ofγ on both sides of the three relations (1) agree. This is the case; for
instance,

γ(t3η1) = 3t4η1η1+4t6η2η2 = 7t4η1η1 = 4t5η1η2+3t4η1η1 = γ(t4η2).

Now, sinceD(a)η1 = D(b)η2 = 0 inA2(ωX), we have thatγ = 0 inA2(ωX). Soγ is a
flat D-connection, and henceD is integrable.

DEFINITION 6. An extended D-connection T: F → R+(F ) is said to beflat if
TD(OX)⊆K+(F ).

We will see in Theorem 5 that flat extendedD-connections exist, whenD is
integrable. Also, by Proposition 1 below, any two of them are“comparable”. First, a
piece of notation.

CONSTRUCTION4. (Generating maps) Let n be a positive integer orn := ∞.
Let

λ = (λ0,λ1, . . .) : F −→
n

∏
i=0

R i+1(F )

be a map ofOX-modules. For each integerp> 0 and each sequencei1, . . . , ip of non-
negative indices at most equal ton, let q := i1+ · · ·+ ip and define

(λi1 · · ·λip) : T p(F )→ R p+q(F )

to be the map ofOX-modules satisfying

(λi1 · · ·λip)(m1 · · ·mp) := λi1(m1) · · ·λip(mp)

for all local sectionsm1, . . . ,mp of F .

The maps(λi1 · · ·λip) are not defined onR p(F ), but the sum

sq(λ) := ∑
i1+···+ip=q

(ip+1)
(
λi1 · · ·λip

)
: R p(F )−→ R p+q(F )

is, for all integersp> 0 and each integerq with 0≤ q≤ n. Analogously, the sum

s̃q(λ) := ∑
i1+···+ip=q

(
λi1 · · ·λip

)
: S p(F )−→ S p+q(F )

is well-defined, for all integersp> 0 and each integerq with 0≤ q≤ n.

Notice that, for each local sectionω of K p(F ),

(1) sq(λ)(ω) =
p+q

p
s̃q(λ)(ω) in S p+q(F ).
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Indeed, locally,

ω =
p

∑
i=1

m1 · · ·m̂i · · ·mpmi

for local sectionsm1, . . . ,mp of F . Thus, inS p+q(F ),

sq(λ)(ω) =
p

∑
i=1

∑
j1+···+ jp=q

( jp+1)
i−1

∏
s=1

λ js(ms)
p−1

∏
s=i

λ js(ms+1)λ jp(mi)

= ∑
j1+···+ jp=q

p

∑
i=1

( j i +1)
p

∏
s=1

λ js(ms)

=(p+q) ∑
j1+···+ jp=q

p

∏
s=1

λ js(ms)

=
p+q

p ∑
j1+···+ jp=q

p

∑
i=1

i−1

∏
s=1

λ js(ms)
p−1

∏
s=i

λ js(ms+1)λ jp(mi)

=
p+q

p ∑
j1+···+ jp=q

(λ j1 · · ·λ jp)(ω)

=
p+q

p
s̃q(λ)(ω).

PROPOSITION1. Let n be a positive integer. Let

T = (T0,T1, . . . ,Tn) : F −→
n

∏
i=0

R i+1(F ),

S= (S0,S1, . . . ,Sn) : F −→
n

∏
i=0

R i+1(F )

be twoOB-linear maps. Assume that TiD(OX) ⊆ K i+1(F ) for each i= 0, . . . ,n− 1.
Then any two of the following three statements imply the third:

1. The map S is an extended D-connection.

2. The map T is an extended D-connection.

3. There is a (unique) map ofOX-modules

λ = (λ0, . . . ,λn) : F −→
n

∏
i=0

R i+1(F )

such thatλ0 = idF and

(1) Si =
i

∑
ℓ=0

si−ℓ(λ)Tℓ

for each i= 0,1, . . . ,n.
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Proof. We will argue by induction. Forn= 1, the proposition simply says that, given
a D-connectionT1, a map ofOB-modulesS1 : F → R 2(F ) is a D-connection if and
only if S1−T1 isOX-linear, a fact already observed.

Suppose now thatn ≥ 2, and that the statement of the proposition is known
for n− 1 in place ofn. So we may assume that(S0, . . . ,Sn−1) and(T0, . . . ,Tn−1) are
extendedD-connections, and that there exists a map ofOX-modules

λ = (λ0, . . . ,λn−1) : F −→
n−1

∏
i=0

R i+1(F )

such thatλ0 = idF and Equations (1) hold for eachi < n.

Define

Rn :=
n−1

∑
ℓ=1

sn−ℓ(λ)Tℓ.

We need only show that, for each local sectionsa of OX andm of F ,

(2) Rn(am)−aRn(m)+
n−1

∑
z=0

Tn−z−1D(a)
n−z

Tz(m) =
n−1

∑
z=0

Sn−z−1D(a)
n−z

Sz(m).

Indeed, ifS andT areD-connections, Formula (2) implies thatSn−Rn−Tn is OX-
linear. So, settingλn := (1/(n+1))(Sn−Rn−Tn), Equation (1) holds fori = n as well.
Conversely, if there is anOX-linear mapλn : F → R n+1(F ) such that Equation (1)
holds fori = n, then(n+1)λn+Rn = Sn−Tn. So, from Formula (2) we see thatS is a
D-connection if and only ifT is.

Now, on the one hand, since(T0, . . . ,Tn−1) is an extendedD-connection,

Rn(am)−aRn(m) =
n−1

∑
ℓ=1

∑
j0+···+ jℓ=n−ℓ

( jℓ+1)
(
λ j0 · · ·λ jℓ

)(
Tℓ(am)−aTℓ(m)

)

=
n−1

∑
ℓ=1

∑
j0+···+ jℓ=n−ℓ

ℓ−1

∑
p=0

jℓ+1
ℓ− p

(
λ j0 · · ·λ jℓ

)(
Tℓ−1−pD(a)Tp(m)

)
.

Thus the left-hand side of Formula (2) is equal to

(3)
n

∑
ℓ=1

∑
j0+···+ jℓ=n−ℓ

ℓ−1

∑
p=0

jℓ+1
ℓ− p

(
λ j0 · · ·λ jℓ

)(
Tℓ−1−pD(a)Tp(m)

)
.

On the other hand, using Equations (1) fori < n, the right-hand side of (2)
becomes

n−1

∑
z=0

1
n−z

(n−z−1

∑
k=0

∑
j0+···+ jk=n−z−1−k

( jk+1)
(
λ j0 · · ·λ jk

)
TkD(a)

)( z

∑
p=0

ωz−p

)
,

where
ωℓ := ∑

j ′0+···+ j ′p=ℓ

( j ′p+1)
(
λ j ′0
· · ·λ j ′p

)
Tp(m)
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for eachℓ= 0, . . . ,n−1. Now, for eachz= 0, . . . ,n−1 andk= 0, . . . ,n−z−1, using
thatTkD(a) is a local section ofK k+1(F ), Formula (1) yields the following equation
in Sn−z(F ):

∑( jk+1)(λ j0 · · ·λ jk)TkD(a) = ∑ n−z
k+1

(λ j0 · · ·λ jk)TkD(a),

where the sum on both sides runs over the(k+1)-tuples( j0, . . . , jk) such thatj0+ · · ·+
jk = n−z−1−k. Thus, introducingℓ := k+ p+1, the right-hand side of (2) becomes

n

∑
ℓ=1

ℓ−1

∑
p=0

1
ℓ− p

n−ℓ+p

∑
z=p

∑
j0+···+ jℓ−p−1=n−z−ℓ+p

(λ j0 · · ·λ jℓ−p−1)Tℓ−p−1D(a)ωz−p,

whence, introducingu := z− p, equal to

n

∑
ℓ=1

ℓ−1

∑
p=0

1
ℓ− p

n−ℓ
∑
u=0

∑
j0+···+ jℓ−p−1=n−ℓ−u

(λ j0 · · ·λ jℓ−p−1)Tℓ−p−1D(a)ωu,

which is equal to (3).

4. Jets

Recall the notation forX, OB, OX, F andD.

THEOREM5. If D is integrable, then there exists a flat, extended D-connection.

Proof. SinceD is integrable, there is a flatD-connectionT1 : F → T 2(F ). SetT0 :=
idF . Suppose, by induction, that for an integern≥ 2 we have constructed an extended
D-connection

T = (T0,T1, . . . ,Tn−1) : F −→
n−1

∏
i=0

R i+1(F ).

We will also suppose the mapsTi satisfy one additional property, Equations (2), after
we make a definition.

For eachj = 0, . . . ,n−1, define a map ofOB-modulesT ′j : R 2(F )→R j+2(F )
by letting

T ′j (m1m2) :=
j

∑
i=0

Ti(m1)Tj−i(m2)

for all local sectionsm1 andm2 of F . To check thatT ′j is well defined, we need only
check that∑i Ti(am1)Tj−i(m2) = ∑i Ti(m1)Tj−i(am2) for each local sectiona of OX. In
fact, using (3), we see that both sides are equal to

j

∑
i=0

aTi(m1)Tj−i(m2)+
j

∑
ℓ=1

j−ℓ
∑
i=0

1
ℓ

Tℓ−1D(a)Ti(m1)Tj−ℓ−i(m2).
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Furthermore, we see from this computation that

T ′j (aω) = aT′j (ω)+
j

∑
i=1

1
j +1− i

Tj−iD(a)T ′i−1(ω)

for all local sectionsω of R 2(F ) anda of OX.

Also, notice thatσ⋆T ′i−1(1−σ) = 0. Indeed, for local sectionsm1 andm2 of F ,

σ⋆T ′i−1(1−σ)(m1m2) =σ⋆T ′i−1(m1m2−m2m1)

=σ⋆

( i−1

∑
j=0

(
Tj(m1)Ti−1− j(m2)−Ti−1− j(m2)Tj(m1)

))

=
i−1

∑
j=0

(
σ⋆
(
Tj(m1)Ti−1− j(m2)

)
−σ⋆

(
Ti−1− j(m2)Tj(m1)

))
,

which is zero becauseσ⋆(ω1ω2) = σ⋆(ω2ω1) for all local sectionsω1 and ω2 of
R+(F ). Then

(1) T ′i−1(1−σ) =
i−σ
i +1

T ′i−1(1−σ).

Now, suppose that

(2) (i−σ)
(
(i +1)Ti−T ′i−1(1−σ)T1

)
= 0

for eachi = 1, . . . ,n−1. (Notice that Equation (2) holds automatically fori = 1, be-
cause(1−σ)σ⋆(R 2(F )) = 0.) Also, from Equation (2), and the flatness ofT1, we get
TiD(OX)⊆K i+1(F ) for eachi = 1, . . . ,n−1.

Let

T :=
1

n+1
T ′n−1(1−σ)T1.

Then

(3) (n−σ)
(
T(am)−aT(m)−

n

∑
i=1

1
i
Ti−1D(a)Tn−i(m)

)
= 0
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for all local sectionsm of F anda of OX. Indeed,

(n−σ)T(am) =
n−σ
n+1

T ′n−1(1−σ)T1(am)

=
n−σ
n+1

(
T ′n−1

(
D(a)m−mD(a)+a(1−σ)T1(m)

))

=
n−σ
n+1

(
Tn−1D(a)m+

n−1

∑
i=1

Tn−1−iD(a)Ti(m)

)

−n−σ
n+1

(
mTn−1D(a)+

n−1

∑
i=1

Ti(m)Tn−1−iD(a)

)

+
n−σ
n+1

(
aT′n−1(1−σ)T1(m)

)

+
n−σ
n+1

(n−1

∑
i=1

Tn−i−1D(a)T ′i−1
(1−σ)
n− i

T1(m)

)
.

Now, first observe that, for eachi = 0, . . . ,n−1, we have(n− i−σ⋆)Tn−1−iD(a) = 0,
sinceTn−1−iD(a) is a local section ofK n−i(F ). Then

(n−σ)
(

Ti(m)Tn−1−iD(a)
)
=(n−σ)

(
Ti(m)

σ⋆

n− i
Tn−1−iD(a)

)

=− n−σ
n− i

(
Tn−1−iD(a)σ⋆Ti(m)

)
.

Also, from (1) and (2),

Tn−i−1D(a)T ′i−1(1−σ)T1(m) =Tn−i−1D(a)
i−σ
i +1

T ′i−1(1−σ)T1(m)

=Tn−i−1D(a)(i−σ)Ti(m)

for eachi = 1, . . . ,n−1. So

n−σ
n+1

(
Tn−1D(a)m−mTn−1D(a)

)
=

n−σ
n

(
Tn−1D(a)m

)
,

and, for eachi = 1, . . . ,n−1,

n−σ
n+1

(
Tn−1−iD(a)Ti(m)−Ti(m)Tn−1−iD(a)+Tn−i−1D(a)T ′i−1

1−σ
n− i

T1(m)

)

is equal to
n−σ
n+1

(
Tn−1−iD(a)

(
1+

1+σ
n− i

+
i−σ
n− i

)
Ti(m)

)
,

whence equal to
n−σ
n− i

(
Tn−1−iD(a)Ti(m)

)
.
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Applying these equalities in the above expression for(n− σ)T(am) we get Equa-
tion (3).

We want to show that there exists a map ofOB-modulesTn : F → R n+1(F )
such that (2) holds fori = n, and such that(T0, . . . ,Tn) is an extendedD-connection.
First we claim that there exists a map ofOB-modulesTn : F → R n+1(F ) such that
(T0, . . . ,Tn) is an extendedD-connection. Indeed, fromT1 construct an extendedD-
connection(S0, . . . ,Sn) by iteration, as described in Construction 2. By Proposition 1,
there is a map ofOX-modules

λ = (λ0,λ1, . . . ,λn−1) : F −→
n−1

∏
i=0

R i+1(F )

such thatλ0 = idF and such that Equations (1) hold fori = 0, . . . ,n−1. Now, just set
λn := 0 in Equation (1) fori = n, and let it defineTn. Then, by Proposition 1, the map
(T0, . . . ,Tn) is an extendedD-connection.

The above mapTn does not necessarily make (2) hold fori = n. So, rename it
by U . At any rate, since(T0, . . . ,Tn−1,U) is an extendedD-connection, it follows from
Equation (3) that(n−σ)(U−T) isOX-linear. Set

Tn :=U− (n−σ)
n+1

(U−T).

ThenTn differs fromU by anOX-linear map, and thus(T0, . . . ,Tn) is an extendedD-
connection. Now,

(n−σ)Tn = (n−σ)U− (n−σ)2

n+1
(U−T).

Since
(n−σ)2|R n+1(F ) = (n+1)(n−σ)|R n+1(F ),

we get(n−σ)Tn = (n−σ)T. So (2) holds fori = n.

The induction argument is complete, showing that there is aninfinite extended
D-connection

T = (T0,T1, . . .) : F −→
∞

∏
i=0

R i+1(F )

such that (2) holds for eachi ≥ 1, and thusTiD(OX)⊆K i+1(F ) for eachi ≥ 0.

DEFINITION 7. Two Hasse derivations h and h′ ofF are said to beequivalentif
there is anOX-algebra automorphismφ of S(F ) such thatφ0|F = idF and h′ = φh. We
say that h and h′ arecanonically equivalentwhen there is only one such automorphism.

COROLLARY 1. Let h and h′ be iterated Hasse derivations ofF extending D.
If D is integrable, then h and h′ are equivalent. Furthermore, ifνD(OX) 6= 0 for every
nonzeroOX-linear mapν : F → S(F ), then h and h′ are canonically equivalent.
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Proof. First, we prove the existence of an equivalence. By Theorem 5, there is a flat,
extendedD-connectionT = (T0,T1, . . .). We may supposeh arises fromT. Let S=
(S0,S1, . . .) be an extendedD-connection from whichh′ arises.

By Proposition 1, there is a map ofOX-modules

λ = (λ0,λ1, . . .) : F −→
∞

∏
i=0

R i+1(F )

such thatλ0 = idF and

(1) Si =
i

∑
ℓ=0

si−ℓ(λ)Tℓ for eachi ≥ 0.

Let φ : S(F )→ S(F ) be the map ofOX-algebras whose graded partφq of de-
greeq satisfiesφq|S p(F ) = s̃q(λ)|S p(F ) for all integersp > 0 if q≥ 0, andφq = 0 if
q< 0. Sinceλ0 = idF , the homogeneous degree-0 partφ0 is the identity, and thusφ is
an automorphism. We claim thath′ = φh.

Indeed, clearlyh′0 = (φh)0. Now, sinceT is flat,TℓD(OX)⊆ K ℓ+1(F ) for each
ℓ≥ 0. Thus, for eachi ≥ 0 and each local sectiona of OX, using Equations (1) and (1),
the following equalities hold onS i+1(F ):

h′i+1(a) =
SiD(a)
i +1

=
i

∑
ℓ=0

si−ℓ(λ)
TℓD(a)
i +1

=
i

∑
ℓ=0

s̃i−ℓ(λ)
TℓD(a)
ℓ+1

=
i

∑
ℓ=0

φi−ℓhℓ+1(a).

Sinceφi+1|OX = 0, we haveh′i+1 = (φh)i+1. Soh′ = φh.

Now, assume thatνD(OX) 6= 0 for every nonzeroOX-linear mapν : F → S(F ).
Let φ be anOX-algebra automorphism ofS(F ) such thatφ0|F = idF andh′ = φh. To
see thatφ is unique, we just need to show thatφq|F is uniquely defined for eachq≥ 0.
We do it by induction. Sinceh′ = φh, for eachq≥ 0 the following equality holds:

h′q+1 = φqh1+φq−1h2+ · · ·+φ1hq+hq+1.

Then φqD is determined byφ1, . . . ,φq−1. Sinceφq is OX-linear and takes values in
Sq+1(F ), it follows from our extra assumption thatφq is determined.

If (X,OX) is a Noetherian scheme over a NoetherianQ-scheme(B,OB), if F
is a locally free sheaf onX, and if D : OX → F is anOB-derivation such thatF is
generated byD(OX) at the associated points ofX, thenνD(OX) 6= 0 for all nonzero
OX-linear mapsν : F → S(F ).

CONSTRUCTION6. (Jets) Assume thatD : OX → F is locally integrable, and
that the sheaf ofOX-linear maps fromF to S(F ) sendingD(OX) to zero has only
trivial local sections. LetU be the collection of open subspacesU ⊆ X such thatD|U
is integrable. For eachU ∈U, there exist iterated Hasse derivations extendingD|U . Let
CU be the collection of these Hasse derivations. By Corollary 1, for any twoh,h′ ∈ CU

there is a uniqueOU -algebra automorphismφh,h′ of S(F )|U such thath′ = φh,h′h. Now,
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consider the collection of all theh∈ CU for all U ∈U. Consider also the collection of
all the φh,h′ for all U ∈ U and allh,h′ ∈ CU . If h,h′,h′′ ∈ CU , thenh′′ = φh′,h′′φh,h′h.
From the uniqueness ofφh,h′′ , we getφh′,h′′φh,h′ = φh,h′′ . The cocycle condition being
satisfied, theφh,h′ patch theS(F |U ) to anOX-algebraJ , and theh patch to a map ofOB-
algebrasτ : OX→ J . Since theφh,h′ do not decrease degrees, for each integern≥ 0 the
truncated sheaves∏n

i=0S
i(F |U ) patch to anOX-algebra quotientJ n of J . Also, since

the(φh,h′)0 are the identity maps, there is a natural map ofOX-modulesSn(F )→ J n.
This map is an isomorphism forn = 0. Also, for each integern > 0, theOX-algebra
J n−1 is a subquotient ofJ n, and there is a natural exact sequence,

0→ Sn(F )→ J n→ J n−1→ 0.

We say thatJ is thesheaf of jets of D, and thatτ : OX → J is its Hasse derivation.
For each integern≥ 0, we say thatJ n is thesheaf of n-jets of D, and that the induced
τn : OX→ J n is then-th order truncated Hasse derivation.

EXAMPLE 4. LetM be a complex manifold of complex dimensionm, andL a
foliation of dimensionn of M. Let w: T∗M→ E be the surjection associated toL . Then
w induces a derivationD : OM → F , whereF is the sheaf of holomorphic sections of
E. The Frobenius conditions imply thatD is integrable. Also, sincew is surjective,F
is generated byD(OM). Thus, applying Construction 6, we have an associated sheafof
q-jetsJ q onM for each integerq≥ 0. Also we may consider the bundle ofq-jetsJq

L of
L . ThenJ q is the sheaf of holomorphic sections ofJq

L .

Indeed, for each pointp of M, there exist a neighborhoodX of p in M, and
an open embedding ofX in Cn×Cm−n whose compositionϕX : X→ Cm−n with the
second projection definesL on X. The sheafF |X is the pullback of the sheaf of 1-
forms onCn, and the canonical vector fields onCn yield a basise1, . . . ,en of F |X such
thatD = D1e1+ · · ·+Dnen, where theDi are the pullbacks of these vector fields. Since
they commute, so do theDi .

Using theD-connectionγ given in Example 2, and the associated extendedD-
connectionT given in Construction 2, we obtain an iterated Hasse derivation hX on
X extendingD|X, and given by Formula (1) for each integerq > 0 and each local
sectiona of F . Then the truncation in orderq of hX has exactly the same form of the
canonical Hasse derivation of the sheaf of sections of the bundle of relativeq-jetsJq

ϕX .
So, patching thehX is compatible with patching theJq

ϕX . The patching of the latter
yields the bundle of jetsJq

L , and hence we get thatJ q is the sheaf of sections ofJq
L .
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THE ITALIAN SCHOOL OF ALGEBRAIC GEOMETRY AND

THE TEACHING OF MATHEMATICS IN SECONDARY

SCHOOLS: MOTIVATIONS, ASSUMPTIONS AND

STRATEGIES

Abstract. In this paper I intend to illustrate the reasons which led somemembers of the Ital-
ian School of algebraic geometry – in particular, Corrado Segre (1863-1924), Guido Castel-
nuovo (1865-1952), Federigo Enriques (1871-1946) and Francesco Severi (1879-1961) – to
become so concerned with problems pertaining to mathematics teaching; describe the epis-
temological vision which inspired them; discuss the various ways in which this commitment
manifested itself (school legislation, teacher training, textbooks, publishing initiatives, uni-
versity lectures, etc.); make evident the influence of the reform movements abroad, particu-
larly that of Klein; finally, show how, in this respect as well, Italian geometers projected an
unquestionable image of a “School”.

1. Introduction

I am very pleased to take part in this conference dedicated toAlberto Conte in
celebration of his seventieth birthday. The reason I was invited to a such a strictly gath-
ering of mathematicians is due to the fact that Alberto Conte, along with his research
work in the field of algebraic geometry, has always cultivated an interest in history of
mathematics, both that of his specific area of study and that more generally related to
Turin’s rich scientific tradition. Further, with great sensitivity he has encouraged and
supported initiatives aimed at bringing that tradition to broader attention.

I limit myself to recalling that in 1987, on the occasion of the 13th Congress
of the Italian Mathematical Union, he encouraged Silvia Roero and myself to explore
the patrimony of books and manuscripts housed in the libraries of Turin in order to
highlight, by means of an exhibition and a catalogue, the wealth of mathematical stud-
ies in Piedmont and connections with international scientific research.1 Noteworthy
among his various works in the history of mathematics is the critical edition of the
letters of Federigo Enriques to Guido Castelnuovo, entitled Riposte armonie, edited
together with Umberto Bottazzini and Paola Gario2, an extraordinary document testi-
fying to the scientific and human fellowship of the two mathematicians. But I would
also like mention one of the research projects we carried outtogether, regarding the

This research was carried out as a part of the project PRIN 2009, Mathematical Schools in North Italy
in 18th and20th Centuries and Relationships with the International Community, University of Turin.

1The Catalogue of the exhibitionBibliotheca Mathematica. Documenti per la storia della matematica
nelle biblioteche torinesi, L. Giacardi and C. S. Roero, Eds. (Torino, Allemandi, 1987) was given as a gift to
participants at the congress and has become a point of departure for many successive studies on mathematics
in Piedmont.

2Bottazzini, Conte, Gario 1996.
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physical-mathematical sciences in Turin during the periodof French domination at the
beginning of the nineteenth century, and to cite the contribution made by Alberto Conte
to the reconstruction, based on in-depth examination of archives, of the large number
of young students from Piedmont, including Giovanni Plana,who attended the École
Politechnique, and of the kind of studies that they carried out.3

The topic I have chosen for this conference conjoins both of Alberto Conte’s interests:
algebraic geometry and the history of mathematics.

As it is well known, the Italian School of algebraic geometrywas born in Turin
at the end of the nineteenth century, under the guidance of Corrado Segre. It soon
brought forth such significant results that it became a leading light (führende Stellung)
on an international level, as F. Meyer and H. Mohrmann affirm in theEncyclopädie
der mathematischen Wissenschaften.4 Segre inspired an atmosphere of work charac-
terised by highly prolific, enthusiastic, and frenetic activity, which Guido Castelnuovo,
remembering his years in Turin, would refer to as “Turin’s geometric orgies”. The
mathematicians involved were gifted students preparing their degree theses with Segre,
such as Gino Fano (1892), Beppo Levi (1896), Alberto Tanturri (1899), Francesco Sev-
eri (1900), Giovanni Zeno Giambelli (1901), Alessandro Terracini (1911), and Euge-
nio Togliatti (1912). A number of newly graduated students from Italy and abroad
were also drawn to Turin by Segre’s fame. Amongst these, the most famous were
Castelnuovo (1887-1891), Federico Amodeo (1890-91), Federigo Enriques (Novem-
ber 1992, November 1893-January 1894), Gaetano Scorza (1899-1900), the English
couple William H. Young and Grace Chisholm Young (1898-99),and, from the United
States, Julian Coolidge (1903-04), and C. H. Sisam (1908-09).

The great significance of the scientific results obtained by the School has led
historians of mathematics to overlook, or at best to attach only secondary importance
to the issues related to mathematics teaching that would occupy many of its members,
including Segre himself, throughout their lives. It is onlyrecently that various studies
– which I will cite presently – have begun to explore this aspect as well of the activities
of Italian geometers.
Broadly speaking, they shared a vision of mathematics teaching which derived, on the
one hand, from their contacts with Felix Klein and his important movement of reform-
ing the teaching of mathematics in secondary and higher education, on the other, from
the way in which the authors themselves conceived of advanced scientific research. If,
however, we look more closely at their contributions, from these common roots there
emerge diverse motivations underlying their involvement with and different approaches
to the problem.

The period of reference here goes from the final years of the nineteenth cen-
tury through the first half of the twentieth century, and the institutional context which
frames their commitment to education is still characterised, in the first two decades,
by the Casati Law (1859), with attempts at reform either unsuccessful, or carried out

3A. Conte, L. Giacardi,La matematica a Torino, in Ville de Turin 1798-1814, Città di Torino, Torino,
pp. 281-329.

4W. Fr. Meyer and H. Mohrmann,Vorrede zum dritten Banden, Encyklopädie der mathematischen
Wissenschaften, III.I.1, 1907-1910, p. VI.
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only in part. Such was the fate of the important reform project proposed by the Royal
Commission (1909) to which Giovanni Vailati contributed. The project was never ap-
proved, although some of Vailati’s proposals, as we shall see, were adopted by Casteln-
uovo in designing the programs for theliceo moderno(1913). The rise of Fascism and
the Gentile Reform (1923) nullified any attempt at renovation in the area of science,
notwithstanding the battle (carried out by some mathematicians such as Castelnuovo
and Enriques) to restore dignity to mathematics, which had been strongly devalued by
that reform.5

2. The spread in Italy of Felix Klein’s ideas on education

It is well known that Felix Klein (1849-1925) always combined advanced-level
research with serious attention to organizational and didactic problems pertaining to
mathematics teaching at both the secondary and the advancedlevel.6 Klein’s interest
in such problems can be dated back to 1872 when he obtained theprofessorship at the
Erlangen University: in hisAntrittsredehe described his own conception of mathemat-
ics, outlining a vision of teaching that would mature over the next thirty years. In the
mid-1890s he became concerned with teacher training, organising a series of seminars
for secondary teachers and publishing theVorträge über Ausgewählte Fragen der El-
ementargeometrie(1895), with the aim of opposing the trend, then prevailing,towards
approaches to mathematics that were too formal and abstract, and to resist overspe-
cialization. Further, from the first he believed that the whole sector of mathematics
teaching, from its very beginnings at elementary school right up to the most advanced
research level, should be regarded as an organised whole:

“It grew ever clearer to me that, without this general perspective, even the
purest scientific research would suffer, inasmuch as, by alienating itself
from the various and lively cultural developments going on,it would be
condemned to the dryness which afflicts a plant shut up in a cellar without
sunlight”.7

Klein’s document,Gutachten,8 from May 1900 illustrates the evolution of his thoughts
regarding education, and presents an overview of the cardinal points of his famous pro-
gram for reforming mathematics teaching, which would be expressed publicly for the
first time five years later at a congress held in Merano.9

The key points on which Klein based his reform movement are the following: he de-
sired to bridge the gap between secondary and higher education and so he proposed

5See Giacardi 2006 and the texts of the programs on the website
http://www.mathesistorino.it/?page_id=564.

6Regarding Klein and his movement to reform mathematics teaching, cf. Rowe, 1985; Schubring, 1989,
2008; Nastasi, 2000; Gario, 2006.

7F. Klein, Göttinger Professoren. Lebensbilder von eigener Hand. 4. Felix Klein, Mitteilungen des
Universitätsbundes Göttingen, 5, 1923, p. 24.

8This document is transcribed in Schubring 1989, Appendix II.
9Reformvorschläge für den mathematischen und naturwissenschaftlichen Unterricht, Zeitschrift für

mathematischen und naturwissenschaftlichen Unterricht, 36, 1905, pp. 533-580.
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transferring the teaching of differential and integral calculus, to the middle school level;
he favoured a “genetic” teaching method, because developing a theory according to the
way in which it is formed represents a good guide to scientificresearch; he believed
that teachers should capture the interest and attention of their pupils by presenting the
subject in an intuitive manner; he suggested highlighting the applications of mathemat-
ics to all the natural sciences; he believed in looking at thesubject from a historical
perspective; he argued that more space should be dedicated to the Approximations-
mathematikthat is, “the exact mathematics of approximate relations”;finally he firmly
believed that the elementary mathematics from an advanced standpoint should play a
key role in teacher training.

These tenets about the teaching of mathematics are intimately connected with
Klein’s vision of mathematics and mathematical research. In particular he believed that
pure research had to be very closely tied to experimental research and he refused the
axiomatic point of view, “the death of all sciences”. He was convinced that the progress
in science originates from the combined use of intuition andlogic:

“The science of mathematics may be compared to a tree thrusting its roots
deeper and deeper into the earth and freely spreading out itsshady branches
to the air. Are we to consider the roots or the branches as its essential part?
Botanists tell us that the question is badly framed, and thatthe life of the
organism depends on the mutual action of its different parts”.10

Moreover, Klein distinguished betweennaïve intuitionandrefined intuitionand high-
lighted the fact that naïve intuition is important in the discovery phase of a theory (as
an example he cites the genesis of differential and integralcalculus), while refined in-
tuition intervenes in the elaboration of data furnished by naïve intuition, and in the
rigorous logical development of the theory itself (for example, in Euclid’sElements).11

Klein’s epistemological vision of mathematics and his initiatives to improve
mathematics teaching at the secondary and university levels in Germany arrived in
Italy through various channels.12

First of all, towards the end of the nineteenth century a large number of young Italian
mathematicians frequently attended German universities –in particular Leipzig and
Göttingen, where Klein himself taught – in the course of postgraduate programs or
on study trips: among these Giuseppe Veronese (1880–1881),Ernesto Pascal (1888–
1889), Segre (summer 1891), Fano (1893–1894), and Enriques(1903) were the most
noteworthy. They returned to Italy not only with new ideas about methods and areas of
research, but also with new perspectives on teaching mathematics. Upon his return to
Turin after several months of advanced study at Göttingen, Fano gave an enthusiastic
account of Klein’s work, referring also to Klein’s teacher training seminars, observing

10F. Klein,The Arithmetizing of Mathematics, Isabel Maddison, trans. Bulletin of the American Mathe-
matical Society 2, 8, 1896, pp. 241-249, at pp. 248-249.

11F. Klein,On the mathematical character of space-intuition and the relation of pure mathematics to the
applied sciences(1893), pp. 41-50 inLectures on mathematics delivered from Aug. 28 to Sept.9, 1893 . . . at
Northwestern University Evanston, Ill. by F. Klein, reported by A. Ziwet, New York, Macmillan and C. 1894,
at p. 42.

12See Giacardi 2010, pp. 2-4.
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that, “We have a great deal to learn from Germany as far as the relationship between
secondary and higher education is concerned”.13

Klein himself visited Italy first in 1874 to meet the Italian mathematicians, to listen
and to learn,14 in 187815 and again in 1899, stopping over in Turin, Florence, Bologna,
Rome, and Padua and meeting, among others, Segre, Enriques,Castelnuovo, Cremona,
Veronese and Fano.16

Further, at the end of the 1800s several of Klein’s writings touching upon mathemat-
ics education were translated into Italian, even before he became the president of the
International Commission on Mathematical Instruction (Rome, 1908) and his ideas
spread worldwide. Besides theErlanger Programm, which Fano translated at Segre’s
request, theVorträge über Ausgewählte Fragen der Elementargeometrie, was translated
by Francesco Giudice at the request of the geometer Gino Loria, and the lecture “Über
Arithmetisierung der Mathematik”, appeared in theRendiconti del Circolo Matematico
di Palermo, translated by Salvatore Pincherle.17

Finally the rich correspondence between Klein and the Italian geometers, Segre, Fano,
Loria, Enriques, and Castelnuovo,18 bears witness to Klein’s twofold influence in Italy,
in scientific research and in mathematics teaching.
As Enriques would write twenty years later in his review of Klein’sGesammelte math-
ematische Abhandlungen, it was precisely the “tendency to consider the objects to be
studied in the light of visual intuition”19 that brought Klein and the Italian geometers
so close together intellectually.

3. Corrado Segre and Teacher Training

Segre had been in epistolary correspondence with Klein since 1883, and con-
sidered him aMaestroat a distance. Klein’s influence can be clearly perceived in his
scientific work and in his methodological approach to mathematical research, but Klein

13G. Fano,Sull’insegnamento della matematica nelle Universitá tedesche e in particolare nell’Universitá
di Gottinga, Rivista di matematica, 4, 1894, pp. 170-187, at p. 181.

14See for example, Klein to Cremona, 25 July 1874, 23 August 1874,21 November 1874 in Menghini
1994, pp. 59-61.

15See, for example, Klein to Brioschi, 30 March 1878, Casorati to Brioschi, 4 November 1878, in
Francesco Brioschi e il suo tempo(1824–1897) (2000), Milan, Franco Angeli, II Inventari, pp. 160 and
316.

16See Cremona to Fano, 21 March 1899 and Veronese to Fano, 21 March 1899, inFondo Fano, Biblioteca
matematica “G. Peano”, Turin; Enriques to Castelnuovo, 17 March 1899 and 28 March 1899, in Bottaz-
zini, Conte, & Gario, 1996, pp. 402 and 404; see also William Young,Christian Felix Klein-1949-1925,
Proceedings of the London Royal Society, Series A 121(1928), pp. i-xix, at p. xiii.

17F. Klein, Considerazioni comparative intorno a ricerche geometriche recenti. Annali di matematica
pura ed applicata, (2), 17, 1889, pp. 307–343; F. Klein,Conferenze sopra alcune questioni di geometria ele-
mentare. Torino, Rosenberg & Sellier 1896; F. Klein,Sullo spirito aritmetico nella matematica. Rendiconti
del Circolo matematico di Palermo, 10, 1896, pp. 107–117.

18The letters are conserved in the dossier “F. Klein” of the Niedersächsische Staats-und Universitäts-
bibliothek of Göttingen and in the “Fondo Guido Castenuovo”of the Accademia Nazionale dei Lincei,
Roma. See Luciano, Roero 2012 and P. Gario (ed.)Lettere e Quaderni dell’Archivio di Guido Castelnuovo:
http://archivi-matematici.lincei.it/Castelnuovo/Lezioni_E_Quaderni/menu.htm.

19F. Enriques, (Review of) “F. Klein:Gesammelte mathematische Abhandlungen, zweiter Band.” Peri-
odico di matematiche, (4), 3, 1923, p. 55.
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also left a strong imprint on Segre’s conceptions of mathematics teaching.
This influence is evident in the lectures he gave at theScuola di Magistero(Higher
Teacher Training School) of Turin University; in fact, along with his courses of ad-
vanced geometry Segre also taught a course of mathematics for prospective teachers in
this School for eighteen years, from 1887-88 to 1890-91 and from 1907-08 to 1920,
the year when the Scuole di Magistero were suppressed. From that time until his death
he taught the course in “complementary mathematics” that had just been established
for the combined degree in mathematics and physics with the aim of preparing new
graduates for teaching.
Leading Segre, a mathematician committed above all to preparing young people for
research, to take an interest in the training of future teachers, was surely the influence
of Klein, but other factors could have influenced him as well.First of all, the very
close connection that Segre saw between research and teaching, which emerges quite
clearly from his notebooks, led him to assign great importance to teaching methods.
Further, the Turinese environment was very stimulating thanks to the presence of the
Mathesis Association, a society of mathematics teachers, and the Peano School, which
was particularly sensitive to problems related to teaching.20 The example set by his
mentor Enrico D’Ovidio, author of successful textbooks forsecondary schools, and his
friendship with Gino Loria, who quite soon became the referent abroad for questions
regarding Italian education, may have influenced Segre as well.
Segre’s teaching skills are attested to by forty handwritten notebooks (1888-1924)
in which, every summer, he made a careful record of his lectures for the courses he
was to teach the following autumn, dealing with different subjects each year. In fact,
these not only constitute an important historical documentation of his research activ-
ity – of which, as Alessandro Terracini remarked, they are sometimes a preliminary
stage, sometimes a reflection – but also provide extraordinary evidence of his gifts as a
teacher.

The tenets which inspired Segre in advanced teaching are illustrated in his 1891
articleSu alcuni indirizzi nelle investigazioni geometriche. Osservazioni dirette ai miei
studenti.21 He maintained that a good Maestro should invite his pupils only to deal with
“relevant” problems and teach them to distinguish the significant questions from the
sterile and useless ones; advise them to study, along with theories, their applications;
urge them not to be “slave to one method”, and not to restrict their scientific research
within a too limited field, so as to be able to look at things “from a higher vantage
point”; take due account of the didactic needs; suggest thatthey read the works of
the great masters. These same issues are taken again into consideration in relation to
secondary school teaching, in Segre’s lessons at the Scuoladi Magistero.

20See Luciano, Roero 2010.
21C. Segre,Su alcuni indirizzi nelle investigazioni geometriche. Osservazioni dirette ai miei studenti,

Rivista di Matematica, 1, 1891, pp. 42-66 (Opere, 4, pp. 387-412). This article also reached American
mathematicians thanks to the translation done by John Wesley Young and revised by Segre himself, who
made several additions and modifications to it.
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3.1. “Teach to discover”

Among Segre’s handwritten notebooks, three in particular,Lezioni di Geome-
tria non euclidea(1902-03),Vedute superiori sulla geometria elementare(1916-17)
and [Appunti relativi alle lezioni tenute per la Scuola di Magistero], together with
archival documents, show Segre’s vision of mathematics andits teaching.22

Segre’s lessons at the Scuola di Magistero were characterized by a threefold approach:
theory, methodology, and practice. In fact, he took up anew the themes of elemen-
tary mathematics, making evident each time the connectionsto higher mathematics;23

he also examined questions of methodology and didactics. Then, in the laboratories-
classes, students were taught to impart real lessons, documented and stimulating.
In the notebook [Appunti relativi alle lezioni tenute per la Scuola di Magistero], Segre
begins with some considerations on the nature of mathematics, the objectives of teach-
ing, and the importance of intuition and rigor, then provides future teachers with some
methodological instructions which are closely related to his particular way of approach-
ing research, and are the fruit of his own teaching experience and of an attentive exam-
ination of legislative measures in various European countries and of educational issues
debated at the time.

Between the two ways of addressing mathematics – considering it in relation to
applications, or seeing it from an exclusively logical point of view – Segre’s preferences
tended towards the first. This first approach, typical of Klein, is characterised by three
phases: gathering information derived from experience, putting the data obtained into
mathematical form and proceeding to a purely mathematical treatment of the problem,
and finally, translating the mathematical results into the form most suitable for the
applications. With regards to the second approach, Segre cites Peano and Hilbert and
observes:

“Let us say immediately that this second line is of great importance, philo-
sophically as well. It has made it quite clear what pure mathematics is;
and has contributed to making various parts of mathematics more rigor-
ous. But, by detaching itself from reality, there is a risk ofending up with
constructions, which, even while logical, are too unnatural, and cannot be
of lasting scientific importance” (pp. 13-14).24

For Segre, the aim of mathematics is to teach how “to reason well; not to be satisfied
with empty words; to draw conclusions from the hypothesis, to reflect and discover on
one’s own; . . . to speak precisely” (p. 42). In secondary teaching mathematics should
not be considered an end in itself, “it must arise from the external world and then

22For further information and an overview of the internationalcontext see Giacardi 2003 and 2010.
23In the notebookVedute superiori sulla geometria elementare(1916-17) Segre deals with the following

subjects: non-Euclidean geometry, foundations of mathematics, elementary geometry and projective geom-
etry, Analysis situs, geometrical constructions, linkages, problems that can be solved with straightedge and
compass, algebraic equations that can be solved by extracting square roots, the problem of the division of
the circumference, the problem of squaring the circle.

24This and successive page numbers refer to the notebook [Appunti relativi alle lezioni tenute per la
Scuola di Magistero].
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be applied to it” (p. 15); therefore the first approach to it must be experimental and
intuitive, so that the student learns “not only to demonstrate truths already known, but
to make discoveries as well, to solve theproblemson his own” (p. 16), while “perfect
rigor in certain things can be reached at a later time” (pp. 25-26).

Consequently, the objective of mathematics teaching is to develop not only the
powers of reasoning but equally those of intuition; it is no coincidence that, as regards
the method to be used, Segre prefers theheuristicmethod for presenting the subject, the
analytic for the proofs, and thegeneticfor the development of theories. The first, the
Socratic method, permits the student to discover mathematical truths on his own; the
second allows him to enter into the mathematics “workshop” and understand the “why”
of each step in a proof; the third represents a good guide to scientific research. Segre,
however, never tired of underlining the importance of varying the methods, and above
all, of choosing them according to “the subject, the pupils,and the time available” (p.
44).

The teacher should therefore seek the right balance betweenrigour and intuition.
There are in Segre no specific philosophical reflections on the concept of intuition; for
him, intuition is that used in scientific research: freedom of creative imagination, free-
dom of choice of methods, is “perceiving a truth spontaneously, without reasoning and
without experiences, but it is the fruit of unconscious reasoning or experiences” (p.
15), based on previous knowledge that is unconsciously chosen and combined in new
ways or that suggest analogies. How he understands the relationship between intuition
and rigour in the practice of teaching emerges from the following considerations. Ac-
cording to Segre, the postulates on which the development ofa theory is based must
be intuitive and not necessarily independent. He also observes that in modern works
are listed some “very obvious” postulates (for example, “the successor to a number is a
number”), remarking that “a young person cannot understandthe purpose of a series of
such statements!” (p. 20). Further, he invites the teacher to use the postulates as need
arises in a reasoning, without having to state them all at thebeginning of the treatment
of a theory. With regard to proofs, he observes that it is not necessary to prove proposi-
tions that are intuitively evident and that it can be useful to provide sketches of proofs
rather than proofs that are rigorous but long and heavy:

“A . . . sketch, or non-rigorous proof may show how discoveries are made,
how intuition works; or serve to provide an idea that is more synthetic,
easier to remember, than the rigorous proof that will be explained later
. . . it is only necessary to warn the students that the proof presented is
incomplete” (p. 25).

Concerning the definitions, Segre affirms:

“to define for the young person the things that he already knows with a
long discourse, is to bore him”(p. 46).
“If we consider the exclusively logical point of view, the word line or
curve, should be eliminated from elementary teaching because there are
no means to define it. But that is absurd!” (pp. 18-19).
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“Don’t give rigorous definitions, but clarifications, when the definition
would be too difficult” (p. 46).

To highlight the difference between the intuitive approachand the logical approach
in his lessons at the Scuola di Magistero, Segre takes as an example the textbook by
Sebastiano Catania,Trattato di Aritmetica ed Algebra(1910) and compares the way
the commutative property of the product of two numbers is presented there with the
presentation used by Émile Borel in his textbookArithmétique(1907) (p. 41). Catania,
a follower of the Peano School, demonstrates it by induction,25 while Borel illustrates
it with an example that exploits the definition of the productas a sum.26 On the other
hand, Segre stresses the fact that it is important to underline the insufficiency of intu-
ition for conceiving certain notions, as for example a curvethat has no tangents (p. 43).
As far as geometry is concerned, Segre agrees with Vailati’spoint of view, according
to which teaching must be experimental and operative and must avail itself of teaching
aids such as squared paper, drawing, and geometric models, that make it possible to
“see certain properties that with deductive reasoning alone cannot be obtained”.27

Moreover, like Klein, he believes that it is important to bridge the gap between
secondary and university teaching by introducing, beginning in secondary schools, the
concepts of function and transformation, and also to present some applications of math-
ematics to other sciences (physics, astronomy, political economy, geography, . . . ), in
order to make the subject more interesting and stimulating.

In addition to considerations of a methodological nature, Segre does not hesitate
to offer future teachers various bits of practical advice now and then, showing how
aware he was of students’ errors, bad habits, weak points, and idiosyncrasies:

“Avoid being boring!” (p. 24);
“Try to stimulate the activity of the student’s mind” (pp. 26-27);
“Sometimes satisfy the request for a proof which wouldn’t begiven, but
which a more intelligent youngster can understand” (p. 27);
“Vary the notations and figures. It shouldn’t happen that a youngster does
not know how to solve an equation only because the unknown is not called
x. Or a geometric proof because the position of the figure has changed”
(p. 28);
“The calculations should not be too long, because there is noreason to try
the patience of children” (p. 32);
“Prepare the lesson perfectly . . . Don’t dictate: use a textbook . . . Be pa-
tient with the students; repeat if they have not understood;don’t be aghast
at errors; try to persuade the students . . . that they needn’thave a gift for
mathematics” (p. 42).

Segre’s notebook related to the courses for the Scuola di Magistero, includes an
annotated bibliography divided into sections, with references to texts then very recent

25S. Catania,Trattato di Aritmetica ed Algebra ad uso degli Istituti Tecnici, Catania, N. Giannotta, 1910,
p. 32.

26E. Borel,Arithmétique, Paris, A. Colin, 1907, pp. 28-29.
27C. Segre,Su alcuni indirizzi nelle investigazioni geometriche, cit. p. 54.
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both Italian and foreign. In addition to specific books on various topics of elemen-
tary mathematics, there are texts on didactics, as Segre himself calls them, textbooks
for secondary schools and workbooks of exercises, books on the history of mathemat-
ics and on recreational mathematics. In addition to Klein, Segre’s principal points of
reference were C. A. Laisant, E. Borel, J. Hadamard and H. Poincaré in France, and
P. Treutlein and M. Simon, in Germany, mathematicians all critical of a mathematics
teaching too marked by logical rigour.

Segre’s contribution to the field of mathematics education remained limited
to the lessons at the Scuola di Magistero, nevertheless for eighteen years he trained
the mathematics teachers who came out of the University of Turin, contributed to the
spread of Klein’s vision of mathematics teaching among his students, and by his very
example transmitted a certain way of teaching mathematics,both at the university and
the secondary level, exploiting intuition, encouraging creativity, using more than one
method, and establishing connections between different sectors in a unitary vision of
mathematics. Moreover, through individual discussions with his students as well as
his university lectures, he had communicated his vision of mathematics teaching to his
School, although each of its members interpreted it in theirown way, according to their
different individual experiences.

4. Guido Castelnuovo: the involvement in education as a social duty

Thanks to the intervention of Segre, Castelnuovo was calledto Turin as assis-
tant to D’Ovidio in 1887, and remained until 1891, when he obtained a professorship
in Rome. As is well known, the scientific collaboration between the two young math-
ematicians – at the time, Segre was 28, Castelnuovo 26 – led tothe creation of the
Italian line of research on the geometry of algebraic curvesand laid the bases for all of
Italian algebraic geometry.28 After leaving Turin, Castelnuovo kept up the correspon-
dence with his friend and mentor that had begun in 1885, and inRome inaugurated the
extraordinary scientific fellowship with Enriques.

Already at this time in his correspondence, along with questions regarding re-
search there appear topics concerning education,29 but it is in 1907 that Castelnuovo
began to turn his thoughts and efforts to the improvement of mathematics teaching in
secondary schools, becoming involved also at an institutional level. That year, in fact,
appeared the article entitled “Il valore didattico della matematica e della fisica”, which
can be considered a manifesto of Castelnuovo’s thinking on education. That same year
Castelnuovo was involved in the organisation of the International Congress of Math-
ematicians, which was held in Rome from April 6 to 11, 1908, and paid a great deal
of attention also to the section devoted to education, with the help of Vailati, who at
the time was working with the Royal Commission on the projectto reform secondary

28Brigaglia, Ciliberto 1995, §1.5.
29The 255 letters from Segre to Castelnuovo dating from 1885 to1905 can be read

in P. Gario (ed.) Lettere e Quaderni dell’Archivio di Guido Castelnuovo:
http://operedigitali.lincei.it/Castelnuovo/Lettere_E_Quaderni/menu.htm

(see also Bottazzini, Conte, Gario 1996, pp. 669-678). For the letters from Enriques to Castelnuovo,
see Bottazzini, Conte, Gario 1996.
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schools.30 During the congress an international committee dedicated to issues pertain-
ing to mathematics teaching was created, the InternationalCommission on Mathemat-
ical Instruction (later ICMI):31 its first president was Klein, and Castelnuovo, Enriques
and Vailati were the Italian delegates. It is thus natural that the contacts with Klein,
who he had already met in 1899, became more intense.
In 1909, during the Congress of the Mathesis Association in Padua Castelnuovo ex-
plicitly proposed following Klein’s example with regard toteacher training:

“At Klein’s suggestion, during the spring holidays a numberof German
universities hold short courses for Middle school teachers. Couldn’t we
too set up similar courses in our universities?”.32

In the years immediately following he himself began to include in his courses in higher
geometry in Rome a number of topics designed specifically forthe cultural training of
future mathematics teachers following the examples of Klein and Segre. Of particular
interest from this point of view are the following notebooks: Geometria non-euclidea
(1910–11),Matematica di precisione e matematica di approssimazione(1913–14),
Indirizzi geometrici(1915–16),Equazioni algebriche(1918–19) andGeometria non-
euclidea(1919–20).33 In the introduction to the 1913–1914 course on the relationship
between precise and approximate mathematics, Castelnuovoexplicitly discusses the
various ways in which future teachers can be trained and quotes Klein:

“The educational value of mathematics would be much enriched if, in ad-
dition to the logical procedures needed to deduce theorems from postu-
lates, teachers included brief digressions on how these postulates derive
from experimental observations and indicated the coefficients with which
theoretical results are verified in real experience . . . The relationship be-
tween problems pertaining to pure mathematics and those pertaining to
applied mathematics is very interesting and instructive. Klein, who dedi-
cated a series of lectures to the subject (1901), describes the first of these
as problems of ‘precise mathematics’ and the second as problems of ‘ap-
proximate mathematics’. In this course we will . . . more or less follow
the general outline of Klein’s course.34 Klein also had another reason
for pursuing this line of enquiry, that is, his desire to bridge the gap be-
tween mathematicians engaged in pure research and those whohave to
solve problems relating to applied mathematics.”35

30See G. Castelnuovo to G. Vailati, s. l., February 16, 1907, and D. E. Smith to G. Loria, New York,
January 12, 1906,Fondo Vailati, Library of Philosophy, University of Milan.

31See Giacardi, 2008:http://www.icmihistory.unito.it/19081910.php.
32G. Castelnuovo,Sui lavori della Commissione Internazionale pel Congressodi Cambridge. Relazione

del prof. G. Castelnuovo della R. Università di Roma, in Atti del II Congresso della Mathesis - Società
italiana di matematica, Padova, 20-23 Settembre 1909, Padova, Premiata Società Cooperativa Tip. 1909,
Allegato F, pp. 1–4, at p. 4.

33The notebooks can be read in P. Gario (ed.)Lettere e Quaderni dell’Archivio di Guido Castelnuovo,
cit. See also Gario 2006.

34Castelnuovo is referring to F. Klein,Anwendung der Differential-und Integralrechnung auf Geometrie,
Leipzig Teubner 1902.

35G. Castelnuovo,Matematica di precisione e matematica di approssimazione, 1913–14, pp. 2–3.
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Thus, there is no doubt that Klein’s influence was important,but Castelnuovo’s
interest in educational issues also arose from social concerns, as he himself affirmed
in the lecture he gave in Paris in the stead of ICMI President Klein and at his express
request:

“Nous nous demandons parfois si le temps que nous consacronsaux ques-
tions d’enseignement n’aurait pas été mieux employé dans larecherche
scientifique. Eh bien, nous répondons que s’est un devoir social qui nous
force à traiter ces problèmes.”36

4.1. “Break down the wall separating schools from the real world”

Castelnuovo’s approach to education grew out of a lucid critique of the Italian
school system: in his opinion the teaching of mathematics was too abstract and theoret-
ical, all reference to practical application was neglectedand an excessive specialization
of different areas led to a distorted cultural perspective.
In order to define exactly what secondary schools should be offering to young people,
Castelnuovo asked himself the following three questions: At whom is middle school
education aimed?; What should the ultimate goal of schoolingbe?; What skills should
teaching develop? He believed that schools should cater above all to young people
aiming to go into one of the so-called “free” professions “both because they constitute
the majority of school pupils and because the progressive development of the country
will rest mainly on their shoulders”.37 The primary aim of middle schools should be to
form the future member of civil society, because “educationcannot be truly effective
if it is not aimed at average levels of intelligence and if it is unable to create that re-
fined democracy which forms the basis of every modern nation”.38 The qualities which
teachers must foster and cultivate in their pupils are the creative imagination, the spirit
of observation and the faculties of logic. Excessive rigouris to be avoided:

“Middle schools should not furnish [their pupils] with knowledge so much
as with a desire and a need for knowledge; they should not seekto provide
an encyclopaedic knowledge, but must only offer a clear, although neces-
sarily very limited, idea of the principal questions of the various branches
of knowledge, and of some of the methods which have been employed in
tackling them. [. . . ] Of course, this kind of teaching will not be suffi-
cient to provide middle school students with preparation specific to one or
another of the faculties of the university. However, this isnot the aim of
middle schools. They serve simply to provide students with the aptitude
to move on to more advanced studies.”39

36G. Castelnuovo,Discours de M.G. Castelnuovo, L’Enseignement Mathématiques, 16, 3, 1914, pp.
188–191, at p. 191.

37G. Castelnuovo,La scuola nei suoi rapporti colla vita e colla Scienza moderna, in Atti del III Congresso
della Mathesis - Società italiana di matematica, Genova, 21-24 ottobre 1912, Roma, Tip. Manuzio, 1913,
pp. 15–21, at pp. 18–19.

38Castelnuovo,Sui lavori della Commissione Internazionale pel Congressodi Cambridge, cit. p. 4.
39G. Castelnuovo (1910),La scuola media e le attitudini che essa deve svegliare nei giovani, in Guido

Castelnuovo, Opere Matematiche. Memorie e Note, vol. III, Roma, Accademia dei Lincei, 2004, pp. 21–30.
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In the article “Il valore didattico della matematica e dellafisica”, mentioned
above, the placing of mathematics and physics side by side isby no means coinci-
dental.40 Here, in fact, Castelnuovo emphasises the importance of observations and
experiment, the usefulness of constantly confronting abstraction with reality because
“it in fact makes it possible to clarify the two different meanings given to the adjective
exact in the theory and in the practice”, and the importance of practical application
as a means of “shedding light on the value of science”. Furthermore, he claims that
heuristic procedures should be favoured for two reasons: “the first, and the most im-
portant reason, is that this type of reasoning is the best wayto attain to truth, not just in
experimental sciences, but also in mathematics itself”; the second is that it is “the only
kind of logical procedure that is applicable in everyday life and in all the knowledge
involved with it.”41

He concludes his article by recommending that teachers drawon the history of science
so that young people understand the relative and provisional nature of every theory.

To illustrate more incisively his conception of mathematics teaching, Casteln-
uovo often introduced veritable slogans in his speeches andin his articles: “Rehabilitate
the senses”; “Break down the wall separating schools from the real world”; “Teaching
should proceed hand in hand with nature and with life”.

4.2. Various directions of Castelnuovo’s commitment to education

Castelnuovo’s commitment to education manifested itself in various forms: in
his activities in the ICMI and the Mathesis Association, of which he was president
from 1911 to 1914, in the courses he taught at university, in the various articles he
dedicated to issues relating to mathematics teaching, and in the syllabi ofliceo moderno
he designed for secondary education.

As a delegate and, later, first as a member of the Central Committee of the ICMI
and then as vice-president, Guido Castelnuovo built up an international network and
promoted the exchange of information about the new movements for reform in Europe,
in particular that proposed by Klein, whose methodologicalapproach he wholeheart-
edly endorsed.42 Further, he guided the work of the Italian subcommission of the ICMI,
encouraging its members not to “occupy themselves only withstatistical data” but to
“turn the investigation to more elevated fields and to treat pedagogical and psycholog-
ical questions.”43

As president of the Mathesis Association, he inserted into theBollettinoof the
Mathesis summaries of the activities of the subcommission,translations of lectures, in-
quiries into problems concerning mathematics teaching in the various orders of schools.
He also encouraged debates regarding method. For example hewrote to Giovanni
Vacca:

40See Brigaglia 2006.
41This and the above quotations are from G. Castelnuovo,Il valore didattico della matematica e della

fisica, Rivista di Scienza, 1, 1907, pp. 329–337, respectively at p. 336 and at p. 333.
42See Giacardi 2008.
43Castelnuovo,Sui lavori della Commissione Internazionale pel Congressodi Cambridge, cit. p. 2.
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“Almost unexpectedly and against my will, I have been elected president
of the Mathesis. I accept the nomination only because I thinkthat it might
be helpful for the affairs of the Italian Commission for mathematics teach-
ing, for which the Bollettino of the Math[esis] will become the publishing
organ. I would like keep the level of the Bollettino high, reducing to a
minimum the Byzantine discussions in which secondary teachers too of-
ten delight. I am therefore very much counting on your cooperation.”44

When in 1911 Minister of Education Luigi Credaro set up aliceo moderno, in
which Greek was replaced with a modern language (German or English) and more at-
tention was dedicated to the scientific subjects, Castelnuovo drew up the mathematics
syllabus and related instructions.45 He put a number of Klein’s proposals into practice
by introducing the notion of function and the concepts of derivative and integral, attach-
ing a greater importance to numerical approximations, and coordinating mathematics
and physics teaching. He wrote:

“But if we truly wish the middle school student to feel an inspiring breeze
in this modern mathematics, and perceive something of the grandeur of
its whole structure, it is necessary to speak to him of the concept of func-
tion and show him, even summarily, the two operations that constitute the
foundation of infinitesimal calculus. In this way, if he willhave a scien-
tific spirit, he will acquire a more correct and balanced ideaof the exact
sciences nowadays . . . If the pupil’s mind is more disposed towards other
subjects, he will at least find mathematics to be, instead of alogical drudge,
a set of methods and results which can be easily applied to concrete prob-
lems.” 46

On that occasion Castelnuovo wrote to Klein:

“A propos de l’enseignement, certain que vous agréerez la nouvelle, je vais
vous communiquer que les programmes (modernes) de l’enseignement
mathématique que j’ai fait adopter dans les lycées modernes, ont été si
bien accueillis que le Ministére de L’Instr. P. pense maintenant de les in-
troduire même dans les lycées classiques et dans les instituts techniques,
en développant davantage, dans ces dernières écoles, le programme de cal-
cul infinitésimal.”47

He also presented the programs to the international community during the ICMI meet-
ing held in Paris in 1914.48 Unfortunately, theliceo modernowas short-lived. The
reorganisation of secondary schools was introduced in 1923by the Gentile Reform in

44See the letter of G. Castelnuovo to G. Vacca, Roma, January 27,1911, in Nastasi, Scimone 1995, p. 46.
45See Ginnasio - Liceo Moderno. Orario - Istruzioni - Programmi, 1913, in

http://www.mathesistorino.it/wordpress/wp-content/uploads/2012/09/liceomod.pdf.
46G. Castelnuovo,La riforma dell’insegnamento matematico secondario nei riguardi dell’Italia, Bollet-

tino della Mathesis, XI, 1919, pp. 1-5, at p. 5.
47See the letter of G. Castelnuovo to F. Klein, Rome, March 10, 1915, in Luciano, Roero 2012, p. 212.
48G. Castelnuovo,Italie, L’Enseignement Mathématique, 16, 1914, p. 295. The programs for the liceo
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completely different terms: the liberal democratic culture was defeated by new politi-
cal trends – firmly opposed by Castelnuovo – and by the triumphof Neo-Idealism.
Castelnuovo would reformulate some of his cherished ideas in Progetto di riforma
dell’insegnamento secondariothat he presented in 1947 for the political party called
Partito d’Azione. Here he maintained the importance of education’s being developed
in a liberal climate, advancing the proposal of a single, common middle school without
Latin, a proposal dictated, this time as well by social needs: “The social needs are the
most pressing; we must first of all satisfy these, as far as possible, and formulate the
cultural problem accordingly.”49

In Castelnuovo, as in Segre, we find no lofty philosophical orepistemological
reflections on the foundations or on problems of rigour and intuition; these appear not
to interest him.50 What he did take to heart was a mathematics teaching, and in partic-
ular a geometry teaching, that was strictly tied to reality,in which the deductive aspect
was only one of three stages to be gone through: a first stage consists in “the passage
from reality to the symbolic scheme”, with resort to experience and intuition; in the
second stage work must be done on the symbols by means of logical procedures to
deduce new truths; and in the third the abstract propositions are translated into results
that can be applied to reality.51 For this reason, in his opinion, a good teacher had to
develop above all “the creative imagination”, which grows out of the union of intu-
ition and the spirit of observation. In the same way, a good textbook had to find the
balance between intuition and rigour, as he forcefully maintained, for example, in the
debate with Catania, already cited by Segre, regarding algebra textbooks for secondary
schools:

“If I had to teach in middle schools, I would avoid adopting a textbook in
which, along with procedures that are perfectly rigorous, ample space was
not given to intuition and experience. Not because I refuse to recognise
the immense value of deductive logic . . . but I would be blind if I did not
see that with logic alone science would never have been born!”. 52

Again, in the comparative investigation that he undertook for the ICMI in 1911 re-
garding rigour in the teaching of geometry in classical schools, he was clearly inclined
towards a deductive development of geometry teaching which, however, began from
empirical bases.53

There are two other significant aspects in Castelnuovo’s work that must be made

moderno and the instructions regarding methodology were alsotranslated into French: see G. Loria,Les
Gymnases-lycées “modernes” en Italie, Zeitschrift für mathematischen und naturwissenschaftlichen Unter-
richt aller Schulgattungen, 1914, pp. 188–193.

49G. Castelnuovo,Progetto di riforma dell’insegnamento secondario, in Castelnuovo (1944),Opere
Matematiche2004, cit. p. 410.

50See, for example, the letters from F. Enriques to G. Castelnuovo of May 1896, particularly that of 4
May 1896, in Bottazzini, Conte, Gario 1996, pp. 260–261.

51Castelnuovo,Il valore didattico della matematica e della fisica, cit., pp. 331–332.
52G. Castelnuovo,Risposta ad un’osservazione del Prof. Catania, Bollettino della Mathesis, 1913, pp.

119–120.
53G. Castelnuovo,Commissione internazionale dell’insegnamento matematico – Congresso di Milano,

Bollettino della Mathesis, 1911, pp. 172–184, and L’Enseignement Mathématique 13, 1911, pp. 461–468.
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evident: the importance attached to the formation of a “cultured democracy”, where
the sciences were considered as important as letters; and the need for an adequate
scientific and didactic training for secondary school teachers,54 for whom he, among
other things, made room in the activities of the Italian subcommission of the ICMI.

A final point that must be underlined is his firm opposition to the Gentile Re-
form, which led to his refusal to collaborate with the minister on drafting of the pro-
grams for secondary schools,55 and which was clearly explained in his report “Sopra
i problemi dell’insegnamento superiore e medio a propositodelle attuali riforme”,56

compiled for a commission of the Accademia dei Lincei, of which Vito Volterra was
president.

5. Federigo Enriques: Teacher training and scientific humanitas57

As is well known, after earning his degree Enriques’ aspiration was to spe-
cialise with Segre in Turin, but instead he was appointed to Rome where he began his
extraordinary fellowship with Castelnuovo. Their collaboration led to the publication
of important works on algebraic surfaces58 and developed into a lasting friendship.

However, Enriques did come to Turin, first in November 1892 for several weeks
and then from November 1893 to January 1894.59 The stay in Turin was intense from
a scientific point of view, but also inspired his first reflections on the foundations of
geometry, which he would later develop during the time spentin Bologna, where he
was called to teach projective and descriptive geometry. InJanuary 1922 he transferred
to Rome to teach complementary mathematics and then higher geometry, thanks to
Castelnuovo having renounced that professorship.

In addition to strictly scientific interests, the two friends also shared a pro-
found attentiveness to education, although they were motivated by different reasons.
While Castelnuovo’s engagement in educational issues sprang from social concerns,
Enriques’ involvement was rooted in his interests in philosophical, historical, and in-
terdisciplinary issues and his studies on the foundations of geometry. In 1896, the
teaching of projective geometry at the University of Bologna stimulated him to study
the genesis of the postulates of geometry, taking the psychological and physiological

54Regarding this point, see, for example,Atti del II Congresso della Mathesis - Società italiana di matem-
atica. Padova 20.23 Settembre 1909, Padova, Premiata Società Cooperativa Tipografica, 1909, pp. 42–43,
and Castelnuovo’sRelazione, appended to the minutes of the meeting of the Facoltà di Scienze Matematiche,
Fisiche e Naturali of the University di Rome of 14 March 1922, in Gario 2004, pp. 117–119.

55Assisting the minister in the preparation of the mathematics program was Gaetano Scorza, an active
member of the Mathesis Association and one of the Italian representatives in the International Commission
on Mathematical Instruction; seeRelazione del Congresso di Livorno, 25-27 Settembre 1923, Periodico di
matematiche, s. IV, 3, 1923, p. 465.

56See G. Castelnuovo,Sopra i problemi dell’insegnamento superiore e medio a proposito della attuali
riforme, in Castelnuovo,Opere Matematiche2004, cit. pp. 358–367.

57For further details about this, see Giacardi 2012.
58Brigaglia, Ciliberto 1995, Chap. 1, 4; Bottazzini, Conte, Gario 1996.
59See, for example, the letters of F. Enriques to G. Castelnuovo, November, 6, 9, 1892 and November,

23, 1893, in Bottazzini, Conte, Gario 1996, pp. 3-4 and p. 44.



The Italian School of Algebraic Geometry and the Teaching of Mathematics 437

studies of H. Helmholtz, E. Hering, E. Mach, W. Wundt, as his starting point.60

From the correspondence, writings and documents conservedin the archives of
the University of Bologna it is possible to see how already inthese early years Enriques
had turned his attention to the needs of education, stressing in particular the refusal
to resort to artifices in the proofs; the importance of using intuition; the connections
between elementary and higher mathematics; the use of the history of mathematics as
a tool for understanding the genesis of the concepts presented, and a unified vision of
science and culture.61

In the evolution of Enriques’ cultural project and his vision of mathematics
teaching, along with his experience in teaching, an important role was played by the
influence of Klein.62 During Klein’s second trip to Italy in 1899 the principal theme
of conversation was the psychological genesis of postulates63 and when Klein invited
him to write a chapter on the foundations of geometry for theEncyklopädie der math-
ematischen Wissenschaften, Enriques reached him in Göttingen in 1903 to discuss this
subject:

“In addition to talking about the foundations of geometry, we discussed
didactic issues at length, and in just a few hours I learned a great deal from
him about a lot of things I knew nothing about – specifically about the way
in which mathematics teaching is developing in England and Germany”.64

It was thanks to Klein’s that a German translation of Enriques’ Lezioni di geometria
proiettiva was published in 1903. In his introduction to this book, Klein expresses
particular appreciation for Enriques’ treatment of the subject, which “is always intu-
itive, but thoroughly rigorous”, and underlines the impactof this kind of research on
didactics, writing

“Italian researchers are also well ahead of us from a practical point of
view. They have by no means disdained exploring the didacticconse-
quences of their investigations. The high quality textbooks for secondary
schools which came out from this exploration could be made available to
a broader audience through good translations. And it would seem particu-
larly desirable in Germany when we consider that our own textbooks are
completely out of touch with active research”.65

60See F. Enriques,Lezioni di Geometria proiettiva. Bologna, Zanichelli 1898;Sulla spiegazione psi-
cologica dei postulati della geometria, Rivista di Filosofia 4, 1901, pp. 171–195 (rpt. Federigo Enriques,
Memorie scelte di Geometria, Roma, Accademia Nazionale dei Lincei, vol. II, 1959, pp. 145–161);Prob-
lemi della Scienza, Bologna, Zanichelli 1906; and F. Enriques to G. Castelnuovo, 4 May 1896, in Bottazzini,
Conte, Gario 1996, pp. 260–261.

61See, for example, Bottazzini, Conte, Gario 1996, p. 224; Chisini 1947, p. 119;Registri e Relazioni, in
Archivio Storico dell’Università di Bologna.

62See Nurzia 1979; Israel 1984; Giacardi 2012, pp. 223-229 andAppendix 2, “Letters to Klein”.
63F. Enriques to G. Castelnuovo, 28 March 1899, in Bottazzini,Conte, Gario 1996, p. 404.
64F. Enriques to G. Castelnuovo, 24 October 1903, in Bottazzini, Conte, Gario 1996, p. 536.
65F. Klein, Zur Einführung, in F. Enriques,Vorlesungen über projektive Geometrie, Introduction (Zur

Einfürung) by F. Klein. H. Fleisher, trans. Leipzig, Teubner, 1903 (2nd. ed. 1915), p. III.
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5.1. Enriques’ cultural programme and epistemological assumptions at the basis
of his idea of Mathematics Teaching

From the first years of the twentieth century Enriques had in mind a very pre-
cise cultural program, one in which active research in the field of algebraic geometry
and philosophical, psychological and historical reflections are all closely intertwined.
Enriques’ aim was to communicate to his intended audience – mathematicians, scien-
tists, philosophers, and educators – his vision of a scientific humanitasin which the
boundaries between disciplines were overcome and the abyssbetween science and phi-
losophy was bridged. The history of science constituted theway for achieving this end,
or at least it was the tool used by Enriques in his university courses from the very first
years, and over time gradually became a very important one inthe various initiatives
aimed at teacher training.

It is not easy to outline in a few strokes the epistemologicalvision on which
all of Enriques’ scientific work was founded, so I will confinemyself to indicating the
most important factors which inspired his idea of mathematics education.

– Enriques held a dynamic and genetic view of the scientific process, describing it
as a “process of continuous development, which establishesa generative relation-
ship between theories and perceives in their succession only an approximation
to truth.”66 In such a vision of science, errors become valuable as well, because
in the dynamic process of science truth and error are constantly mixed: “every
error always contains a partial truth that must be kept, justas every truth contains
a partial error to be corrected”.67

As a consequence of this idea, Enriques criticises the tendency to present a math-
ematical theory in strictly deductive manner, because in this way though it ap-
pears closed and perfect, it leaves no room for further discovery. Instead, teach-
ers should approach problems with a number of different methods, paying at-
tention to the errors which have allowed science to move forward and indicating
those questions which remain open as well as new fields of discovery.68

– These views on science are connected to Enriques’ conception of the nature of
mathematical research – typical of the Italian school of algebraic geometry –
as something aiming above all at discovery and particularlyemphasizing the
inductive aspects and intuition: ‘As a rule, the main thing is to discover . . . A
posteriori it will always be possible to give a proof’ . . . , [which] ‘translating
the intuition of the discoverer into logical terms, will provide everyone with the
means to recognise and verify the truth’.69

Much has been written on the working method of the Italian geometers, and

66F. Enriques,Scienza e razionalismo, Bologna, Zanichelli, 1912, p. 132.
67F. Enriques 1911,Esiste un sistema filosofico di Benedetto Croce?, Rassegna contemporanea, 4.6,

1911, pp. 405–418, at p. 417.
68See F. Enriques [Adriano Giovannini],L’errore nelle matematiche, Periodico di Matematiche 4, 22,

1942, pp. 57–65.
69F. Enriques, O. Chisini,Lezioni sulla teoria geometrica delle equazioni e delle funzioni algebriche, 4

vols. Bologna, Zanichelli, 1915–1934, II 1918, pp. 307, 318.
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about Enriques in particular, so here I will limit myself to underlining by means
of a quotation the importance that he attached to intuition in scientific research:

“The faculty which comes into play in the construction of science and
which thus expresses the actual power of the mathematical spirit is in-
tuition. . . . There are in any case different forms of intuition. The first
is the intuition or imagination of what can be seen. . . . But there is
another form of intuition that is more abstract, that – for example –
which makes it possible for the geometer to see into higher dimen-
sional space with the eyes of the mind. And there is also a sense of
formal analogies which, in the work of many analysts, takes the place
of the visual representation of things. . . . [I]ntuition protracts and sur-
passes itself in the unifying power of reason, which is not something
exclusive to the mathematician, but – in every field of science and
application – marks the greatest reaches of the spirit”.70

This belief is naturally reflected in the style of teaching, which should, accord-
ing to Enriques, take into account the inductive as well as the rational aspect
of theories. Logic and intuition represent two inextricable aspects of the same
process, therefore teachers should find the right balance between the two: the
important thing is to distinguish clearly between empirical observation and in-
tuition on the one hand, and logic on the other. Teaching should above all take
into account “large scale logic” (which considers the organic connections in sci-
ence), not so much the “small scale logic” (refined, almost microscopic analysis
of exact thought), and prepare young people gradually to develop a more refined
and rigorous analysis of thought:

“It is of no use to develop with impeccable deduction the series of
theorems of Euclidean geometry, if the teacher does not go back to
contemplate the edifice constructed, inviting the studentsto distin-
guish the truly significant geometric properties from thosewhich are
valuable only as links in the chain”.71

With regard to the fact that many Italian teachers resisted the introduction of
methods that were more intuitive and empirical, lamenting that a certain incom-
pleteness and a non-rigorous way of reasoning is inherent inthese, Enriques
observed with a touch of humour:

“Resisting the ideas that . . . relate to the eye, the ear, the sense of
touch, and seeing in sensations, not the doors to knowledge,but only
occasions for sinful errors, this strange chastity of mathematical lo-
gicians brings to mind Plotinus and those Christian ascetics of the
Middle Ages who were ashamed of having a body”.72

70F. Enriques,Le matematiche nella storia e nella cultura. Bologna, Zanichelli, 1938, pp. 173–174.
71F. Enriques,Insegnamento dinamico, Periodico di Matematiche 4, 1, 1921, pp. 6–16, at p. 10.
72Enriques,Le matematiche nella storia e nella cultura, cit, p. 145.
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– Moreover, for Enriques science is a “conquest and activityof the spirit, which
. . . merges in the unity of the spirit with the ideas, feelingsand aspirations which
find expression across all the different aspects of culture”73, so it is important
to establish links between scientific knowledge (mathematics, physics, biology,
etc.) and other intellectual activities (psychology, physiology, philosophy, his-
tory, etc.). In this Enriques ran counter to Croce and Gentile, the leading expo-
nents of Italian Neo-Idealism, who tended to devalue science, recognising in it
only a practical function and a role that was completely instrumental, and sep-
arating it from the world of philosophy and culture.74 For Enriques, the fact
that science does not have purely utilitarian goals does notimply a separation
between pure and applied science, but means that scientific research is valuable
in itself, and does not necessarily have to aim at applications. Like Klein, he be-
lieved it was useful and necessary to maintain close ties between abstract science
and applied sciences because pure sciences offer instruments that are needed for
the purposes of applied science, and in their turn, applied sciences perform func-
tions that are essential for stimulating the development oftheoretical sciences,
as history makes amply clear.75

As a consequence of this conviction, according to Enriques,the duty of the
teacher consists in inducing the students to acquire knowledge for themselves,
because only in this way can they arrive at the true comprehension of mathemat-
ics. So he suggests using the Socratic method, which consists in conversing with
them, acting ‘a little ignorant’ and, through dialogue and aguided search, lead-
ing them to a personal discovery of mathematical truth. Furthermore teachers
should transmit a unified vision of knowledge to their pupils, because only by
overcoming narrow specialisation can mathematics achieveits true humanistic
and formative value.

– Another central aspect of Enriques’ epistemological vision is his belief that sci-
entific developments can only be fully understood in their historical connection:

“A dynamic vision of science leads us naturally into the territory of
history. The rigid distinction that is usually made betweenscience and
history of science is founded on the concept of this [history] as pure
literary erudition; . . . But the historical comprehension of scientific
knowledge that aims at . . . clarifying the progress of an ideahas a
very different meaning. . . . Such a history becomes an integral part of
science.”76

Furthermore, history also offers the cultural legitimisation of the function of
mathematics, and thus for Enriques has a central educational role in both teacher

73F. Enriques,L’importanza della storia del pensiero scientifico nella cultura nazionale, Scientia 63,
1938, pp. 125–134, at p. 130.

74See for example, Israel 1984; Pompeo Faracovi 2006.
75F. Enriques,Il significato umanistico della scienza nella cultura nazionale, Periodico di Matematiche

4, 4, 1924, pp. 1-6, at p. 4.
76Enriques, Chisini,Lezioni sulla teoria geometrica delle equazioni, cit., I, p. XI.
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training as well as in teaching proper: future teachers should study the origins
of each theory, together with its developments, not some static formulation and
young people too should be “educated in the masterpieces of the masters”.77 The
history of science can also constitute an important auxiliary tool for education in
making it possible to better understand certain concepts orproperties.

5.2. The Battle for a Scientific Humanitas in the first decadesof the twentieth
century

Enriques used various strategies for carrying out his cultural project and impos-
ing his vision of a scientifichumanitas. These followed different lines depending on
context (world of culture, institutions, editorial projects, university courses) and the
intended audience (university professors, secondary school teachers, philosophers and
scientists in general). I will limit myself to mentioning the initiatives with the strongest
links to teaching.78

– In 1900 Enriques published theQuestioni riguardanti la geometria elementare,
specifically designed for teacher training purposes and inspired by Klein’sVorträge
über Ausgewählte Fragen der Elementargeometrie(1895). The topics treated
were congruence, equivalence, the parallel theory and non Euclidean geometry,
problems that could or could not be solved with straightedgeand compass, and
the constructibility of regular polygons. In fact, although for Enriques Euclidean
geometry remained “the most effective tool for educating the mind, the most
consistent with geometric reality”, he, like Klein, nevertheless believed that the
teaching of geometry could “take advantage of the progress made, in the field
of the elements as well, by a more mature criticism and recentdevelopments in
higher mathematics”, and that “the teacher entrusted with secondary school edu-
cation must possess a much broader knowledge of such progress so that his work
is inspired by much larger perspective”.79 This work also shows that Enriques
did not at all disdain “the microscope” (small scale logic),and that he was aware
of its usefulness in science, but while he held that questions about the founda-
tions were important for teacher training, he was convincedthat it was necessary
to maintain a knowing balance between rigour and intuition in secondary teach-
ing.80

– In 1903 Enriques published, with Ugo Amaldi, theElementi di geometria, the
first in a long and successful series of textbooks. The treatment followed a “ra-
tional inductive” method: beginning with a series of observations, the authors
enunciate certain postulates from which the theorems that depend on them are
developed by logical reasoning; from these theorems, they then continually re-
turn to observations or intuitive explanations. In this case as well Enriques ac-

77Enriques,Insegnamento dinamico, cit. p. 16.
78For further details see Giacardi 2012.
79F. Enriques,Questioni riguardanti la geometria elementare. Bologna, Zanichelli, 1900, pp. I–II.
80Enriques,Insegnamento dinamico, cit., p. 11.
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knowledged Klein’s influence,81 and Klein mentions this textbook in his essay
on geometry teaching in Italy,Der Unterricht in Italien, praising the authors for
having taken didactic requirements into consideration, thus reconciling logical
rigour and intuition.82

– In 1906 Enriques founded the Italian Philosophical Society and was its president
until 1913.

– In 1906 on the occasion of the congress of the Federazione Nazionale Inseg-
nanti Scuola Media held in Bologna, he explained his opinionregarding teacher
training. He then suggested the establishment of apedagogical degreein ad-
dition to thescientific degree: the first two years of study would be dedicated
to acquiring basic knowledge of the discipline, and by the end of that time, a
distinction would be made between those who intended to dedicate themselves
to research and those who wanted to teach. For the future teachers, the next
two years would be aimed at providing professional trainingby means of “1)
courses on those parts of science that aim at a more profound understanding of
the elements, 2) lectures on concrete questions of pedagogythat interest the var-
ious areas of teaching, particularly in relation to the analysis of the textbooks,
3) exercises comprising practice teaching, partly in the university and partly in
secondary schools, drawing, and experimental technique”.83

– In 1906, during the first International Congress of Philosophy in Milan, Enriques
proposed a project to reform the Italian universities, and in accordance with his
strategy, that same year explained his point of view to the middle school teachers
in Bologna, to the mathematicians and scientists in his 1908article in theRivista
di Scienza, and finally to university professors in 1911. His project had grown
out of the ascertainment of the defects of the Italian university system which had,
in his opinion, serious repercussions for research, teaching and the work world:
the lack of interaction between the various faculties; the excessive fragmentation
of disciplines with programs too heavy; the tendency of eachprofessor to defend
his own discipline favouring the pre-eminence of already consolidated areas of
research over those which were interdisciplinary or unexplored. The solution he
proposed was that of conjoining in a single faculty of philosophy all of the the-
oretical disciplines: mathematics, physics, physiology,history, law, economy,
etc., so as to “correspond to the synthesis required by renewed philosophical
consciousness and practical life, as opposed to the scientific-educational particu-
larism of the previous era”.84 He also proposed the institution of “special schools

81See F. Enriques to F. Klein, 10 January 1905, in Giacardi 2012, p. 263, and now also in Luciano, Roero
2012.

82F. Klein, Elementarmathematik vom höheren Standpunkte aus, I Arithmetik, Algebra, Analysis, II Ge-
ometrie, III PräzisionsundApproximationsmathematik. Berlin, Springer, 1925–1933 (1st ed. 1908–1909), II,
pp. 245–250.

83F. Enriques 1907,Sulla preparazione degli insegnanti di Scienze, pp. 69–78 inQuinto Congresso
nazionale degli insegnanti delle scuole medie. Bologna, 25-26-27-28 settembre 1906, Atti. Pistoia, Tip.
Sinibuldiana, p. 78.

84Quoted in Simili 2000, p. 114.
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of Application” which were to group together professional teaching aimed at a
specific career, the polytechnic schools for engineers and the polyclinical schools
for physicians, and the Scuole di Magistero for the trainingof teachers.

– In 1907 Enriques founded, with Eugenio Rignano, theRivista di Scienza(from
1910Scientia), “an international organ of scientific synthesis”, aimed at fighting
excessive specialisation in the field of science and puttingan end to the hege-
mony of literary and historic studies;85 his imprint is particularly evident in the
early years.

– In 1911 he organised the fourth International Congress of Philosophy in Bologna.

– From 1908 to 1920 he was Italian delegate to the ICMI, together with Casteln-
uovo and Vailati, who was substituted, after his death, by Gaetano Scorza.

– From 1912 to 1915 he was President of the National Association of University
Professors.

5.3. Institutional and editorial initiatives for teacher t raining

Enriques’ efforts and commitment to the training of teachers, and thus more
generally to the improvement of mathematics education in secondary schools, are truly
remarkable at both the institutional and the editorial levels.

– From 1919 to 1932 Enriques was president of the Mathesis Association. His de-
sire to open up to other sciences is evident in the new charterfor the association,
which, on 7 May 1922, welcomed teachers of physics into its ranks, and led the
society to assume a new name:Società italiana di scienze fisiche e matematiche
“Mathesis”. Under the leadership of Enriques, the number of members grew
from 775 in 1920 to more than 1,200 in 1924. Then, since in 1921thePeriodico
di Matematichehad gone back to being the association’s publishing venue, he
assumed its direction (1921–1937, 1946)86, giving it a strong imprint.

– From 1903 to his death he wrote many secondary school textbooks (for geome-
try, algebra, trigonometry, and infinitesimal calculus), in which he translates his
vision of mathematics teaching into practice, thanks also to the valuable collab-
oration of Amaldi.

– In 1923 he founded the National Institute for the History ofSciences and the
following year the University School for the History of the Sciences connected to
it with the threefold aim of giving an impulse to historical research, of achieving
his ideal of a scientifichumanitas, and of training mathematics teachers.

85See Linguerri 2005.
86From 1921 to 1934 he was co-director with Giulio Lazzeri. From 1938 to 1943 Enriques’ name does

not appear on the title page as a consequence of the racial laws passed in 1938. In 1946 he was co-director
with Oscar Chisini.
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– Enriques also fostered important and successful publishing projects. First of all
he broadened the 1900 work on elementary geometry, publishing hisQuestioni
riguardanti le matematiche elementari(2nd ed. 1912–1914, 3rd ed. 1924–1927),
a collective work whose declared aim was to contribute to thescientific and di-
dactic training of mathematics teachers, and offer a broader vision of the theories
and historical progress of mathematical science, but also to “illuminate the most
elevated research as well as open the fruitful field of historical investigation to a
larger number of scholars”.87 In carrying out this undertaking, he involved his
friends and colleagues and various secondary school teachers.
Less well known is the book series begun in 1925 by Enriques,Per la storia
e la filosofia delle matematiche, for which he also drew on the collaboration
of secondary school teachers. The idea behind the series came, as he himself
wrote, “from teaching experience at the Scuola di Magistero”;88 the series’ tar-
get audience was not only teachers, but also secondary school students and the
educated public in general. In the choice of the subjects Enriques particularly
favoured translations with commentaries, often accompanied by historical notes,
of works by important authors of the past (Euclid, Archimedes, Bombelli, New-
ton, Dedekind, etc.) which might be of relevance to mathematics teaching. In
fact he believed that:

“The training of mathematics teachers who are capable of carrying
out their educational responsibilities requires, generally speaking, that
they understand science not only in its static aspect, but also in its de-
veloping state; and thus that they learn from history to reflect on the
genesis of the ideas, and on the other hand, take an active interest in
research.”89

Each of these initiatives deserves to be presented in detail, but I will limit myself
to mentioning the change in style that Enriques impressed onthePeriodico di matem-
atichebecause it so aptly exemplifies his cultural project.90

The imprint of the fourth series, which began with the 1921 volume, is exquisitely En-
riques’, as evident starting with the title –Periodico di Matematiche. Storia - Didattica
- Filosofia– and continuing with the introductory sentence that appears on the inside
of the front cover of each issue of the journal:

“The Periodicopublishes above all articles regarding elementary mathe-
matics in a broad sense, and others that tend towards a wider comprehen-
sion of the spirit of mathematics. It also contains reports on movements
in mathematics abroad, notes on bibliographies and treatises, miscellany
(problems, games, paradoxes, etc.) as well as news of a professional

87F. Enriques,Prefazione, in Questioni riguardanti le matematiche elementari. Raccolte e coordinate da
Federigo Enriques. Bologna, Zanichelli 1924–1927 (Anastatic rpt. Bologna, Zanichelli 1983).

88F. Enriques,Gli Elementi d’Euclide e la critica antica e moderna (Libri I–IV), Rome. Alberto Stock,
1925, p. 7.

89Enriques,Le matematiche nella storia e nella cultura, cit. p. 190.
90For the other initiatives, see Giacardi 2012.
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nature, and finally, the Proceedings of the Italian Mathematical Society
Mathesis”.

According to Enriques’ project, thePeriodicowas intended to disseminate the idea of
mathematics as an integral part of philosophical culture, an idea he had always sup-
ported, as well as to fill the gap that existed in scientific education at that time in Italy.
For this reason he gave ample space to questions of methodology and philosophy, to el-
ementary mathematics from an advanced standpoint, to physics and to history of math-
ematics and science, availing himself of the collaborationof mathematicians, physicists
and historians of science (Ugo Cassina, Giulio Vivanti, Enrico Persico, Enrico Fermi,
Ettore Bortolotti, Gino Loria, Amedeo Agostini, etc.). Enriques also encouraged an
active collaboration on the part of mathematicians and young people “provided with a
solid scientific preparation”, but also on the part of “teachers who wished to offer the
contribution of their experience”.91

In the letter to the readers that opened the 1921 issue, he presented a working program
for the journal, which was at the same time a working program for teachers. The car-
dinal points are: teachers should study the science that they are teaching in depth from
various points of view, so as to master it from new and higher points of view, and thus
make evident the connections between elementary mathematics and higher mathemat-
ics; use the history of science in the attempt to attain, not so much erudite knowledge as
a dynamic consideration of concepts and theories, through which students can recog-
nise the unity of thought; bring out the relationships between mathematics and the other
sciences, and physics in particular, in order to offer a broader vision of science and of
the aims and significance of the many different kinds of research.92

This open letter was followed by Enriques’ famous article, “Insegnamento dinamico”,
which is almost a manifesto of his working program and of his particular vision of
mathematics education: active teaching, Socratic method,learning as discovery, the
right balance between intuition and logic, the importance of error, the historic view of
problems, the connections between mathematics and physics, elementary mathematics
from an advanced standpoint, and the educational value of mathematics.93

In his 1931 preface to the index of the first ten years of the second series of thePeri-
odico di matematiche, Enriques underlined with pride the role played by the journal in
teacher training:

“No other journal of this sort, in no other country in the world, has been
able to realise a program that is as lofty and attuned to the exigencies of
education and culture of teachers of middle schools.”94

Almost all of these last initiatives of Enriques, in the finalanalysis aimed at
creating a scientific humanism, took place after the GentileReform, when the Fas-

91Enriques,Ai lettori, Periodico di matematiche, 4, 1, 1921, pp. 1–5.
92Enriques,Ai lettori, cit., pp. 3–4.
93Enriques,Insegnamento dinamico, cit.; see also the new edition accompanied by essays by F. Ghione

and M. Moretti published by the Centro Studi Enriques: La Spezia, Agorà 2003.
94See “Indice generale Serie IV - Volumi I a X – Anni MCMXX-MCMXXX”, Periodico di matematiche,

(4) 11, 1931, pp. 3–21.
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cist period had well begun. In 1923 Giovanni Gentile, minister for Education in Italy’s
Fascist government, carried out a full and organic reform ofthe school system in accor-
dance with the pedagogical and philosophical theories he had been developing since the
beginning of the 1900s. As is well known, according this reform, the secondary school
system was dominated by the classical-humanistic branch, which was designed for the
ruling classes and considered absolutely superior to the technical-scientific branch. The
principles of Fascism and the neo-idealist ideology were opposed to the widespread
diffusion of scientific culture and, above all, to its interaction with other sectors of cul-
ture. Humanistic disciplines were to form the main culturalaxis of national life and,
in particular, of education. This point of view was, of course, opposed to the scientific
humanitasto which Enriques aspired. As president of the Mathesis Association, he en-
gaged in intense negotiation with Gentile, both before and after the law on secondary
education was enacted, in the hope of avoiding the devaluation of science teaching.
However, the pleas of the Mathesis fell on deaf ears.

Unlike Volterra and Castelnuovo, who were in absolute opposition to the Gentile
Reform, Enriques assumed and maintained a conciliatory position. In fact, his ideal
was to achieve a fusion between “scientific knowledge” and “humanistic idealism” in
a “superior awareness of the universality of thought”.95 However, he was opposed
to all forms of nationalistic isolation, as is shown, for example, by the organisation
of the international meeting entitled “Settimana della Scuola di Storia delle Scienze”
(Rome, 15-22 April 1935). Among the participants, in addition to lecturers at his
School for the History of the Sciences (Roberto Almagià, Silvestro Baglioni, Giuseppe
Montalenti, Giovanni Vacca), there were Castelnuovo, Enrico Bompiani and Giuseppe
Armellini and twenty-six members from London’s Unity History School as well as
scholars from other European countries, including the Belgian Paul Libois, who would
draw various aspects of his own vision of mathematics teaching from Enriques, and
the French historian Hélène Metzger, who shared Enriques’ unitary concept of science.
The topics addressed ranged from philosophy to the history of physics, astronomy,
biology and technology, and the debate was lively, as can be seen from the detailed
summary of the week’s activity written by Metzger herself.96

During the same period Enriques also participated in the meetings (Paris, Vi-
enna, Berlin) and congresses (Heidelberg, 1927; Barcelona, 1929; Paris, 1933; Bu-
dapest, 1934; Zurich, 1938) of theFédération internationale des Unions intellectuelles,
in addition to various other international congresses of philosophy, history of philoso-
phy and philosophy of science: it was no coincidence that Enriques remained in contact
with theFédérationwhose aim was to promote international cultural exchange. He also
directed two sections –Philosophie et histoire de la pensée scientifique and Histoire de
la pensée scientifique– of the book seriesActualités scientifiques et industriellespub-
lished by Hermann in Paris. Between 1934 and 1939 eight volumes were published in
the first series, with the collaboration of Metzger, Ferdinand Gonseth and Castelnuovo,
and six in the second series, written in collaboration with Giorgio de Santillana.

95Enriques,Il significato umanistico della scienza nella cultura nazionale, cit. p. 4. See also Israel 1984,
Guerraggio, Nastasi 1993, Pompeo Faracovi 2006

96See Metzger 1935.
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Up the end in 1946 Enriques fought his battle for a scientific humanitas and
was involved in teacher training, which he believed to be thecrucial element for the
formation of good schools and one of the channels for achieving his cultural project.

6. Francesco Severi: politics and education.

Graduating with Segre in 1900, Severi was, as is well known, atop level mathe-
matician who made very significant contributions in the fieldof algebraic geometry as
well as various other areas in mathematics, which earned himnumerous prizes, recog-
nitions and prestigious positions over the course of his career.

Two factors are of prime importance for fully understandingSeveri’s stance with
regard to education: his singular political path, and his relationship, first of collabora-
tion and then of conflict, with Enriques.
Severi was a socialist during the period he was in Padua; as rector in Rome, he re-
signed after the murder of Giacomo Matteotti; he was a signerof Benedetto Croce’s
Manifesto of the Anti-Fascist Intellectuals; and a supporter of those who opposed the
fascistization of the University of Rome. Nevertheless, following his nomination to the
Accademia d’Italia in the spring of 1929, he supported Fascism without reserve and
later had no compunction about using the racial laws to assume absolute control over
Italian mathematics.
His collaboration with Enriques began right after his degree, intensified during the pe-
riod in which Severi was Enriques’ assistant in Bologna, andreached its peak in their
work on hyperelliptic surfaces, which was awarded the Prix Bordin of the Académie
des Sciences in Paris (1907). In the years that followed their relationship was increas-
ingly marked by divergences on scientific, academic, editorial and cultural levels.97

6.1. Enriques’ influence and successive rivalries

To be sure, the influence of Enriques is one of the principal factors underlying
Severi’s interests in mathematical epistemology and teaching. To see this we need only
look at the writings and events of the period from 1902 to 1920. In 1906 Severi pub-
lished hisComplementi di geometria proiettiva(1906) as an integration to Enriques’
Lezioni di geometria proiettiva(1903). The two textbooks were born in symbiosis, and
Severi accepted the epistemological and didactic vision ofhis mentor. Between 1906
and 1920 he wrote various articles and reviews98 which also demonstrate an acceptance

97Cf. Brigaglia, Ciliberto 1995, pp. 24–32 and 36–41; the essays of Brigaglia, Ciliberto and Vesentini,
in Pompeo Faracovi 2004.

981903,Estensione e limiti dell’insegnamento della matematica, in ciascuno dei due gradi, inferiore e
superiore, delle Scuole Medie, Il Bollettino di Matematica, 2, pp. 50–56 (with F. Enriques and A. Conti);
1906, Review ofF. Enriques, “Problemi della scienza”, Rivista di filosofia e scienze affini, 8, 2, pp. 527–
541; 1908, Review of G. Loria,“Il passato e il presente delle principali teorie geometriche”, Rivista di
Scienza, 4, pp. 376–378; 1910,Ipotesi e realtà nelle scienze geometriche, in Atti della Società Italiana per il
Progresso delle Scienze, 3, pp. 191–217 (also in Scientia, pp. 1-29 and the French translation in Suppl. pp.
3-32); 1911,La nostra scuola, Padova; 1914,Razionalismo e spiritualismo, Conferenze e prolusioni, 10, pp.
181–189; 1919,La matematica, Energie Nuove, 9, pp. 196–199; 1920,L’istruzione professionale, in Atti del
Congresso degli Agricoltori e Bonificatori, Padova.
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of many of Enriques’ methodological assumptions: knowledge proceeds by successive
approximations; geometry is seen as a part of physics; the historical and psychological
genesis of mathematical concepts; the importance of analogies and induction in dis-
covery; the use of an experimental, intuitive approach in mathematics teaching.
In particular, in the 1914 article entitled “Razionalismo espiritualismo” Severi sided
with Enriques against the idealism of Croce, proclaiming the cognitive and aesthetic
value of science and illustrating the harmful consequencesof the “movement against
science” on the levels of society and education.99

Severi’s burning ambition to occupy top level positions within the mathematical
and academic communities inevitably led to his first clasheswith Enriques on scien-
tific, academic and personal planes. He knew how driven he was; he himself said, “My
will is tenacious to the point of obstinacy”.100

When, in 1909, he became president of the Mathesis Association, Severi attempted to
insert himself into the work of the Italian subcommission ofthe ICMI, whose three
delegates at the time, nominated directly by ICMI Central Committee, were, as we
have said, Castelnuovo, Enriques and Vailati. In fact, the Mathesis Association was
not officially part of the delegation. To reach his objective, Severi sought the support
of Volterra, and even suggested that Vailati should be encouraged to resign: “. . . poor
Vailati, afflicted as he is by his long illness, might do well to step down . . . and then
much could be put to rights by having a replacement elected bythe Mathesis”.101 His
attempts to impose himself were not successful because Enriques and Castelnuovo
believed that it was important that the subcommission, while collaborating with the
Mathesis, maintain its “freedom to act” and not be obliged toconform to the directives
of the Association.102

This first setback was followed by another. During his term aspresident, Severi sent
repeated requests (January 1909, February and April 1910) to the different Ministers
for Education at the time asking them to consider the proposals of the Mathesis re-
garding the reform of the Scuole di Magistero for teacher training, the abolition of the
choice between Greek and mathematics beginning in the second year of liceo that had
been introduced by the Orlando Decree of 1904, and the reinstatement of the written
exam in mathematics for all categories of schools. Severi was able to obtain from the
Minister only a few general promises, and in all likelihood these setbacks drove him to
look for different ways to achieve his ends and impose his power on the mathematical
and academic communities. Thus on 6 November 1901 he announced his resignation
and that of the Mathesis executive committee:

“And we intend to communicate our decision to the largest daily newspa-
pers, so that public opinion will pause, at least for a moment, to consider
whether the slight regard in which cultural Societies, suchas ours, are
held by executive power, constitutes the most suitable means for stimulat-
ing that disinterested attachment to Education, which, despite everything,

99F. Severi,Razionalismo e spiritualismo. Conferenze e prolusioni, 10, 1914, pp. 181–189, at p. 187.
100F. Severi,Confidenze, La scienza per i giovani, 1952, II, pp. 65–69, at p. 69.
101F. Severi to V. Volterra, Padova, 20 April 1909 in Nastasi 2004, p. 180.
102See the letters of Severi to Volterra in Nastasi 2004, pp. 176–181.
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teachers still show themselves to hold.”103

In any case, Severi deserves the credit for having put his finger, during his brief
term as president, on the two main weaknesses of the Mathesis, calling for, on one hand,
the reform of theBollettino della Mathesis, which was supposed to be transformed from
a simple administrative tool into a journal with articles about science and education,
and on the other hand, a strengthening of the Association’s congresses, which were
to offer rich programs and, above all, fighting absenteeism.104 His wishes would be
carried out by the presidents who succeeded him, first Castelnuovo and then Enriques.

After Croce’s sharp attack on his article “Razionalismo e spiritualismo”,105 Sev-
eri began to distance himself from Enriques, which led to scientific and cultural battles
to dominate Italian mathematics. These, as has been said, led to a genuine “pursuit”
on scientific, academic, educational, editorial and cultural planes.106 In 1921 Severi
brought to light an error in an article of Enriques, leading to a polemic that would last
over twenty years.107 That same year, supported by Tullio Levi Civita, Severi had the
better of Enriques for the transfer to Rome to the chair of algebraic analysis left va-
cant by Alberto Tonelli. Enriques would assume the chair in higher geometry in 1923,
thanks only to Castelnuovo’s renunciation of it.108

Quick to understand the mechanisms of political power and exploit them to his
own advantage, with his nomination to the Accademia d’Italia in 1929,109 Severi went,
as mentioned above, from being an anti-Fascist to being a fervent Fascist. In 1929-1931
he had no qualms about collaborating on the draft of a new formof oath of loyalty to
the Fascist party.110 He then began to cooperate in the process of the fascistization
of culture, contributing to widen that breach between Italian mathematicians and the
international mathematics community which was one of the reasons for the weakening
of mathematics research in Italy that ensued. When he later became conscious of this
fact, he attempted to halt the process of decline by creatingin 1939 of the Istituto di
Alta matematica (Institute for Higher Mathematics).111

On this aspect of Severi’s personality, Francesco Tricomi wrote:

“Severi . . . wanted to be (and to a certain extent, was) the ‘godfather’ of
Italian mathematics during the Fascist period. We in any case have the
consolation of knowing that — while, as a rule, totalitarianregimes put

103SeeDimissioni del CD, Bollettino della “Mathesis”, 2, 1910, p. 90.
104SeeSezione veneta, Adunanza del 20 maggio, Bollettino della Mathesis, 1, 1909, pp. 31–32, and

Programma del prossimo Congresso sociale, Ibid., pp. 51–52.
105B. Croce,Se parlassero di matematica?, La Critica. Rivista di letteratura, storia e filosofia, XII,1914,

pp. 79–80.
106See Faracovi 2004, especially the essays of Vesentini, Ciliberto, Brigaglia, Bolondi, Faracovi and

Linguerri.
107Brigaglia 2004, pp. 66–77, Ciliberto 2004, pp. 44–49.
108See T. Nastasi 2010, Appendice 2,Il trasferimento di Enriques a Roma.
109Enriques’ name was included on the early list of candidates ofscientific disciplines but was stricken at

the last moment; see Goodstein 1984, p. 294.
110F. Severi to G. Gentile, Barcelona, 15 February 1929, in Guerraggio, Nastasi 1993, pp. 211–213.
111On the effects of his activities on Italian research in mathematics, see for example, Israel 1984 §5–6;

Guerraggio, Nastasi, 1993; Israel 2010, Chap. 6.
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the worst elements in positions of control, only because they are violent or
subservient or both — in the case of Severi, the man was, from ascientific
point of view, irreproachable”.112

The “Severi case” has been amply studied by historians, so here I will only mention
Severi’s open opposition to Enriques. He refused to collaborate with theEnciclopedia
italiana on the mathematics section, of which Enriques was director,writing: “with
a man such as Enriques, . . . I can no longer have anything in common, much less a
relationship akin to subordination.”113 He opposed the request that university chairs be
established for history of science, presented by Enriques to the Accademia dei Lincei
in 1938.114 That same year Italy’s shameful racial laws were put into effect, and Severi
unhesitatingly exploited them in order to rise to a positionof absolute predominance
in Italian mathematics. In fact, when Enriques was dismissed from the University
because of the racial laws against Jews, he immediately transferred to the chair of
higher geometry held by Enriques, and in February 1939 he assumed direction of the
University School for the History of the Sciences created byEnriques, leading finally
to its closure. As president of the Vallecchi publishing house in Florence, he took
advantage of the circular issued by Minister of Education Giuseppe Bottai in August
1938, which ordered school principals to eliminate from useall textbooks written by
Jewish authors, to replace the geometry textbooks for secondary schools by Enriques
and Amaldi with his own textbooks, published by Vallecchi.115

Severi’s opinions regarding the Gentile Reform were in manyrespects similar
to those of Enriques: he was convinced of the superiority of theginnasio-liceo,116 he
was in favour of combining mathematics and physics but held that too few hours were
dedicated to mathematics, and that the number of hours assigned to teachers (22) was
too heavy.117 There were however points where their opinions differed: Severi tended
to share the nationalistic and autarchic vision of scientific research,118 while Enriques
instead observed:

“In scientific discovery there is . . . a universal value that transcends the
person of the discoverer, and also the forma mentis that he may have re-
ceived from his people. . . . greatness and decline of culturealternate to the

112Tricomi 1967, p. 55.
113F. Severi to G. Gentile, Arezzo 24 May 1928, in Guerraggio Nastasi 1993, pp. 209-210; see also G.

Bolondi, Enriques, Severi, l’Enciclopedia Italiana e le istituzioni culturali, in Pompeo Faracovi 2004, pp.
79–106.

114Enriques,L’importanza della storia del pensiero scientifico nella cultura nazionale, cit.
115S. Linguerri,Federigo Enriques e Francesco Severi: una concorrenza editoriale, in Pompeo Faracovi

2004, pp. 151-154.
116Riunione straordinaria promossa dal consiglio direttivo,Roma 11 febbraio 1923, Periodico di Matem-

atiche, 1923, pp. 156–157.
117See F. Severi,L’insegnamento della geometria nei suoi rapporti colla riforma, Annali dell’istruzione

media, 3, 1927, pp. 108–116, at p. 116.
118See, for example, F. Severi,Scienza pura e applicazioni della scienza, in Atti del I Congresso

dell’Unione Matematica Italiana, Zanichelli, Bologna, 1937, pp. 13–25; also in Scienza e tecnica, 1, 1937,
n. 4, pp. 8-1-89, at p. 89; F. Severi,Interventi al Convegno di Padova per l’istruzione media, classica,
scientifica e magistrale, Scuola e cultura,1939, pp. 62–65, at p. 65.
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extent that the exchange of ideas with other peoples, near orfar, in space
and time, either grow and intensify, or oppositely, weaken.”119

How Severi adapted himself to Fascist directives can also beseen in hisCurriculum
vitae, where he states that he “had contributed also with his textbooks concerning
the most elementary fields of mathematics, to renovate teaching methods” in middle
schools, “adapting them to new lines of knowledge and new pedagogical needs deter-
mined by Fascism”.120 On the other hand, Gentile, in the preface to one of Severi’s
geometry textbooks wrote:

“I am pleased to see that books such as these by Prof. Severi are beginning
to be published for the study of mathematics in middle schools.
The new Italian school must be an active school, one which sets, at all
levels and in all forms of teaching, the student’s spiritualstrengths into
motion, allowing him to feel the fatigue and joy of understanding for him-
self, of discovering for himself and acquiring his own truth. . . And to me
these books seem to correspond wonderfully to our desire that these sub-
jects as well . . . be presented in the most suitable form for beginners: the
heuristic form of the concept arrived at by means of intuitions that are
concrete, evident and attractive.”121

Furthermore, when in 1939 the Grand Council of Fascism approved the twenty-nine
declarations contained in theCarta della Scuola(School Charter) presented by Min-
ister of Education Bottai with the aim of further fascistizing Italian schools, Severi
declared that he agreed “to every single part of it”.122

6.2. Mathematics teaching: methodological assumptions andtheir effects on text-
books

This said, the cornerstones of Severi’s methodological andpedagogical vision
were nevertheless very close indeed to those of Enriques, although the epistemological
considerations upon which they were founded were not as broad and detailed:

– secondary school must have an essential formative aim and a“frank humanistic
basis”; to these ends mathematics plays an important role because it trains the
faculties of intuition and abstraction and develops an aptitude for “observing,
abstracting, and deducing”;123

119F. Enriques,L’Italia nella collaborazione universale della cultura, Nuova Antologia, s. 7, 247, 1926,
pp. 129–134, at p. 132, 133.

120F. Severi, Curriculum vitae (1938-XVI), in http://dm.unife.it/matematicainsieme/

riforma_gentile/pdf/Gentile09.pdf.
121F. Severi,Elementi di geometria pel ginnasio e pel corso inferiore dell’istituto tecnico, Volume I,

Firenze, Vallecchi, 1926, p. V.
122Severi,Interventi al Convegno di Padova, cit. p. 63.
123F. Severi,Relazione al Convegno di Firenze per l’istruzione classicascientifica e magistrale, Scuola e

cultura, 1940, pp. 70–73, at p. 72–73.
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– humanism must not be disjoined from scientific thought, in fact true humanism
is integral by nature124 – thus it is necessary to transmit to the student a unitary
vision of culture, and scientific, historic, literary and philosophic teaching must
be “maintained in the same plane”;125

– mathematics teaching must have an intuitive character in lower middle schools
and a rational character in upper middle schools, proceeding by “successive ap-
proximations” from the concrete to the abstract, and allowing time for the ideas
to “filter slowly through the brains, if it is desired that they leave traces that are
useful and lasting”.126 In any case, in teaching precedence must be given to in-
tuition because it develops in a way that is natural and direct, as a “synthesis
of sensations, observations and experiences”, almost without any wilful effort at
attention on the student’s part,127 and because only intuition provides the raw
material to the logical machine:

“[students are] taught to reason . . . by reasoning well; not by dissect-
ing the reasoning”;128

“It is necessary to take middle school teaching of mathematics back
to its practical and intuitive origins; and this not only forpractical rea-
sons (which in middle school could have no prevailing weight), but
above all precisely for the educational goals of secondary studies;129

– it is important to use “the utmost parsimony in formulatingprograms, reducing
them for each discipline to things which are truly essentialand which have un-
questionable educational value”.130 In particular, Severi suggests abandoning
the cyclical method by which subjects already treated in an intuitive way in mid-
dle schools are repeated in a rationally developed way in secondary schools, and
to “bring teaching closer to the current state of science”;131

– it is useful for teachers to link mathematics teaching to that of physics in order
to “give new impetus to their own teaching by means of continuous and fruitful
contact with the real world”;132

– the teacher must play a central role in guiding the student in learning:

“Having discovered the main path [to learning], it is necessary to
travel it anew, and to clear away the difficulties that are tooserious

124F. Severi,Relazione al Convegno di Messina per l’istruzione media, classica, scientifica e magistrale,
Scuola e cultura, 1940, pp. 136–138, at p. 137.

125Severi,Relazione al Convegno di Firenze, cit., p. 70.
126F. Severi,La matematica, Energie nove, II serie, 9, 1919, pp. 196–199, at p. 197; see also F. Severi,

Didattica della matematica, Enciclopedia delle Enciclopedie: Pedagogia, Roma, Formiggini, 1931, pp. 362–
370, at p. 365.

127Ibid., p. 198.
128Severi,Didattica della matematica, cit., p. 368.
129Ibid., p. 368.
130Severi,Relazione al Convegno di Messina, cit. p. 138.
131Severi,Relazione al Convegno di Firenze, cit. p. 72, 73.
132Severi,Didattica della matematica, cit., p. 365.
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for non-experts, so that the student can travel them along with us,
following us, without excessive effort, in the process of constructing
knowledge”;133

– it is necessary to stimulate “the youthful desire for conquest”, to involve the
students in the process of constructing knowledge and exhort them to acquire
mathematical truths for themselves: “allowing them to find everything nice and
ready, does them no good”;134

– the history of science can play a significant educational role: Severi, like En-
riques, believed that in order to facilitate students’ comprehension of certain
mathematical concepts it is useful to take their historicalorigins as a point of
departure,135 and he himself used history in his lessons at university136 as well
as in the courses of specialisation:

“don’t forget the masters, because an ingenious idea is worth more in
creative power than all of its consequences. And in order to follow
the thought of the masters it is necessary to not distance ourselves
from historical development of the ideas and from that troublesome
but indispensable instrument, the bibliography.”137

A brief overview of the way in which Severi conceived mathematics teaching
appears in the entry “Didattica della matematica” that he wrote for theEnciclopedia
delle Enciclopedie(1931), which includes an historical excursus about the teaching of
this discipline in Italy that goes from the use of the textbooks by Legendre and Bertrand
at the beginning of the nineteenth century up to the Gentile Reform.

How this vision of teaching is translated into practical terms emerges above all
from the textbooks for lower and upper secondary schools, which constitute Severi’s
most important and lasting legacy regarding secondary teaching. Beginning in 1926, he
directed the book series entitledCollezione di testi di matematica per le scuole medie
for the Vallecchi publishing house in Florence. The series included textbooks for ge-
ometry, arithmetic, algebra (with trigonometry, financialmathematics and infinitesimal
analysis), which were often written in collaboration with two teachers, his niece Maria
Mascalchi138 and Umberto Bini.139 The distinguishing features of the books in this

133F. Severi,Elementi di geometria pei licei e pel corso superiore dell’istituto tecnico, Volume II, Firenze,
Vallecchi, 1927, p. V.

134Ibid.
135See for example Severi,Didattica della matematica, cit., pp. 362-370.
136See R. Migliari,L’insegnamento della Geometria Descrittiva e delle sue applicazioni, in La Facoltà di

Architettura di Roma “La Sapienza” dalle origini al duemila. Discipline, docenti, studenti, a cura di Vittorio
Franchetti Pardo, Roma, Edizioni Gangemi, 2001, pp. 279–282.

137F. Severi,Del teorema di Riemann-Roch per curve, superficie e varietà.Le origini storiche e lo stato
attuale. Varenna, CIME 1955, Roma, Istituto matematico dell’Università, 1955, p. 38.

138Maria Mascalchi (1902-1976), with a degree in mathematics at the University of Turin in 1923, and
in physics in 1931, obtained in 1928 the chair in mathematics and physics at the Liceo classico d’Azeglio
in Turin. See Archivio Storico of the University of Turin andthe Archivio storico of the Liceo classico
d’Azeglio in Turin.

139Umberto Bini taught at the R. Liceo scientifico in Rome.
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series are the use of an intuitive approach, but with due attention to rational aspects,
suitably arranged according to school level and type of school, brevity of treatment,
mentions of history of mathematics, questions to facilitate learning, good exercises,
clarity, precision and conciseness. In particular, the textbook entitledElementi di ge-
ometria, adapted for the various types of schools, is distinguishedby its particular
approach to the principal topics of geometry (congruence, equivalence, the parallel
theory, theory of proportions), as well as for the methodological framework dictated
by the concern that the student not overlook the intuitive underpinnings of each notion
introduced.

Rather than going into detail regarding the individual textbooks, I will mention
only the numerous reflections of Severi scattered throughout his writings regarding the
criteria to be respected in order to produce a good mathematical textbook.140

First of all, with regard to the use of textbooks, Severi observes that while in primary
school teaching of geometry and arithmetic must be essentially oral, and “the impor-
tance of the textbooks is minimal”,141 “in secondary schools the advice to follow the
texts, without the deplorable system . . . of taking notes, must be strictly respected”.142

In general, “the exposition of the subject must . . . allow it to be assimilated by mediocre
minds and yet encompass a more hidden meaning, which inducesbetter minds to more
profitable meditation”;143 the treatment must be rich in intuitive observations, and must
make “clearly distinguishable, for those who have the capacity, that which is taken from
intuition and that which must be deduced”.144

With regard to the kind of language to be adopted, it is necessary that “particular
care be taken, both from the point of view of correctness, sobriety, correspondence
between word and idea, and that of simplicity”.145

Concerning proof, according to Severi this must be presented at the first stage
as equivalent “to a reduction to the evidence”, and the postulates must appear to the
students as “explicit expressions, which could have remained unstated, of intuitive
facts”:146 it is not necessary that the purely logical function of thesebe understood.
Rigour can be arrived at gradually, taking care to give greater importance to “rigour
in substance” – in line with which the framework of the treatment must appear to be
“impeccable from a rational point of view” – rather than to “formal rigour”.147

140See Giacardi, L., Tealdi, A.,Francesco Severi and mathematics teaching in secondary schools. Sci-
ence, politics and schools in the first half of the twentieth century, in “Dig where you stand” 3. Proceeedings
of the Third International Conference on the History of Mathematics Education, K. Bjarnadóttir, F. Fur-
inghetti, J. Prytz, G. Schubring (Eds.), Uppsala: Uppsala University, 2015, pp. 187-202.

141Severi,Didattica della matematica, cit., pp. 368–369.
142Severi,Relazione al Convegno di Firenze, cit. p. 71.
143F. Severi,Elementi di geometria I pel ginnasio e pel corso inferiore dell’istituto tecnico, edizione

completa, 4o ristampa, Firenze, Vallecchi, 1933, p. IX.
144Severi,Didattica della matematica, cit., p. 368.
145F. Severi, M. Mascalchi,Nozioni di Aritmetica pratica, con cenni storici per il1o e 2o anno della

Scuola media, (con M. Mascalchi), Firenze, Vallecchi, 1941, p. 1.
146F. SeveriElementi di geometria pel ginnasio e pel corso inferiore dell’istituto tecnico, Firenze, Vallec-

chi 1926, pp. VIII, IX.
147Ibid., p. VIII.
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Another point which Severi particularly emphasises is the importance of having
opportune explanations precede the definitions of the mathematical objects:

“I have taken the most scrupulous care to avoid definitionsex abrupto.
These are most irksome. I do not give definitions without an appropri-
ate prelude . . . And I have no fear of being verbose. . . . The time given
to a good understanding of the meaning of a definition is . . . excellently
spent, always . . . He [the student] must construct the definitions himself,
beginning with the common sense notions that he possesses”.148

Finally, Severi was a fervent supporter of the need for brevity of treatment, stripping it
of anything that is not essential to the comprehension of thestructure of a mathematical
theory, with the aim of both “reducing the burden of the students, without damaging the
educational function of the teaching of mathematics, and geometry in particular”,149

and of making room for more modern topics. Nevertheless, he emphasises that “sim-
plicity and clarity deriving from implied statements, thatare neither educationally nor
scientifically honest, are not what I aspire to, and nothing could induce me to introduce
such an approach into my work”.150

Conclusions

From our examination of the commitment to questions regarding mathematics
teaching of these four eminent exponents of the Italian School of algebraic geometry
emerges a core set of shared assumptions whose roots lie in their common way of
conceiving mathematical research, and which constitute anadditional indicator of the
appropriateness of the term “School” in speaking of the Italian geometers. Using the
word “School”, we are referring both to a group of researchers trained by the same
maestri, from whom they draw topics of investigation, methodologies, approaches to
research and a particular scientific style, and a place wheretalents are developed and
contacts made, as well as an environment, as we have tried to show, in which a common
vision of the transmission of knowledge matures, while still considering the opportune
distinguo.

Thus, if we attempt to draw a conclusion from their multifaceted activities and
provide a comprehensive overview, we first of all observe that the common vision
of scientific research, and the influence of Klein, so clearlydocumented above all in
Segre, Enriques and Castelnuovo – who were able to meet him personally and work for
some time alongside him – led these mathematicians to share the following pedagogical
assumptions:

– the attribution of an educational value to mathematics, inthe hope of creating a
scientifichumanitas(an integral humanism);

148Severi,Elementi di geometria I pel ginnasio e pel corso inferiore dell’istituto tecnico, 1933, cit. p. X.
149F. Severi,Geometria, Volume I, Firenze, Vallecchi, 1934, p. V.
150Ibid., p. VII.
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– using to the best of their advantage the faculty of intuition and the heuristic
procedures in teaching;

– aiming at rigour in substance (large-scale logic), ratherthan formal rigour (small-
scale logic, microscope, etc.);

– the establishment of connections between mathematics andother sciences, and
between mathematics and applications;

– the attribution of importance to the history of mathematics in teaching and in
research.

These were the assumptions that directed their activities in education, in spite
of the fact that their motivations and even the strategies they employed sometimes
followed different channels.

For Segre it was above all the intimate connection that he sawbetween teach-
ing and research that led him to become personally involved in teacher training, and
at the same time present to his university students topics that were useful for teach-
ing. Instead, Castelnuovo’s motivation was mainly social,because he believed it was
important to train people to be capable of understanding thereality in which they live
and work in order to improve it. His idea for theliceo modernogrew out of his belief
in a cultured democracy, one capable of providing the basis of a modern nation. The
channels he used to make his ideas concrete were essentiallythree: involvement with
national and international institutions – ICMI, the Mathesis Association, the Ministry
of Education; teaching university courses; and directly involving teachers.

What led Enriques to become involved in problems of educationand in sec-
ondary teaching were his strong philosophical, historicaland interdisciplinary interests,
especially the studies on the foundations of geometry. He adopted a range of strategies
and, as we have seen, worked on different fronts: institutional, editorial (periodicals,
book series, textbooks), and cultural. Further, he addressed his activities to different
categories – secondary school teachers, researchers, philosophers, scientists, people of
culture – asking for their cooperation. His direction of thePeriodico di Matematicheis
significant in this respect.

Severi’s intellectual itinerary was of yet a different nature: his interest in prob-
lems concerning the secondary teaching of mathematics was inspired both by his re-
lationship, first of collaboration and then of rivalry for leadership, with Enriques, and
by political reasons. After his unsuccessful bid to insert himself into the ICMI, and
the sparse results of his presidency of the Mathesis Association, Severi supported the
school policies of the Fascist regime, while holding firmly to the pedagogical assump-
tions of the Italian School of algebraic geometry. His channel of choice for improving
mathematics teaching was the publishing of schoolbooks, and as might be expected
of such a great mathematician, he produced textbooks that were paragons of clarity,
precision and conciseness.

To a much greater extent than Segre, Castelnuovo and Severi,and above all En-
riques, took special advantage of journals to spread their point of view. Castelnuovo,
during his presidency of the Mathesis Association, used theBollettino della Mathesis
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to further his agenda, inserting reports on the work of the Italian subcommission of
the ICMI. Without relying on any particular periodical, Severi published his reflections
on teaching in different journals aimed at diverse readerships: before 1923,Rivista
di Scienza, Energie Nuove, Rivista di filosofia e scienze affini, and after 1923,Annali
dell’istruzione media, L’illustrazione italiana, and above allScuola e cultura, a maga-
zine that was particularly supportive of the Fascist Regime. It was, however, especially
Enriques who exploited periodicals to his advantage in spreading his idea of scientific
humanitas: for the Rivista di Scienza(later namedScientia) he wrote no fewer than
22 articles, 63 reviews and 25 digests of magazines, and to the Periodico di matem-
atichehe contributed 26 articles, 33 reviews and numerous other interventions in his
role as president, covering topics in mathematics, philosophy, history of science, and
education.

Finally, these mathematicians differed in their reactionsto the Gentile Reform
and to the problems of the devaluation of science and the autarchy touted by Fascism.
We have seen that Castelnuovo always maintained an attitudeof determined opposition,
while Enriques, even while continuing to uphold the educational and cultural value of
mathematics, maintained a conciliatory position. In fact,he agreed with Gentile on
many points: he was convinced that among the various kinds ofsecondary schools,
those which best performed the function of education were the ginnasi-licei(schools
with an emphasis on the humanities); he conceived of knowledge as a personal con-
quest; he was in agreement with the need to fight encyclopaedism and he considered
education to be the free and unfettered development of innerenergy. Moreover, as
we mentioned above, he did not want to renounce his idea of thefusion of scientific
knowledge and humanistic idealism which was the basis of thecultural program he had
dedicated his whole life. With regard to the ideological tendency of the Fascism to give
pre-eminence to applied sciences as a means of solving problems arising from autarchy,
Enriques never abandoned his idea of linking pure mathematics to its applications, even
though this originated primarily from philosophical and didactic considerations. More-
over, he did not share the principle of autarchy, but was openand ready to engage in a
dialogue with the international scientific community.
Instead, Severi more than once expressed his acceptance of the cultural directives of the
Fascist Government, and only later became aware of the harm that scientific isolation
could lead to. In spite of this, he always maintained the pre-eminence of pure science,
which he believed to be a source of beauty and art, over applied science, without any
concession made to its social function:

“more often than not, ideas, which are the true engines of human soci-
ety, descend from abstract regions to enliven the applications and provide
their most useful and powerful orientations. Where abstractscience is
neglected, practice soon becomes arid and civilisation begins a rapid de-
cline”.151

What the legacy of the wide-ranging and diversified activities of these Italian

151Severi,Scienza pura e applicazioni della scienza, cit. p. 83, 84; see also Israel, Nurzia 1989, at pp.
139–143.
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geometers has been for the development of mathematics teaching in Italy is a subject
that has been examined up to now only sporadically, and is notthe aim of this present
paper. However, to me their intellectual bequest seems evident, and I would like to
highlight three aspects in particular: the belief that it isimportant that mathematicians
who are active in research be involved in problems related toteaching; the need to
invest substantial resources in teacher training and to bring about a greater interaction
between universities and secondary schools; and finally, the belief that it is important to
develop an integrated humanism in schools, a goal to which the history of mathematics
can make a valid and valuable contribution.

I am very grateful to Gabriella Viola for her invaluable helpin finding some of Severi’s
textbooks and other documents concerning him, and to Antonio Salmeri for his gener-
ous aid in bibliographic research. Thank you also to the personnel of the Biblioteca
“Giuseppe Peano” of the Department of Mathematics of the University of Torino, and
to Kim Williams for linguistic advice.
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EQUIVALENT BIRATIONAL EMBEDDINGS III: CONES

Dedicated to Alberto Conte on the occasion of his 70th birthday.

Abstract. Two divisors inPn are said to be Cremona equivalent if there is a Cremona mod-
ification sending one to the other. In this paper I study irreducible cones inPn and prove
that two cones are Cremona equivalent if their general hyperplane sections are birational. In
particular I produce examples of cones inP3 Cremona equivalent to a plane whose plane
section is not Cremona equivalent to a line inP2.

Introduction

LetX⊂Pn be an irreducible and reduced projective variety over an algebraically
closed field. A classical question is to study the birationalembedding ofX in Pn up to
the Cremona group ofPn. In other words letX1 andX2 be two birationally equivalent
projective varieties inPn. One wants to understand if there exists a Cremona trans-
formation ofPn that mapsX1 to X2, in this case we say thatX1 andX2 are Cremona
equivalent. This projective statement can also be interpreted in terms of log Sarkisov
theory, [3], and is somewhat related to the Abhyankar–Moh problem, [1] and [10]. In
the latter paper it is proved, using techniques derived formA–M problem, that over
the complex field the birational embedding is unique as long as dimX < n

2. The prob-
lem is then completely solved in [14] where it is proved that this is the case over any
algebraically closed field as long as the codimension ofXi is at least 2. Examples of
inequivalent embeddings of divisors are well known, see also [14], in all dimensions.
The problem of Cremona equivalence is therefore reduced to study the equivalence
classes of divisors. This can also be interpreted as the action of the Cremona group on
the set of divisors ofPn.

The special case of plane curves received a lot of attention both in the old times,
[5], [17], [11], and in more recent times, [16], [8], [12], [4], and [15], see also [7] for
a nice survey. In [4] and [15] a complete description of planecurves up to Cremona
equivalence is given and in [4] a detailed study of the Cremona equivalence for linear
systems is furnished. In particular it is interesting to note that the Cremona equivalence
of a plane curve is dictated by its singularities and cannot be divined without a partial
resolution of those, [15, Example 3.18]. Due to this it is quite hard even in the plane
curve case to determine the Cremona equivalence class of a fixed curve simply by its
equation.

The next case is that of surfaces inP3. In this set up using the♯-Minimal Model
Program, [13] or minimal model program with scaling [2], a criterion for detecting sur-
faces Cremona equivalent to a plane is given. The criterion,inspired by the previous
work of Coolidge on curves Cremona equivalent to lines [5], allows to determine all
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rational surfaces that are Cremona equivalent to a plane, [15, Theorem 4.15]. Unfortu-
nately, worse than in the plane curve case, the criterion requires not only the resolution
of singularities but also a control on different log varieties attached to the pair(P3,S).
As a matter of fact it is impossible to guess simply by the equation if a rational surface
in P3 is Cremona equivalent to a plane and it is very difficult in general to determine
such equivalences. The main difficulty comes from the condition that the sup-threshold,
see Definition 4, is positive. This is quite awkward and should be very interesting to
understand if this numerical constrain is really necessary. Via ♯-MMP it is easy, see
remark 4, to reduce this problem to the study of pairs(T,S) such thatT is a terminal
Q-factorial 3-fold with a Mori fiber structureπ : T →W onto either a rational curve
or a rational surface, andS is a smooth Cartier divisor withS= π∗D for some divisor
D⊂W. The first “projective incarnation” of such pairs are cones in P3.

In this work I develop a strategy to study cones in arbitrary projective space. If
two cones inPn are built on varieties Cremona equivalent inPn−1 then also the cones
are Cremona equivalent, see Proposition 1. The expectationfor arbitrary cones built
on birational but not Cremona equivalent varieties was not clear but somewhat more
on the negative side. The result I prove is therefore quite unexpected and shows once
more the amazing power of the Cremona group ofPn.

THEOREM1. LetS1 andS2 be two cones inPn. LetX1 andX2 be corresponding
general hyperplane sections. IfX1 andX2 are birational thenS1 is Cremona equivalent
to S2.

The main ingredient in the proof is the reduction to subvarieties of codimen-
sion 2 to be able to apply the main result in [14]. To do this I produce a special log
resolution of the pair(Pn,S) that allows me to blow down the strict transform ofS
to a codimension 2 subvariety. Despite the fact that this step cannot produce a Cre-
mona equivalence forS it allows me to work out Cremona equivalence on the lower
dimensional subvariety and then lift the Cremona equivalence.

In the special case of cones inP3 the statement can be improved to characterize
the Cremona equivalence of cones with the geometric genus ofthe plane section, see
Corollary 1. In particular this shows that any rational conein P3 has positive sup-
threshold, see Definition 4. From the♯-MMP point of view we may easily translate it
as follows.

THEOREM2. LetS⊂P3 be a rational surface. Assume that there is a♯-minimal
model of the pair(T,ST) such thatT has a scroll structureπ : T →W onto a rational
surfaceW andST = π∗C, for some rational curveC⊂W. Thenρ(T,ST) = ρ(P3,S)> 0.

The next candidate for the sup-threshold problem are pairs whose♯-minimal
model is a conic bundle and the surface is trivial with respect to the conic bundle
structure. With the technique developed in this paper I am only able to treat a special
class of these, see Corollary 2.
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1. Notations and preliminaries

I work over an algebraically closed field of characteristic zero. I am interested
in birational transformations of log pairs. For this I introduce the following definition.

DEFINITION 1. Let D⊂ X be an irreducible and reduced divisor on a normal
variety X. We say that(X,D) is birational to(X′,D′), if there exists a birational map

ϕ : X
X−→
′
with ϕ∗(D) = D′. Let D,D′ ⊂ Pn be irreducible reduced divisors then we say

that D is Cremona equivalent to D′ if (Pn,D) is birational to(Pn,D′).

Let us proceed recalling a well known class of singularities.

DEFINITION 2. Let X be a normal variety and D= ∑diDi a Q-Weil divisor,
with di ≤ 1. Assume that(KX +D) is Q-Cartier. Let f : Y→ X be a log resolution of
the pair(X,D) with

KY = f ∗(KX +D)+∑a(Ei ,X,D)Ei

We call

disc(X,D) := min
Ei
{a(Ei ,X,D)|

Ei is an f -exceptional divisor for some log resolution}

Then we say that(X,D) is

terminal
canonical

}
if disc(X,D)

{
> 0
≥ 0

REMARK 1. Terminal surfaces are smooth, this is essentially the celebrated
Castelnuovo theorem. Any log resolution of a smooth surfacecan be obtained via
blow up of smooth points. Hence a pair(S,D), with Sa smooth surface has canonical
singularities if and only if multpD≤ 1 for any pointp∈ S.

Note further that one direction is true in any dimension. Assume thatX is
smooth and multpD ≤ 1 for any pointp ∈ X. Let f : Y→ X be a smooth blow up,
with exceptional divisorE. ThenKY = f ∗(KX)+aE for some positive integera and
a(E,X,D) ≥ a− 1 ≥ 0. This proves that(X,D) has canonical singularities ifX is
smooth and multpD ≤ 1 for any p ∈ X. This simple observation allows to produce
many inequivalent embeddings of divisors, see [14, §3]

For future reference we recall a technical result on pseudoeffective divisors, i.e.
the closure of effective divisors.

LEMMA 1 ([15, Lemma 1.5]).Let (X,DX) and(Y,DY) be birational pairs with
canonical singularities. Then KX +DX is pseudoeffective if and only if KY +DY is
pseudoeffective.
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The main difficulty to study Cremona equivalence inPr with r ≥ 3 is the poor
knowledge of the Cremona group. The case of surfaces inP3 is already quite mysteri-
ous. It is easy to show that Quadrics and rational cubics are Cremona equivalent to a
plane. Rational quartics with either 3-ple or 4-uple pointsare again easily seen to be
Cremona equivalent to planes, the latter are cones over rational curves Cremona equiv-
alent to lines. It has been expected that Noether quartic should be the first example of a
rational surface not Cremona equivalent to a plane, but thisis not the case as proved in
[15, Example 4.3]. Having in mind these examples and the♯-MMP developed in [13]
for linear systems on uniruled 3-folds, I recall the definition of (effective) threshold.

DEFINITION 3. Let (T,H) be a terminalQ-factorial uniruled variety and H an
irreducible and reduced Weil divisor on T . Let

ρ(T,H) =: sup{m∈Q|H +mKT is an effectiveQ-divisor} ≥ 0,

be the (effective) threshold of the pair(T,H).

REMARK 2. The threshold is not a birational invariant of the pair andit is not
preserved by blowing up. Consider a Quadric coneQ⊂ Pn and letY→ Pn be the blow
up of the vertex thenρ(Y,QY) = 0, whileρ(Pn,Q)> 0.

To study Cremona equivalence, unfortunately, we have to take into account al-
most all possible thresholds.

DEFINITION 4. Let (Y,SY) be a pair birational to a pair(T,S). We say that
(Y,SY) is a good birational model if Y has terminalQ-factorial singularities and SY is
a Cartier divisor with terminal singularities. The sup-threshold of the pair(T,S) is

ρ(T,S) := sup{ρ(Y,SY)},

where the sup is taken on good birational models.

REMARK 3. It is clear that any pair(Pn,S) Cremona equivalent to a hyperplane
satisfiesρ(Pn,S)> 0. The pair(Pn,H), whereH is a hyperplane, is a good model with
positive threshold.

Considering birationally super-rigid MfS’s one can produce examples of pairs,
say(T,S), with ρ(T,S) = 0. It is not clear to me if such examples can exist also on
varieties with bigger pliability, see [6] for the relevant definition.

We are ready to state the characterization of surfaces Cremona equivalent to a
plane.

THEOREM 1 ([15, Theorem 4.15]).Let S⊂ P3 be an irreducible and reduced
surface. The following are equivalent:

a) S is Cremona equivalent to a plane,

b) ρ(T,S)> 0 and there is a good model(T,ST) with KT +ST not pseudoeffective.
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REMARK 4. As remarked in the introduction the main drawback of the above
criterion is the bound on the sup-threshold. It is very difficult to compute it. While the
requirement thatKT +ST is not pseudoeffective is natural and justified also by Lemma
1, it is not clear if pairs with vanishing sup threshold may exist on a rational 3-fold.
This naturally leads to study good models with vanishing threshold.

Let (X,S) be a good pair withX rational andρ(X,S) = 0. Then the♯-MMP
applied to this pair may lead to a Mori fiber spaceπ : T →W such thatST is trivial
with respect toπ and it is a smooth surface, see [13, Theorem 3.2] and the proofof [15,
Theorem 4.9]. In particularST = π∗D for some irreducible divisorD⊂W. Then ifW
is a curveST is a smooth fiber ofπ, that is a del Pezzo surface. IfW is a surface then
ST is a (not necessarily minimally) ruled surface andπ is a conic bundle structure. In
the latter case ifπ has a section it is easy, see for instance the proof of Corollary 2, to
prove that(T,ST) is birational to a cone inP3.

2. Cremona equivalence for cones

Here I am interested in cones inPn. LetS⊂ Pn be an irreducible reduced divisor
of degreed with a point p of multiplicity d. Let H be a hyperplane inPn \ {p} and
C= S∩H. ThenScan be viewed as the cone over the varietyC. It is easy to see that if
C1,C2 ⊂ Pn−1 are Cremona equivalent divisors then the cones over them areCremona
equivalent.

PROPOSITION1. Let C1 and C2 be Cremona equivalent divisors inPn−1 and
S1, S2 cones over them inPn. Then S1 is Cremona equivalent to S2.

Proof. Without loss of generality I may assume thatS1 andS2 have the same vertex in
the point[0, . . . ,0,1] andC1∪C2 ⊂ (xn = 0). Let H ⊂ |OPn−1(h)| be a linear system
realizing the Cremona equivalence betweenC1 andC2. Hence I have a Cremona map
ψ : Pn−1 99K Pn−1 given by an-tuple { f0, . . . , fn−1}, with fi ∈ k[x0, . . . ,xn−1]h. This
allows me to produce a mapΨ : Pn 99K Pn considering the linear system

H ′ := { f0, . . . , fn−1,xnxh−1
0 }.

Note that the general element inH ′ has multiplicityh− 1 at the pointp and, in the
chosen base, there is only one element of multiplicity exactly h−1. This shows that
lines throughp are sent to lines through a fixed point. Moreover the restriction Ψ|(xn=0)
is the original mapψ. Hence the mapΨ is birational and realizes the required Cremona
equivalence.

Next I want to understand what happens ifC1,C2 ⊂ Pn−1 are simply birational
as abstract varieties. To do this I need to produce “nice” good models of the pairs
(Pn,S1) and(Pn,S2).

Let C⊂ H ⊂ Pn be a codimension two subvariety andSbe a cone with vertex
p∈ Pn \H overC. I produce a good model of the pair(Pn,S) as follows. First I blow
up p producing a morphismε : Y→ Pn with exceptional divisorE. Note thatY has a
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scroll structureπ : Y→ Pn−1 given by lines throughp, andSY, the strict transform, is
justπ∗(C). Let ν : W→ Pn−1 be a resolution of the singularities ofC and take the fiber
product

Z

πW

��

νY // Y

π
��

W
ν // Pn−1.

Then the strict transformSZ is a smooth divisor and(Z,SZ) is a good model of(Pn,S).
Note that the thresholdρ(Z,SZ) vanishes. According to the♯-MMP philosophy this
forces us to produce different good models.

The following Lemma is probably well known, but I prefer to state it, and prove
it, to help the reader.

LEMMA 2. Let C⊂ X be an irreducible and reduced subvariety. Assume that
there exists a birational mapχ : X 99KY such thatχ is an isomorphism on the generic
point of C. Let D:= χ(C) be the image and XC, respectively YD the blow up of C and
D with morphism fC, fD, and exceptional divisors EC, ED respectively. Then there
is a birational mapχC : XC 99K YD mapping EC onto ED. In other words(XC,EC) is
birational to (YD,ED).

Proof. Let U ⊂ X be an open and dense subset intersectingC such thatχ|U is an iso-
morphism. Then considering the fiber product

XC ⊃UC

fU
��

χC // YD

fD
��

X ⊃U
χ|U // Y,

I conclude, by the Universal Property of Blowing Up, the existence of the morphism
χC with the required properties.

REMARK 5. Let me stress that the above result is in general not true with the
weaker assumption thatχ is a morphism on the general point ofW. On the other hand
if Y is Pn the statement can be rephrased also in this weaker form.

Let us go back to the pair(Z,SZ). Let ΓZ be the strict transform of a general
hyperplane section ofS. Then I may consider the following elementary transformation
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of the scroll structureπW

BlΓZZ
γ

||yyyyyyyy η

""EE
EE

EE
EE

E

Z
Φ //

πW

��

V

��
W

∼= // W,

whereγ is the blow up ofΓZ andη is the blow down of the strict transform ofSZ to a
codimension 2 subvariety, sayΓS. Then there is a birational mapϕ : V 99K Pn sending
ΓS to a codimension 2 subvariety, sayΓ′, and such thatϕ is an isomorphism on the
generic point ofΓS. The mapϕ can be easily constructed again via an elementary
transformation of the scroll structure followed by blow downs of exceptional divisors.
We may summarize the above construction in the following proposition and diagram.

PROPOSITION2. Let S⊂ Pn be a cone and C a general hyperplane section.
Then there are birational mapsε : Pn 99KY andη : Y 99KV such thatε∗S=: E andη
is the blow down of E to a codimension 2 subvarietyΓ. In particular S is the valuation
associated to the idealIΓ. Moreover there is a third birational mapϕ : V 99K Pn

sendingΓ to a codimension 2 subvariety C′ and such that again S is the valuation
associated toIC′

Y ⊃ E

η
%%KKKKKKKKK

V ⊃ Γ

ϕ
��

Pn⊃ S
Φ //

ε

CC

Pn⊃C′

.

The compositionΦ : Pn 99K Pn is a birational map sending S to the codimension 2
subvariety C′ and such that S is the valuation associated to the idealIC′ .

We are now ready to prove the main result on cones inPn.

THEOREM2. Let S1,S2⊂ Pn be cones and C1, C2 general hyperplane sections.
If C1 is birational to C2 then S1 is Cremona equivalent to S2. In particular all divisorial
cones over a rational variety are Cremona equivalent to a hyperplane.

REMARK 6. I doubt the other direction is true. LetX ⊂ Pn be a non rational
but stably rational variety. Assume thatX×Pa is rational butX×Pa−1 is not rational
for somea≥ 1. ThenX×Pa can be birationally embedded as a cone, sayS, with
hyperplane section birational toX×Pa−1. In principleScould be Cremona equivalent
to a hyperplane but its hyperplane section cannot be rational. This cannot occur for
surfaces, see Corollary 1.
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Proof. Let S1 andS2 be two cones andC1, respectively,C2 general hyperplane sec-
tions. Then by Proposition 2 there are birational mapsΦi : Pn 99K Pn sendingSi to a
codimension 2 subvarietyC′i and such that:

• Si is the valuation associated toIC′i ,

• C′i is birational toCi .

I am assuming thatC1 is birational toC2. Then the main result and its proof [14, p. 92]
states that there is a Cremona mapχ : Pn 99K Pn sendingC′1 toC′2 and such thatχ is an
isomorphism on the generic point ofC′1. Then by Lemma 2 I may extendχ to the blow
up of theC′i to produce the required Cremona equivalenceΨ

Y1⊃ E1

η1 %%KKKKKKKKKK

Ψ // Y2⊃ E2

η2yyssssssssss

V1⊃ Γ1

ϕ1

��

V2⊃ Γ2

ϕ2

��
Pn⊃ S1

Φ1 //

ε1

BB

Pn⊃C′1
χ // Pn⊃C′2 Pn⊃ S2

Φ2oo

ε2

\\

As observed before the result can be strengthened in lower dimension.

COROLLARY 1. Let S1,S2 ⊂ P3 be cones and C1, C2 general hyperplane sec-
tions. Then C1 is birational to C2 if and only if S1 is Cremona equivalent to S2. In
particular rational cones are Cremona equivalent to a plane.

Proof. I have to prove that ifS1 andS2 are Cremona equivalent then alsoC1 andC2 are
birational. Note that the irregularity of a resolution ofSi is a birational invariant and
it is the geometric genus of the curveCi . This yieldsg(C1) = g(C2) and concludes the
proof.

REMARK 7. As observed, in the special case of rational surfaces inP3 this gives
the Cremona equivalence to a plane for any rational cone. In particular any rational
cone has positive sup-threshold.

It remains to translate the statement in♯-MMP dictionary for conic bundles.

COROLLARY 2. Let S⊂ P3 be a rational surface. Assume that there is:

a) a ♯-minimal model of the pair(T,ST) such that T has a conic bundle structure
π : T→W onto a rational surface W, ST = π∗C, for a curve C⊂W,

b) a birational mapχ : T 99K P3 that contracts ST to a curve, sayΓ, such that ST is
the valuation associated toIΓ.
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Thenρ(T,ST) = ρ(P3,S)> 0. Assumption b) is always satisfied ifπ has a section, i.e.
if π is a scroll structure.

Proof. Let (T,ST) be a good model as in assumption a). By hypothesis there is a bi-
rational mapχ : T 99K P3 that contractsST onto a curveΓ and such thatST is the
valuation associated toIΓ. The curveΓ is dominated by a rational surface, and it is
therefore rational. The extension trick used in Theorem 2 yields that(T,ST) is bira-
tionally equivalent to a plane inP3. This is enough to prove thatρ(P3,S)> 0.

If π has a section then all fibers are irreducible. Letφ : T 99KY be an elementary
transformation that blows downST to a curveΓ. ThenY has a scroll structure ontoW
and I may run a♯-MMP on the base surfaceW, as described in [13, p. 700], that is
an isomorphism in a neighborhood ofΓ. This yields a new 3-fold modelZ with a
Mori fiber space structure onto eitherP2 or a ruled surface and then via elementary
transformation of the scroll structure I produce the required mapχ.

REMARK 8. Unfortunately the birational geometry of rational conicbundles
without sections is very poorly understood and it is difficult to understand whether
condition b) is always satisfied or not, even assuming the standard conjectures [9].
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J. P. Murre

ON THE JOINT WORK OF ALBERTO CONTE, MARINA

MARCHISIO AND JACOB MURRE

To my friend, Alberto Conte, for his70th birthday.

This is - a slightly expanded - written version of the lecturedelivered by the
author on the occasion of the seventieth birthday of AlbertoConte. It is asurveyof
joint work done by Alberto and the author starting from around 1975; later in the end
of the nineties we were joined by Marina Marchisio.

The topics of our joint work are:

1. The non-rationality of the quartic threefold with a double line [9]

2. The Hodge conjecture for special fourfolds [10] and [11]

3. On Fano’s theorem on threefolds whose hyperplane sections are Enriques sur-
faces [13]

4. On the definition and on the nature of the singularities of Fano threefolds [13]

5. On Morin’s work on unirationality of hypersurfaces [14],[15], [16], [17].

The majority of these subjects have their roots in classicalItalian algebraic ge-
ometry (topics 1, 3 and 5).

In the lecture I have concentrated on topics 1 and 5 and we do the same here.
The purpose was to give the audience some idea of the beautiful geometry involved in
these subjects. The author wants to stress however that thisis only a survey lecture, for
the details one has to go to the original papers.

The basic concepts in topic 1 and 5 are the notions ofrationality andunira-
tionality. Therefore we want to recall these notions in the precise form they will be
used here.

Basic notions

Let Xn be a projective irreducible variety of dimensionn defined over a fieldk.
We assume throughout thatk is of characteristic zerobut not necessarily algebraically
closed.

X is rational over kif there exists abirational map f : Pn ˜99KX which is itself
also defined over k.

X is rational if this is true over̄k, wherek̄ is the algebraic closure ofk (i.e. f is
defined over a finite extensionk1 of k).

473
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X is unirational over kif there exists adominant rational mapf : Pn // //___ X
defined over kwhich is generically finite to one (i.e. there exists a Zariski open set
U ⊂ X over which f is finite).

X is unirational if this is true over̄k (again f is then defined over a finite exten-
sionk1 of k).

Acknowledgement

The author thanks the organizers for the invitation to lecture in this special con-
ference. Very special thanks to Marina Marchisio for TeXingthe manuscript.

1. Quartic threefolds with a double line

1.1. The theorem which we proved is the following.

THEOREM 1. ([9])

Let V = V3(4) be a threefold af degree4 in projective spaceP4 defined over
a field k. Assume that V has a double line l0 but is “otherwise general”. Then V is
unirational, butnot rational.

Remarks

1. We shall explain the term “otherwise general” below; we also use sometimes the
expression “sufficiently general”.

2. The inspiration for the above theorem came from the famouspaper [6] of Clemens
and Griffiths where they proved the non-rationality of a smooth cubic threefold
(a fact claimed classically by Fano). The proof of Clemens-Griffiths is in char-
acteristic zero and their basic tool is the intermediate jacobian. In the papers
[37] and [38] the author studied over any fieldk with char(k) 6= 2 the group of
1-dimensional algebraic cycles on a cubic threefold and related that group to a
so-called Prym variety. Based upon Mumford’s theory of Prymvarieties ([36])
he obtained in this way another proof of the non-rationalityof the cubic three-
fold. The proof of the above theorem follows this more algebraic proof.

1.2. Equation for V

Let k1 be a field. Assume that the double linel0 ⊂ V ⊂ P4 is defined overk1.
We choose homogeneous coordinates(x : y : z : u : v) in P4 such that the linel0 is given
by the equations

(1) x= y= z= 0.
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Then the equation ofV is

a02(x,y,z)u
2+2a11(x,y,z)uv+a20(x,y,z)v

2+

+2a12(x,y,z)u+2a21(x,y,z)v+a22(x,y,z) = 0(2)

with ai j (x,y,z)∈ k[x,y,z] homogeneous polynomials of degreei+ j with coefficients in
a fieldk⊃ k1 (sok is a field of definition forV). The coefficients of these polynomials
can be considered as coordinates in some projective spacePN which parametrizes the
quartic 3-folds with a double line (of course this is not the “moduli” space). “Otherwise
general” means that there is ak1-Zariski open subsetU ⊂ PN such that forV in U the
theorem is true. In particular we takeU such that theV3(4) ∈U are smooth outside the
double linel0⊂V3(4) but there are more restrictions which could - but are cumbersome
to - be made explicit.

1.3. The2-planes through l0

Take in P4 a 2-dimensional linear space (a2-plane for short) N such that
N∩ l0 = /0. To be specific let us takeN with equations

(3) u= v= 0.

Take a pointT = (a : b : c : 0 : 0) ∈ N and letLT = 〈l0,T〉 be the linear span.N
parametrizes the 2-planes throughl0. Consider the intersection

(4) V ·LT = 2l0+KT

with KT aconic in LT .

To make things explicit: a pointP∈ LT has coordinatesP= (ta : tb : tc : u : v)
in P4 and (homogeneous) coordinates(t : u : v) in LT and the equation of the conicKT

in LT is

a02(a,b,c)u
2+2a11(a,b,c)uv+a20(a,b,c)v

2+

+2a12(a,b,c)ut+2a21(a,b,c)vt+a22(a,b,c)t
2 = 0.(5)

SoKT is defined over the fieldk(a,b,c).

In LT we have the intersection

(6) KT · l0 = R1+R2.

Note that in generalR1 andR2 are not rational ink(a,b,c), but only conjugate over
k(a,b,c).

1.4. The conic bundle associated withV3(4)

Starting fromV = V3(4) ⊂ P4 with the double linel0 we have now also the
variety

(7) V1 = {P∈ KT ; T ∈ N}
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with the morphismp : V1→ N with p(P) = T. The fibres ofp are the conicsKT and
V1 is aconic bundleoverN. If V is general thenV1 is smooth, in factV1 is obtained by
blowing upV alongl0 (see [9], prop. 1.17). ClearlyV1 is birational withV overk and
henceit suffices to prove the theorem for V1.

1.5. Two special curves in N

Consider inN the curve

(8) ∆ = {T ∈ N; KT = l ′T + l ′′T}.
Over ∆ the conicKT degenerate in two lines;∆ is called thediscriminant curvefor
V1. Note that in generall ′T andl ′′T are only conjugate over, and not defined in, the field
k(T).

Consider also the curve (see (6))

(9) ∇ = {T ∈ N; R1 = R2}
and put

(10) B = ∆∩∇.

∇ is the curve for which theKT is tangent tol0. From the equation (5) we deduce easily
the following facts ([9], prop. 1.17 and lemma 1.5 and 1.7).
For V general the∆ and∇ are irreducible and smooth overk(T), deg(∆) = 8 hence
g(∆) = 21, deg(∇) = 4 henceg(∇) = 3. ForT ∈ ∆ we havel ′T 6= l ′′T , l ′T 6= l0 6= l ′′T . B
consists of 32 different points and forT ∈ B we haveR1 = R2 ∈ l ′T ∩ l ′′T ∩ l0.

1.6. The associated Prym variety

Consider inV the linesl different froml0 but meetingl0, i.e.

(11) ∆∗ = {l ⊂V, l ∩ l0 6= /0, l 6= l0}.
∆∗ consists clearly of the linesl ′T andl ′′T from (8) and is therefore a curve and

(12) q : ∆∗→ ∆

is a 2 : 1 covering. In fact sincel ′T 6= l ′′T theq is anétale2 : 1 cover and ifV is gene-
ral then∆∗ is irreducible; from Hurwitz we getg(∆∗) = 40. Letσ be theinvolution
exchangingl ′T andl ′′T

(13) σ(l ′T) = l ′′T .

From (12) we get for the Jacobians

(14) q∗ : J(∆∗)→ J(∆), q∗ : J(∆)→ J(∆∗), q∗ ·q∗ = q.

Mumford has studied this situation in great detail. The involution σ gives also an
involution σ on J(∆∗) (by abuse of language denoted by the same letter). Mumford
proved the following
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THEOREM 2. ([36]):

This involution gives on J(∆∗) a decomposition

(15) J(∆∗) = J(∆)+Pr(∆∗/∆)

with σ operating as+1 on J(∆) and as−1 on Pr(∆∗/∆) and Pr(∆∗/∆) is itself also an
abelian variety, the so-calledPrym variety of q : ∆∗ → ∆. Furthermore
J(∆)∩Pr(∆∗/∆) = {0,a} where a is a 2-torsion point. Moreover theΘ-divisor on
J(∆∗) induces a polarization2Ξ on Pr(∆∗/∆) with Ξ a principal polarization.

Moreover Mumford studied the couple (Pr(∆∗/∆),Ξ) carefully and did give a
complete list of cases for which this couple is itself a jacobian variety of a curve with
corresponding theta-divisor or a product of such a situation.

In our case dimJ(∆∗) = 40, dimJ(∆) = 21, hence dimPr(∆∗/∆) = 19. From
Mumford’s list we conclude

FACT. ([9], section 6, lemma 6.1 and cor. 6.2):

In our case(Pr(∆∗/∆),Ξ) is as principally polarized abelian variety neither a
jacobian of a curve, nor a product of such.

1.7. A double coverV ′1 of the conic bundleV1

Introduce first the double coverf : N′→ N where

(16) N′ = {(T,R); : T ∈ N, R∈ KT ∩ l0}

and next the double coverf1 : V ′1→V1 given by

V ′1 =V1×N N′.

Clearly we have a commutative diagram

V ←−−−− V1
f1←−−−− V ′1

p
y

yp′

N ←−−−−
f

N′

Let KT,R = p′−1(T,R), clearlyKT,R = KT and hence

(17) V ′1 = {(T,R,P); T ∈ N, R∈ KT ∩ l0, P∈ KT,R = KT}.

ClearlyN′ is a surface, a double cover of the planeN, branched over the smooth curve
∇ of degree 4, hence it is well-known thatN′ is asmooth rational surface. Furthermore
V ′1 is a conic bundle overN′, but now the conicsKT,R have a rational pointR. Therefore
V ′1 is arational threefoldand hence:
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PROPOSITION1. V1, and therefore also V itself, isunirational.

From the 2 : 1 coveringf1 : V ′1→V1 given by f1(T,R,P) = (T,P) we get also
an involutionτ onV ′1. Namely

(18) τ(T,R1,P) = (T,R2,P)

whereKT,R1 · l0 = KT · l0 = R1+R2 (see 16).

Furthermore consider the curve

∆′ = f−1(∆)

on N′, clearly this is a 2 - 1 covering of∆ in N. For (T,R) ∈ ∆′ the fibrep′−1(T,R) =
l ′T ∪ l ′′T with one of the lines, sayl ′T , going throughR. To be explicit, let us introduce
the notationl∗T,R = l ′T andl∗∗T,R = l ′′T so that we can write for the fibre

(19) p′−1(T,R) = {l∗T,R∪ l∗∗T,R, with R∈ l∗T,R}.

Finally we have clearly abirational morphism

α : ∆∗→ ∆′.

Concerningα−1, since∆′ is smooth outside the pointsB ′ = f−1(B), theα−1 is defined
outside this finite set of points.

1.8. Another modelV ′′1 birational with V ′1

Consider the variety

(20) V ′′1 = {(T,R,m); T ∈ N, R∈ KT ∩ l0, m a line inLT with R∈m}.

Clearly we have a morphismp′′ : V ′′1 → N′ and also abirational map h: V ′′1 ˜99KV ′1
defined by

(21) h(T,R,m) = (T,R,P)

whereP∈ KT is defined by

(22) KT,R ·m= R+P

(recallKT,R = KT ). Clearly we have a commutative diagram

V ′1

p′

��?
??

??
??

??
??

??
?

V ′′1h
oo_ _ _ _ _ _ _ _ _ _ _

p′′

����
��

��
��

��
��

��

N



On the joint work of Alberto Conte, Marina Marchisio and Jacob Murre 479

Note thatV ′′1 is aprojective bundleover the rational surfaceN′, hence rational.
Let us denote the “inverse” ofh by g, so

g(T,R,P) = (T,R,〈RP〉),
where〈−,−〉means - as usual - the linear span.

Let F ′′h ⊂ V ′′1 be thefundamental locusof h, i.e. the points whereh is not
defined.

LEMMA 1. F ′′h = Λ′′∪B ′′1 , whereΛ′′ ⊂V ′′1 is thecurve

(23) Λ′′ = {(T,R,m= l ′T), T ∈ ∆, R∈ l0∩ l ′T}
andB ′′1 is thefinite set of pointsB ′′1 = {(T,R,m= l ′′T)}, with(T,R)∈B ′= f−1(B)⊂N′

withB ⊂ N′ from (10).

Proof. This follows immediately from the definition ofh in (21).

LEMMA 2. The curveΛ′′ is birational with∆∗ and∆′ and non-singular (hence
isomorphic with∆∗). In particular Pr(∆∗/∆) = Pr(Λ′′/∆).

Proof. The birationality with∆′ (and hence with∆∗) is immediately clear from the
description in Lemma 1. For the non-singularity we refer to Lemma (3.6) of [9].

Now we blow upF ′′h and we get̃V1 =BF ′′h
(V ′′1 ) with mapsh̃ : Ṽ1 ˜99KV ′1, j : Ṽ1→

V ′′1 all overN′ andh̃ is abirational map with inverse ˜g : V ′1 ˜99KṼ1.

We have now the following big diagram

Ṽ1

j

��

h̃

���
�

�
�

�
�

�

V V1oo

p

��

V ′1f1
oo

p′

��

V ′′1h
oo_ _ _ _ _

p′′

��~~
~~

~~
~~

~~
~~

~~

N N′
foo

andh−1 = g andh̃−1 = g̃.

Recall that from the 2 : 1 coveringf1 we get an involutionτ on V ′1 and hence
we have also involutions sayτ1 onV ′′1 andτ̃ onṼ1 (all overV1).

1.9. The behavior of the involutions on the Chow groups

Recall that ifX is a smooth, irreducible, projective variety then we have the
Chow groupsCHd−i(X) =CHi(X) of algebraic cycles onX of codimensioni modulo
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rational equivalence. We are interested in the subgroupsAi(X) :=CHi
alg(X)⊂CHi(X)

of the cycle classes algebraically equivalent to zero.

SinceV ′′1 is a projective bundle over the rational surfaceN′ (see 7) we have
A2(V ′′1 ) = 0 and then by general theorems of blowing up (see [26],section 9)

A2(Ṽ1) = J(Λ′′) = J(∆∗).

From the birational transformatioñh : Ṽ1 ˜99KV ′1 and its inverse (and the analysis of the
fundamental loci) we haveA2(V ′1) = A2(Ṽ1) (see [9], section 3 for details). Therefore

(24) A2(V ′1) = J(∆∗) = J(∆)+Pr(∆∗/∆)

on which the involutionsτ andσ operate.

Thekey pointis thecomparison of these two actions. J(∆) is the invariant part
underσ andPr(∆∗/∆) the anti-invariant part (see the theorem in section 1.6).

KEY LEMMA . Let η ∈ J(∆∗)≃ A2(V ′1). Thenτ(η) =−σ(η).

Proof. (outline)

We have the fibrationp′ : V ′1 → N′ and we consider the fibresp′−1(T,R) for
the points(T,R) ∈ ∆′ = f−1(∆) (see sections 1.5 and 1.7). Because of the moving
lemma we can restrict our attention to the points(T,R) ∈ ∆′0 with ∆′0 = ∆′−B ′ (i.e.
T /∈ B = ∆∩∇, see (10)).

We have by (19)

(25) p′−1(T,R) = l∗TR+ l∗∗TR= KTR(= KT)

with R∈ l∗TR. We examine now the action ofτ on the 1-cyclel∗TR∈CH2(V ′1).

For (T,R,P) ∈ l∗TR, i.e. P∈ l∗TR= l ′T we get (see (18)):

(26) τ(T,R,P) = (T,σ(R),P).

Therefore as element ofCH2(V ′1)

(27) τ(l∗TR) = l∗∗Tσ(R) = KTσ(R)− l∗Tσ(R).

Next take a (certain) fixed point(T0,R0) ∈ N′−∆′.
SinceN′ is arational surfacewe can move byrational equivalence on N′ every

point (T,R) to (T0,R0). Therefore

(28) KTR= KT0R0

in CH2(V ′1).
Now let η = ∑i(Ti ,Ri) ∈ J(∆∗) ⊂CH1(∆∗), with deg(η) = 0. As element ofA2(V ′1)
(see (24)) it corresponds with the class of the 1-cycle∑i l

∗
TiRi

and by (27) we get for the
action ofτ in A2(V ′1)

τ(∑
i

l∗TiRi
) = ∑

i
(KTiσ(Ri)− l∗Tiσ(Ri)

.
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Now using (28) we get

τ(∑
i

l∗TiRi
) = ∑

i
(KT0R0)− l∗Tiσ(Ri)

=−∑
i

l∗Tiσ(Ri)

because since deg(η) = 0 the terms withKT0R0 cancel. Hence finally

(29) τ(η) =−class(∑
i

l∗Tiσ(Ri)
) =−σ(η)

which proves the lemma.

1.10.

Using the key lemma we obtain

MAIN THEOREM ON CHOW GROUP. ([9], thm 5.10)

A2(V1) = Pr(∆∗/∆)

Proof. (indication)

From the (2 : 1)-coverf1 : V ′1→V1 (see section 1.7) we get homomorphisms

(30) f ∗1 : A2(V1)→ A2(V ′1) and f1∗ : A2(V ′1)→ A2(V1)

and moreover

(31) ( f1)∗ ◦ f ∗1 = 2idA(V1).

Clearly Im( f ∗1 )⊂ Inv(τ) (invariant part) and using the divisibility of the groupsA2(−)
we get in fact Im( f ∗1 ) = Inv(τ). Then using the key lemma of 1.9 we get

Im( f ∗1 ) = Inv(τ) = Pr(∆∗/∆).

Using 31 we get then firstA2(V1) = Pr(∆∗/∆)+B with B some 2-torsion group but in
fact (see [37] pages 201-202) we get a direct sumA2(V1) = Pr(∆∗/∆)⊕B and finally
using divisibility again we getB= 0, hence the theorem.

1.11. The non-rationality of V

It suffices clearly to considerV1 instead ofV. As already remarked in section
1.6 thePr(∆∗/∆) carries a principal polarizationΞ. From this one gets a Riemann form
lΞ(ξ,η) for ξ, η ∈ Tl (Pr(∆∗/∆)), with Tl (Pr(∆∗/∆)) the Tate group (see [35], p. 186).
This Riemann form is closely related to the Riemann forms coming from H3(V1) ≃
H1
−(∆∗) whereH1

−(∆∗) is the anti-invariant part ofH1(∆∗), namelylΞ(ξ,η) = −ξ∪η
whereξ∪η is the cup product ofH3(V1) (see [39], p 148 and [9], p 172).

Using this one can show (similar as in [6], Cor. 3.26) that ifV1 should be rational
then(Pr(∆∗/∆),Ξ) as principally polarized abelian variety is isomorphic to ajacobian
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variety of a curve polarized by its theta divisor or to a product of such pairs (see [38],
thm 3.11).

However we have already remarked in section 1.6 that in our case this does not
happen. Therefore we have

THEOREM 3. ([9], thm 6.3)

Let V=V3(4)⊂ P4 be a quartic 3-fold with a double line but otherwise general,
then V is unirational butnot rational.

1.12. Further developments

It turned out afterwards that in the same period (1977) Beauville in Paris wrote
a beautiful thesis on “fibrés en quadriques”. This paper is a standard work and funda-
mental on this subject and our result on the quartic 3-fold with a double line is a very
special case of his results. Of course the works were done independent of each other.
Beauville’s method is different from ours. See [2] for his results.

2. Hodge conjecture for 4-folds covered by rational curves.

2.1. Hodge conjecture

Let us first recall the Hodge conjecture. LetXd be a smooth projective vari-
ety defined over the complex numbersC and of dimensiond. Consider the (Betti)
cohomology groupsH i(X,Q) andH i(X,C) (0≤ i ≤ 2d). Then there is the Hodge
decomposition

(32) H i(X,C) =
⊕

r+s=i

Hr,s(X)

with Hr,s(X) = Hs(X,Ωr
X). On the other hand there is thecycle mapfrom the group

Zp(X) of algebraic cycles onX of dimension (d− p) (i.e. of codimensionp)

(33) γp : Zp(X)⊗Q→{H2p(X,Q)∩H p,p(X)} ⊂ H2p(X,C).

Hodge made theconjecturethat γp is onto H2p(X,Q)∩H p,p(X). This is so-called
Hodge (p,p)-conjecture.

2.2. Known cases

For p= 1 the Hodge (1,1)-conjecture is known by the so-called (1,1)theorem
of Lefschetz. By another theorem of Lefschetz, the strong Lefschetz theorem, it then
follows that also the Hodge (d−1, d−1)-conjecture is true. The Hodge conjecture is
therefore true for 3-folds (and for surfaces and curves).

The first open case is in dimension 4, namely the Hodge (2, 2)-conjecture.

Here we have the following result:
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2.3. Theorem.[10]

Hodge (2,2) is true for fourfolds which are covered by rational curves.

For the proof, which is not difficult, we refer to the originalpaper.

2.4. Applications.

Hodge (2,2) is true for unirational fourfolds ([40]), in particular for the cubic
fourfold (this was also proven by different methods by Zucker [48]). In the paper [11]
we did give many more examples, including in particularV4(4)⊂P5 (covered by lines),
V4(5)⊂ P5, (covered by conics),V4(2,4) andV4(3,3) in P6 and many more cases. Also
the theorem applies toall uniruled fourfolds.

2.5. Some further developments.

In 1992 Campana [4] and Kollar-Miyaoka-Mori [27] independently proved that
Fano varieties are rationally connected, therefore our theorem from 2.3 above applies
to all Fano fourfolds. From this result of rationally connectedness follows alsoa com-
pletely different proof of Hodge (2,2) for Fano 4-folds by theorem of Bloch-Srinivas in
1983 ([3]) (see also section 9 of [42]).

3. On Fano’s theorem on threefolds which have as hyperplane sections Enriques
surfaces.

3.1.

Fano threefolds of the so-called principal series, i.e. 3-foldsV for which−KV is
veryample, have, when they are embedded by this anticanonical system,K3-surfaces as
hyperplane sections (this is a classical fact, but see for instance [41], p.43). Therefore it
is natural to ask whether there exist threefolds having as hyperplane sections Enriques
surfaces. Indeed such threefolds exist and they were studied in 1933 by Godeaux and
in much deeper detail and depth by Fano in 1938. In his paper [22] Fano obtained the
following remarkable result.

THEOREM (FANO). Let V a threefold inPN such that a general hyperplane
sectionS= V ∩H is a smooth Enriques surface. If V is “otherwise general” then V
has exactly 8 singular pointsP1,P2, . . . ,P8. EachPi is a quadruple point on V, and the
tangent cone to V in such a pointPi is isomorphic to the cone over the Veronese surface.

In the above paper [22] Fano claimed also a classification of such threefolds and
he described - essentially - 4 different types (see below section 3.3).
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3.2.

Fascinated by this striking result we (Conte and the author)started around 1980
to study Fano’s paper. His “proof” contains many gaps. For many steps Fano did
not give an argument at all, apparently he did – by his fabulous geometric insight and
knowledge - simply “see” that this should be true! By an oftencase by case examina-
tion with long calculations we filled in these steps in our paper [13] and it turned out
that Fano was almost always right at the end!

At the Varenna conference on Algebraic Threefolds in 1981 Conte did give a
survey of our proof in [7] and in [8] he discussed two types of the four types mentioned
by Fano; these examples are full of beautiful classical geometry.

3.3. Further developments

The classification problem was taken up again from a modern point of view by
T. Sano [45] and by L. Bayle [1]. The point of view of Bayle is asfollows. First he
shows that such a threefoldV with Enriques hyperplane section can be obtained from
a pair(W,τ) consisting of a Fano threefoldW together with an involutionτ onW with
a finite number of fixed points. Then using the classification of Fano 3-foldsW by
Iskovskikh and Mori-Mukai he studied whichW admit such an involution. In this way
he gets a complete classification. Bayle found that there are6 different types; hence
Fano missed two cases. We refer for these results to the nice paper of Bayle ([1]).

4. On the definition and on the nature of the singularities of Fano threefolds.

The original point of view of Fano of what nowadays are calledFano threefolds
is that these are three dimensional varietiesV which are embedded in projective space
PN with the property that the general linear sectionC = V ∩H1∩H2 is acanonically
embedded curve(hereH1 andH2 are sufficiently general hyperplanes). IfV is smooth
and embedded by|−KV | then this is equivalent with the modern definition (Iskovskikh)
namely that the anticanonical class is ample [24].

In the paper [13] Conte and the author studied threefoldsV with the property
thatC = V ∩H1∩H2 is canonically embedded but without the assumption thatV is
smooth. It turned out that the above condition puts severe restrictions on the nature of
the singularities. In particular the singularities are Gorenstein singularities. Further-
more if there are only isolated singularities then there canbe at most one “non-rational
singularity” and in fact such a singularity must be necessarily “elliptic”.

In our paper we used heavily the works of Du Val, Merindol and Epema on
surfaces which have as hyperplane sections canonical curves (see [20]).
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5. On Morin’s work on the unirationality of
hypersurfaces.

5.1. Introduction

The question of unirationality for hypersurfaces was studied by U. Morin (Uni-
versity of Padova) in a remarkable series of papers rangingsover the period 1936-55
(see [34]). In 1940 he proved the following nice theorem

THEOREM 4. ([32])

Let V=Vn−1(d)⊂ Pn be a “general” hypersurface of degree d and dimension
(n−1). There exists a constantρ(d) such that if n> ρ(d) then V is unirational.

“General” means as usual that in the parameter space of theVn−1(d) there exists
a Zariski open set such that the theorem holds for theV in that set.

Morin’s theorem was extended to complete intersections by Predonzan in 1949
[43]. Modern proofs for Morin’s theorem were given by Ciliberto [5] in 1980, Ramero
(1990) and Paranjape - Srinivas in 1992. In 1998 Harris - Mazur - Pandharipande
relaxed the condition “general” to “smooth”.

In all these proofs theρ(d) is very large and certainly far from the best bound.

In a paper in 1938 (resp. in 1952) Morin did give a much sharperbound for the
cased = 5 [31] (resp.d = 4 [33]). These papers are for “modern” readers difficult to
read, firstly because they are written in a classical style and secondly - more important
- Morin’s exposition is very concise. On the other hand Morin’s ideas are very geomet-
rical and nice and therefore Conte and myself, later also joined by Marina Marchisio,
have given a modern treatment of these papers ([14], [17]). Although we have at some
places somewhat simplified the proofs and also slightly generalized the result ford= 5,
I want to stress that we have followed Morin’s ideas and, by looking carefully, Morin’s
original proofs are certainly correct. See section 5.3 and 5.4 below for the theorems.

5.2. Generalization to double coverings

Following an idea of Ciliberto from his above mentioned paper [5] from 1980
we extended Morin’s 1940 result for hypersurfaces to doublecovers onPN.

THEOREM 5. ([15])

Let B = Bn−1(2d) ⊂ Pn be a hypersurface of degree2d in Pn and let
π : W = Wn[2d,B]→ Pn be a double covering branched over B. Then there exists a
constantρ(d) such that if n> ρ(d) and B is general then W is unirational.

For the proof see [15].
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5.3. Quartic hypersurfaces

THEOREM 6. ([33])

Let V=Vn−1(4)⊂ Pn be a general quartic (in particular smooth) hypersurface.
Then V is unirational if n> 5.

In [14] we did give a “modern” proof of this. We followed the basic idea of
Morin but we could give some simplifications based on resultsof S. Lang [28] and B.
Segre [46] which were not available to Morin in 1952.

Note that the problem of theunirationality of thegeneral quartichypersurface
remains open for dimension 3 and 4.

Examples of“special” smooth quartic 3-folds which are unirational are given
by B. Segre [47], Predonzan [44] and Marina Marchisio [29], [30]; Marina Marchisio
constructed in fact families of such 3-folds in her thesis. Also note that a smooth quartic
3-fold is alwaysnon-rationalas was shown by Iskovskikh-Manin in 1971 [25].

5.4. Quintic hypersurfaces

THEOREM 7. (Morin 1938 [31])

Let V=Vn−1(5)⊂ Pn be a general quintic hypersurface. Then V is unirational
if n > 17.

In 2007 we (CMM) did give a modern proof of this theorem (againbased on
Morin’s ideas). In fact we obtained a more precise result which included Morin’s
theorem.

THEOREM 8. ([17])

Let V=Vn−1(5)⊂ Pn be defined over a field k (always of characteristic zero for
simplicity). Assume that there exists a 3-dimensional linear spaceΣ ⊂V anddefined
also over k. Let V be otherwise general- Then V is unirationalif n≥ 7.

This generalizes indeed the above theorem of Morin because for n > 17 there
exists such a linear 3-dimensional spaceΣ inside a generalVn−1(5) (as is shown by
standard arguments).

Proof. (Very rough outline in order to give the idea). We assume for simplicity that
n= 7 (otherwise we need to pay some extra care).

The idea of the proof - due to Morin - is to use a famous theorem of Enriques
([19]), namely the theorem that the varietyV3(2,3) ⊂ P5 (i.e. the intersection of a
quadric and a cubic inP5) is unirational. However it is necessary to use this theorem
in a refined form (see details below)!

So takingn= 7, letV =V6(5)⊂ P7 be a variety containing a 3-spaceΣ⊂V (so
Σ≃ P3) but otherwise general and letk be a field over which bothV andΣ are defined.
SinceΣ is defined overk we can take homogeneous coordinates(t0 : t1 : t2 : . . . : t7) in
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P7 such thatΣ has equations

(34) t4 = t5 = t6 = t7 = 0.

Let Y = (1,y1,y2,y3,0,0,0,0) be the generic point ofΣ overk, i.e.,y1,y2,y3 are inde-
pendent transcendental overk; let k(y) = k(y1,y2,y3).

Consider now inP7 the varietyKY defined by

KY = KY(V) := {P′ ∈ P7; P′ ∈ l ⊂V with l a line inP7

such thatl ∩V = 4Y+P}(35)

i.e. KY is a cone with vertexY consisting of lines throughY which intersectV in Y
with multiplicity at least four. Clearly the varietyKY is defined over the fieldk(y) and

(36) KY(V) = TY(V)∩QY(V)∩CY(V)

whenTY(V) is the tangent space inY to V (given by a linear equation),QY(V) the
(usual) tangent cone inY toV (given by a quadratic equation) andCY(V) the cone with
the vertexY of the lines with contact higher than three toV (given by a cubic equation);
all these equations have their coefficients in the fieldk(y).

Consider the variety

(37) WY =WY(V) := KY(V)∩V.

Clearly P from (35) is onWY. If F(t) = 0 is the equation ofV thenP satisfies the
equations (symbolically):

(38)





F(P) = 0

∂F
∂t

(Y)(P) = 0

∂2F
∂t2 (Y)(P) = 0

∂3F
∂t3 (Y)(P) = 0

Note also that starting with a pointP onV we find 24 such pointsY.

LEMMA 3. If P is generic on WY over k(y) then P is generic on V over k.

Proof. Easy dimension count.

Hence we have

k(V)∼= k(P)⊂ k(Y,P) = k(y)(P).

Hence: it suffices to prove thatWY(V) is unirational over k(y) (i.e. not merely
unirational, butunirational over the field k(y) itself).
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Let H∞ = {t0 = 0} ⊂ P7 be the hyperplane “at infinity” and consider inH∞ the
variety

(39) W′Y =W′Y(V) := H∞∩TY(V)∩QY(V)∩CY(V).

LEMMA 4. There is a birational transformation

f : WY ˜99KW′Y

given by f(P) = P∞ where P∞ = l ∩H∞ and f is defined over the field k(y).

Proof. This is immediately clear from the way the varietyKY has been defined in (5.2),
i.e.,W′Y is the projection toH∞ of WY from the pointY and f is birational since on the
“general” linel there is only one such pointP (see (35)).

Hence: it is sufficient to prove thatW′Y(V) is unirational over the field k(y).

NowW′Y(V)⊂H∞∩TY(V) andH∞∩TY(V) is a projective spaceP5,Y (if n= 7),
all over the fieldk(y) and inP5,Y theW′Y(V) is the intersection

(40) W′Y(V) = Q′Y(V)∩C′Y(V)

with Q′Y(V) = QY(V)∩P5,Y andC′Y(V) = CY(V)∩P5,Y, i.e., W′Y(V) is a variety of
typeV3(2,3) ⊂ P5 defined over the fieldk(y), By the theorem of Enriques ([19]) it is
indeed unirational. However we need the more precise resultthat it isunirational over
the field k(y) itself. Although Morin is very short and not explicit it seems clear (by
reading between the lines!) that he was aware of this fact andalso knew that in his case
the Enriques theorem holds in this refined form due to his linear spaceΣ in V.

In our paper [16] we have checked all this carefully and proved the Enriques
theorem in the following precise form.

THEOREM 9. Let W= Q∩C ⊂ P5 with Q (resp. C) a quadric (resp. cubic)
hypersurface containing a 2-plane∆, but otherwise “general”. Let Q,C and ∆ be
defined over a field K. Then W isunirational overK.

For the proof see [17].

By this theorem it follows from the above that the proof of thetheorem for the quintic
is complete if we takeW =WY and∆ = Σ∩H∞ andK = k(y).
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C. Pedrini, C. Weibel

SEVERI’S RESULTS ON CORRESPONDENCES

Abstract. We analyze Severi’s formula for the virtual number of fixed points of a correspon-
denceT on a surface, and his notion of the rank ofT. If the diagonal has valence zero, we
verify Severi’s formula with rank being the trace on the Neron-Severi group. Otherwise, we
show that Severi’s formula holds with a corrected notion of rank. We apply Severi’s formula
to complex surfaces with involution, both K3 surfaces and surfaces withpg = q= 0.

1. Introduction

Severi developed a theory of correspondences in a series of papers which ap-
peared in 1933, introducing the notions ofvalencesand indices. One of the results
achieved by Severi is a formula for the virtual number of fixedpoints of a correspon-
dence on a smooth projective surfaceX. These papers are part of Severi’s attempt to
develop a theory of the series of equivalences on a surface. In fact Severi encountered
(sometimes without being completely aware of what was goingon!) the problem of
not having a rigorous definition for the different equivalence relations among cycles,
which are now known as rational, algebraic, homological andnumerical equivalence.
However as W. Fulton writes in [7, p.26]:

It would be unfortunate if Severi’s pioneering works in thisarea were forgotten;
and if incompleteness or the presence of errors are grounds for ignoring Severi’s
work, few of the subsequent papers on rational equivalence would survive.

The above considerations indicate that Severi was often wrong and certainly
too bold in making conjectures. However Severi was somehow able to perceive the
motiviccontent of the matter, by considering correspondences and their action both on
Chow groups and cohomology groups. In fact he was the first to relate the action of
a correspondenceΓ ⊂ X×X on the Chow group of 0-cycles on a smooth projective
surfaceX to the cohomology class ofΓ in H4(X×X,C). In [15] (see also [4, 3.3]) he
made a claim that in its original form is not correct but can beeasily restated as what
is now known as Bloch’s conjecture.

CONJECTURE 1.1. Let S be smooth projective surface overC. If pg(S) =
q(S) = 0 the Chow group CH0(X)0 of 0-cycles of degree 0 vanishes.

Bloch’s conjecture is known to hold for all surfaces which are not of general
type, see [2], and for many surfaces of general type, see [1] and [14].

In this note we will give a precise formulation of Severi’s result on the virtual
number of fixed points of a correspondence on a surfaceS (Theorem 4.7). We also
provide a proof of what Severi claimed for the case when the diagonal∆S has valence

493
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0 (Theorem 4.1). Then, in Sect. 5, we apply these results to a complex surfaceSwith
an involution, in the casepg(S) = q(S) = 0 and in the caseS is a K3 surface.

If X is a smooth projective variety, we will writeCHi(X) for the Chow group of
codimensioni cycles onX, and writeAi(X) for the Chow group withQ-coefficients,
CHi(X)⊗Q. We writeNS(S) for the Nerón-Severi group ofS, andρ(S) for the rank of
NS(S). If Γ is any correspondence onX, we write traceNS(Γ) for the trace ofΓ acting
on the vector spaceNS(X)⊗Q. For example, traceNS(∆X) is the rankρ(X) of NS(X).

2. Indices and valence of a correspondence

Let S be a smooth projective surface overC and letΓ be a correspondence in
CH2(S×S). The formula for the virtual number of fixed points ofΓ is given in terms
of the following numbers: the second Chern classc2(S), the trace of the action ofΓ on
the vector spaceNS(S)⊗Q, thevalence vand theindicesα, β of Γ (see Definition 2.2
below). The following formula appeared for the first time in 1933 in [17, p. 871]:

(2.1) deg(Γ ·∆S) = α(Γ)+β(Γ)+δ(Γ)−v(Γ)(I +1),

whereδ(Γ) is therank of Γ (see Definition 4.6) andI is the Zeuthen-Segre invariant,
I = c2(S)−4. The same formula was reproduced in the first edition of Zariski’s book
on Algebraic Surfaces which appeared in 1935, and also in thesecond edition of it in
1971 (see [21, p. 246]).

The notion of the indices and valence of a correspondenceΓ on a smooth pro-
jective varietyX are about 100 years old and were well known to Severi and Lefschetz;
see [11]. We give their precise definition below, following [7, §16], using the notion
of degenerate correspondences in the Chow group of algebraic cycles modulo rational
equivalence.

However, Severi’s notion of the rank ofΓ, as given inop. cit., is rather obscure.
Also, Severi’s formula is based on the assumption that the correspondence∆S has rank
1, i.e., if ∆S does not belong to the idealJ (S) of degenerate correspondences (see
Definition 2.3). We will give the correct definition of the rank of a correspondence in
Definition 4.6.

DEFINITION 2.2. Let X be a smooth projective variety over a field k. The in-
dices of a correspondenceΓ ⊂ X×X are the numbersα(Γ) = deg(Γ · [P×X]) and
β(Γ) = deg(Γ · [X×P]), where P is any rational point on X; see [7, 16.1.4].

The indices are additive inΓ, andβ(Γ) = α(tΓ).

DEFINITION 2.3. A correspondence is said of valence zero if it belongs to the
ideal J (X) in An(X×X) of degenerate correspondences, i.e., the ideal generated by
correspondences of the form[V×W], with V or W proper subvarieties of X. We say
that a correspondenceΓ has valence v ifΓ+v∆X has valence 0.

For example,∆X always has valence−1, but it may also have valence 0, as is
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the case forX = P1. If Γ1,Γ2 in Ad(X×X) have valencesv1,v2 thenΓ = Γ1+Γ2 has
valencev1+v2, andΓ1◦Γ2 has valence−v1v2 by [7, 16.1.5(a)].

If ∆X does not have valence zero then the valence of a correspondenceΓ is either
unique or undefined. On the other hand, if∆X has valence zero and the valence of a
correspondenceΓ is defined, thenΓ ∈ J (X), hence it has valencev for everyv ∈ Q.
This is, for example, the case ifX is a rational surface.

EXAMPLE 2.4 (Chasles-Cayley-Brill-Hurwitz). LetC be a curve of genusg. If
T ∈ A1(C×C) is a correspondence with valencev, then the Cayley-Brill formula is:
deg(T ·∆C) = α(T)+β(T)+2vg. This is proven in [Fu 16.1.5(e)].

We thank the Referee for pointing out the following Lemma; cf. [19, 2.2.1].

LEMMA 2.5. If ∆X has valence zero, then rational, algebraic, homological and
numerical equivalence coincide in A∗(X).

Proof. If v(∆S) = 0 then the diagonal decomposes as∑ j c j [Vj ×Wj ]. Hence for any
cycleZ ∈ A∗(X) we have

Z = ∆X ·Z = ∑
j

c j(Z ·Vj)[Wj ]

It follows that numerically equivalent cycles are rationally equivalent.

3. The Chow motive of a surface

Let Mrat(k) be the (covariant) category ofChow motiveswith Q-coefficients
over an algebraically closed fieldk of characteristic 0 and leth(X) be the motive as-
sociated to a smooth projective varietyX. If S is a smooth projective surface then the
motiveh(S) has areduced Chow-Künneth decompositionas in [10, 7.2.2] of the form

h(S) = h0(S)⊕h1(S)⊕h2(S)⊕h3(S)⊕h4(S),

wherehi(S) = (S,πi ,0); eachπi is a projector whose cohomology class is the(i,4− i)
component in the Künneth decomposition of∆S in H4(S×S). HereH∗ means any
classical Weil cohomology theory, such as Betti cohomologywith Q coefficients when
k= C.

The motiveh2(S) further decomposes ashalg
2 (S)⊕ t2(S) wherehalg

2 (S) is the

algebraic part ofh2(S) andt2(S) is thetranscendental motive. The motivehalg
2 (S) may

be constructed by choosing a basis{E1, · · · ,Eρ} for theQ-vector spaceNS(S)Q which
is orthogonal in the sense thatEi ·E j = 0 for i 6= j and the self-intersectionsE2

i are

nonzero. The correspondencesεi =
[Ei×Ei ]
(Ei)2

are orthogonal and idempotent, so their
sum

(3.1) πalg
2 = ε1+ · · ·+ ερ = ∑

1≤i≤ρ

[Ei×Ei ]

(Ei)2
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is also an idempotent correspondence, andhalg
2 (S) = (S,πalg

2 ,0). Since{Ei/(Ei)
2} is a

dual basis to the{Ei}, πalg
2 andhalg

2 (S) are independent of the choice of basis.

Setting Mi = (S,εi ,0), halg
2 (S) is the direct sum of theMi , and eachMi is

isomorphic to the Lefschetz motiveL (see [10, 7.2.3]), sohalg
2 (S) ∼= L⊕ρ. Setting

H2
alg(S) = πalg

2 H2(S), we also have isomorphismsH2
alg(S)

∼= NS(S)Q.

The transcendental motivet2(S) is defined ast2(S) = (S,πtr
2 ,0), where

πtr
2 = π2−πalg

2 .

SettingH2
tr(S) = πtr

2H2(S), we haveH2(S) =H2
alg(S)⊕H2

tr(S), soH2(t2(S)) is the “tran-

scendental part” ofH2(S). In addition,A0(t2(S)) is the Albanese KernelT(S); see [10,
7.2.3]. The Chow motivet2(S) does not depend on the choices made to define the
refined Chow-Künneth decomposition, it is functorial onSfor the action of correspon-
dences, and it is a birational invariant ofS(see [KMP]).

If pg(S) = 0 thenH2
tr(S) = 0 andt2(S) = 0 iff T(S) = 0, i.e.,Ssatisfies Bloch’s

conjecture 1.1. The conditiont2(S) = 0 is also equivalent to the finite dimensionality
of h(X), see [8]. Ifpg(S)> 0 thenT(S) 6= 0, hencet2(S) 6= 0.

Recall thatA2(S×S) is the endomorphism ring ofh(S) in Mrat , with the diago-
nal correspondence∆S acting as the identity. Consider the ring projection

(3.2) ΨS : A2(S×S) = EndMrat
(h(S))→ EndMrat

(t2(S))

sendingΓ to πtr
2 ◦Γ◦πtr

2 . By construction,ΨS sends the class[∆S] of the diagonal toπtr
2 ,

which is the identity map of the motivet2(S). In fact,ΨS induces a ring isomorphism

ΨS : A2(S×S)/Jnd(S)
∼=−→EndMrat

(t2(S)),

whereJnd(S) is the ideal ofA2(S×S) generated by the classes of correspondences
which are not dominant overS by at least one of the two projectionsS×S→ S, see
[10, 7.4.3].

LEMMA 3.3. Let S be a smooth projective surface with q(S) = 0. ThenJ (S) =
Jnd(S) in A2(S×S).

Proof. From the definition of the idealsJ (S) andJnd(S) we getJ (S) ⊆ Jnd(S). Let
Γ ∈ Jnd(S) such thatΓ is not dominant overS under the first projection. We claim
thatΓ belongs to the ideal of degenerate correspondences.Γ vanishes on someV×S,
with V open inS, hence it has support onW×S, with dimW ≤ 1. If dimW = 0 then
Γ = ∑i ni [S×Pi ] in A2(S×S), wherePi are closed points inS. HenceΓ ∈ J (S). If
dimW = 1 thenΓ ∈ A1(W×S), whereA1(W×S) = p∗1(A

1(W))× p∗2(A
1(S)), with pi

the projections, becauseH1(S,OS) = 0 (see [9, p. 292]). ThereforeΓ ∈ J (S).

4. Severi’s formula

In [16, p. 761], Severi claims that if on a surfaceSthere exists a correspondence
Γ ∈ A2(S×S) with two distinct valences, i.e.,v(∆S) = 0, thenS is “regular of genus 0’,
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i.e q(S) = pg(S) = 0. The following theorem verifies Severi’s claim.

THEOREM 4.1. Let S be a smooth projective surface. Then the following con-
ditions are equivalent:

(1) There exists a correspondenceΓ ∈ A2(S×S) with two distinct valences v
and v′;

(2) v(∆S) = 0;

(3) pg(S) = q(S) = 0 and S satisfies Bloch’s conjecture;

(4) A0(S)≃Q.

Proof. Since bothΓ+ v∆S andΓ+ v′∆S are inJ (S), so is(v− v′)∆S. Therefore∆S∈
J (S), i.e., ∆S has valence 0, which shows that(1) =⇒ (2). Clearly (2) =⇒ (1), by
takingΓ = ∆S.

If v(∆S) = 0 then∆S∈ J (S). SinceJ (S)⊆ Jnd(S) we getΨS(∆S) = 0, i.e., the identity
map ont2(S) is 0 inMrat . This is equivalent tot2(S) = 0 and henceT(S) = A0(t2(S))
equals 0. The conditionT(S) = 0 forcespg(S) = 0 and is a form of Bloch’s conjecture.
By Lemma 2.5,A1(S) injects intoH2(S,Q), soq(S) = 0. This shows that (2) implies
(3).The equivalence(3)⇐⇒ (4) is well known.

If pg(S) = q(S) = 0 and Bloch’s conjecture holds forS, then, by [3, Prop. 1], there
exist a closedV ⊂ S of dimension 0 and a divisorD on S such that∆S = Γ1+Γ2 in
A2(S×S), with Γ1 supported onV×SandΓ2 supported onS×D. Hence∆S∈ Jnd(S).
By Lemma 3.3 we get∆S∈ J (S), becauseq(S) = 0, so thatv(∆S) = 0, i.e.,(3) =⇒ (2).

The equivalence(3)⇐⇒ (4) is well known.

REMARK 4.2. For a surfaceS, if v(∆S) = 0, thenpg(S) = q(S) = 0 and also
t2(S) = 0. Thereforeh(S) = 1⊕L⊕ρ(S)⊕L2, so thath(S) coincides with the motive of
S in the category of numerical motivesMnum.

EXAMPLE 4.3. LetSbe a hyperelliptic surface overC, i.e., a smooth projective
surface withpg(S) = 0 andq(S) = 1, which is isomorphic to a quotientE×F/G, with
E,F elliptic curves andG a finite group. By [2] the Albanese kernel ofS vanishes,
hence, by [3, Prop.1],∆S = Γ1+Γ2 with Γ1 ⊂V×S , Γ2 ⊂ S×D andV 6= S,D 6= S.
Therefore∆S∈ Jnd(S). Becauseq(S) 6= 0, Theorem 4.1 implies thatv(∆S) 6= 0, so that
∆S /∈ J (S).

PROPOSITION4.4. Let S be a smooth projective surface. Then for every corre-
spondence T∈ A2(S×S) of valence zero:

deg(T ·∆S) = α(T)+β(T)+ traceNS(S)(T).

Proof. Since the correspondenceT has valence 0, it belongs to the idealJ (S) of de-
generate correspondences. Therefore we may writeT = T0+T1, where

T0 = ∑ p j [Pj ×S]+∑qk[S×Qk], T1 = ∑mi [Di×D′i ];

hereDi ,D′i ∈ A1(S) andPj ,Q j are points. We may move[Di ×D′i ] within its class in
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A2(S×S) in such a way that it does not meet any of thePj ×Sor S×Qk, so that

[Di×D′i ] · [Pj ×S] = [Di×D′i ] · [S×Qk] = 0

for all i, j,k. With this reduction, we haveα(T1) = β(T1) = 0, α(T0) = deg(T0 · [P×
S]) = ∑qk, andβ(T0) = deg(T0 · [S×P]) = ∑ p j . We also have

deg(T0 ·∆S) = ∑ p j +∑qk = α(T)+β(T).

Now for any divisorC on S, we have[Pj ×S]∗(C) = [S×Qk]∗(C) = 0. ThusT0 acts as
zero onNS(S), so traceNS(T0) = 0. Therefore we may assume thatT = T1, and need to
evaluate

deg(T1 ·∆S) = deg(∑mi [Di×D′i ] ·∆S) = ∑mi (Di ·D′i).
Choose an orthogonal basis{Eℓ,1≤ ℓ ≤ ρ(S)} for theQ-vector spaceNS(S)⊗Q. In
terms of this basis,

Di = ∑k aik Ek, D′i = ∑ℓ
biℓ Eℓ.

SinceEk ·Eℓ = 0 whenk 6= ℓ, we may expandDi ·D′i to get

deg(T ·∆S) = ∑
i

mi (Di ·D′i) = ∑
i,k

mi aik bik (Ek)
2.

Because(Di×D′i)∗(Ek) = (Di ·Ek)D′i = aik(Ek)
2D′i ,

T∗(Ek) = (∑mi [Di×D′i ])∗(Ek) = ∑miaikbiℓ(Ek)
2Eℓ.

Thus traceNS(S)(T∗) = ∑miaikbik(Ek)
2, and the result follows.

REMARK 4.5. If S is a smooth projective surface overC andΓ is a correspon-
dence inA2(S×S) then, by the Lefschetz fixed point formula (see [7, 16.1.15]):

deg(Γ ·∆S) = ∑
0≤i≤4

(−1)i traceH i(S)(Γ).

Note thatα(Γ) andβ(Γ) are the traces ofΓ acting onH4(S) andH0(S), respectively.
This is immediate from Definition 2.2, sinceπ0 = [S×P] and π4 = [P×S] in our
covariant setting. Ifv(Γ) = 0 thenΨS(Γ) = 0, soΓ acts as 0 ont2(S) and onH2

tr(S,Q).
Therefore Proposition 4.4 says that a correspondence of valence 0 has trace 0 on the
odd cohomology ofS.

In [17, p. 871], Severi gave a definition of therank δ(T) of a correspondenceT
of valence 0 and gave an argument asserting that ifT is a correspondence of valence 0
on a surfaceS, then

deg(T ·∆S) = α(T)+β(T)+δ(T).

Severi pointed out thatδ(T) may be computed by taking any decomposition ofT into
the sum of degenerate correspondences. Proposition 4.4 shows thatδ(T) = traceNS(T).
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Severi then defines therankof a correspondenceΓ of valencev to be the number
δ(Γ) such thatδ(Γ)+ v is the rank of the correspondenceT = Γ+ v∆S of valence 0.
He also sets the rank of the the diagonal∆S to be 1, which is consistent when∆S has
valence -1. Thus we may reinterpret Severi’s definition as follows.

DEFINITION 4.6. If T ∈ A2(X×X) is a correspondence on a smooth projective
variety X of valence 0, we define its rankδ(T) to be the tracetraceNS(T) of T acting
on NS(X). If ∆X does not have valence 0, andΓ is a correspondence of valence v, we
define the rank ofΓ to be

δ(Γ) = traceNS(Γ)+v(ρ(X)−1).

With this definition ofδ(Γ) we recover Severi’s formula (2.1) for a surfaceS. If
v= v(Γ) thenT = Γ+v∆S has valence 0 and by Proposition 4.4 we have

δ(T) = δ(Γ+v∆S) = traceNS(Γ+v∆S) = traceNS(Γ)+vtraceNS(∆S)

= traceNS(Γ)+v·ρ(S) = δ(Γ)+v.

Recall that the second Chern class ofSsatisfiesc2(S) = deg(∆S·∆S) (see [7, 8.1.12]).

THEOREM 4.7. Let S be a smooth projective surface. If∆S does not have va-
lence 0 andΓ ∈ A2(S×S) is a correspondence with valence v, then

deg(Γ ·∆S) = α(Γ)+β(Γ)+ traceNS(Γ)+v· (2+ρ(S)−c2(S)) .

Therefore
deg(Γ ·∆S) = α(Γ)+β(Γ)+δ(Γ)−v· (c2(S)−3)

as in (2.1).

Proof. By definition,T = Γ+v∆S has valence 0. From Proposition 4.4 we have

deg(T ·∆S) = α(T)+β(T)+ traceNS(T),

with α(T) = α(Γ)+ v, β(T) = β(Γ)+ v and traceNS(T) = traceNS(Γ)+ vρ(S) by ad-
ditivity of the trace. We also have

deg(T ·∆S) = deg(Γ ·∆S)+v·deg(∆S·∆S) = deg(Γ ·∆S)+v·c2(S).

Equating the formulas yields the desired formula for deg(Γ ·∆S).

5. Surfaces with an involution

We now consider the case of the correspondence on a smooth projective surface
S over C which is the graph of an involutionσ, i.e. Γσ = {(x,σ(x)) ∈ S×S} and
show that, if pg(S) = q(S) = 0, then deg(Γσ · ∆S) is given by the same formula as
in Proposition 4.4. We also apply Theorem 4.7 to the case of a K3 surface with an
involution, see Example 5.5.
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The fixed locus ofσ consists of a 1-dimensional partD (possibly empty) and
k ≥ 0 isolated fixed points{P1, . . . ,Pk}. The imagesQi in S/σ of the Pi are nodes,
andS/σ is smooth elsewhere. The blow-upX of Sat thek set of isolated fixed points
resolves these singularities,σ lifts to an involution onX (which we will still call σ),
and the quotientY = X/σ is a desingularization ofS/σ. The imagesC1, . . . ,Ck in Y
of the exceptional divisors ofX are disjoint nodal curves, i.e., smooth rational curves
with self-intersection−2. In summary, we have a commutative diagram

(5.1)

X
h−−−−→ S

yπ
y f

Y
g−−−−→ S/σ.

If pg(S) = q(S) = 0 thenk= KS·D+4, see [5, 3.2].

For brevity, we writet for traceNS(Γσ), the trace of the action ofσ onNS(S)Q.

The following result is immediate from the Lefschetz fixed point formula and
Remark 4.5, but we prefer to give an elementary proof.

THEOREM5.2. Let S be smooth projective surface overC, with pg(S) = q(S) =
0. Letσ be an involution on S and letΓσ = (1×σ)∆S. Then

deg(Γσ ·∆S) = α(Γσ)+β(Γσ)+ t = 2+ t = 4−D2.

Moreoverσ acts as the identity on H2(S,Q) (i.e., t= ρ(S)) iff

K2
S = D2+8.

Proof. SinceShas no odd cohomology, the motiveh(S) has a Chow-Künneth decom-
position

h(S) = h0(S)⊕halg
2 (S)⊕ t2(S)⊕h4(S),

whereπ0 = [S×P], π4 = [P×S], with P a rational point onS, so that

∆S= [S×P]+πalg
2 +πtr

2 +[P×S].

Sincehalg
2 = (S,πalg

2 ,0), whereπalg
2 = ∑εi is as in (3.1), the action ofσ on halg

2 is

determined byΓσ(εi) =
[Ei×σ(Ei)]

(Ei)2
. Let ai j be such thatσ(Ei) = ∑ j ai j E j . Then

(1×σ)πalg
2 ·∆S= ∑

1≤i≤ρ

[Ei×σ(Ei)]

(Ei)2 ·∆S= ∑
1≤i≤ρ

aii .

Therefore deg(Γσ ·πalg
2 )= traceNS(σ). We haveπtr

2H2(S)=H2
tr(S)= 0, becausepg(S)=

0, hence((1×σ)πtr
2))H

2(S) = 0. By [7, 19.2]

cl((1×σ)πtr
2 ·∆S) = cl((1×σ)πtr

2) ·cl(∆S) = 0
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in H0(S×S), hence the 0-cycle(Γσ ·πtr
2) has degree 0 inA0(S×S). We also have

β(Γσ) = deg(Γσ ·π0) = 1 ; α(Γσ) = deg(Γσ ·π4) = 1.

Summing up we get

deg(Γσ ·∆S) = deg(Γσ ·π0)+deg(Γσ ·πalg
2 )+deg(Γσ ·π4) = 2+ t.

From [6, 4.2], we gett = 2−D2, hence deg(Γσ ·∆S) = 4−D2.

Finally the tracet = 2−D2 of σ on H2(S,Q) is at most the rankρ(S) of NS(S). By
Noether’s formulac2(S) = 12−K2

S becauseq(S) = pg(S) = 0, henceρ(S) = 10−K2
S.

ThereforeD2 ≥ K2
S− 8, with equality iff t = ρ(S), i.e., iff σ acts as the identity on

H2(S,Q).

REMARK 5.3. Theorem 5.2 gives a simplified version of a formula that appears
in [17, p. 874] and also in [7, 16.2.4], showing that in this case deg(Γσ ·∆S) only de-
pends onD2.

EXAMPLE 5.4. (1) LetSbe a minimal surface of general type withpg(S) = 0
andK2

S = 8 with an involution. By [6, 4.4]σ acts as the identity onH2(S,Q), ρ(S) =
t = 2 andD2 = 0. Therefore deg(Γσ ·∆S) = 4. If D = 0 the numberk of isolated fixed
points ofσ is 4, otherwisek is even and 6≤ k≤ 12.

(2) Let Sbe a numerical Godeaux surface with an involutionσ. S is a minimal surface
of general type withpg(S) = q(S) = 0 andK2

S = 1. By [5, 4.5]σ hask = 5 isolated
fixed points and−7≤ D2 ≤ 1. If D2 = −7 thenσ acts as the identity onH2(S,Q),
t = ρ(S) = 9 and deg(Γσ ·∆S) = 11= c2(S). If D2 = 1 thent = 1 and deg(Γσ ·∆S) = 3.

EXAMPLE 5.5. (K3 Surfaces with an involution) Let S be a complex K3 sur-
face with an involutionσ. We havepg(S) = 1 andq(S) = 0, henceH1,0(S) = 0 and
H2,0(S) ≃ C. Also c2(S) = 24, H2(S,Q) = NS(X)Q⊕H2

tr(S,Q) with dimH2(S,Q) =
22, dimH2

tr(S,Q) = 22−ρ(S) andρ(S) = dim(NS(S)Q)≤ 20. If σ is an involution on
S thenσ(ω) =±ω, whereω is a generator of the vector spaceH2,0(S). Then the same
argument as in [20, 3.10] shows thatσ either acts as +1 or as -1 onH2

tr(S,Q). The cor-
respondenceΓσ induces an involutionπtr

2 ◦Γσ ◦πtr
2 on t2(S), which we will still denote

by σ. Let π = 1/2(πtr
2 −σ). Thenπ ∈ A2(S×S) is a projector oft2(S). π∗ acts either

as 0 or as the identity onH2,0(S) ≃ C. In the first case ker(π∗)|H2
tr (S)

is a sub-Hodge

structure with(2,0)-component equal toH2,0(S). Its orthogonal complement is then
contained inNS(S)Q, which implies thatπ∗ = 0 onH2

tr(S,Q). Thereforeσ acts as the
identity onH2

tr(S,Q). In the second caseπ∗ equals the identity onH2
tr(S,Q), so thatσ

acts as - 1 onH2
tr(S,Q).

Now suppose thatσ(ω) = −ω, so thatσ acts as -1 onH2
tr(S). By [22, 1.2],

the quotient surfaceS/σ is an Enriques surface iffSσ = /0, while S/σ is a rational
surface ifSσ 6= /0. In either caset2(S/σ)) = 0, by [2], hencet2(S) 6= t2(S/σ)) because
pg(S) 6= 0. Let ΨS be the map defined in (3.2). Then, by [13, Prop. 1(iv)],ΨS(Γσ) =
−idt2(S) = ΨS(−∆S). Sinceq(S) = 0 the kernel ofΨS is J (S) by Lemma 3.3. Hence
Γσ +∆S∈ J (S), i.e.,Γσ has valence 1. Sincepg(S) 6= 0, ∆S cannot have valence 0 by
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Theorem 4.1. The correspondenceΓσ has indicesα(Γσ) = β(Γσ) = 1. By Theorem
4.7, if t = traceNS(S)(Γσ) we get

deg(Γσ ·∆S) = 2+ t +ρ(S)−22= 2+ t−dim H2
tr(S,Q).

By [22, Th.3], σ has no isolated fixed points and a 1-dimensional (possibly empty)
fixed locusD. Let τ be the trace ofσ on H2(S,C). By the topological fixed point
formula (see [6, 4])τ+2= e(D), wheree(D) =−D2−D ·KS is the topological Euler
characteristic ofD. By the holomorphic fixed point formula, see [6, 4]

−D ·KS= 4(traceH0(S,OS)
(σ)+ traceH2(S,OS)

(σ)) = 0,

becauseσ acts as -1 onH2(S,OS). Thereforee(D) =−D2 and

t = τ− traceH2
tr(S)

(Γσ) = τ+dim H2
tr(S) =−D2−2+dim H2

tr(S),

becauseσ acts as -1 onH2
tr(S), so that

deg(Γσ ·∆S) =−D2.

If Sσ = /0, in which caseS→ S/σ is the canonical unramified cover of an En-
riques surface, thenD = 0 and(Γσ ·∆S) = 0.

If Sσ 6= /0 then, by [22, Th. 3], the fixed locusD of σ is the disjoint union ofm
smooth curvesCi , with 1≤m≤ 10, so thatD2 =∑1≤i≤m(2g(Ci)−2), by the adjunction
formula. If m= 10 and the curvesCi are rational thenD2 = −20 andρ(S) = 20, see
[22, Th. 3′(1)]. Therefore deg(Γσ ·∆S) = 20= ρ(S), dim H2

tr(S) = 2 andt = 20= ρ(S).
Henceσ acts as the identity onNS(S)Q. S is the unique (up to isomorphism) complex
K3 surface described in [18, Th. 1].

If σ∗(ω) = ω, with ω ∈ H2,0(S), then σ is a Nikulin involution. A Nikulin
involution has 8 isolated fixed points, no 1-dimensional fixed locus and the desin-
gularizationY of the quotient surfaceS/σ is a K3 surface, see [12, 5.2]. Therefore
c2(S) = c2(Y) = 24, andρ(S) = ρ(Y) becauseσ acts as the identity onH2

tr(S). From
the Lefschetz fixed point formula (see Remark 4.5) we get

deg(Γσ ·∆S) = τ+2= 8

whereτ is the trace ofσ onH2(S,C). In order to compute deg(Γσ ·∆S) using Theorem
4.7 we should know that the correspondenceΓσ has a a valencev. By [13, Th.4] this is
equivalent tot2(S)≃ t2(Y) in which casev(Γσ) =−1. Then we get

deg(Γσ ·∆S) = 2+ t− (ρ(S)−22)

where

t = traceNS(Γσ) = τ−dimH2
tr(S) = τ− (22−ρ(S)) = ρ(S)−16,

so that deg(Γσ ·∆S) = 8. The conditiont2(S)≃ t2(Y) is satisfied if the K3 surfaceShas
a finite dimensional motive, which is in particular the case if ρ(S) = 19 orρ(S) = 20,
see [13, Thms. 2 and 3].
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A. Verra

SIX DIMENSIONAL PRYMS AND CONTE-MURRE

THREEFOLDS

Abstract. The singular locusS of the universal Prym theta divisor over the Prym moduli
spaceR7 of genus 7 curves is considered. An irreducible component ofS is constructed
which is unirational and dominatesR7. This result relies on several classical constructions,
related to the geometry of Enriques surfaces, offering a tourthrough them as a byproduct.

1. Introduction

The aim of this paper is to investigate some of the multiple relations between
two, quite different, classes of complex algebraic varieties. From one side we consider
Prym varieties of dimension 6 and, from the other side, the family of Enriques-Fano
threefolds of genus 6.

An Enriques-Fano threefoldX is a normal threefold containing an ample Cartier
divisorH which is a minimal Enriques surface with at most Du Val singularities. More-
over it is assumed thatX is not a generalized cone overH, that is,X is not a contraction
of P(OH ⊕OH(H)). The genus ofX is p := H3

2 +1.

The families of these threefolds were studied by Fano and by Godeaux in the
30’s of the last century, whenH is very ample. The adjunction map often provides a
birational model of them which is a singular Fano threefold with special properties. In
the 80’s they were reconsidered in modern terms by Conte and Murre in the paper [6].
This was a starting point for a renewed long series of investigations, reaching several
classification results and the sharp boundp≤ 17 for the genus. See for instance: [2],
[3], [6], [20], [23], [17] among many other papers.

The family of threefolds of genus 6, more precisely their birational Fano models
in P5, is the initial family studied in detail in [6]. Throughout all the paper, the members
of this family will be called Conte-Murre threefolds.

From another point of view, Enriques-Fano threefolds appear also as quotients
of Fano threefolds endowed with an involution having exactly 8 fixed points, [2]. Hence
they are endowed with a quasi étale double covering branchedat 8 points. IfT is a
Conte-Murre threefold, thenT is a general linear section of the spaceQ[2] ⊂ |OP3(2)|,
parametrizing pairs of planes ofP3, and the covering ofT is induced by the natural map
P3∗ ×P3∗ → Q[2]. Note thatT is embedded inP6 as a projectivitely normal threefold
whose general hyperplane sections are smooth Enriques surfaces of degree 10. On the
other handP6 is the canonical space for curves of genus 7. Assume

C⊂ T−Sing T⊂ P6

is such a curve. Then the covering ofT induces an étale double coveringπ : C̃→C
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which is defined by a non trivial 2-torsionη of Pic0C. Hence the pair(C,η) is a Prym
curve. This relates Prym curves of genus 7 and Conte-Murre threefolds.

Let us see why this relation is rich and interesting. More in general let(C,η)
be a smooth Prym curve of genusg and let(P,Ξ) be its associated Prym variety. Then
P is an abelian variety of dimensiong−1, principally polarized by its theta divisorΞ.
We can comment on three related arguments from the theory of Prym varieties:

1) The study of the Prym Brill-Noether loci Pr(C,η),

2) the Taylor expansion ofΞ at o∈ SingΞ and the Prym-Torelli problem,

3) the birational structure of the Prym moduli spaceRg.

1) Pr(C,η) is the family of line bundles̃L ∈ Pic2g−2C̃ such thatNm L̃ ∼= ωC,
h0(L̃) ≥ r +1 andh0(L̃) = r +1 mod 2. Assume(C,η) is general. ThenPr(C,η) is
smooth of dimensionρ = g−1−

(r+1
2

)
if ρ≥ 0 and connected ifρ≥ 1, [25].

We can also consider the universal Prym Brill-Noether locusP r
g overRg that is

the moduli space of triples(C,η, L̃). If ρ ≥ 0 thenP r
g dominatesRg via the forgetful

map. A unique irreducible component ofP r
g dominatesRg if ρ≥ 1. If ρ = 0, this latter

result, though plausible, is not yet available in the literature.

2) Continuing with a general Prym curve, thenSingΞ is biregular toP3(C,η).
A general pointo∈ SingΞ is an ordinary double point. To giveo is equivalent to give
a line bundlẽL ∈ Pic2g−2C̃ such thath0(L̃) = 4 andNmL̃∼= ωC, cfr. [1] App. C.

3) Finally various steps have been realized in the global study ofRg. Farkas and
Ludwig recently proved thatRg is of general type forg≥ 14, with the exception of
g= 15 which is unknown, [13]. Nothing seems to be known on the Kodaira dimension
of Rg for 9≤ g≤ 13. On the other hand the unirationality ofRg is well known for
g≤ 6. See [15] and [21] for some general accounts on all this matter.

Coming to genus 7 the unirationality ofR7 is known, see [14]. The caseg= 7
is also the case whereSingΞ is finite for a general(C,η): Debarre proves in [7] that
thenSingΞ consists of 16 ordinary double points. SinceSingΞ = P3(C,η) these are
the 16 elements̃L of P3(C,η). We will see along this paper that the Petri map

µ : H0(L̃)⊗H0(ωC̃⊗ L̃−1)→ H0(ωC̃)

is surjective and thatKer µ is the invariant eigenspace of the involution induced by
π : C̃→ C. To summarize the situation, letP3 := PH0(L̃)∗. ThenKer µ defines a
6-dimensional linear spaceP6⊂ |OP3(2)| so that, with the previous notations,

C⊂ T = P6∩Q[2] ⊂ |OP3(2)|.

C is canonically embedded andT is a Conte-Murre threefold. Conversely, an embed-
ding C ⊂ T reconstructs a Prym curve(C,η) and two elements̃L and ωC̃⊗ L̃−1 ∈
P3(C,η). Building on the geometry of this construction, and of Enriques surfaces as
well, we explicitely describe an irreducible componentP of P 3

7 and show that

THEOREMP is unirational and dominatesR7.
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As an immediate consequence, we obtain a new proof that

COROLLARYR7 is unirational.

Sinceρ = 0 the existence of other irreducible and dominant components ofP 3
7

is a priori possible. It seems plausible, with more substantial effort, to exclude them.
Assuming this property, the ideal geometric picture forg= 7 appears to be as follows:
let C⊂ P6 be a general canonical curve. Consider the map

t : SingΞ/ < i∗ >→ T(C) := { Conte-Murre threefolds through C}

defined by the conditiont(L̃, i∗L̃) = T. One expects thatt is bijective and that, over an
open neighborhood ofC in its Hilbert scheme, the monodromy ofT(C) is irreducible.

To conclude this introduction we want to outline a second natural step of the
program started in this paper. To this purpose let us stress once more that a Conte-
Murre threefoldT is defined by a quadratic singularityo of the theta divisorΞ of a
general 6-dimensional PrymP. Our claim is that the Fano model ofT, described in
[6], is exactly the complete intersection, in the projectivized tangent space toP at o,
of the quadratic and the cubic terms of the Taylor expansion of Ξ at o. We intend to
inquire this claim and possibly prove it in a future paper.

In the 70’s several young persons, among them the author of this paper, were
introduced to beautiful algebraic varieties, like Enriques surfaces or Pryms or conic
bundles, thanks to Alberto Conte and his passion for geometry. Time is passing, but
the beautiful geometry learned at that time is not passing. This paper is dedicated to
Alberto for his 70th birthday, with gratitude.

2. Preliminary results and basic notations

We will work over the complex field. APrym curve of genus gis a pair(C,η) such
thatC is a smooth, integral projective curve of genusg andη is a non trivial 2-torsion
element ofPic C. We fix from now on the following notations:

◦ π : C̃→C is the étale double covering defined byη.

◦ i : C̃→ C̃ is the involution exchanging the two sheets ofπ.

Theni is fixed point free and̃C is a smooth integral curve of genus 2g−1. As is well
known the Prym variety of(C,η) is a principally polarized abelian variety of dimension
g−1, naturally associated to(C,η). It is a pair(P,Ξ) such thatP is an abelian variety
of dimensiong−1 andΞ is a principal polarization on it. To constructP consider the
Norm mapNm: Pic C̃→ Pic C sendingOC̃(d) toOC(π∗d). ∀m∈ Z each fibre of

Nm: Picm C̃→ Picm C

is the disjoint union of two copies of the same abelian variety of dimensiong−1. By
definition this isP. To defineΞ we previously introduce the Prym Brill-Noether loci.
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DEFINITION 1. The r-th Prym Brill-Noether locus of(C,η) is

Pr(C,η) := {L̃ ∈ Pic2g−2C̃ / NmL̃∼= ωC, h0(L̃)≥ r +1, h0(L̃)≡ r +1 mod 2}.

Pr(C,η) has the scheme structure defined in [25]. Note thati∗ acts onPr(C,η) and that
i∗L̃∼= ωC̃⊗ L̃−1. Let L̃ ∈ Pr(C,η), we fix the natural identification

H0(L̃) := i∗H0(L̃) = H0(i∗L̃).

Theni∗ acts onH0(L̃)⊗H0(L̃) by exchanging the factors and the decomposition

H0(L̃)⊗H0(L̃) = Sym2H0(L̃)⊕∧2H0(L̃).

is the direct sum of the 1 and−1 eigenspaces of the involutioni∗. Let

µL̃ : H0(L̃)⊗H0(L̃)→ H0(ωC̃)

be the Petri map, that iss⊗ t→ si∗t. ThenµL̃ is the direct sum of the maps

µ+
L̃

: Sym2H0(L̃)→ H0(ωC̃)
+ , µ−

L̃
: ∧2H0(L̃)→ H0(ωC̃)

−

where± denotes the±-eigenspace ofi∗. We fix the identifications

H0(ωC̃)
+ = π∗H0(ωC) = H0(ωC) andH0(ωC̃)

− = π∗H0(ωC⊗η) = H0(ωC⊗η).

Some frequently used conventions:
- X ⊂ Pn, then< X > is its linear span.
- X is not degenerate if< X >= Pn.
- X ⊂Y, thenIX/Y is the ideal sheaf ofX.
- V a vector space:PV is its projectivization,V∗ the dual.
- V⊥ := {h∈V∗ / h/V is zero}.
- L a line bundle,V ⊂ H0(L): |V| is the linear system defined byV.
- |L | is the linear system defined byH0(L).

3. Prym theory in genus 7 and Conte-Murre threefolds

From now onC will be a generalcurve of genus 7, which implies that(C,η)
will be a generalPrym curve for eachη. In particular we can assume thatωC⊗η is
very ample, see [5] 0.6. Moreover we can assume thatωC is very ample and that the
canonical model ofC is generated by quadrics.̃C has genus 13. SinceC is general it
follows

Pr(C,η) = /0, r ≥ 4

from Prym Brill-Noether theory, [25]. From Debarre, [7], wehave

THEOREM 1. SingΞ = P3(C,η) is a smooth0-dimensional scheme of length
16.
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COROLLARY 1. The forgetful map f: P 3
7 → R7 is generically étale of degree

16.

Moreover eacho∈SingΞ is a stable singularity with respect to(C,η). This just
means thato is a line bundleL̃ ∈ P3(C,η) such thatNm L̃ ∼= ωC andh0(L̃) = 4. Let
V := H0(L̃), we want to study the Petri map

µL̃ : V⊗ i∗V→ H0(ωC̃).

LEMMA 1. Let (C,η) be any Prym curve of genus7 and let L̃ ∈ P3(C,η)−
P5(C,η). Assume that the Petri map ofL̃ is surjective, then its Prym-Petri map is an
isomorphism.

Proof. Recall thatCoker µ̃L is the cotangent space atL̃ to the Brill-Noether scheme
W3

12(C̃) := {M̃ ∈ Pic12C̃ / h0(M̃)≥ 4}. ThenµL̃ surjective⇒ L̃ is an isolated point of
W3

12(C̃), hence ofP3(C,η). HenceCoker µ− = 0, that is,µ− is an isomorphism.

SinceC̃ is not general, the Petri mapµL̃ needs not to be injective. Actually, the
size of this paper is due to the steps for proving that, for a general(C,η), the subset

{L̃ ∈ P3(C,η) / µL̃ is surjective}

is not empty. Next we remark that the linear system|Im µL̃| defines the product map

φ := fL̃× ( fL̃ · i) : C̃→ P3×P3,

whereP3 := PV∗ and fL̃ : C̃→ P3 is the map defined bỹL. Let

P3×P3⊂ P15 := P(V∗⊗V∗),

be the Segre embedding. We consider the projective involution I : P15→ P15 induced
by the linear maps⊗ t→ t⊗s. The projectivized eigenspaces ofI are

P5− := P(∧2V∗) , P9+ := P(Sym2V∗).

Moreover it is clear thati : C̃→ C̃ is induced byI , in other words we have:

I ◦φ = φ◦ i.

Notice also thatP5− is the Plücker space for the Grassmannian

G := G(1,PV)⊂ P5−

of pencils of planes ofP3. On the other handP(Sym2V∗) is the linear system

P9+= |OPV(2)|

of quadrics ofPV = P3∗ . In particular this space admits the rank stratification

Q[1] ⊂Q[2] ⊂Q[3] ⊂ P9+,
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whereQ[r] denotes the locus of quadrics of rank≤ r. Let us consider the linear projec-
tionsπ+ : P15→ P9+ andπ− : P15→ P9+ respectively of centersP5− andP9+. We are
interested to the commutative diagram

P5− π−←−−−− P15 π+−−−−→ P9+

x
x

x

G
π−/P3×P3

←−−−−−− P3×P3 π+/P3×P3

−−−−−−→ Q[2]

x
xφ

x

C−
π−◦φ←−−−− C̃

π+◦φ−−−−→ C+

where the horizontal arrows are surjective and the top vertical ones injective, cfr. [22].
We observe that the quotient map of the involutionI/P3×P3 is exactly

π+/P3×P3 : P3×P3→Q[2].

Q[2] is a determinantal 6-fold of degree 10 parametrizing pairs of planes ofPV. As is
well known the previous map is a quasi étale 2:1 cover ofQ[2], branched onQ[1]. Note
thatφ∗OP15(1)∼= ωC̃, becauseφ is defined byIm µL̃ ⊆ H0(ωC̃). Notice also that

L̃∼= φ∗OP3×P3(1,0) andi∗L̃∼= OP3×P3(0,1).

Moreoverπ− ·φ andπ+ ·φ are respectively defined by|Im µ−
L̃
| and|Im µ+

L̃
|. In particular

it follows that the linear spans<C+ > and<C− > are the orthogonal spaces:

<C+ >= P(Im µ+
L̃
)⊥ ⊂ PH0(ωC)

∗ and <C− >= P(Im µ−
L̃
)⊥ ⊂ PH0(ωC⊗η)∗.

Therefore we have:

LEMMA 2. Assume that µ̃L is surjective, then the projective models

C+ ⊂ <C+ > and C− ⊂ <C− >

are exactly the canonical and the Prym canonical embeddingsof (C,η).

Proof. By lemma 3.3 the surjectivity ofµL̃ implies that the Prym-Petri mapµ−
L̃

is an
isomorphism. Then, sincei∗ acts onKer µL̃, it follows thatKer µL̃ = Ker µ+

L̃
. This

implies thatµ+
L̃

is surjective. Then|Im µ−
L̃
| = |ωC⊗ η| and |Im µ+

L̃
| = |ωC|, which

implies the statement.

Now it is the appropriate moment to introduce Conte-Murre threefolds:

DEFINITION 2. A Conte-Murre threefold is a transversal 3-dimensional linear
section of Q[2].
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More informations on the family of Conte-Murre threefolds are available in the
introduction. In particular for such a threefoldT we haveSing T = T ∩ Q[1] and
Sing Tconsists of 8 points of multiplicity 4. The study of the family of triples(C,η, L̃)
is one of the main goals of the next sections.

In what followsC is always a smooth, irreducible curve of genus 7 which is not
hyperelliptic nor trigonal and(C,η) is a Prym curve. It is useful to fix the following

DEFINITION 3. A triple (C,η, L̃) is a good triple if:

1 h0(L̃) = 4.

2 L̃ is very ample.

3 The Petri map µ̃L is surjective.

4 <C+ > is transversal to Q[2].

Let (C,η, L̃) be a good triple. By (1) we haveh0(L̃) = 4. SinceµL̃ is surjective
then<C+ > is a 6-dimensional space inP9+. ThereforeC+ is the canonical embed-
ding of C and< C+ > is its canonical space. Moreover the mapφ : C̃→ P3×P3,
considered in the previous diagram, is an embedding becauseL̃ is very ample. Let us
also point out that̃L∼= φ∗OP3×P3(1,0).

Therefore a good triple defines an embedding of the canonicalmodel ofC in a
Conte-Murre threefold. Conversely let us start from an embedding

C⊂ T−Sing T,

whereT is a Conte-Murre threefold andC is a smooth, integral curve of genus 7 which
is canonically embedded in< T >. Then the mapπ+ : P3×P3→Q[2] induces an étale
double coveringπ : C̃→C, whereC̃ := π+∗C. The next lemma is standard.

LEMMA 3. π : C̃→C is not the trivial étale double covering.

Proof. For m>> 0 consider a generalS∈ |OT(m)| containingC. ThenS̃ := π∗S is a
complete intersection inP3×P3 of four very ample divisorsD,H1,H2H3 such thatD
has bidegree(m,m) andHi has bidegree(1,1), i = 1,2,3. In particularS̃ is a smooth,
connected surface of general type. Its canonical sheaf isOS̃(m−1,m−1). Now assume
π is trivial. ThenC̃ = C1+C2, whereC1,C2 are disconnected copies ofC. Hence it
follows C2

1 =C2
2 = 12(2−m) andC1C2 = 0: against Hodge index theorem.

By the lemmaπ : C̃→C defines a Prym curve(C,η). Let L̃ := OC̃(1,0), then it
is easy to see thatNmL̃∼= ωC

∼= Nm i∗L̃. Starting from the embeddingC⊂ T−Sing T,
we have constructed a triple(C,η, L̃) satisfyingh0(L̃) ≥ 4 and conditions 3) and 4) of
definition 3.6.(C,η, L̃) is expected to be a good triple.

DEFINITION 4. An embedding C⊂ T −Sing T is good if(C,η, L̃) is a good
triple.
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The next assumption is proved to be true in the last section ofthis paper, from
now on we keep it:

ASSUMPTION2. Good triples(C,η, L̃) do exist.

4. Genus7 canonical curves in a Conte-Murre threefold

We will denote a good triple by(C,η, L̃). To simplify notations we will also set

Λ :=<C+ > , T :=Q[2] ·Λ andC+ =C.

SinceΛ is transversal toQ[2], thenT is a Conte-Murre threefold and, moreover, the
embeddingC⊂ T−Sing T is good. Many properties ofT have a classical flavor. We
review some of them to be used, cfr. [9] 6.3. The orthogonal space ofΛ is a plane

Λ⊥ ⊂ |OP3∗(2)|

in the space of quadrics ofP3∗ = PV. Therefore, up to projective equivalence, to give
Λ⊥ is equivalent to give an even spin curve(Q,θ), whereQ⊂ Λ⊥ is a smooth plane
quartic andθ is an even theta characteristic onQ. In other words the threefold

T̃ := π+∗T

is the base scheme of a netN := |IT̃/P3×P3(1,1)| of symmetric bilinear forms ofP3×
P3. Giving a planeΛ⊥ is equivalent to give a netN. Let (x,y) = (x1 : . . . : x4)× (y1 :
. . . : y4) be coordinates onP3×P3, this means thatN is generated by three bilinear
forms

qk(x,y) = ∑
1≤i, j≤4

qk
i j xiy j , (k= 1,2,3),

such that(qk
i j ) is a 4×4 symmetric matrix. We can also view̃T as the graph of a very

well known Cremona involution. We denote such a birational map as

φT̃ : P3→ P3

and summarize without proofs its realization. Letπi : T̃ → P3 be the projection onto
the i-th factor,i = 1,2. Then its fibre atx, is defined by the linear equations

q1(x,y) = q2(x,y) = q3(x,y) = 0.

SinceT̃ is integral, it follows thatπ∗1(x) is a point for a generalx. Hence the map

π−1
1 : P3→ T̃

is birational. The fundamental locus ofp−1
1 is the rank 2 locus of the 3×4 matrix of

linear formsMx := (qk
1 jx1+ · · ·+qk

4 jx4). Such a fundamental locus is the embedding

Q1⊂ P3
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of the plane quarticQ by the map associated toωQ(θ). The 3×3 minors ofMx generate
the ideal ofQ1. The same properties hold forπ2 : P3→ T̃. Again its fundamental locus
is the same embedding ofQ. In the coordinates(y1 : . . . : y4) this is the curve

Q2⊂ P3

whose ideal is generated by the 3×3 minors ofMy := (qk
i1y1+ · · ·+qk

i4y4). In particular
it follows thatπ−1

i : P3→ T̃ is the blowing ofQi , i = 1,2. By definition we will have

φT̃ := π2 ·π−1
1 and φ−1

T̃
= π1 ·π−1

2 .

THEOREM 3. The birational mapsφT̃ andφ−1
T̃

are respectively defined by the
linear systems of cubic surfaces|IQ1/P3(3)| and |IQ2/P3(3)| .

REMARK 1. It is well known thatπ2, π1 are respectively the contractions of the
unions of the trisecant lines toQ1 and toQ2. Notice also thatφ2

T̃
= idP3. By far φT̃ is

the most famous example of cubo-cubic birational involution of P3.

Given our good triple(C,η, L̃) and puttingΛ̃ :=< T̃ > we have, in the Segre
embedding ofP3×P3, the following situation:

C̃ ⊂ T̃ = Λ̃ ·P3×P3⊂ P15

Since the triple is good,Im µL̃ = H0(ωC̃). Hence the next proposition is immediate.

PROPOSITION1. C̃ is canonically embedded iñΛ.

Now our program is to linkC̃ to a second curvẽB by a complete intersection
of two smooth surfaces iñT. Then we will use the family of curves̃B to construct a
rational variety, which in turn dominates a family of good triples (C,η, L̃) such that
(C,η) has general moduli.

To realize this program we work with the contractionsπ1,π2 : T̃ → P3. Let
Hi ∈ |π∗i OP3(1)| and letEi be the exceptional divisor ofπi , i = 1,2. Then we have the
following relations inPic T̃:

3H1−E1∼ H2 , 3H2−E2∼ H1.

We consider the linear systems|Hi +H1+H2|, i = 1,2. Due to these relations we have

|Hi +H1+H2|= |5Hi−Ei |= π∗i |IQi/P3(5)|.

Since the ideal ofQi is generated by cubic forms, thenIQi (5) is globally generated and
hence|5Hi−Ei | is base point free. It is easy to conclude that:

PROPOSITION2. A general D∈ |Hi +H1+H2| is a smooth surface such that
πi : D→ P3 is an embedding of D as a smooth quintic surface passing through Qi .
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REMARK 2. For completeness we mention that|Hi +H1+H2| = |7H j −2E j |
wherei 6= j andi, j = 1,2. In particular letD= π j(D), thenD is a septic surface passing
with multiplicity two throughQ j andπ j : D→ D is the normalization map ofD.

From now on letC̃i be the image of the embeddingπi : C̃→ P3, then we have

|IC̃/T̃(Hi +H1+H2)| = |IC̃/T̃(5Hi−Ei)| = π∗i |IQi∪C̃i
(5)|.

PROPOSITION3. The ideal sheafIC̃/T̃(Hi +H1+H2) is globally generated.

Proof. We haveH0(OC̃(H1)) = H0(L̃ and H0(OC̃(H2)) = H0(i∗L̃). PuttingWk :=
H0(OC̃(Hk)), k= 1,2, we consider the commutative diagram

0 −−−−→ Ker m1 −−−−→ W1⊗W1⊗Sym2W2
m1−−−−→ W1⊗H0(L⊗ωC̃) −−−−→ 0

n

y l

y m3

y

0 −−−−→ Ker m2 −−−−→ Sym2W1⊗Sym2W2
m2−−−−→ H0(ω⊗2

C̃
) −−−−→ 0,

wherem1,m2,m3 are the natural multiplication maps andl(a⊗b⊗ c) := (a⊗b+b⊗
a)⊗ c. Since the Petri mapµL̃ : W1⊗W2→ H0(ωC̃) is surjective, the multiplication
map

µ2
L̃ : W1⊗W1⊗W2⊗W2→ H0(ω⊗2

C̃
)

is surjective as well. This easily implies the surjectivityof m1,m2. Sincel is clearly
surjective, the surjectivity ofm3 also follows. Hence the diagram is exact and, by stan-
dard diagram chase, the mapn : Ker m1→Ker m2 is surjective. Now letIC̃ be the ideal
sheaf ofC̃ in P3×P3, thenKer m1 = W1⊗H0(IC̃(H1+2H2)). On the other hand we
haveKer m2 =H0(IC̃(2H1+2H2)) andn is surjective. HenceIC̃(H1+2H2) is globally
generated ifIC̃(2H1+2H2) is globally generated. Since the Segre embeddingP3×P3

is generated by quadrics,IC̃(2H1+2H2) is globally generated if̃C is not hyperelliptic,
which is obvious, nor trigonal. Notice thatC̃ is not trigonal because a non hyperelliptic
trigonal curve of genusg≥ 4 has no fixed point free involution. FinallỹT is a linear
section ofP3×P3, hence the sheafIC̃/T̃(H1+2H2) is globally generated as well: we
omit the easy details of this last step. The same proof works for IC̃/T̃(2H1+H2).

The next proposition is a straighforward, though useful, corollary.

PROPOSITION 4. A general D∈ |IC̃(Hi +H1 +H2)| is a smooth, connected
surface. Moreoverπi : D→ P3 is an embedding of D as a smooth quintic surface
containing Qi ∪C̃I .

Proof. The argument is standard, cfr. [22]. By the lemmaC̃ is locally complete in-
tersection of two elements ofI := |IC̃/T̃(Hi +H1 +H2)| at every pointo ∈ C̃. Since

C̃ is smooth, thenIo := {D ∈ I / o ∈ Sing D} has codimension≥ 2 in I. Therefore,
counting dimensions, it follows that a generalD ∈ I is smooth alongC̃. ThenD is
smooth by Bertini theorem and obviously connected because it is very ample. Finally
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C̃ is smooth andπi/C̃ is an embedding. Henceπi is an embedding along the scheme
C̃ ·Ei . SinceIC̃(D) is globally generated andD is general, we can then assume thatπ
is an embedding alongD ·Ei , so thatπi : D→ P3 is an embedding.

Definitely we fix nowi = 1 for simplicity, then we consider a general smooth

S̃∈ |IC̃/T̃(2H1+H2)|.

DEFINITION 5. NS(S̃) is the Neron-Severi lattice of̃S. For any line bundle
OS̃(D) we set:

d := numerical class of D.

Using the classical description ofT̃ it is easy to compute that

h2
1 = 5 , h2

2 = 7 , h1h2 = 9 , c̃2 = c̃h1 = c̃h2 = 12.

in the latticeNS(S̃). Sinceι∗C̃= C̃, we will also consider the smooth surface

ι∗S̃∈ |IC̃/T̃(H1+2H2)|.

PROPOSITION5. A general element of|OS̃(H1+2H2− C̃)| is a smooth, con-
nected curve of genus11and bidegree(11,11).

Proof. We know from proposition 4.6 thatIC̃/T̃(ι∗S̃) is globally generated. Then the

same remarks given to prove lemma 4.7 imply thatOS̃(H1+2H2−C̃)| is base point free.
Since(h1+2h2− c̃)2 > 0 the first part of the statement follows from Bertini theorem.
Let B̃ ∈ |OS̃(H1 + 2H2− C̃)|. The canonical class of̃S is h1. Then, by adjunction
formula, we have 2pa(B̃)−2= (2h1+2h2− c̃)(h1+2h2− c̃) = 20. Hencepa(B̃) = 11.
Notice also thath1(h1+2h2− c̃) = h2(h1+2h2− c̃) = 11.

The next result, though elementary, highlights a very interesting feature:

THEOREM4. For everyB̃∈ |OS̃(H1+2H2−C̃)| there exists exactly one hyper-
plane ofΛ̃ containing it.

Proof. A generalB̃ is smooth of genus 11. ThenOB̃(1) is a non special line bundle for
degree reasons andh0(OB̃(1)) = 12. Since we haveh0(OT̃(1)) = 13 andΛ̃ =< T̃ >, it
follows thatB̃ is contained in a hyperplane. By semicontinuity this holds for everyB̃.
To prove the uniqueness result it suffices to show thath0(OS̃(H1+H2− B̃)) = 1. For
this notice thath1(h1+h2− b̃) = 3. Sinceh1 is very ample and̃Sof general type, every
curveD satsfyingh1d = 3 is isolated; henceh0(OS̃(H1+H2− B̃)) = 1.

5. Quintic surfaces through a genus3 sextic and a skew cubic

This section is a useful digression to study the linear system |C̃| on S̃. We will
use the notatioñSi for πi(S̃), i = 1,2. In particularS̃1 is a smooth quintic surface
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containing a genus 3 sexticQ1. As we will see in a moment,̃S1 also contains a skew
cubic which is 4-secant toQ1. In what follows a skew cubic is a reduced, connected
curve of degree 3 and arithmetic genus 0, possibly reducible. By the latter theorem we
can consider oñS the hyperplane section

F̃ + B̃ :=< B̃> ·S̃.

for everyB̃∈ |OS̃(H1+2H2−C̃)|.

PROPOSITION6. F̃ is a connected curve of arithmetic genus0 and bidegree
(3,5) in P3×P3. It is isolated inS̃ and embedded byπ1 : F̃ → P3 as a skew cubic.

Proof. We have f̃ = c̃− h2, hence f̃ 2 = −5 and f̃ h1 = 3 so thatpa(F̃) = 0. Since
f̃ h2 = 5, the bidegree is(3,5). The mapp1 : S̃→ P3 embedsF̃ has a curve of degree
3. Then it is easy to deduce frompa(F̃) = 0 that F̃ is reduced and connected. It is
obviously isolated oñSand embedded inP3 as a skew cubic.

DEFINITION 6. F̃i is the image of the morphismπi : F̃ → P3, i = 1,2.

In particularF̃1 is a skew cubic in the smooth quintic surfaceS̃1 := π1(S̃). Let
us summarize the situation so far: from the previous remarkswe have seen that

OS̃(H1+H2− F̃)∼= OS̃(H1+2H2−C̃).

Therefore we have:

THEOREM 5. Let (C,η, L̃) be a good triple. Then, with the previous notations,
one has

OS̃(C̃)∼= OS̃(F̃ +H2).

It is easy to see that a general element of|OS̃(H2)| is a smooth curve of genus 9
and bidegree(9,7) in P3×P3. Since the cubo-cubic Cremona transformation

p2 · p−1
1 : P3→ P3

is defined by the linear system|IQ1/P3(3)|, we can see the elements of|H2| as follows.

LEMMA 4. Let G̃∈ |H2| be general and let̃G1 ⊂ S̃1 be its embedding viaπ1.
ThenG̃1∪Q1 is a nodal complete intersection ofS̃1 and a general cubic surface X∈
|IQ1/P3(3)|.

REMARK 3. Taking a curveG̃1 which is transversal to the skew cubicF̃1 we
obtain a nodal curvẽG1+ F̃1 which is linearly equivalent tõC. We point out that

h2 f̃ = 5 and e1 f̃ = 4,

wheree1 is the class ofπ∗1Q1 in S̃. The latter equality follows from 3h1−h2 = e1. Then
G̃1∩ F̃1 is a set of 5 points. Counting multiplicities,Q1∩ F̃1 is a set of 4 points.
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So far we have seen that a good triple(C,η, L̃) defines a curvẽC which moves in
a linear system|OS̃(F̃ +H2)| as above, wherẽS is biregular to a smooth quintic surface
in P3. Now we partially reverse the construction and study smoothquintic surfaces
endowed with a linear system of this type and its properties.

Thus we start from a non hyperelliptic even spin curve(Q,θ) of genus 3 and
from its embeddingQ1 ⊂ P3 by ωQ(θ). We confirm, with the same meaning, all the
previous notations. The spin curve(Q,θ) defines, via the cubo-cubic transformation
defined by the linear system|IQ1/P3(3)|, a smooth threefold

T̃ ⊂ P3×P3

as above. Next we consider a general, smooth quintic surfaceS̃1 ∈ |IQ1/P3(5)| and its

pull-backS̃ := π∗1S̃1 ∈ |OT̃(2H1+H2)|. We know thatπ1 : S̃→ S̃1 is biregular. Then
we specializẽSpaying attention to the latter remarks on skew cubics. We choose four
independent pointso1 . . .o4∈Q1 and a smooth skew cubic̃F1 such thatQ1∪ F̃1 is nodal
andSing Q1∪ F̃1 = {o1 . . .o4}. The proof of the next lemma is standard, see 4.7.

LEMMA 5. A general element of|IQ1∪F̃1
(5)| is a smooth quintic surface.

Let F̃ be the strict transform of̃F1 by π1 : S̃→ S̃1: it is now natural to consider

|OS̃(F̃ +H2)|.

LEMMA 6. A general curvẽC∈ |OS̃(F̃ +H2)| is smooth, connected of genus13
and bidegree(12,12).

Proof. It is standard to computepa(C̃)= 13 and that̃C has bidegree(12,12). Moreover
c̃2 = 12 is positive. To prove that̃C is smooth and connected, we show that|OS̃(F̃ +
H2)| is base point free. Consider the standard exact sequence

0→ OS̃(H2)→ OS̃(H2+ F̃)
r→ OF̃(H2+ F̃)→ 0

and its associated long exact sequence. The proof thath1(OS̃(H2) = 0 is standard, so
we omit it. Thenh0(r) is surjective. Since the system is clearly base point free on
S̃− F̃ , it suffices to check thatOF̃(H2+ F̃) is very ample. This is the very ample sheaf
OP1(8).

LEMMA 7. LetC̃∈ |OS̃(F̃+H2)| be smooth, thenOC̃(H1+H2)∼=ωC̃ and more-
overC̃ is canonically embedded in< T̃ >.

Proof. SincedegOC̃(H1+H2) = degωC̃, it suffices to show thath0(OC̃(H1+H2)) =
h0(ωC̃) = 13 and thatC̃ is not contained in a hyperplane of< T̃ >. SinceOS̃(C̃) ∼=
OS̃(F̃ +H2), we have the exact sequence

0→ OS̃(H1− F̃)→ OS̃(H1+H2)
r→ OC̃(H1+H2)→ 0.
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It suffices to show thath0(OS̃(H1− F̃)) = h1(OF̃(H1− F̃)) = 0. Thenh0(r) is an
isomorphism. We haveh0(OS̃(H1− F̃)) = 0 becauseF̃1 is a skew cubic. By Serre
duality we then haveh2(OS̃(F̃)) = 0 andh1(OS̃(H1− F̃)) = h1(OS̃(F̃)). SinceF̃ = P1,
f̃ 2 = −5 andS̃ is a regular surface, the vanishing ofh1(OS̃(F̃)) then follows from the
standard exact sequence

0→ OS̃→ OS̃(F̃)→ OP1(−5)→ 0.

THEOREM 6. For a smoothC̃∈ |OS̃(F̃ +H2)| one has

1 h0(L̃) = 4.

2 L̃ is very ample.

3 The Petri map µ̃L is surjective.

4 < C̃> is transversal toP3×P3.

Proof. Every non hyperelliptic, smooth genus 3 sexticQ1 ⊂ P3 defines a cubo-cubic
Cremona transformation whose graph inP3×P3 is smooth. Since< C̃ > cuts such a
graph onP3×P3, then 4) follows. Notice also that, by construction,< C̃ >=< T̃ >.
To prove 3) we observe thatωC̃

∼= OC̃(H1+H2), so that we haveωC̃⊗ L̃−1 is OC̃(H2).
In particular it follows that< C̃ > is the linear space orthogonal toIm µL̃. Then the
equality< C̃>=< T̃ > implies 3). 2) follows becausẽC is smooth andπ1 : S̃→ P3 is
an embedding. 3) Finally, to prove 1), consider the standardexact sequence

0→ OS̃(H1− F̃−D)→ OS̃(H1)→ OF̃∪D(H1)→ 0

whereD ∈ |H2| is smooth and transversal tõF . SinceF̃ is a skew cubic it follows
h0(OS̃(H1− F̃ −D)) = 0. Hence, the same exact sequence implies thath0(L̃) ≥ 4 for
everyC̃ ∈ |OS̃(F̃ +H2)|. On the other hand we haveh1(OS̃(H1)) = 0. We show that
h0(OF̃∪D(H1)) = 4. Then this impliesh1(OS̃(F̃ +D)) = 0 and henceh0(OC̃(H1)) = 4
for everyC̃∈ |OS̃(F̃ +D)|. We remark that̃F is an integral skew cubic and thatF̃ ·D is
not contained in a plane. Hence it suffices to show thatOD(H1)) = 4. ButD is linked
to Q1 by the complete intersection ofS̃1 and a general, smooth cubicX ∈ |IQ1/P3(3)|.
Let E be a plane section ofX: we then haveOX(D)∼=OX(5E−Q1). On the other hand
consider the standard exact sequence

0→ OX(E−D)→ OX(E)→ OD(E)→ 0.

It is easy to check thathi(OX(E−D)) = 0 for i = 0,1. Hence, considering the associ-
ated long exact sequence, it followsh0(OX(E)) = = h0(OD(E)) = 4.

Now assume that a smooth̃C ∈ |OS̃(F̃ +H2)| is endowed with a fixed point
free involutioni, induced by the standard involutionι of P3×P3. Let C := C̃/ < i >,
η ∈ Pic0C the line bundle defining the quotient map,L̃ := OC̃(H1). Then we have:
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COROLLARY 2. The triple(C,η, L̃) is a good triple.

REMARK 4. The corollary explains why the construction realized in this sec-
tion is not yet effective to produce good triples. We can now easily construct smooth
curvesC̃ of genus 13 endowed with a line bundleL̃, so that the previous conditions are
satisfied. But we need to recognize in this family those curvesC̃ such thatι/C̃ defines a
fixed point free involution. To realize this latter step, thevery special feature observed
in theorem 4.10 still has to be spoiled. We do this in the next section.

6. Symmetroids and Reye congruences in the play

To begin let us give the due motivations to the title of this section. A symmetroid
is a very well known surface with a quartic birational model in P3, namely:

DEFINITION 7. A symmetroid is a codimension four linear sectionW̃ ofP3×P3

which is complete intersection of four symmetric bilinear forms.

By definition a bilinear formq ∈ H0(OP3×P3(1,1)) is symmetric if ι∗q = q.
Hence we haveq= ∑mi j xiy j so that(mi j ) is a 4×4 symmetric matrix. Fixing a basis
q1 . . .q4 of H0(IW̃/P3×P3(1,1)), it follows thatW̃ is the base locus of the linear system

z1q1+z2q2+z3q3+z4q4 = 0.

Restricting it to the diagonal{x= y} we obtain a web of quadrics ofP3 whose general
member is smooth. To givẽW is equivalent to give such a web. LetW̃x := π1(W̃) and
W̃y := π2(W̃), thenW̃x, W̃y are quartic surfaces. It is easy to see thatW̃x is defined by the
equationdet Mx, whereMx is a 4×4 symmetric matrix of linear forms. Replacingx by
y in Mx, we obtain a matrixMy such thatW̃y = {det My = 0}. To give a symmetroid̃W
is therefore equivalent to give a quartic surfaceW̃x whose equation is the determinant
of a symmetric 4×4 matrix of linear forms onP3. These quartic surfaces are known
as quartic symmetroids, [9]. In a moment we will briefly recollect the main properties
of symmetroids which are needed here.

Now let (C,η, L̃) be a good triple and̃C⊂ T̃ the corresponding embedding. By
proposition 4.7 a generalS̃∈ |IC̃/T̃(2H1+H2)| is smooth and such that

S̃· ι∗S̃= C̃∪ B̃

whereB̃ is a curve of arithmetic genus 11 and bidegree(11,11). We also know that
< B̃> is a hyperplane of̃Λ :=< T̃ >. We fix from now on the following notation

Ỹ :=< B̃> ·T̃.

LEMMA 8. Ỹ is a symmetroid.

Proof. By proposition 4.9 a generalD ∈ |B̃| is smooth, connected of genus 11 and
degree 22. This impliesh1(OD(H1+H2)) = 0 andh0(OD(H1+H2)) = 12. Moreover
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we havehi(OS̃(H1+H2)) = 0, i ≥ 1. Then the standard exact sequence

0→ OS̃(H1+H2− B̃)→ OS̃(H1+H2)→ OB̃(H1+H2)→ 0

impliesh0(OS̃(H1+H2− B̃)) = 1 andhi(OS̃(H1+H2− B̃)) = 0, i ≥ 1. Then it follows
h1(OB̃(H1+H2)) = 0 andh0(OB̃(H1+H2)) = 12. Note thatι acts onB̃ as a fixed point
free involution. LetπB : B̃→ B = B̃/ < ι > be the quotient map. Thenpa(B) = 6
and πB is defined by a non trivial elementηB ∈ Pic0

2B. Let M ∈ Pic11B such that
π∗BM ∼= OS̃(H1+H2), then we have

H i(OB̃(H1+H2)) = π∗BH i(M)⊕π∗BH i(M⊗ηB).

Here the summands are the eigenspaces ofι. Sinceh1(OB̃(H1+H2)) = 0, it follows
h1(M) = h1(M⊗ηB)) = 0 andh0(M) = h0(M⊗ηB) = 6. Finally note that the action
of ι onH0(OT̃(H1+H2)) has a+ eigenspaceE+ of dimension 7. Hence the restriction
E+→ π∗H0(M) has 1-dimensional Kernel. Then< B̃> ·T̃ is a symmetroid.

The next assumption will be not restrictive to the goals of this paper.

ASSUMPTION7. Ỹ is a smooth and general symmetroid.

The assumption implies thatι : Ỹ→ Ỹ is a fixed point free involution. Hence
Y := Ỹ/ < ι > is a smooth Enriques surface. Note that|OỸ(B̃)| is a ι-invariant linear
system onỸ of curves of genus 11 and bidegree(11,11). MoreoverB̃ is a ι-invariant
element of it. We have the diagram of projection maps

P5− ⊃ G ⊃ Y−
π−←−−−− Ỹ

π+−−−−→ Y+ ⊂ T ⊂ P9+.

In particularY− := π−(Ỹ) andY+ := π+(Ỹ) are two copies ofY. Moreover we have

P5− ⊃ G ⊃ B−
π−←−−−− B̃

π+−−−−→ B+ ⊂ T ⊂ P9+,

whereB− := π−(B̃) andB+ := π+(B̃). B+,B− are two copies of the curve

B := B̃/ < ι > .

B is connected,B2 = 10 so thatpa(B) = 6 and the quotient mapπB : B̃→ B is an
étale double covering. BothB+ andB− have degree 11. As in the proof of 6.2 we
considerM := OB+(1) andηB the line bundle definingπB. Then it follows thatM⊗ηB
∼= OB−(1). The proof of the next lemma is already part the proof of 6.2.

LEMMA 9. h0(M) = h0(M⊗ηB) = 6 and h1(M) = h1(M⊗ηB) = 0.

We need to add more informations onY, which is an Enriques surface of special
type, and on its linear system|OY(B)|. Y−, Y− are copies ofY embedded as surfaces
of degree 10. We fix the notationsH+ ∈ |OY+(1)| andH− ∈ |OY−(1)| for their general
hyperplane sections. BothH+,H− are smooth curves of genus 6 Prym canonically
embedded. Notice also thatH+−H− ∼ KY.
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Every Enriques surface admits projective embeddings inP5 as a surface of de-
gree 10. They are calledFano modelsof the surface. For every Fano model the surface
contains exactly 20 pair curves which are embedded in the Fano model as plane cubics.
They subdivide in 10 pairs: the difference of the two curves of each pair is a canonical
divisor.

Actually Y is a general member of a special family of Enriques surfaces:those
containing smooth, integral rational curves. Since each ofthese curves can be con-
tracted to a rational double point,Y is also said to be a nodal Enriques surfaces. The
modelsY− andY− are special Fano models ofY.

Y− is characterized by the condition that there exists a quadric, namely the Klein
quadricG, containing it. This is equivalent to the non quadratic normality of Y−. The
Fano models of this type are congruences of lines in the GrassmannianG: they are
known asReye congruencesand form an irreducible family. As is well known:

PROPOSITION7. A general Y− does not contain smooth rational curves of de-
gree≤ 3.

SinceH+ ∼ H−+KY, the same is true for a generalY+. We recall that Fano
modelsY+ are characterized by the condition that the family of their trisecant lines is
3-dimensional, [8]. Equivalently these Fano models are thesmooth hyperplane sections
of Conte-Murre threefolds.

For a Fano modelY+ we will denote the 10 pairs of its plane cubics asEn,E′n,
with n= 1. . .10. As for every Enriques surface they intersect as follows

EmEn = EmE′n = 1−δmn, 1≤m,n≤ 10.

Every Enriques surfaceX admits morphismsf : X→ P3 whose schematic image is a
sextic surface passing doubly through the edges of a tetrahedronZ. We say thatf (X)
is anEnriques model, and| f ∗OP3(1)| is anEnriques linear system, if f is generically
injective andZ is {z1z2z3z4 = 0}, wherez1 . . .z4 are independent linear forms. Now let

B⊂Y+

be any connected curve of degree 11 and arithmetic genus 6. Then we have:

THEOREM 8. |2H+−B| is an Enriques linear system. Moreover such a linear
system is either|Ea +Eb +Ec| or |Ea +Eb +Ec +KY|, for some(a,b,c) such that
1≤ a< b< c≤ 10.

Proof. We have(2H+−B)2 = 6. We claim that|2H+−B| is base point free. Then, by
the classification in [5] IV 9 and its corollary 1 p.283, it follows that either|2H+−B|
is an Enriques linear system or it is superelliptic. In the latter case|2H −B| defines
a morphismf : Y→ f (X) ⊂ P3 which is a 2 : 1 cover of a 4-nodal cubic surface, [5]
IV 7. Applying the classification for this case, [5] corollary IV 7.1, one can check
that there existsR1+R2 ∈ |2H+−B| such thatpa(R1) = 0 andR1(2H+−B)≤ 3. But
thenY+ contains a smooth, connected rational curve of degree≤ 3, which is excluded
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for a generalY+. Let us prove the previous claim: assume that|2H −B| has fixed
components, then one of them is an integral, smooth rationalcurveRof degreeHR≥ 4.
Consider the standard exact sequence

0→ OY(H−B)→ OY(2H−B)
ρ→ OH(2H−B)→ 0,

whereH ∈ |H+| is smooth. SincẽY+ does not contain lines andH(B−H) = 1, we
have|B−H| = |B−H +KY| = /0. This, by Riemann-Roch and Serre duality, implies
hi(OY(H−B)) = 0, i ≥ 0. Hence the maph0(ρ) is an isomorphis. ThenOH(H−R)| is
linear series of dimension≥ 3 and degree≤ 6. HenceH is hyperelliptic by Clifford’s
theorem. This is excluded for a very ample divisor on an Enriques surface. In particular
2H−B is nef. Finally assume|2H−B| has a base point. Then|2H−B| is hyperelliptic
and its classification is known, cfr. [5] IV 5.1. Applying it and the equalityH(2H−B)
= 9 one can check that thenY+ contains a smooth, connected rational curve of degree
≤ 3, which is excluded for a generalY+.

Keeping(a,b,c) as above, we fix the definition

E(Y+) := {|D| / |D|= |Ea+Eb+Ec| or|Ea+Eb+Ec+KY|}.

We will say that|D| is an Enriques linear system ofY+. FromEY+ we also define

F (Y+) := {|2D−H+| / |D| ∈ E(Y+)}

and
B(Y+) := {|2H+−D| / ∈ E(Y+)}.

REMARK 5. For any Fano modelX⊂P5 of any Enriques surface one can define
the previous sets. LetH ∈ |OX(1)| andD ∈ E(X), then pa(2D−H) = 0. The non
emptyness of|2D−H| is discussed later.

7. Reye congruences and some unirationality results

Let (Ck,ηk, L̃k), (k= 1,2), be two good triples, they define the embeddings

C̃k ⊂ T̃k ⊂ P3×P3.

By definition they are isomorphic if there exists an isomorphism ũ : C1→C2 such that
i2 · ũ = ũ · i1 andũ∗L̃2

∼= L̃1, whereik is the fixed point free involution defined oñCk.
The isomorphism class of a good triple(C,η, L̃) will be denoted as[C,η, L̃]. We omit
the very easy proof of the next lemma:

LEMMA 10. Two good triples as above are isomorphic iff there existsα ∈
Aut P3× Aut P3 such thatα(C̃1) = C̃2.

We consider now good triples(C,η, L̃) satisfying the following conditions:
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◦ C̃⊂ S̃⊂ T̃ , whereS̃∈ |IB̃/T̃(2H1+H2)|.

◦ B̃= π∗+B⊂ Ỹ , where|B| ∈ B(Y+).

◦ Ỹ is a general symmetroid.

◦ S̃· ι∗S̃= B̃∪C̃.

◦ C= C̃/ < ι >, the coveringπ : C̃→C is defined byη, L̃ = OC̃(H1).

Clearly, the 4-tuplex := (T̃,Ỹ, B̃, S̃) uniquely defines the good triple(C,η, L̃).

DEFINITION 8. x is a good4-tuple,G is the family of all good4-tuples.

Along this section we will study the moduli map

m : G→ P 3
7

defined as follows:m(x) := [C,η, L̃]. To begin we point out once more that:

LEMMA 11. Let(C,η, L̃) be a good triple, theñL is an isolated point of P3(C,η).

Proof. Since the Petri mapµL̃ is surjective, the Prym-Petri mapµ−
L̃

is an isomorphism.
Then the tangent space atL̃ to the Prym Brill-Noether locusP3(C,η) is 0-dimensional,
since it is isomorphic toCoker µ−

L̃
.

Let Z be an integral variety whose points are isomorphism classesof good
triples. Let f : Z→ R7 be the natural forgetful map sending[C,η, L̃] to [C,η]. Then:

PROPOSITION8. The morphism f: Z→ R7 is finite over its image.

Proof. The tangent space to the fibre off : Z → R7 at [C,η] is the tangent space to
P(C,η) at L̃. Hence, by the lemma, it is 0-dimensional.

LEMMA 12. Let x= (T̃,Ỹ, B̃, S̃) ∈S be a good4-tuple, then

dim m−1(m(x)) ≤ dim |IC̃/T̃(2H1+H2)|+dim AutP3×Aut P3.

Proof. Let x′ = (T̃ ′,Ỹ′, B̃′, S̃′) ∈m−1(m(x)) andm(x′) = [C′,η′, L̃′]. Then there exists
α ∈ Aut P3×Aut P3 such thatα(C̃) = C̃′. SinceT̃ ′ =< C̃′ > ·P3×P3, it follows that
α(T̃) = T̃ ′ and thatα∗|IC̃′/T̃ ′(2,1)| = |IC̃/T̃(2,1)|. MoreoverỸ and B̃ are uniquely

defined fromS̃, becausẽC∪ B̃= S̃· ι∗S̃andỸ =< B̃> ·T̃. Hence the fibrem−1(m(x))
is dominated by the family of pairs(S̃,α) and the statement follows.

LEMMA 13. dim |IC̃/T̃(2H1+H2)|= 3.
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Proof. By propositions 4.6 and 4.7 we can choose a smoothS̃∈ |IC̃/T̃(2H1+H2)| such

that |OS̃(2H1+H2−C̃)| is base point free. LetD ∈ |OS(2H1+H2−C̃)|, thenD2 = 3
and a generalD is smooth, connected of genus 6. Consider the standard exactsequence

0→ OS̃→ OS̃(D)→ OD(D)→ 0.

Its associated long exact sequence yeldsdim |D| ≤ 2 and hencedim |IC̃/T̃(2H1+H2)| ≤
3. Actually the equality holds.

LEMMA 14. dim IB̃(2H1+H2)|= 4.

Proof. The codimension in|IB̃/T̃(2H1+H2)| of the linear system̃Y+ |OT̃(H1)| equals

h0(OỸ(2H1+H2− B̃)) . So it suffices to show that it is 1. Let̃f := c1(OỸ(2H1+H2−
B̃)), we remark that̃f + ι∗ f̃ is π∗+c1(OY+(2D−H+). It is shown in the next proposition
8.9 that 2D−H+ is the class of an isolated curveF of degree 8 and arithmetic genus 0.
Henceπ∗+F = F̃+ ι∗F̃ , where the two summands are isolated copies ofF . This implies
thath0(OỸ(2H1+H2− B̃)) = h0(OỸ(F̃)) = 1.

Now we can count dimensions:

(1) The family of pairs(T̃,Ỹ) is naturally identified to the flag variety of pairs
< T̃ >,< Ỹ > of linear spaces ofP9+. It is a rational variety of dimension 27. We
denote it asF.

(2) We denote byP the family of triples(T̃,Ỹ,OỸ(B̃)). This latter family is a
finite covering of the family of pairs(T̃,Ỹ).

(3) The variety of triples(T̃,Ỹ, B̃) is open in a projective bundle overP, with
fibre π∗+|OY+(B)|+ at (T̃,Ỹ,OỸ(B̃)). In other words we only take in|OỸ(B̃)| those
curvesB̃ defined by aι-invariant global section. We denote such a family asB.

(4) Finally G embeds as an open set in theP4-bundle overB whose fibre at
(T̃,Ỹ, B̃) is |IB̃(2H1+H2)|.

Due to the previous discussion we can conclude thatdim G = 36 and more-
over thatG is unirational ifP is irreducible and unirational. We will prove this latter
property after some preparation. The proof relies on the special geometry of Reye con-
gruences and of their Enriques models. As a preparation we consider a good 4-tuple
x= (T̃,Ỹ, B̃, S̃) and

Y+ ⊂ P5.

From now onZ := {z1z2z3z4 = 0} will denote the fundamental tetrahedron ofP3 and
e(Z) the union of its edges. Since we are assuming thatỸ is general, every Enriques
linear system|D| ∈ E(Y+) defines a generically injective morphismf : Y→ P3 whose
image is a sextic Enriques surfaceY′ ∈ |I 2

e(Z)/P3(6)|. In this sense the equation ofY′

appears to be ’general’:

z1z2z3z4q+a(z1z2z3)
2+b(z1z2z4)

2+c(z1z3z4)
2+d(z2z3z4)

2 = 0.
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The special feature ofY+ is however present. Consider indeed|2D−H+| ∈ F (Y+).
Differently from the case of a general Enriques surface, this linear system is in our
case not empty: the next result is a private communication ofI. Dolgachev, [10].

PROPOSITION9. 2H+−D∼ F, where F is a connected curve of degree8 and
genus0.

Proof. Fano modelsY+ are also characterized by the non emptyness of|H+−2En| =
|H+−2E′n|, cfr. [11, 8]. Now(2D−H+)− (H+−2En) is divisible by 2 inPic Y. Then
the existence ofF follows from the next lemma.

The next result is due to E. Loijenga:

LEMMA 15. Let X be an Enriques surface, R a (−2)-curve on it of class r.
Assume that f− r is divisible by2 in Pic X and that f2 =−2. Then f is the class of an
effective curve F.

Proof. Putting f = r +2y consider the K3 coverπ : X̃→ X. We haveπ∗R= R1+R2,
whereR1,R2 are disjoint copies ofR. Let r i be the class ofRi , thenπ∗ f = r1+ r2+
2π∗y = (r1 + π∗y) + (r2 + π∗y). Each summand is a−2 class on the K3 surfacẽX.
Hence it is effective. Thenπ∗ f is an effective class and the same is true forf .

REMARK 6. In our situation we started withx = (T̃,Ỹ, B̃, S̃). Then we can
also observe directly that̃S·Ỹ+ ι∗S̃·Ỹ = 2B̃+ F̃ + ι∗F̃ ∈ OỸ(3H1+3H2)|, whereF̃ is
effective. PuttingF = π+(F̃), it follows 2B+F ∼ 3H+, that is,F ∼ 2D−H+.

Starting from our good 4-tuplex= (T̃,Ỹ, B̃, S̃) let us consider the morphism

f : Y→ P3,

defined by|D| = |2H+−B+|. Y+ contains a connected curveF ∼ 2D−H+ such that
deg F= 8 andpa(F) = 0. SinceY+ is generalF does not contain components of degree
≤ 3. On the other handFD = 3. The next lemma is almost immediate:

LEMMA 16. f : F → P3 embeds F as a skew cubic curve intersecting in one
point each edge of the fundamental tetrahedron Z.

Proof. Under our assumptions, eitherF is integral or it is the union of two integral
smooth rational quartic curves. Assume thatf/F is not an embedding. The, since
DF = 3, the curvef (F) is a plane cubic and henceD−F is an effective divisorial
class. SinceH+(D−F) = 1, thenY+ contains a line: a contradiction.

The lemma highlights a further characterization of a general Reye congruence,
we briefly summarize. The familyY− of Reye congruencesY− is irreducible and a
general member of it is constructed as follows. LetX′ ∈ |I 2

Z/P3(6)| be a general sextic

among those containing a general skew cubicF ′ which intersects each edge of the
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tetrahedronZ in one point. Letf : X→ X′ be the normalization map and let

|D| := |OX′(1)| , F := f ∗F ′.

ThenX is a smooth Enriques surface andOX(2D−F) defines an embedding ofX

X− ⊂G⊂ P5−

as a Reye congruence. Actually the construction defines a stable rank two vector bundle
V onX such thatc1(V ) =OX(2D−F) anddeg c2(V ) = 3. It turns out thath0(V ) = 4
and thatX− is the image of the classifying map ofV .

V is known as aReye bundle, cfr. [11] and [8]. Now we construct a rational
family which is specially useful to dominate the familyP:

At first we consider the edgesZ1 . . .Z6 of the fundamental tetrahedronZ of P3

and the rational familyS of general 6-tupless := (o1, . . . ,o6) ∈ Z1× ·· · ×Z6. As is
well known s uniquely defines an integral skew cubic curveFs. It is very easy to
show that the restriction mapρs : H0(I 2

e(Z)/P3(6)) → H0(OFs(6)) is surjective. Let

P13 := |Ie(Z)/P3(6)|; then, over the varietyS , we have the projective bundle

R := {(s,X′) ∈ F ×P13 / F ′s ⊂ X′},

whose fibre ats is PKer ρs. By the previous remarks the familyR dominates the
moduli space of Reye congruences. Indeed let(o,X′) be general inR and letf : X→X′

be the normalization map. Then, keeping the previous notations, X is an Enriques
surface andOX(2D−F +KX) embedsX as a Reye congruence.

Secondly we construct, over a suitable open setU of R , the natural universal
family p : X →U . The fibre ofp at (s,X′) is the normalizationX of X′ and a smooth
Enriques surface. Letf : X→ X′ be the normalization map, overX there exist two line
bundlesF andD such that

D⊗OX := f ∗OX′(1) andF := OX( f ∗F ′o).

As is well known the 1-dimensional spaceH1(OX(F)) ∼= Ext1(OX(D),ωX(D−F))
uniquely reconstructs the Reye bundleV as an extension. Therefore, globalizing this
construction, there exists a rank two vector bundleVX overX , whose restriction toX
isV . We consider the rank 4 vector bundlep∗V ∗X , with fibreH0(V )∗ at (s,X′) and its
Grassmann bundleG →U , with fibre the GrassmannianG(2,H0(V )∗) at (s,X′). Let

φ : X → G ⊂ Pp∗V
∗
X ,

be the classifying map. Clearlyφ embeds each fibreX as a Reye congruence. Up to
shrinkingU , we can assume thatG is trivial, that is we can assume that

G =U×G⊂U×P5−.

Let Y− be the family of Reye congruences ofG, now we consider the rational map

ψ : U×Aut G→ Y−



Six dimensional Pryms and Conte-Murre threefolds 527

which is so defined:ψ(o,X′,a) := X− is the surfaceX− = a·φ(X) of the family.

By constructionU dominates the moduli of Reye congruences. HenceU ×
Aut G dominatesY−, which is therefore unirational. We can finally prove our theorem:

THEOREM 9. P is unirational so thatG is a unirational variety of dimension
36.

Proof. To prove the unirationality result we use the rational family U ×Aut G and the
preceeding construction. We keep everywhere the same notations. OverU ×Aut G
we have the projective bundleT→ U ×Aut G defined as follows. Let(s,X′,a) ∈
U×Aut G, consider the embedded Reye congruenceX− = a·φ(X)⊂G. Via our usual
diagram of linear projections we construct fromX the symmetroidX̃ := π−1

− (X−) ⊂
P3×P3. Then, by definition, the fibre ofT at (s,X′,a) is T(s,X′,a) := |IX̃/P3×P3(1,1)|∗.

We remark that a general element of this fibre is a smooth threefold T̃, com-
plete intersection of three general symmetric bilinear forms vanishing onX̃. More-
over X̃ is endowed with the polarizationOX̃(B̃) := π∗+OX+(2H+ −D) whereX+ :=
π+(X̃), |D| := | f ∗OX′(1)| andH+ ∈ |OX+(1)|. Hence a general point ofT defines a
triple (T̃, X̃,OX̃(B̃)) ∈ P. This defines a rational mapτ : T→ P sending(s,X′,a) to
(T̃, X̃,OX̃(B̃)).

The surjectivity ofτ is clear and follows from the the previous results: a general
triple t := (T̃, X̃,OX̃(B̃) is in the image ofτ as follows. LetX = X̃/ < ι >, choose
X′ ∈ |I 2

e(Z)/P3(6)| so thatX′ = f (X), where f : X→ P3 is defined byOX(2H+−B+).

Furthermore considerF ∈ |2D−H+| and choose the 6-tuplesso thatsdefines the skew
cubic curvef (F). Then, we havet = τ(s,X′,a) for somea∈ Aut G.

We can finally conclude our discussion proving some new unirationality results,
which are a goal of this paper. LetP be the image of the mapm : G→ P 3

7 , we have:

THEOREM 10. P is a unirational component ofP 3
7 which dominatesR7.

Proof. We havedim G = 36. Moreover the general fibre ofm has dimension≤ 18.
HenceP has dimension≥ 18. But P is a family of isomorphism classes of good
triples. Hence, by proposition 8.4, the forgetful mapf : P → R7 is finite onto its
image. SincedimR7 = 18, it follows thatP is 18-dimensional and dominatesR7 via
f . The unirationality ofP , and ofR7, then follows from the previous theorem.

We believe thatP is the unique irreducible component ofP 3
7 . The theorem

implies the unirationality ofR7. As remarked, this latter result has been recently proved
in [14] by a different, much simpler method.
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8. Appendix: existence of good triples and good4-tuples

Finally, to show that the work performed so far is not empty, we prove that good
triples and 4-tuples do exist. We prove that there exists a flat family

Ũ := {C̃u, u∈U}

of connected curves̃Cu⊂ P3×P3 of arithmetic genus 13 such that:

(1) U is smooth, connected with a distinguished point o∈U.

(2) C̃u is canonically embedded in< C̃u >, it is smooth for u6= o.

(3) ι acts on each̃Cu as a fixed point free involution iu := ι/C̃u.

(4) (Cu,ηu, L̃u) is a good triple for u6= o.

Here we set̃Lu := OC̃u
(1,0), Cu := C̃u/ < ι >. ηu ∈ Pic0C defines the quotient

coverπu : C̃u→ Cu. Moreover letT̃u :=< C̃u > ·P3×P3, we prove the existence of
familiesŨ such that:

(5) ∀u∈U, T̃u = T̃ whereT̃ is general in its family.

(6) ∀u∈U, the linear system|IC̃u/T̃(2H1+H2)| is 3-dimensional.

Let {S̃u,u∈U} be any family such that̃Su ∈ |IC̃u/T̃(2H1+H2)|, then we have:

S̃u · ι∗S̃u := B̃u∪C̃u andỸu :=< B̃u > ·T̃.

In particular the latter family yelds the family of 4-tuples

xu := (T̃,Ỹu, B̃u, S̃u), u∈U.

For a familyU as above, we will also see that:

(7) Yu is a smooth and general symmetroid, provided u∈U is general.

Since the previous conditions are satisfied, it follows:

THEOREM11. A general xu is a good4-tuple, defining the good triple(Cu,ηu, L̃u).

Performing such a program is not difficult if a convenient curveC̃o is chosen to
begin, we construct̃Co as follows.

We fix a smooth and general symmetroidỸo and a smooth 3-dimensional linear
sectionT̃ of P3×P3 containing it. LetP⊂ P3 be a general plane. By transversality we
can assume thatP×P is transversal tõYo and toT̃. This implies that

Ẽ := P×P∩ T̃

is a smooth, elliptic sextic curve and thatι/Ẽ is a fixed point free involution on it.
FurthermorẽYo defines a transversal hyperplane section ofẼ, we denote as

n := n1+n2+n3+ ι(n1+n2++n3),
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We haven = Ỹo · Ẽ, let us point out thatẼ is uniquely constructed from the choice
of n1,n2,n3 in Ỹo. Indeed the planeP is determined byπ1(n1), π1(n2), π1(n3). In
particular we have theι-invariant 4-dimensional linear space

N :=< Ỹo > ∩< Ẽ >=< n> .

The construction also yelds a line and a plane. Respectivelythey are:

N+ := π+(N) andN− := π−(N).

Now we fix an Enriques linear system|Do| ∈ E(Ỹo+) and thenπ∗+|Do|. A gen-
eral element ofπ∗+|Do| is a smooth connected curve of bidegree(9,9) and genus 7
endowed with the fixed point free involution induced byι. Sincedimπ∗+|Do|= 3 there
existsD̃ ∈ π∗+|Do| passing throughn1,n2,n3 and hence throughι(n1), ι(n2), ι(n3) as
well. Up to movingn1,n2,n3 in Ỹo, we can assume thatD̃ is smooth. This implies that:

PROPOSITION10. C̃o := D̃∪ Ẽ is a nodal connected curve of bidegree(12,12).
We have pa(C̃o) = 13 and SingC̃o = Ẽ∩ D̃; io := ι/C̃o is a fixed point free involution
onC̃o.

We fix the notationsCo := C̃o/ < io > andηo for the line bundle defining the
quotient coverπo : C̃o→Co. The curvesCo− := π−(C̃o) andCo+ := π+(C̃o) are copies
of Co. We have also to consider the curvesE := Ẽ/ < ι >, D := D̃/ < ι >, then

E− := π−(Ẽ) , E+ := π+(Ẽ) and D− := π−(D̃) , D+ := π+(D̃)

are respectively copies ofE, D. Let T = π+(T), we have the usual diagram

P5− ⊃ G ⊃ D−∪E−
π−←−−−− C̃o

π+−−−−→ E+∪D+ ⊂ T−Sing T ⊂ < T >.

PROPOSITION11.

(1) C̃o is canonically embedded in< T̃ >.

(2) Co+ is canonically embedded in< T > and Sing Co+ spans N+.

(3) Co− is Prym canonically embedded inP5− and Sing Co− spans N−.

Proof. (1) ConsiderC̃o: it follows from its construction thath0(OC̃o
(1)) = 13. More-

over its two components̃D andẼ are glued along a hyperplane section ofẼ, namely
n. It is a standard property that thenOC̃o

(1) ∼= ωC̃o
. Since< Ẽ > is not contained in

< Ỹo >, we have< C̃o >=< T̃ > anddim < C̃o >= 12. Hence (1) follows. (2) We
haveSing Co+ =E+∩D+. NowE+∩D+ consists of the pointsπ+(n1),π+(n2),π+(n3).
They span the lineN+ = π+(N) considered above, which is therefore trisecant toD+.
Then the same argument used in (1) implies thatCo+ = E+∪D+ is canonically embed-
ded in< T >. (3) The proof is very similar to the previous ones: we omit it.

Consider the line bundlẽLo := OC̃o
(H1), we haveL̃⊗ i∗oL̃ ∼= ωC̃o

(1). C̃o is not
smooth, however all the conditions in the definition of good triple are satisified:
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PROPOSITION12.

1 h0(L̃o) = 4.

2 L̃o is very ample.

3 The Petri map of̃Lo is surjective.

4 T̃ is smooth.

Proof. Statements 2), 3), 4) follow easily from the definitions or from the proposition.
To show 1) we recall that̃Lo isOC̃o

(H1). Let ρ : H0(L̃o)→ H0(OD̃(H1)) be the natural
restriction map. Ifρ(s) = 0 thens is zero onD̃. SinceDE = 6 andL̃ has degree 3 on
Ẽ, it follows s= 0. Henceρ is injective and it suffices to show thath0(OD̃(H1)) = 4.
SinceD̃ lies inỸo we can use the standard exact sequence

0→ OỸo
(H1− D̃)→ OỸo

(H1)→ OD̃(H1)→ 0.

Passing to the long exact sequence, it suffices to show thath0(OỸo
(H1− D̃)) = 0 and

h1(OỸo
(H1−D̃))= 0. The former vanishing follows fromH1(H1−D̃) =−1. Moreover

note that(D−H1)
2 =−2. HenceD−H1∼RwhereR is effective andpa(R) = 0. Since

H2R= 3 it follows thatR is connected and isolated. Henceh1(OỸo
(R)) = 0.

As it happens for a good triple(C,η, L̃) we have for the curvẽCo:

LEMMA 17. |IC̃o/T̃(2H1+H2)| is 3-dimensional.

Proof. Let ρ : H0(IC̃o/T̃(2H−1+H2))→ H0(OỸo
(2H1+H2− D̃)) be the natural re-

striction map. It is clear that there exists exists a unique reducible surface of class
2H1 +H2 containingỸo ∪ C̃o. This is Ỹo ∪X, whereX = P×P3 ∩ T̃ and P is the
plane considered above. Hencedim Kerρ = 1. Moreover|OỸo

(2H1−H2− D̃)| is base
point free of self intersection 2: we omit the standard proofof this property. But then
dim Imρ≤ h0(OỸo

(2H1+H2−D̃)) = 3. Henceh0(IC̃o/T̃(2H1+H2))≤ 4. On the other
hand the opposite inequality is immediately checked. This implies the statement.

AssumeŨ := {C̃u, u ∈ U} is the family we require. By semicontinuity and
the lemma, it is not restrictive to assume thatdim |IC̃u/T̃(2H1 +H2)| = 3, ∀u ∈ U .

Therefore we can choose a familyS̃ := {S̃u,u∈U} of surfaces̃Su ∈ |IC̃u/T̃(2H1+H2)|
so thatS̃o = Ỹo∪X as in the latter proof. Letu 6= o, then we havẽSu · ι∗S̃u = C̃u∪ B̃u as
above. Moreover̃Yu := T̃·< B̃u > is a symmetroid, defined by(C̃u, S̃u).

PROPOSITION13. Let Ũ andỸu be as above. TheñYu is smooth and general
for a general u.

Proof. Let B̃′ := {(u,x) ∈U × T̃ / x∈ S̃u · ι∗S̃u−C̃u}. PuttingB̃′u := {u}× T̃ · B̃′, we
haveB̃′u = S̃u · ι∗S̃u− C̃u. Let B̃u be its closure, we know that̃Su · ι∗S̃u = C̃u∪ B̃u for
u 6= o. MoreoverỸu :=< B̃u > ·T̃ is the symmetroid defined by(S̃u,C̃u). Foru= o the
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construction yelds̃Bo = Ỹo. We have constructed a family{Ỹu, u∈U} of symmetroids
such that̃Yo is smooth and general. Then the same is true for a generalu.

Finally we can conclude our program: assume that the canonical curve

Co+ = E+∪D+ ⊂ T−Sing T

is smoothable inT. Then there exists a smooth, connected varietyU as above and a
flat familyU := {Cu / u∈U} such thatCo = E+∪D+ and, foru 6= o, Cu is a smooth,
connected curve inT−Sing Twhich is canonically embedded in< T >. Lifting this
family by π+ we obtain a flat family of curves

Ũ := {C̃u := π∗+Cu, u∈U}

such thatC̃o = Ẽ∪ D̃. By semicontinuity, a general̃Cu satisfies the same properties
proved forẼ∪ D̃ in the previous propositions 8.4 and 8.3. Hence the latter family is
the family we aimed to have. Therefore, to prove theorem 8.1 and so to complete this
paper, we are left to show that:

THEOREM 12. D+∪E+ is smoothable in the Conte-Murre threefold T .

Proof. For simplicity we putC=Co,D=D+,E=E+. We denote the normal bundle of
lX⊂ T−Sing Tby NX. Following [16] snd [24] it suffices to show thath1(NC) = 0 and
that the natural mapH0(NC)→ T1 is surjective, whereT1 :=Coker(TT ⊗OC→ NC).
Applying theorem 4.5 of [16] and the identical proof used there for curves inP3, the
following conditions are sufficient to deduce these properties: (i)h1(NE)= h1(ND)= 0,
(ii) there exists a surjective mapH0(M)⊗OD→ OSing Cwhich factors throughND, cfr.
[16] proof of 4.5. To show (i) recall thatD is contained in the hyperplane section
Y+ := π+(Ỹo) of T and consider the standard exact sequence

0→ OD(D)→ ND→ OD(H+)→ 0.

SinceOD(D) is a Prym canonical line bundle,h1(OD(D)) = 0. The same is true for
OD(H+) because its degree is 9. Passing to the associated long exactsequence we
obtainh1(ND) = 0. The same argument works for provingh1(NE) = 0. To prove (ii)
we choose, among different possible ones, a proof highlighting the nice geometry of
Reye congruences.

Finally t := Sing Cconsists of three points. They are exactly the points on
the trisecant lineN+ to the curveD = π+(D̃) embedded inP5 :=< Y+ >. Due to the
previous exact sequence we have a morphismφ : H0(OD(D))⊗OD → OS, factoring
throughND. Note thath0(OD(D)) = 3. Henceφ is surjective ifh0(OD(D− t)) = 0.
This is indeed true: among different possible proofs we choose one highlighting again
the nice geometry of Reye congruences.

Observe thatD⊂ P5 is a curve of genus 4 and degree 9 endowed with the trise-
cant lineN+ =< t >. This implies thatOD+(H+− t) ∼= ωD. On the other handηD :=
OD(KY+) is not trivial andOD(D)∼=ωD⊗ηD. Moreover the conditionh0(OD(D−t))≥
1 is easily seen to be equivalent toh0(ηD(t))≥ 1.
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Assumeh0(ηD(t)) ≥ 1 and considert ′ ∈ |ηD(t)|. Then we haveOD(H−) =
OD(H++KY+)

∼= ωD(t ′). This means that, in the adjoint embeddingD− ⊂Y− ⊂ P5−,
the imaget ′− of t ′ spans a trisecant line toD−. ButY− is a Reye congruence model and
it is well known that its only trisecant lines are trisecant to one of the 20 plane cubics
of Y−, [8, 11]. Such a curve is also embedded inY+ as a plane cubicA′ and contains
t ′. It is also well known that, sinceA′ is a plane cubic andD defines an Enriques linear
system, thenDA≤ 3. This follows because the classes ofH+,D,A′ are well known in
Pic Y+, cfr. [5] IV 9. Hence we haveA′ ·D = t ′. andOD(t) ∼= OD(A), whereA is the
unique element of|A′+KY+ |. It is standard to check thath0(OD(A)) = 1 and deduce
that< t > is the unique trisecant line toD.

We have shown that the non surjetivity ofφ : H0(OD(D))⊗OD→Ot implies that
t = A ·D, whereA is a plane cubic. Now it is well known that the familyTrisec(Y+)
of trisecant lines toY+ is integral of dimension 3 and that the family of 0-dimensional
schemes{l ·Y+, l ∈ Trisec(Y+)} covers the surfaceY+, [8, 5]. Sincedim |D| = 3 and
D is chosen to be general in|D|, it is not restrictive to assume that no plane cubic ofY+
containst. Henceh0(OD(D− t)) = 0 andφ is surjective.
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