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SOME NEW CRITERIA FOR STARLIKENESS AND
CONVEXITY OF ANALYTIC FUNCTIONS

Abstract. We, here, study a differential inequality involving a multiplier transformation and
obtain certain new criteria for starlikeness and convexity of p-valent and univalent analytic
functions.

1. Introduction

A function f is said to be analytic at a point z in a domain D if it is differentiable not
only at z but also in some neighborhood of the point z. A function f is said to be
analytic in a domain D if it is analytic at each point of D. Let A be the class of all
functions f which are analytic in the open unit disk E = {z € C: |z| < 1} and normalized
by the conditions that f(0) = f/(0)—1=0. Thus, f € A has the Taylor series expansion

f@ =2+ ai.
k=2
Let A, denote the class of functions of the form
f=2+ ) adpeN={1,23},

k=p+1

analytic and multivalent in the open unit disk E. Note that A; = A. For f € A,, define
the multiplier transformation /,(n, ) as follows:

o [(k+A\"
I,(n,Df(x)=2" + Z (L) akzk, (1>0,ne Ny =NU{0}).
k=p+1 p+/l

The special case I;(n,0) of above defined operator is the well-known Sdldgean [4]
derivative operator D", defined for f € A as under:

D'f@) =2+ ) Kad".
k=2

A function f € A), is said to be p-valent starlike of order a (0 < & < p) in E, if it satisfies
the inequality

R 2f'(2)
( f@

)>a',z€]E.
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Let Sj,(@) denote the class of all p-valent starlike functions of order @ (0 <@ < p). A
function f € A), is said to be p-valent convex of order @ (0 < @ < p) in E, if it satisfies

the inequality
2f" (@)
?%(1 + 7 ) >a, z€E.
We denote by K,(@), the class of all functions f € A, that are p-valent convex of order
@ (0 <a < p)in E. Note that §*(a) = Sj(@) and K(a) = Ki(a@) are the usual classes
of univalent starlike functions (w.r.t. the origin) of order @ (0 < @ < 1) and univalent
convex functions of order @ (0 < a < 1).

For two analytic functions f and g in the unit disk E, we say that f is subordinate
to g in E and write as f < g if there exists a Schwarz function w analytic in E with
w(0) =0 and |w(z)| < 1, z € E such that f(z) = g(w(z)), z € E. In case the function g is
univalent, the above subordination is equivalent to: f(0) = g(0) and f(E) c g(E).

Obradovic [2], introduced and studied the class N(a), 0 < @ < 1 of functions
f € A satisfying the following inequality

, z 1+«
‘R{f (z)(%) >0, z€E.

He called it as the class of non-Bazilevi¢ functions.

In 2005, Wang et al. [5] introduced the generalized class N(4,a, A, B) of non-
Bazilevi¢ functions which is analytically defined as under:

_ e[ @ 2 ) LA
N(/l,a,A,B)_{feﬂ.(l+/l)(f(z)) P D (f(z)) < 1+BZ’}

where0<a <1, 1€C, -1<B<1,A+B, AeR.
Wang et al. [5] studied the class N(4,@,A, B) and made some estimates on
(03

( )
f(z) ’
USll‘lg the Concept Of dlffel‘entlal Subordination, Shanmugam et al. 3 Studied

the differential operator (1 + /l)(i) - /lzjz ;S) (]%

@

a

nant for (i)
f(@)

Differential inequalities play an important role in the theory of analytic func-
tions. A number of criteria for starlikeness and convexity of analytic have been de-
veloped in terms of differential inequalities. It has always been a matter of interest
for the researchers either to find a new criterion for starlikeness and convexity of ana-
Iytic functions or to generalize or improve certain known ones. Keeping this in mind,
we, here, study a differential inequality involving the multiplier transformation /,(n, 1).

’ !
2f'(z 2f(2) .
S and 1+ S )mterms
@) f@

of certain differential inequalities and consequently obtain certain new criteria for star-
likeness and convexity of functions f € A,,.

(03
) and obtained the best domi-

The main objective of this paper is to make estimates on
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To prove our main result, we shall make use of following lemma due to Hallen-
beck and Ruscheweyh [1].

Lemma 1. Let G be a convex function in B, with G(0) = a and let y be a complex
number, with R(y) > 0. If F(2) = a+ ay2" + apns 12" + -+, is analytic in E and F < G,

then
4 Y
Gwywn™ " dw
0

1 "z
—f Fww” ! dw <
v 0 nzy/”

2. Main Results
THEOREM 1. Let a, B, & be real numbers such that « >0, >0, 0<6 < 1, and

let

a(l-d)[a+p(p+A)]
all+B(p+ (1 =8)]+2B(p+ 1)’

If f € A, satisfies the differential inequality

2.1) 0< M= MapB,A6p) =

2.2) l+a—a < M(a,B,1,06,p), z€E,

I+ l,ﬁ)f(z)} »
I,(n, ) f(z)

bl A
(Ip(n, Af (Z))

then

Ln+1,0)f()
( 4@4n&))>&Z€E

Proof. Define

bl A 3
(—Ip(n, /l)f(z)) =u(z), z€E.

Differentiate logarithmically, we obtain

DD )
Po @)~ puk)

2.3)

In view of the equality

Ay (n, D) f(2) = (p+ DIp(n+ 1L, f(2) = AUp(n, D f (2),
(2.3) turns to
I(n+1,0)f(z) i 2 (2)
Ip(n, D) f(2) B(p + Du(z)

Therefore, in view of (2.2), we have

[0

24) u(z) + B+

w'(z) <1+ Mz
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A
Using Lemma 1 (taking Y= AR from (2.4), we have
a
u(z) < 1+ BPFIMZ
a+B(p+A)
or Ny
|M(Z)_1| < M <1,
a+p(p+A)
and therefore, we have
Blp+HM
2. l-—
(2.5) u(2)| > at B+ )

. Lp(n+1,0)f(z)

Write Lo DS G) =(1-0)w(z)+6, 0 <6 <1 and therefore (2.2) reduces to
lu(D{1+a—a[(1-8)w(z)+6]}—1| < M.

We need to show that R(w(z)) > 0, z € E. If possible, suppose that R(w(z)) # 0, z € E,
then there must exist a point zg € E such that w(zg) = ix,x € R. To prove the required
result, it is now sufficient to prove that

(2.6) [u(zo){1 +a—a[(1-0)ix+6]} - 1| > M.
By making use of (2.5), we have
[u(zo){1 +a— (1 -0)ix+61} -1

> |[1+a(l-06)—a(l-38)ix]u(zy)| -1
= Il +a(l =8P +a2(1 =612 Ju(zo)l ~ 1
> [1+a(1-06)|u(zo)l -1
Blp+ )M
Q.7 > |1+a(1—5)|(1—m)—1 = M.

Now (2.7) is true in view of (2.1) and therefore, (2.6) holds. Hence R(w(z)) >0 i.e.

(1,,(n+ L)

>0,0<6<1, zeE.
I,(n, ) f(2) )

(]

Remark 1. From Theorem 1, it follows, if @, 8, ¢ are real numbers such that
a>0,8>0,0<06<1andif fe€ A, satisfies

( P YFAJ_%M+LMﬂ@rl
L D)f@))] |a LnDfG@) | «a

then

(I1-0)la+B(p+ )]
all+(p+ (1 =81 +2B(p+ )’

(I,,(n+1,/l)f(z)

hmJU&))>&Z€E
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Letting @ — oo in above remark, we get the following result.

TueorEM 2. Let 8, 6 be real numbers such that >0, 0< 06 <1 and let f € A,
satisfy
1-6
< s
1+B(p+D(1-9)

( P4 )ﬁ(l_lp(n+1,/l)f(z))
I,(n, ) f(z) I,(n, D) f(2)

then

%(Ip(n+ 1L,LAf(z)

LD ) >0, z€E.

For p=1and 1=0in Theorem 1, we get the following result involving Salagean
operator.

THeOREM 3. If @, B, 0 are real numbers such that a >0, §>0,0<6 < 1 and if
| € A satisfies the differential inequality

B n+1 —
( ‘ ) [1+a/—aD J@) | _a@rpd=0) g
D" f(z) D"f(2) a[l+B(1-0)]+28
then |
D f(z))
—— >4, z€E.
( D"f(2)
Select p =1 and A =0 in Theorem 2, we obtain:
THeoreM 4. If B, 6 are real numbers such that >0, 0<é6<1land feA
satisfies
B n+1 _
( z ) (1_D f(z)) 1% R
D" f(z) D" f(z) 1+B(1-0)
then 1
D™ f(z))
%(— >0, z€E.
D" f(z)

3. Criteria for Starlikeness and Convexity

Setting A = n =0 in Theorem 1, we obtain the following result.

CoROLLARY 1. Let a, B, 6 be real numbers such thata >0, >0, 0<6 <1 and
let f € A satisfy the differential inequality

€E,

(l+a/)(i)ﬁ—azf,(z)(i)ﬁ_1< ot pp(1-8)
f@ pf@\f() all + pB(L—0)]+2p8°
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then

9%(zf’(z)

7@ )>p5=”€E’

ie. feS,(y),0<y<p.
Writing 8 = 1 in above corollary, we obtain:

COROLLARY 2. Suppose that «, & are real numbers such that @ >0, 0 <6< 1
and suppose that f € A, satisfies

e ‘ a(a+ p)(1-0)
1+0)— —a—2 E
I( S T G @R S el p(—on+ap L€
then £
zf'(z _
9%(f(z))”’é_y’ZEE’

ie. feS,(y),0<y<p.
Setting n = 1 and A = 0 in Theorem 1, we obtain the following result.

CoROLLARY 3. Let a, B, 6 be real numbers such thata >0, $>0,0<6 <1 and
let f € A satisfy the differential inequality

(1 +a)(pzp_l )’8 a/(l N Zf”(z))(pzp_l )ﬁ_ ]‘ - ala+ pB)(1-10)

J'(@) P @ J\ '@ all+pB(1-6)]+2pB°
then e
z2f"(z B
‘R(l+ o )>p5—y, z€E,

ie. feXKy(y), 0<y<p.
Writing 8 = 1 in above corollary, we obtain:

CoroLLARY 4. If @, 6 are real numbers such that >0, 0<6 <1 and if f € A,
satisfies

pzr~t ! 2f"(2) a(a+p)(1-0)
%0 _af’(z)(H @ )_1‘< all+p(l-o)+2p €5
then
wli @V,
f,(Z) >p _7’ Z€ s

ie. feK,(y),0<y<p.

Writing 4 = n =0 in Theorem 2, we get:
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CoroLLARY 5. If B, 6 are real numbers such that >0, 0 <6 <1 and if f € A,

satisfies
7Y zf’ (z)) 1-6
— 1= s E,
(f@) ( pf@ )| T+ ppi-0) °°
then ,
) ercn

ie. fe€S,(y),0<y<p.
Setting 1 =0 and n = 1 in Theorem 2, we obtain:

COROLLARY 6. Assume that 3, 0 be real numbers such that B >0, 0 <6 < 1 and
assume that f € A, satisfies

(pzp_l)ﬁ[l_l(1+zf”@)} <120 ek
J'@ p J'(@) 1+pB(1-6)’ ’

zf"(z)
@

then

‘R(1+ )>p6=y,z€E,
ie. feKy(y), 0<y<p.
Taking p = 1 in Corollary 1, we get:

CoroLLARY 7. If a, B, & are real numbers such that a >0, >0, 0<6 < 1 and
if f € A satisfies

V¥, 2\ ala+h)1-0)
(”“)(%) ~ef (Z)(%) N aliepi-on+p < F
then o
Z, Z
‘R( 7@ )>6, z€E,
ie. eS8

Setting p = 1 in Corollary 3, we get:

CoroLLARY 8. Ifa, B, & are real numbers such that a >0, >0, 0<6 < 1 and
if f € A satisfies

B 1" _
( ! )[1+a—a(1+zf (Z))}—1‘< A@+p)1-0) - g

J'(@) 1@ al1+B(1-0)+28" "
then .
9%(1 + Z;/(g)) > 6, z€E,
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ie. feK(®©).

PutA=p=1and n=0in Theorem 1, we get:

COROLLARY 9. Suppose that a, B, 6 are real numbers such that @ >0, 0 <6 <

1, B> 0 and suppose that f € A satisfies

B 148 _
l(lﬂ)(i)_%f@(i) _1’< o@+2p1=9) o

then

PAVI®) 1@ o[l +28(1—-6)]+48"°
z2f'(2)
‘R( I )>26—1, z€E.

Put A= p=1and n =0 in Theorem 2, we obtain the following result.

CoroLLary 10. If f € A satisfies

then

z VP 2 (2) 2(1-9)
‘(%) (1' %) ) STe2pi-o <"
zf'(2)
s)&(m)>26—1, z€E,

where 3, § are real numbers such that 8 >0, 0<d < 1.
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