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AN ALGEBRA OF GENERALIZED
ROUMIEU ULTRADISTRIBUTIONS

Abstract. We introduce an algebra of generalized functions containing Roumieu ultradistri-
butions.

1. Introduction

Schwartz distributions [13] have natural extensions Roumieu ultradistributions [12],
see [8] for a detailed study and [9] for applications. Gevrey ultradistributions are par-
ticular, but important, case of Roumieu ultradistributions.

Colombeau generalized functions [3] and [4], introduced in connection with the
problem of multiplication of Schwartz distributions, have been developed and applied
in linear and nonlinear problems, see [7].

The problem of multiplication of ultradistributions is still posed. So, it is natural
to search for algebras of generalized functions containing spaces of ultradistributions,
to study and to apply them. Generalized Gevrey ultradistributions have been introduced
and studied in [1] and [2].

The aim of this paper is to introduce an algebra of generalized functions con-
taining Roumieu ultradistributions.

2. Roumieu ultradistributions

Let (M),) peZy be a sequence of positive numbers, recall the following properties:

(H1) Logarithmic convexity :
M} <My (Myy, Vp> 1.
(H?2) Stability under ultradifferentiation :
JA>0,3H > 0,M) 4 < AHP*IM,M,.Np > 0,Yq > 0.
(H2)' Stability under differentiation :
JA > 0,3H > 0,M, | < AH’M, ¥p >0.

(H3)" Non-quasi-analyticity :

M,

+00.
pzl MI’ R

101



102 Khaled BENMERIEM and Chikh BOUZAR

The associated function of the sequence (M) is the function defined by

PEL
M (t) = supln ” teR]
= Su —, +
p My

EXAMPLE 1. The well-known Gevrey sequence (M) .7 = (p!9) ez, .0 >

. . . . I
0, has associated function equivalent to the function M (t) =15.

An important result on the associated function is given in the following propo-
sition, see [8].

PROPOSITION 1. Let the sequence (Mp) ., satisfy condition (H1), then it
satisfies (H2) if and and only if 3A > 0,3H > 0,Vt >0,

2M (1) < M (Ht) +In (AMp) .

The class of ultradifferentiable functions of class M, denoted EM (Q), is the
space of all f € C* (Q) satisfying for every compact subset K of Q, 3¢ > 0,Va € Z,

(1) sup|a®f (x)] < g,

EXAMPLE 2. If (Mp) .7 = (P!°) pez, We obtain E?(Q) the Gevrey space of
order o, and 4 (Q) := E' (Q) is the space of real analytic functions on the open set Q.

A differential operator of infinite order P(D) = ¥ a,D" is called an ultrad-
YezZl

ifferential operator of class {M,} if for every h > 0 there exist ¢ > 0 such that

Vyezn,

pELy>

A
2 |ay| < CW

The basic properties of the space EM (Q) are summarized in the following
proposition, for the proof see [10] and [8].

PROPOSITION 2. Let the sequence (Mp) ., satisfy condition (H1), then the
space EM (Q) is an algebra moreover, if (Mp) ,cy,, satisfies (H2)', then EM (Q) is sta-
ble by differential operators of finite order with coefficients in EM (Q) , and if (M. P)p 7.,
satisfies (H2) then any ultradifferential operator of class M operates also as a sheaf
homomorphism.

The space DM (Q) = EM (Q) N D (Q) is not trivial if and only if the sequence
(Mp) ez, satisfies (H3)'.

REMARK 1. The sequence (p!°) ¢, satisfies (H3)" if and only if o > 1.
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DEFINITION 1. The strong dual of DM (Q), denoted D), (Q), is called the
space of Roumieu ultraditributions. The space of Gevrey ultradistributions, denoted

D5 (Q), corresponds to the sequence M = (p!°) .., .

3. Generalized Roumieu ultradistributions

To define the algebra of generalized Roumieu ultradistributions, we first introduce the
algebra of moderate elements and its ideal of null elements.

Let Q be a non void open set of R” and 7 =10, 1].

REMARK 2. In the sequel, we will always suppose that the sequence (M)
satisfies the conditions (H1),(H2),(H3)" and My = 1.

PELy

DEFINITION 2. The space of moderate elements, denoted EM (Q), is the
space of (f¢), € C* (Q)! satisfying for every compact K of Q, Vo € 71,3k >0, 3¢ >
0,3eg € I,Ve < g9,

3) sup|9® fe (x)| < cexp <M (i)) .

xek

The space of null elements, denoted N\M} (Q) , is the space of ( fe) €C” (Q)' satisfy-
ing for every compact K of QYo € Z ,\Vk > 0,3c >0, dgg € 1, Ve < g,

xekK

%) sup|0® fe (x)| < cexp (—M (i)) .

The main properties of the spaces ‘E,;{,M} (Q) and A'M}(Q) are given in the
following proposition.

PROPOSITION 3. 1) The space of moderate elements EM (Q) is an algebra
stable by derivation.

2) The space NM} (Q) is an ideal of M (Q).
Proof. 1) Let (f¢),,(ge): € EM (€2) and K be a compact of Q, then Vp € Z7, Jk; =
ki (B) >0,3ci =c1(B) >0,3e15 €1, Ve < gy,

(5) sup‘aﬁfg (x)‘ <crexpM <]2) ,

xeK

VB € ZT, Jky = ky ([3) >0,3cr =3 ([3) > 0,382[3 el,Ve < €28

xekK

(6) sup‘aﬁ‘gs (x)‘ < crexpM (%) .
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Let o € Z7!, then

0" 0 (3)] | P ()]

(el < 3 (5)

p=0
from proposition 1, we have 34 > 0,3H > 0,Vr > 0,
@) 2M (t) < M (Ht) +1n(AMp).

For k = H (max {k; (B) ,k2(B) : p < a}),& < min{ep,e25;|p| < |t} and x € K, we

k
have fort = —
€

[¢]
>
)
/T\
7N
| =
~_
~_—
SN
Q
—~
oh
o)
o
SN—
—
=
—
AN

exp(In (AMy)) 20 (g) exp (—M (il))
0" P f, ()] exp (—M (’fj)) g ()]

A[ﬁo(g)q(a—ﬁ)w(ﬁ):da%

X

IN

S } (€2). It is clear, from (5) that for every compact K of Q, Vp € Z',
Jkr =ki (B+1)>0,3c; =c1 (B+1) >0,3ep € I such that Vx € K, Ve < gy,

0P (0£) (9] < erexp <M (")) ,

ie. (0f), € M (Q).
2) If (ge), € NM}(Q), for every K compact of Q, VB € 7R Nky > 0,3, =
%) (f),kz) > 0,382[5 S 1,

|0%ge (x)] < caexp (—M (ICZ)) \Vx € K, Ve < e

Let o € Z and k > 0, then

exp (M (’;)) 0% (fege) (¥)| < exp (M (i)) 20 (E‘)

x ‘8ﬁgs (x)‘ .

9% P, (x)‘ X

Letky = H.max {k; (B),k;p <o} ande gmin{slﬁ,szﬁ;ﬁ < (x} , then Vx € K, we have
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k
fort = zz in (7)

o) = 43) bl )
Sl
< O(E (@ B)ex (Bok) = clcuk).
which shows that (fuge), € A (Q). 0

DEFINITION 3. The algebra of generalized Roumieu ultradistributions of class
{Mp} . , denoted GM}(Q), is the quotient algebra

i (Q)
A (Q)°

EXAMPLE 3. If (M}) ;. = (p!?) jcz, We obtain G (Q) the algebra of gen-
eralized Gevrey ultradlstrlbutlons of [1].

G (Q) =

4. Embedding of Roumieu ultradistributions with compact support

Let N = (Np) ¢z, beasequence satisfying the conditions (H1), (H2), (H 3)" and Ny =
1, the space S(V) (R") is the space of functions ¢ € C* (R") such that Vb > 0, we have
ol A o)
3) loll, v = sup /7 9% (x)|dx < .
wpezy ) bIHPING N

Define E(N ) as the set of functions bes ™) (R") satisfying
/q)( )dx =1 and /x o (x)dx =0,Ya € ZY\{0}.

LEMMA 1. There exist functions in E(N )

DEFINITION 4. The net ¢, = ¢ "¢ (./¢),€ € I, where ¢ satisfies the conditions
of lemma 4, is called a N—mollifier net.

The space M} (Q) is embedded into G} (Q) by the standard canonical in-
jection

1. M@ — gM(Q)

©) f o [ =c(f),
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where f, = f ,Ve € 1.

The following proposition gives the embedding of Roumieu ultradistributions
into GM}(Q). Let M and N two sequences satisfying (H1),(H2) and (H3)" with
My=Ny=1andpe=™,

THEOREM 1. The map
(10) b Eyy (@) = gMH©Q)
T — [T =cl((T+0)q)

is an embedding.

(2) with suppT C K, then there exists P(D) = ¥ a,D" an
YEZ}

C > 0, and continuous functions f,

Proof. Let T € E{MN}

ultradifferential operator of class {M,N,}

pELy
with suppf, C K,Vy € Z",and  sup |fv (x)‘ < C, such that
YEZ xeK
T=Y aD'f,.
YELT
We have

—)ll
Tt = 3wl [flte) Do)y

YEL

Let o € Z7, then
1
0T < S oy [y een)| D70 )] .
yeZ

From (2) and condition (H2), we have 3A > 0,3H > 0,Vh > 0,3c > 0, such that

Al 1
0 Trae @) < e Y s [ eren)| [P0 ()] dy
yEZm My Ny, ghrtol
Loy BTN [l )| 1200
> Y
A MyNy et ANy
whlph+el g+l pr N 1
< AT A Lol
Ve Miyal gl
then,
2h)l 2hHP)
O g0 (1o ()] < eca gl 3 270D L
Jet| V]t vEZm ly+of €
<

oo(u(2))
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ie.
an |0 (T % e (x))] < ¢ (@) exp (M (’;)) ,
where k = 2hHb.

Suppose that (T *¢;), € AM} (Q), then for every compact L of Q, 3¢ > 0,
Vk >0, 3Jey €1,

k
(12) T * ¢ (x)| < cexp (—M (S)> ,Vx € L,Ve < g
Lety € D™MN}(Q) and = 1 in a neighborhood of K, then Y € EMN}H(Q)

(T = (Toc0) =l [ (T <00) (900 ()

Consequently, from (12), we obtain

k
’/(T*q)e) (%)% (x) P (x)dx| < cexp (—M <8>) ,Ve < g,
which gives (T,y) = 0. O
NOTATION 1. If M = (M) ., and N = (Np) ;. are two sequences, then
“1._ ~1
MN~":= (M,N, )peh.

In order to show the commutativity of the following diagram of embeddings

ot @) o GO (g)
\( T )
Eipny (@)

we have to prove the following fundamental result.
PROPOSITION 4. Let f € DUN"'P'} (Q) and ¢ € S™), then
(/= (o)) €™ (@).
Proof. Let f € DMV} (Q), then there exists a constant ¢ > 0, such that
a laf+1Mp -
|0%f (x)| <e¢ N—p!7VaEZ+,Vx€Q.
P

Let a. € Z'} , the Taylor’s formula and the properties of ¢; give

(4= = 5 I a0 ) 00)
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where x <& < x+ ¢ey. Consequently, for any b > 0, we have

|y|\ﬁ|
0% (fxde—f) (0)] < €Y v
ﬁ;N/ :

o oy PPN My (@B
a \ﬁgzv B!Nja+p)

Ny-+p)
M|a+[3\ (a+P)!
C‘G‘H‘Q‘M‘a‘a!

Nal

0" Pr(©)] 10 ()l dy

™
bIPINj

0L ()] i 100 dy

IN

Allollpxe eV ; bIP P g Pl
|B[=N

Letk>0and T > 0, then

0% (fde — ) (x)| < (o) N My (kT)™N ; (kTbHc)P
=N

C‘G‘H‘G‘M‘a‘a!

where ¢ (o) = Al|¢]l, yc o

. Taking kThbHc < i, with a > 1, we obtain

[
c(a)e"My (kT Na™N 1

() eV My (kT) lﬁ%@
c(a)e"My (kT) N a V.

IN

|0 (f % ¢e — f) (%)

13)

IN

Mpy_ My
PTgﬁ’vpzl_

Then, see [11], there exists N = N (g) € Z™, such that

Let €9 € I such that egM| < 1 and take T >

1<- My <T

|,

which gives

k
a N <exp (—M (e)) and e¥My (kT) ™ <1,

if we take a > 2. Finally, from (13), we have

(14) 0% (/00 — ) (3)] < cexp (—M (k)) |

€
ie. (fde—f), € NMH(Q). O

REMARK 3. Microlocal analysis suitable for the algebra of generalized Roumieu
ultradistributions will be discussed in a separate paper.
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