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AN ALGEBRA OF GENERALIZED
ROUMIEU ULTRADISTRIBUTIONS

Abstract. We introduce an algebra of generalized functions containing Roumieu ultradistri-
butions.

1. Introduction

Schwartz distributions [13] have natural extensions Roumieu ultradistributions [12],
see [8] for a detailed study and [9] for applications. Gevrey ultradistributions are par-
ticular, but important, case of Roumieu ultradistributions.

Colombeau generalized functions [3] and [4], introduced in connection with the
problem of multiplication of Schwartz distributions, have been developed and applied
in linear and nonlinear problems, see [7].

The problem of multiplication of ultradistributions is still posed. So, it is natural
to search for algebras of generalized functions containing spaces of ultradistributions,
to study and to apply them. Generalized Gevrey ultradistributions have been introduced
and studied in [1] and [2].

The aim of this paper is to introduce an algebra of generalized functions con-
taining Roumieu ultradistributions.

2. Roumieu ultradistributions

Let (Mp)p∈Z+
be a sequence of positive numbers, recall the following properties:

(H1) Logarithmic convexity :

M2
p ≤Mp−1Mp+1, ∀p≥ 1.

(H2) Stability under ultradifferentiation :

∃A> 0,∃H > 0,Mp+q ≤ AHp+qMpMq,∀p≥ 0,∀q≥ 0.

(H2)′ Stability under differentiation :

∃A> 0,∃H > 0,Mp+1 ≤ AHpMp,∀p≥ 0.

(H3)′ Non-quasi-analyticity :
∞

∑
p=1

Mp−1
Mp

<+∞.
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The associated function of the sequence (Mp)p∈Z+
is the function defined by

M (t) = sup
p
ln

t p

Mp
, t ∈ R∗

+

EXAMPLE 1. The well-known Gevrey sequence (Mp)p∈Z+
= (p!σ)p∈Z+

,σ >

0, has associated function equivalent to the functionMσ (t) = t
1
σ .

An important result on the associated function is given in the following propo-
sition, see [8].

PROPOSITION 1. Let the sequence (Mp)p∈Z+
satisfy condition (H1) , then it

satisfies (H2) if and and only if ∃A> 0,∃H > 0,∀t > 0,

2M (t)≤M (Ht)+ ln(AM0) .

The class of ultradifferentiable functions of class M, denoted EM (Ω) , is the
space of all f ∈C∞ (Ω) satisfying for every compact subset K of Ω, ∃c> 0,∀α ∈ Zn+,

(1) sup
x∈K

|∂α f (x)|≤ c|α|+1M|α|

EXAMPLE 2. If (Mp)p∈Z+
= (p!σ)p∈Z+

we obtain Eσ (Ω) the Gevrey space of
order σ, and A (Ω) := E1 (Ω) is the space of real analytic functions on the open set Ω.

A differential operator of infinite order P(D) = ∑
γ∈Zn+

aγDγ is called an ultrad-

ifferential operator of class {Mp}p∈Z+
, if for every h > 0 there exist c > 0 such that

∀γ ∈ Zn+,

(2)
∣∣aγ

∣∣≤ c
h|γ|

M|γ|

The basic properties of the space EM (Ω) are summarized in the following
proposition, for the proof see [10] and [8].

PROPOSITION 2. Let the sequence (Mp)p∈Z+
satisfy condition (H1) , then the

space EM (Ω) is an algebra moreover, if (Mp)p∈Z+
satisfies (H2)′ , then EM (Ω) is sta-

ble by differential operators of finite order with coefficients in EM (Ω) , and if (Mp)p∈Z+

satisfies (H2) then any ultradifferential operator of class M operates also as a sheaf
homomorphism.

The space DM (Ω) = EM (Ω)∩D (Ω) is not trivial if and only if the sequence
(Mp)p∈Z+

satisfies (H3)′ .

REMARK 1. The sequence (p!σ)p∈Z+
satisfies (H3)′ if and only if σ> 1.
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DEFINITION 1. The strong dual of DM (Ω) , denoted D ′
M (Ω) , is called the

space of Roumieu ultraditributions. The space of Gevrey ultradistributions, denoted
D ′
σ (Ω) , corresponds to the sequence M = (p!σ)p∈Z+

.

3. Generalized Roumieu ultradistributions

To define the algebra of generalized Roumieu ultradistributions, we first introduce the
algebra of moderate elements and its ideal of null elements.

Let Ω be a non void open set of Rn and I = ]0,1] .

REMARK 2. In the sequel, we will always suppose that the sequence (Mp)p∈Z+

satisfies the conditions (H1),(H2) ,(H3)′ and M0 = 1.

DEFINITION 2. The space of moderate elements, denoted E{M}
m (Ω) , is the

space of ( fε)ε ∈C∞ (Ω)
I satisfying for every compact K of Ω, ∀α ∈ Zm+,∃k > 0, ∃c >

0,∃ε0 ∈ I,∀ε≤ ε0,

(3) sup
x∈K

|∂α fε (x)|≤ cexp
(
M
(
k
ε

))
.

The space of null elements, denoted N {M} (Ω) , is the space of ( fε)ε ∈C∞ (Ω)
I satisfy-

ing for every compact K of Ω,∀α ∈ Zm+,∀k > 0,∃c> 0, ∃ε0 ∈ I, ∀ε≤ ε0,

(4) sup
x∈K

|∂α fε (x)|≤ cexp
(
−M

(
k
ε

))
.

The main properties of the spaces E{M}
m (Ω) and N {M} (Ω) are given in the

following proposition.

PROPOSITION 3. 1) The space of moderate elements E{M}
m (Ω) is an algebra

stable by derivation.
2) The space N {M} (Ω) is an ideal of E{M}

m (Ω) .

Proof. 1) Let ( fε)ε ,(gε)ε ∈ E{M}
m (Ω) and K be a compact of Ω, then ∀β ∈ Zm+, ∃k1 =

k1 (β)> 0,∃c1 = c1 (β)> 0,∃ε1β ∈ I, ∀ε≤ ε1β,

(5) sup
x∈K

∣∣∣∂β fε (x)
∣∣∣≤ c1 expM

(
k1
ε

)
,

∀β ∈ Zm+, ∃k2 = k2 (β)> 0,∃c2 = c2 (β)> 0,∃ε2β ∈ I,∀ε≤ ε2β,

(6) sup
x∈K

∣∣∣∂βgε (x)
∣∣∣≤ c2 expM

(
k2
ε

)
.
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Let α ∈ Zm+, then

|∂α ( fεgε)(x)|≤
α

∑
β=0

(
α
β

)∣∣∣∂α−β fε (x)
∣∣∣
∣∣∣∂βgε (x)

∣∣∣

from proposition 1, we have ∃A> 0,∃H > 0,∀t > 0,

(7) 2M (t)≤M (Ht)+ ln(AM0) .

For k = H (max{k1 (β) ,k2 (β) : β≤ α}) ,ε ≤ min
{
ε1β,ε2β; |β|≤ |α|

}
and x ∈ K, we

have for t =
k
ε

exp
(
−M

(
k
ε

))
|∂α ( fεgε)(x)| ≤ exp(ln(AM0))

α

∑
β=0

(
α
β

)
exp

(
−M

(
k1
ε

))

×
∣∣∣∂α−β fε (x)

∣∣∣exp
(
−M

(
k2
ε

))∣∣∣∂βgε (x)
∣∣∣

≤ A
α

∑
β=0

(
α
β

)
c1 (α−β)c2 (β) = c(α) ,

i.e. ( fεgε)ε ∈ E{M}
m (Ω). It is clear, from (5) that for every compact K of Ω, ∀β ∈ Zm+,

∃k1 = k1 (β+1)> 0,∃c1 = c1 (β+1)> 0,∃ε1β ∈ I such that ∀x ∈ K,∀ε≤ ε1β,

∣∣∣∂β (∂ fε)(x)
∣∣∣≤ c1 exp

(
M
(
k1
ε

))
,

i.e. (∂ fε)ε ∈ E{M}
m (Ω) .

2) If (gε)ε ∈ N {M} (Ω) , for every K compact of Ω, ∀β ∈ Zm+,∀k2 > 0,∃c2 =
c2 (β,k2)> 0,∃ε2β ∈ I,

|∂αgε (x)|≤ c2 exp
(
−M

(
k2
ε

))
,∀x ∈ K,∀ε≤ ε2β

Let α ∈ Zm+ and k > 0, then

exp
(
M
(
k
ε

))
|∂α ( fεgε)(x)| ≤ exp

(
M
(
k
ε

)) α

∑
β=0

(
α
β

)∣∣∣∂α−β fε (x)
∣∣∣×

×
∣∣∣∂βgε (x)

∣∣∣ .

Let k2=H.max{k1 (β) ,k;β≤ α} and ε≤min
{
ε1β,ε2β;β≤ α

}
, then ∀x∈K, we have
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for t =
k2
ε
in (7)

exp
(
M
(
k
ε

))
|∂α ( fεgε)(x)| ≤ A

α

∑
β=0

(
α
β

)[
exp

(
−M

(
k1
ε

))∣∣∣∂α−β fε (x)
∣∣∣

× exp
(
M
(
k2
ε

))∣∣∣∂βgε (x)
∣∣∣
]

≤ A
α

∑
β=0

(
α
β

)
c1 (α−β)c2 (β,k2) = c(α,k) ,

which shows that ( fεgε)ε ∈N {M} (Ω).

DEFINITION 3. The algebra of generalized Roumieu ultradistributions of class
{Mp}p∈Z+

, denoted G{M} (Ω) , is the quotient algebra

G{M} (Ω) =
E{M}
m (Ω)

N {M} (Ω)
.

EXAMPLE 3. If (Mp)p∈Z+
= (p!σ)p∈Z+

we obtain Gσ (Ω) the algebra of gen-
eralized Gevrey ultradistributions of [1].

4. Embedding of Roumieu ultradistributions with compact support

Let N = (Np)p∈Z+
be a sequence satisfying the conditions (H1),(H2) ,(H3)′ and N0 =

1, the space S (N) (Rn) is the space of functions ϕ ∈C∞ (Rn) such that ∀b> 0, we have

(8) ‖ϕ‖b,N = sup
α,β∈Zm+

∫ |x||β|

b|α+β|N|α|N|β|
|∂αϕ(x)|dx< ∞.

Define ∑(N) as the set of functions φ ∈ S (N) (Rn) satisfying
∫
φ(x)dx= 1 and

∫
xαφ(x)dx= 0,∀α ∈ ZN+\{0}.

LEMMA 1. There exist functions in ∑(N) .

DEFINITION 4. The net φε = ε−mφ(./ε) ,ε ∈ I, where φ satisfies the conditions
of lemma 4, is called a N−mollifier net.

The space E{M} (Ω) is embedded into G{M} (Ω) by the standard canonical in-
jection

(9) I : E{M} (Ω) → G{M} (Ω)
f -→ [ f ] = cl ( fε) ,
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where fε = f , ∀ε ∈ I.
The following proposition gives the embedding of Roumieu ultradistributions

into G{M} (Ω) . Let M and N two sequences satisfying (H1) ,(H2) and (H3)′ with
M0 = N0 = 1 and φ ∈ Σ(N).

THEOREM 1. The map

(10)
J0 : E ′

{MN} (Ω) → G{M} (Ω)

T -→ [T ] = cl
(
(T ∗φε)/Ω

)

ε

is an embedding.

Proof. Let T ∈ E ′
{MN} (Ω) with suppT ⊂ K, then there exists P(D) = ∑

γ∈Zm+
aγDγ an

ultradifferential operator of class {MpNp}p∈Z+
,C > 0, and continuous functions fγ

with supp fγ ⊂ K,∀γ ∈ Zm+, and sup
γ∈Zm+,x∈K

∣∣ fγ (x)
∣∣≤C, such that

T = ∑
γ∈Zm+

aγDγ fγ.

We have

T ∗φε (x) = ∑
γ∈Zm+

aγ
(−1)|γ|

ε|γ|

∫
fγ (x+ εy)Dγφ(y)dy.

Let α ∈ Zm+, then

|∂α (T ∗φε (x))|≤ ∑
γ∈Zm+

aγ
1

ε|γ+α|

∫ ∣∣ fγ (x+ εy)
∣∣ ∣∣Dγ+αφ(y)

∣∣dy.

From (2) and condition (H2), we have ∃A> 0,∃H > 0,∀h> 0,∃c> 0, such that

|∂α (T ∗φε (x))| ≤ c ∑
γ∈Zm+

h|γ|

M|γ|N|γ|

1
ε|γ+α|

∫ ∣∣ fγ (x+ εy)
∣∣ ∣∣Dγ+αφ(y)

∣∣dy

≤ c ∑
γ∈Zm+

h|γ|b|γ+α|N|γ+α|

M|γ|N|γ|

1
ε|γ+α|

∫ ∣∣ fγ (x+ εy)
∣∣ |D

γ+αφ(y)|
b|γ+α|N|γ+α|

dy

≤ cA ∑
γ∈Zm+

c
h|γ|b|γ+α|H |γ+α|M|α|N|α|

M|γ+α|

1
ε|γ+α|

C‖φ‖b,N

then,

(2h)|α|

M|α|N|α|
|∂α (T ∗φε (x))| ≤ cCA‖φ‖b,N ∑

γ∈Zm+

2−|γ| (2hHb)
|γ+α|

M|γ+α|

1
ε|γ+α|

≤ cexp
(
M
(
k
ε

))
,
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i.e.

(11) |∂α (T ∗φε (x))|≤ c(α)exp
(
M
(
k
ε

))
,

where k = 2hHb.
Suppose that (T ∗φε)ε ∈ N {M} (Ω) , then for every compact L of Ω, ∃c > 0,

∀k > 0, ∃ε0 ∈ I,

(12) |T ∗φε (x)|≤ cexp
(
−M

(
k
ε

))
,∀x ∈ L,∀ε≤ ε0

Let χ ∈D{MN} (Ω) and χ= 1 in a neighborhood of K, then ∀ψ ∈ E{M.N} (Ω) ,

〈T,ψ〉= 〈T,χψ〉= lim
ε→0

∫
(T ∗φε)(x)χ(x)ψ(x)dx

Consequently, from (12), we obtain
∣∣∣∣
∫

(T ∗φε)(x)χ(x)ψ(x)dx
∣∣∣∣≤ cexp

(
−M

(
k
ε

))
,∀ε≤ ε0,

which gives 〈T,ψ〉= 0.

NOTATION 1. If M = (Mp)p∈Z+
and N = (Np)p∈Z+

are two sequences, then
MN−1 :=

(
MpN−1

p
)
p∈Z+

.

In order to show the commutativity of the following diagram of embeddings

D{MN−1p!} (Ω) → G{M} (Ω)
↘ ↑

E ′
{MN} (Ω)

,

we have to prove the following fundamental result.

PROPOSITION 4. Let f ∈D{MN−1p!} (Ω) and φ ∈ ∑(N), then
(
f − ( f ∗φε)/Ω

)

ε
∈N {M} (Ω) .

Proof. Let f ∈D{MN−1p!} (Ω) , then there exists a constant c> 0, such that

|∂α f (x)|≤ c|α|+1
Mp
Np

p!,∀α ∈ Zn+,∀x ∈Ω.

Let α ∈ Zn+, the Taylor’s formula and the properties of φε give

∂α ( f ∗φε− f )(x) = ∑
|β|=N

∫
(εy)β

β!
∂α+β f (ξ)φ(y)dy,
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where x≤ ξ≤ x+ εy. Consequently, for any b> 0, we have

|∂α ( f ∗φε− f )(x)| ≤ εN ∑
|β|=N

∫ |y||β|

β!

∣∣∣∂α+β f (ξ)
∣∣∣ |φ(y)|dy

≤ εN ∑
|β|=N

b|β|N|β|M|α+β| (α+β)!
β!N|α+β|

×

×
∫ N|α+β|

M|α+β| (α+β)!

∣∣∣∂α+β f (ξ)
∣∣∣

|y||β|

b|β|N|β|
|φ(y)|dy

≤ A‖φ‖b,N c
c|α|H |α|M|α|α!

N|α|
εN ∑

|β|=N
b|β|H |β|M|β|c|β|.

Let k > 0 and T > 0, then

|∂α ( f ∗φε− f )(x)|≤ c(α)εNMN (kT )−N ∑
|β|=N

(kTbHc)|β|

where c(α) = A‖φ‖b,N c
c|α|H |α|M|α|α!

N|α|
. Taking kTbHc≤ 1

2a , with a> 1, we obtain

|∂α ( f ∗φε− f )(x)| ≤ c(α)εNMN (kT )−N a−N ∑
|β|=N

(
1
2

)|β|

≤ c(α)εNMN (kT )−N a−N .(13)

Let ε0 ∈ I such that ε0M1 < 1 and take T ≥ Mp−1Mp+1
M2p

,∀p≥ 1.

Then, see [11], there exists N = N (ε) ∈ Z+, such that

1≤
ε
k
(MN)

N ≤ T

which gives

a−N ≤ exp
(
−M

(
k
ε

))
and εNMN (kT )−N < 1,

if we take a≥ 2. Finally, from (13), we have

(14) |∂α ( f ∗φε− f )(x)|≤ cexp
(
−M

(
k
ε

))
,

i.e. ( f ∗φε− f )ε ∈N {M} (Ω) .

REMARK 3. Microlocal analysis suitable for the algebra of generalized Roumieu
ultradistributions will be discussed in a separate paper.
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