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EQUIVALENCE OF SEQUENTIAL DEFINITIONS

OF THE CONVOLUTION OF DISTRIBUTIONS

Abstract. The equivalence of various sequential definitions of the convolution of distribu-
tions is proved. The list of known equivalent definitions is extended by adding definitions in
terms of upper unit-sequences.

1. Introduction

The convolution of distributions (tempered distributions) is closely connected with
the spaceD ′

L1 of integrable distributions, the dual of the spaceB0. General defini-
tions of the convolution inD ′ (in S ′), given in different ways in terms of integra-
bility of certain distributions by various authors (C. Chevalley [1], L. Schwartz [10],
R. Shiraishi [11]), appeared to be equivalent (see [11]). Later the list of equivalent
definitions was gradually extended, for example by adding various sequential defini-
tions (see V.S. Vladimirov [12, pp. 102–105], P. Dierolf–J.Voigt [2], A. Kamiński [4]).
Sequential approaches are interesting, because they lead to natural generalizations con-
nected with suitable restrictions of the considered classes of sequences (see [4]; for an-
other type of generalizations see [13]). A similar situation concerns ultradistributions
and tempered ultradistributions: various equivalent definitions of the convolution, in-
cluding sequential ones, are related to integrability of certain ultradistributions (see
[9, 5, 6]).

In sequential definitions of convolvable and integrable distributions and ultra-
distributions, an essential role is played by specific classes of sequences (calledunit-
sequences) of smooth functions of bounded support approximating the constant func-
tion 1. In this paper (see also [7]), we study another type (inspired by papers of B.
Fisher, see e.g. [3]) of approximation of the function 1 by specific classes of sequences
(calledupper unit-sequences) of smooth functions with supports bounded only from
below. In the next section, we give definitions of the classesΠ of unit-sequences and
Γ of upper unit-sequences as well as the classesΠ andΓ, narrower thanΠ andΓ.

Using these classes, we give in section 4 several sequentialdefinitions of the
convolution inD ′ and prove Theorem 3, the main result of the paper, that all of them
are equivalent to the classical definitions mentioned above.

In the proof of Theorem 3 we apply the results and methods from[11, 2, 4, 8]
(see section 3) as well as Lemma 1 proved in [7]. Note that a counterpart of Theorem 3
for tempered distributions is also true.
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2. Preliminaries

The sets of all positive integers, non-negative integers, reals are denoted byN, N0,
R and their Cartesian powers for a fixedd ∈ N by Nd, Nd

0, Rd, respectively. Ele-
ments ofRd andNd

0 are denoted by Latin and their coordinates by the correspond-
ing Greek letters. Our multi-dimensional notation is mostly standard. In particular,
for x=(ξ1, . . . ,ξd),y=(η1, . . . ,ηd) ∈ Rd andα ∈ R, the symbolsx ≤ y, x ≤ α and
α ≤ x mean that the respective inequalitiesξi ≤ ηi , ξi ≤ α andα ≤ ξi hold for all
i = 1, . . . ,d. A similar notation concerns strict inequalities. Fora= (α1, . . . ,αd) ∈ Rd

we set[a,∞) := [α1,∞)× . . .× [αd,∞). If an = (αn,1, . . . ,αn,d) ∈ R
d for n ∈ N, we

write an → −∞ (an → ∞) asn → ∞, wheneverαn,i → −∞ (αn,i → ∞) asn → ∞ for
everyi = 1, . . . ,d. Moreover, letαk := ακ1+...+κd for α ∈R andk= (κ1, . . . ,κd) ∈Nd

0.

We will consider, beside the usual support, suppϕ, also theunitary support,
s1(ϕ) := {x∈R

d : ϕ(x) = 1}, of a functionϕ onRd.

To mark that a setK ⊂Rd is compact we will writeK @Rd. We use the standard
notation:L∞, C ∞, E , B0, B , DK (K @ Rd), D, D ′, D ′

L1 for known spaces of functions
and distributions onRd and〈 f ,ϕ〉 for the value off ∈ D ′ on ϕ ∈ D, or we use the
more precise notation:L∞(Rd), . . . ,D(Rd), D ′(Rd), D ′

L1(R
d) and〈 f ,ϕ〉d to indicate

the dimensiond. For k ∈ N0, K @ Rd and a smooth (i.e.C ∞) function ϕ on Rd, we
define

qk,K(ϕ) := max
0≤i≤k

max
x∈K

|ϕ(i)(x)|, qk(ϕ) := max
0≤i≤k

‖ϕ(i)‖∞,

where‖ · ‖∞ denotes the supremum norm; evidently,qk,K(ϕ)≤ qk(ϕ).
Recall that the setsB0; B ; andDK (K @ Rd) consist of all smooth functionsϕ

such that|ϕ(i)(x)| → 0 as|x| → ∞ for i ∈ Nd
0; qk(ϕ) < ∞ for k ∈ N0; and suppϕ ⊂ K,

respectively. Moreover, we haveE = C ∞ andD = ∪K@RdDK in the sense of equalities
of sets. The sets under consideration are endowed with the topologies defined by the
respective families of seminorms:B0 andB by the family{qk : k ∈ N0}; E by the
family {qk,K : k ∈ N0,K @ Rd}; andDK by the family{qk,K : k ∈ N0} (for K @ Rd).
The spaceD is endowed with the inductive limit topology of the spacesDK . Clearly,

(1) qk(ϕψ)≤ 2kqk(ϕ)qk(ψ), ϕ,ψ ∈ B , k∈ N0.

DEFINITION 1. By unit-sequence we mean a sequence of functionsπn ∈ D,

convergent to1 in E , such thatsupn∈N ‖π(k)
n ‖∞< ∞ for k∈ Nd

0, i.e.

(2) sup
n∈N

qk(πn) =: Mk < ∞, k∈ N
d
0.

By special unit-sequence we mean such a unit-sequence{πn} that for every bounded
K ⊂ Rd there is an n0 ∈ N such thatπn(x) = 1 for x∈ K, n≥ n0.
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DEFINITION 2. A set E⊂ Rd is called bounded from below if E⊂ [a,∞) for
some a∈ Rd. By upper unit-sequence we mean a sequence{Γn} of smooth functions,
with supports bounded from below, convergent to1 in E (i.e., there are an ∈ Rd with

an →−∞ so thatsuppΓn ⊂ [an,∞) for n∈ N) such thatsupn∈N ‖ Γ
(k)
n ‖∞< ∞ for every

k∈ Nd
0, i.e.

(3) sup
n∈N

qk(Γn) =: Nk < ∞, k∈ N
d
0.

By special upper unit-sequence we mean an upper unit-sequence {Γn} such that if
E ⊂ Rd is bounded from below, then there is an n0 ∈ N so that s1(Γn) ⊃ E for n≥ n0

(i.e. there are an,bn ∈ Rd, an < bn (n ∈ N), with an → −∞, and an index n1 so that
[an,∞)⊃ suppΓn ⊃ s1(Γn)⊃ [bn,∞) for n> n1).

The classes of allunit-sequences, special unit-sequences, upper unit-sequences,
andspecial upper unit-sequencesof functions defined onRd will be denoted, respec-
tively, by Π, Π, Γ andΓ or by Πd, Πd, Γd andΓd to mark the dimension ofRd.

For arbitrary{πn} ∈ Π, {Γn} ∈ Γ, ψ ∈ B andk∈Nd
0, we have

(4) sup
n∈N

qk(πnψ)≤ 2kMkqk(ψ); sup
n∈N

qk(Γnψ)≤ 2kNkqk(ψ).

Given a classY of sequences of functions consider the property:

(∗) ClassY satisfies the implication:{ρn},{σn} ∈ Y ⇒ {τn} ∈ Y , where
the sequence is defined byτ2n−1 := ρn andτ2n := σn for n∈N.

Clearly, the above defined classesΠ, Π, Γ andΓ satisfy condition(∗).

DEFINITION 3. A distribution f is called extendible for a functionψ ∈ B if
{〈 f ,πnψ〉} is a Cauchy sequence for every{πn} ∈ Π. The mapping fψ : D ∪ (ψ)→ C

(where(ψ) denotes the singleton set), uniquely defined for such a distribution by

(5) 〈 fψ,ω〉 := lim
j→∞

〈 f ,π j ω〉, ω ∈ D ∪ (ψ),

for an arbitrary{πn} ∈ Π, is called the extension of f for the functionψ.

If f is extendible for aψ∈ B , then the limit in (5) does not depend on the choice
of the sequence{πn} from Π, because the classΠ satisfies (I ). Consequently, the left
side of (5) is well defined forω = ψ. Moreover,〈 fψ,ϕ〉= lim j→∞〈 f ,π j ϕ〉= 〈 f ,ϕ〉 for
all ϕ ∈ D and{πn} ∈ Π, due to the continuity off on D, i.e. fψ|D = f .

DEFINITION 4. A distribution f is called extendible for a sequence{Γn} ∈ Γ
if is extendible for allΓn. The mapping f� : D� → C, whereD� := D ∪{Γn : n∈ N},
uniquely defined for such a distribution by formula (5) forψ ∈ D�, i.e. 〈 f �,Γn〉 :=
lim j→∞〈 f ,π j Γn〉 for n∈N, is called the extension of f for the sequence{Γn}.
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DEFINITION 5. A distribution f is called extendible to the spaceB if it is ex-
tendible for everyψ ∈ B . The mappingf̃ : B → C, uniquely defined for such a distri-
bution by means of formula (5) for everyψ ∈ B and{πn} ∈ Π, i.e. by

(6) 〈 f̃ ,ψ〉 := lim
j→∞

〈 f ,π j ψ〉, ψ ∈ B ,

is called the extension of f to the spaceB .

3. Integrable distributions

Integrable distributions, elements of the topological dual B ′
0 of B0, were described by

P. Dierolf and J. Voigt in [2] by several equivalent conditions. To formulate below the
extension of their result, proved in [7] and used in the proofof Theorem 3 in section 4,
we apply forA ⊆ B andK@ R

d the notation:AK := {ϕ ∈ A : suppϕ∩K = /0}.

THEOREM 1. Let f ∈ D ′. The following conditions are equivalent:

(a1) there are an l∈ N0 and a C> 0 such that

(7) |〈 f ,ϕ〉| ≤Cql (ϕ), ϕ ∈ D;

(A1) f is extendible toB and its extensioñf given onB by (6) is an element
of B ′, i.e. there are an l∈ N0 and a C> 0 such that

(8) |〈 f̃ ,ψ〉| ≤Cql (ψ), ψ ∈ B ;

(a2) there exists such an l∈N0 that for everyε > 0 there is a K@Rd such that

(9) |〈 f ,ϕ〉| ≤ εql (ϕ), ϕ ∈ DK ;

(A2) f is extendible toB and its extensioñf given onB by (6) is an element of
B ′ with the property: there exists such an l∈ N0 that for everyε > 0 there is a K@ Rd

for which the inequality holds:

(10) |〈 f̃ ,ψ〉| ≤ εql (ψ), ψ ∈ BK ;

(a3) there are an l∈N0, a C> 0 and a K@Rd so that (7) holds for allϕ∈DK ;

(A3) f is extendible toB and its extensioñf given onB by (6) is an element
of B ′ with the property: there are an l∈ N0, a C> 0 and a K@ Rd so that (8) holds
for all ϕ ∈ BK ;

(b) {〈 f ,πn〉} is a Cauchy sequence for every{πn} ∈ Π;
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(B) f is extendible for every sequence{Γn} ∈ Γ and {〈 f �,Γn〉} is a Cauchy
sequence, where f� is the extension of f for the sequence{Γn};

(b) {〈 f ,πn〉} is a Cauchy sequence for every{πn} ∈ Π;

(B) f is extendible for every sequence{Γn} ∈ Γ and {〈 f �,Γn〉} is a Cauchy
sequence, where f� is the extension of f for the sequence{Γn}.

If any of the above conditions holds, then

(11) 〈 f̃ ,1〉= lim
n→∞

〈 f ,πn〉= lim
n→∞

〈 f �,Γn〉,

for all {πn} ∈ Π and{Γn} ∈ Γ.

4. Convolution of distributions

Let f ,g∈ D ′(Rd). If the following condition introduced by C. Chevalley in [1]:

(C) ( f ∗ϕ)(ǧ∗ψ) ∈ L1(Rd) for all ϕ,ψ ∈ D(Rd),

is assumed, there is a uniquef
C∗ g∈ D ′, the Chevalley convolution off ,g such that

〈( f
C∗ g)∗ϕ,ψ〉d :=

∫
Rd( f ∗ϕ)(x)(ǧ∗ψ)(x)dx, ϕ,ψ ∈ D(Rd).

L. Schwartz considered in [10] the condition:

(S) ( f ⊗g)ϕ4 ∈ D ′
L1(R

2d) for all ϕ ∈ D(Rd),

whereϕ4(x,y) := ϕ(x+ y) for x,y∈Rd, and R. Shiraishi in [11] the conditions:

(S1) f (ǧ∗ϕ) ∈ D ′
L1(R

d) for all ϕ ∈ D(Rd);

(S2) ( f̌ ∗ϕ)g∈ D ′
L1(R

d) for all ϕ ∈ D(Rd),

where the symboľh for a givenh ∈ D ′(Rd) means the distribution onRd defined by
〈ȟ,ψ〉 := 〈h, ψ̌〉 andψ̌(x) := ψ(−x) for all ψ ∈ D(Rd) andx∈Rd.

Assuming(S), (S1), (S2), they defined the convolutionsf
S∗ g, f

S1∗ g, f
S2∗ g:

〈 f
S∗ g,ϕ〉d := 〈( f ⊗g)ϕ4,12d〉2d, ϕ ∈ D(Rd);

〈 f
S1∗ g, ϕ〉d := 〈 f (ǧ∗ϕ), 1d〉d, ϕ ∈ D(Rd);

〈 f
S2∗ g, ϕ〉d := 〈(ǧ∗ϕ)g, 1d〉d, ϕ ∈ D(Rd),

respectively, where 1d and 12d are the constant functions equal to 1 onRd andR2d.

R. Shiraishi proved in [11] the following theorem:
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THEOREM 2. Let f,g∈ D ′(Rd). Conditions(C), (S), (S1) and(S2) are equiv-

alent. If any of the conditions holds, then f
C∗ g= f

S∗ g= f
S1∗ g= f

S2∗ g.

Due to Theorem 2, we may use forf ,g∈ D ′(Rd) the common notation

(12) f ∗g := f
C∗ g= f

S∗ g= f
S1∗ g= f

S2∗ g,

whenever one of conditions(C), (S), (S1) and(S2) is satisfied.

V.S. Vladimirov gave in [12] forf ,g∈ D ′(Rd) the following sequential defini-

tion of the convolution, denoted here byf
V∗ g:

(13) 〈 f
V∗ g, ϕ〉d = lim

n→∞
〈 f ⊗g,πnϕ4〉2d, ϕ ∈ D(Rd),

whenever the limit in (13) exists for all{πn} ∈ Π2d or, in other words, whenever

(V) {〈 f ⊗g,πnϕ4〉2d} ∈ C for all {πn} ∈ Π2d andϕ ∈ D(Rd),

whereC denotes the class of all numerical Cauchy sequences. Clearly, condition(V)
implies that the limit in (13) does not depend on{πn} ∈ Π2d.

P. Dierolf and J. Voigt proved in [2] forf ,g∈ D ′(Rd) that Vladimirov’s condi-
tion (V) and its extension in the following form:

(V) {〈 f ⊗g,πnϕ4〉2d} ∈ C for all {πn} ∈ Π2d andϕ ∈ D(Rd)

are equivalent to conditions(C), (S), (S1), (S2) and the convolutionf
V∗ g defined for

any{πn} from the classesΠ2d andΠ2d by common formula (13), coincides with the
convolution f ∗g given by (12).

A. Kamiński considered in [4], in connection with J. Mikusiński’s irregular op-
erations, the following conditions forf ,g∈ D ′(Rd):

(K) {〈(πn f )∗ (π̃ng),ϕ〉d} ∈ C for all {πn},{π̃n} ∈ Πd andϕ ∈ D(Rd);

(K1) {〈(πn f )∗g,ϕ〉d} ∈ C for all {πn} ∈ Πd andϕ ∈ D(Rd);

(K2) {〈 f ∗ (πng),ϕ〉d} ∈ C for all {πn} ∈ Πd andϕ ∈ D(Rd)

as well as their variants:(K), (K1), (K2), in which the classΠd is replaced byΠd. He

defined the convolutionsf
K∗ g, f

K1∗ g and f
K2∗ g by the following formulas:

〈 f
K∗ g, ϕ〉d := lim

n→∞
〈(πn f )∗ (π̃ng),ϕ〉d, {πn},{π̃n} ∈ Πd, ϕ ∈ D(Rd);

〈 f
K1∗ g, ϕ〉d := lim

n→∞
〈(πn f )∗g,ϕ〉d, {πn} ∈ Πd, ϕ ∈ D(Rd);

〈 f
K2∗ g,ϕ〉d := lim

n→∞
〈 f ∗ (πng),ϕ〉d, {πn} ∈ Πd, ϕ ∈ D(Rd)
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under conditions(K), (K1), (K2), respectively, and by the above formulas restricted
to the classΠd under conditions(K), (K1), (K2), respectively. It was shown in [4],
due to the results from [11] and [2], that conditions(K), (K1), (K2), (K), (K1), (K2)
are equivalent to conditions(V) and(V) (and to those mentioned previously) and the
corresponding convolutions coincide.

Consider now forf ,g∈D ′(Rd), in connection with the classesΓ andΓ of upper
unit-sequences and special upper unit-sequences, the following conditions:

(FV) {〈 f ⊗g,Γnϕ4〉2d} ∈ C for all {Γn} ∈ Γ2d andϕ ∈ D(Rd);

(FK) {〈(Γn f )∗ (̃Γng),ϕ〉d} ∈ C for all {Γn},{Γ̃n} ∈ Γd andϕ ∈ D(Rd)

together with their variants(FV) and(FK), in which the classesΓ2d andΓd are replaced

by Γ2d andΓd, respectively. Define the convolutionsf
FV∗ g and f

FK∗ g by the formulas

〈 f
FV∗ g, ϕ〉2d := lim

n→∞
〈 f ⊗g,Γnϕ4〉2d, {Γn} ∈ Γ2d, ϕ ∈ D(Rd);

〈 f
FK∗ g, ϕ〉d := lim

n→∞
〈(Γn f )∗ (̃Γng),ϕ〉d, {Γn},{Γ̃n} ∈ Γd, ϕ ∈ D(Rd),

under conditions(FV) and(FK), respectively, and by the same formulas but restricted
to the classesΓ2d andΓd, under conditions(FV) and(FK), respectively.

The following theorem is true:

THEOREM 3. Let f,g ∈ D ′(Rd). Each of the conditions(V), (V), (K), (K),
(K1), (K1), (K2), (K2), (FV), (FV), (FK) and(FK) is equivalent to any of the conditions
listed in Theorem 2. If any of the conditions is satisfied, then

(14) f ∗g= f
V∗ g= f

K∗ g= f
K1∗ g= f

K2∗ g= f
FV∗ g= f

FK∗ g.

In the proof of Theorem 3, the following lemma plays an important role:

LEMMA 1. Let h∈ D ′(R2d). Assume that

supph⊂ K4 := {(x,y) ∈ R
2d : x+ y∈ K}

for some K@ Rd and there is a scalarα such that

(15) lim
n→∞

〈h,Γ1
n⊗ Γ2

n〉2d = α

for all {Γ1
n},{Γ2

n} ∈ Γd. Then for arbitrary special unit-sequences{π1
n},{π2

n} ∈ Πd

there exists an increasing sequence{qn} of positive integers such that

(16) lim
n→∞

〈h,π1
qn
⊗π2

qn
〉2d = α.

The proof of Lemma 1 is not trivial and requires an induction construction. Its
full presentation is beyond the scope of this article. We show a complete proof of
Lemma 1 with all its nuances in a separate publication (see [7]).
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Proof of Theorem 3.We present the proof of all implications necessary to conclude the
formulated equivalence.

(S)⇒ (FV); (S)⇒ (V). Fix ϕ ∈ D(Rd), denoteh := ( f ⊗g)ϕ4 and assume condi-
tion (S), which means thath∈ D ′

L1(R
2d). By Theorem 1, it follows that

lim
n→∞

〈h,Γn〉2d = lim
n→∞

〈h,πn〉2d = 〈h,12d〉2d

for {πn} ∈ Π2d and{Γn} ∈ Γ2d, i.e. (FV) and(V) hold. Also f
FV∗ g= f

V∗ g= f
S∗ g.

(FV)⇒ (FV); (FK)⇒ (FK); (V)⇒ (V); (Ki)⇒ (K i) (i = 1,2). The implications
are obvious, because of the inclusionsΓ⊂ Γ andΠ⊂Π between the considered classes
of (upper) unit-sequences.

(FV)⇒ (FK); (FV)⇒ (FK); (V)⇒ (K); (V)⇒ (K). Clearly, the equalities

(17) 〈(Γ1
n f )∗ (Γ2

ng),ϕ〉d = 〈(Γ1
n f )⊗ (Γ2

ng),ϕ4〉2d = 〈( f ⊗g)ϕ4,Γ1
n⊗ Γ2

n〉2d

hold for alln∈ N and{Γ1
n},{Γ2

n} ∈ Γd. Similarly, the equalities

(18) 〈(π1
n f )∗ (π2

ng),ϕ〉d = 〈(π1
n f )⊗ (π2

ng),ϕ4〉2d = 〈( f ⊗g)ϕ4,π1
n⊗π2

n〉2d

hold for alln∈ N and for all{π1
n},{π2

n} ∈ Πd.

If {Γ1
n} and{Γ2

n} are arbitrary sequences inΓd (respectively, inΓd), then the
sequence{Γ1

n ⊗ Γ2
n} is in Γ2d (respectively, inΓ2d). Hence, by (17), condition(FV)

(respectively,(FV)) implies condition(FK) (respectively,(FK)). Moreover, f
FV∗ g =

f
FK∗ g. Similarly, if {π1

n} and{π2
n} are inΠd (respectively, inΠd), then the sequence

{π1
n⊗π2

n} is in Π2d (respectively, inΠ2d) and, due to (18), condition(V) (respectively,

(V)) implies condition(K) (respectively,(K)). Moreover,f
V∗g= f

K∗ g.

(FK) ⇒ (K). Fix ϕ ∈ D(Rd) and denoteh := ( f ⊗ g)ϕ4. Assume that condition
(FK) holds, i.e. there is a numberα such that (15) holds for all{Γ1

n},{Γ2
n} ∈ Γd. Fix

{π1
n},{π2

n} ∈ Πd and let{π̃1
n} and{π̃2

n} be arbitrary subsequences of{π1
n} and{π2

n}.
By Lemma 1, there exist subsequences{π̃1

qn
} and{π̃2

qn
} of {π̃1

n} and{π̃2
n}, respectively,

such that (16) holds. Then

(19) lim
n→∞

〈h,π1
n⊗π2

n〉2d = α

for our arbitrarily fixed sequences{π1
n},{π2

n} ∈ Πd, i.e. condition(K) is satisfied.

Moreover,f
FK∗ g= f

K∗ g (for the classesΓ andΠ).

(K)⇒ (Ki) (i = 1,2); (K)⇒ (K i) (i = 1,2). Fix ϕ ∈ D(Rd) and leth := ( f ⊗g)ϕ4.
Assume that condition(K) (respectively,(K)) is satisfied, i.e. equality (19) is true for
someα and for all{π1

n} and{π2
n} in Πd (respectively, inΠd). For arbitrarily fixed

sequences{π1
n} and{π2

n} in Πd (respectively, inΠd), the assumption implies

(20) lim
n,m→∞

〈h,π1
n⊗π2

m〉2d = α
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with the double limit on the left side. If not, there would exist anε0 > 0 and increasing
sequences{pn}, {qn} of indices such that|〈h,π1

pn
⊗π2

qn
〉2d−α|> ε0 for n∈N. But the

sequences{π1
pn
} and{π2

qn
} are also inΠd (respectively, inΠd), so the last inequality

contradicts our assumption concerning (19) and proves (20).

Sinceϕ4(π1
n⊗1d) andϕ4(1d ⊗π2

m) are inD(R2d) for n,m∈ N, we have

lim
m→∞

〈h,π1
n⊗π2

m〉2d = 〈 f ⊗g,ϕ4(π1
n⊗1d)〉2d = 〈(π1

n f )∗g,ϕ〉d, n∈ N

and

lim
n→∞

〈h,π1
n⊗π2

m〉2d = 〈 f ⊗g,ϕ4(1d ⊗π2
m)〉2d = 〈 f ∗ (π2

mg),ϕ〉d, m∈N.

Hence, by (20),

lim
n→∞

〈(π1
n f )∗g,ϕ〉d = lim

n→∞
lim

m→∞
〈h,π1

n⊗π2
m〉2d = α = lim

m→∞
〈 f ∗ (π2

mg),ϕ〉d.

The implications and the equalitiesf
K∗g= f

K1∗ g= f
K2∗ g are proved.

(K i)⇒ (Si) (i = 1,2). For alln∈N, we have

〈(π1
n f )∗g,ϕ〉d = 〈 f (ǧ∗ϕ),π1

n〉d and 〈 f ∗ (π2
ng,ϕ〉d = 〈( f̌ ∗ϕ)g,π2

n〉d,

so conditions(K1) and(K2) imply (S1) and(S2), respectively, by Theorem 1.

Since, by Theorem 2, conditions(S), (S1) and(S2) are equivalent, the proof of
the equivalence of all conditions and of all equalities in (14) is thus completed.
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