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ABSTRACT STOCHASTIC PROBLEMS
IN SPACES OF DISTRIBUTIONS

Abstract. The Cauchy problem for the equatiof{t) = Au(t) + BW(t), t > 0, with white
noiseW andA being the generator of regularized semigroups is studiefiffierent spaces
of distributions. Solutions of the problem in spaces ofribstions with respect to time
variable, random variable and both time and random vasadnle studied.

1. Introduction

The Cauchy problem for operator-differential equationthwihite noise as an inho-
mogeneity often arises as a model of different evolutiorcpsses subject to random
perturbations. The basic one among them is the Cauchy prnoble

(1) X'(t) = AX(t) + BW(t), te€[0,1), 1<, X(0)=,

whereA is the generator of &-semigroup. Because of irregularity of the white noise
W it is usually reduced to an integral equation with the “ptive” of W, i.e. with some
Wiener process (e.g. [14, 12]).

Our work is devoted to generalized solutions of the stoah&stuchy problem
(1) with A not necessarily being the generator @gsemigroup, but being the gener-
ator of a regularized, namely integrated semigrdup {V(t), t € [0,T)} in a Hilbert
spaceH. We supposéW(t),t > 0} to be anH-valued white noise which we define in
our work rigorously in different spaces of distributioBss £(H,H).

The fact that the operatdy is generating only an integrated semigroup means
that the solution operatots(t), t € [0,1), of the corresponding homogeneous Cauchy
problem are not bounded. Therefore one has to introduce segudarized familyv
instead of{U(t)} or consider the solution operators of problem (1) in certzmiaces
of distributions. At the same time due to irregularity, parkarly to discontinuity of
the white noise (it is informally defined as a process wittejmehdent identically dis-
tributed random values with infinite variation) one has tuge the Cauchy problem to
the above-mentioned integral equation with a Wiener pioadich is defined axiomat-
ically as the infinite dimensional generalization of Brommimotion, or to consider the
problem (1) in certain spaces of distributions. The chof@roper space of distribu-
tions depends on the conditions imposedfoand initial value( on one hand and on
the properties of the noiS& on the other hand.
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In the next section (section 2) we give necessary definitfoors the theory
of regularized semigroups, Hilbert space-valued (abgtk&Ener processes, abstract
Schwartz distributions and stochastic distributions.

In section 3 we consider the problem (1) in spaces of Hilh@ate valued dis-
tributions with respect to one variable. If it is the time igdlet (subsection 3.1) we
obtain existence of a unique solution #8generating an-times integrated semigroup,
butW must be &-white noiseWq, whereQ is a nuclear operator iH. If we consider
the problem in the space of distributions with respect tortrelom variableo (sub-
section 3.2), we obtain the result for the equation with thgudar white noise@ = 1),
but A must be the generator of&-semigroup. In section 4 we introduce the space
of distributions with respect to bothandw and obtain the result fok generating an
n-times integrated semigroup aid being the singular white noise.

The beginning of research in this direction was made in [14,10]. In[13, 15]
different approaches to defining of distributiong Endw were studied.

2. Definitions: regularized semigroups, abstract Wiener pocesses and abstract
distributions

2.1. Regularized semigroups

Let A be a closed linear operator afft), t > 0, be bounded linear operators in a
Banach spackh!.

DEFINITION 1. A strongly continuous family V= {V (t), t € [0,T)}, T < oo, of
bounded operators in H is called an R-regularized semigmitp the generator A if

V(DAL = AV()], T € domA, V(t)Z:A/()tV(S)ZdS+R(t)Z, {cH.

The semigroup V is called exponentially boundefMft)|| < Me™, t > 0, for some
M >0, w e R, and local ifT < .

If R(t) = (t"/n!)1, thenV is also am-times integrated semigrouff domA=H
andR(t) = Ris invertible, bounded and densely defined, theis anR-semigrouplf
R =1, then arR-semigroup is &y-semigroup

Note that arR-semigroup in [3] is defined as a strongly continuous famfly o
bounded operators satisfying tResemigroup property

V(t+sR=V(t)V(s), st,s+te]0,T),V(0)=R

with the infinitesimal generator

Gf:=(A—LYf, A>w, domG={f eH: RferanLy}, LAf::/o MV (1) fdt.
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It is called there &-semigroup. We prefer the terniR“semigroup” that reflects its
regularizing property and makes it differ froGy-semigroups, wher€ comes from
“continuity”.

As to integrated semigroups, they are also defined via quoreing “semi-
group property” in [2] with the infinitesimal generator, bué will use the equivalent
general Definition 1. We refer to [9, 8] for examples of inttgid, convolutionR-
semigroups and their generators, including importanediffitial operators.

2.2. Wiener processes

Let (Q, F,P) be a probability spacé] be a Hilbert space ar@d be a linear symmetric
positive trace class operator with a system of eigenve¢®}s forming a basis oH,
such thaQg = o?g;, 37,02 < co.

DEFINITION 2. A stochastic processy= {Wu(t), t > 0} with values inH is
called a Q-Wiener process, if

(W1) Wg(0)=0a.s.;
(W2) Wq has independent increments;

(W3) the increments W(t) —Wgo(s) are normally distributed with mean zero
and covariance operator equal {o— s)Q;

(W4) the trajectories of \ are continuous a.s.

Thus definedQ-Wiener process is a generalization of Brownian motions|t i
well known that Brownian motioqf(t),t > 0}, wheref(t) = B(w,t), w € Q, is de-
fined via conditions (W1)—(W4) in the cad&= R andQ = 1. A finite-dimensional
Brownian motion has forny [ ; Bi(t)e, where{a} is an orthonormal basis iR" and
Bi are independent Brownian motions. When passing to infiniteedsions, to avoid
divergency inH, one has to consider a regularized sum

0

Wo(t) == -zioiBi (e, t>0, Wot) € Lo(Q;H),

which happens to be dfi-valuedQ-Wiener process.
The formal seriesy ;> ; Bi(t)e =: W(t) is called acylindrical Wiener process

2.3. Spaces of abstract distributions. White noise in spaseof abstract distribu-
tions

For any Banach spackg by 2/(X) we denote the space of all-valued distributions
over the space of test functiah. In contrary to theR-valued Schwartz distributions
they are calledibstract distributions By D} (.X) we denote the subspace of distribu-
tions having supports ifd, «).
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Let H now be a Hilbert space anly be anH-valuedQ-Wiener process. Since
Wg has continuous in> 0 trajectories for almost alb € Q, defineQ-white noiseWq
(with trajectories) inDj(H) as generalized derivative @ set to be zero dt< 0, i.e.
by the following equality:

@ (Weq,8) = —/OOOWQ(t)e’(t)dt:/Ome(t)dV\(g(t), 0cD.

The first integral in (2) is understood as Bochner integralrof,(Q; H)-valued func-
tion, the second one — as an abstract Ito integral with respebe Wiener process.
The equality of the integrals follows from the Ito formula.

We will further use convolution of distributions defined afidws (see. [4]).
DEFINITION 3. Let X, 9 and Z be Banach spaces, such that there exists a

continuous bilinear operatiofu,v) — uv e Z defined onX x . For any Ge Dy(X)
and F € D}(9) the convolution G F € D)(Z) is defined by the equality

(G+F.8) = ((g= )™ g) = (—1)“+m/ (g% H)(1)B™ ™M) dt, Be D,
0
where g R — X, f : R — 9 are continuous functions such that
(6.6)= (-1" [ gme”dt, (F.8) = (-1™ [ 1©emnd,
0 0

(g* F)(t) := fo9(t —9)f(s)ds.

Note that in the particular case whénis a regular distribution, i.e{(G,0) =
Jo G(t)6(t)dt, the equality(GxF,0) :/ G(t)(F(-),6(t +-))dt holds.
0

2.4. Spaces of abstract stochastic distributions. Singulavhite noise

The theory of stochastic distributions uses the white npisbability space. It is the
triple (', B(S'),1), where B(S’) is the Borelo-field of 5’ (the Schwartz space of
tempered distributions)y is the centered Gaussian or white noise measur®(Qt)
satisfying the equality

where| - |o is the norm ofL2(R). Existence of such measure is stated by the Bochner—
Minlos theorem (see, e.g. [6]).

The construction of spaces abstract stochastic distributionf§] is analo-
gous to the construction of the Gelfand trigfeC L>(R) C §'. Its central element
is the spacéL?) of all functions ofw € $’ which are square integrable with respect

12
to the measurg.  Hermite functionsy(x) = 12 (k—1)!) 2e Zhe1(x) (where
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he(x) = (—1)ke§E (d/dx)"e‘éE , are Hermite polynomials) are the eigenfunctions of
the differential operatad = —é‘—tzz +12+1 with D& = (2k)&k, k € N, and form an or-
thonormal basis df>(R). Stochastic Hermite polynomialte (w) := [k ha, ((, &k)).
we S, wherea € T (the set of all finite multi-indices) form an orthogonal lsef
(L?) with
(g, hB)(,_z) =aldyg, al = |_| oy!.
k

They are the eigenfunctions of the second quantizatioreﬂ)oﬂ'r(ﬁ). We have

[ (D)ha = [ (2k)%ha =: (2N)%hq .
k

The space of test functions) is a countably-Hilbert spadgs) = () (Sp) with

peN
the projective limit topology, where

(SP) = {q) = Z q)o(hg S (LZ) : z q!|¢a|2(2N)2po( < 00}

acT acT

with the norm| - | 5, generated by the scalar product

(0, W)p = (FDB)P,F(D)PW)12) = alpaliy (2N)?*.

a7l

Its adjoint spacd.S)’ is called the space of stochastic (Hida) distributions dan
variables). We havés) = Upen(S-p) with the inductive limit topology, wherés_p)

is the adjoint of(Sp). The spac€S_p) can be identified with the space of all for-
mal expansion® = 5 4 Pghq, satisfyingy qeq a!|Pq|2(2N)72P* < 0o, with scalar
product

(@, W) _p=(T(D)PP,M (D) PW)12) = § aldWPq(2N) 2.

aeT

Denote the corresponding norm py_,. We have:

(@D,0) = z aldydg for &= Z Dohg € (S), ¢= Z daha € (S).

a7l aeT aeT

Thus we have the following Gelfand triplés) ¢ (L?) c (S)’.

Define (S)'(H), the space ofl-valued generalized random variables o(&y
as the space of linear continuous operatbrg.s) — H with the topology of uniform
convergence on bounded subseté%f Denote the action ap € (5)'(H) on¢ € (5)
by ®[$]. The structure of S)'(H) is due to the next proposition (see the proofin [7]).

PROPOSITIONL. Any® < (S)'(H) can be extended to a bounded operator from
(Sp) to H for some pe N.
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The spac€§) is a nuclear countably Hilbert space since for gng N the
embeddindp p1: (Spr1) — (Sp) is a Hilbert—Schmidt operator. From this fact and
proposition 1 one deduces

COROLLARY 1. Any® € ($)'(H) is a Hilbert-Schmidt operator froris,) to
H for some pe N.

For any® e (5)'(H) denote by®; the linear functional defined o€ (5) by
(®j,0) := (P[¢],ej). Let p be such thatb is Hilbert—Schmidt from($p) to H. Then
all®;,j €N, belong to the corresponding spéce p), thus we have

o = Z q)(l.jh(la z 0(!|cbor.j|2(2N)72pm < ®.
a7l a7l

For the Hilbert-Schmidt norm b : ($,) — H we obtain:

2 2

(o)

hq
2 <¢" (a!>%<2N>m>

aeT =1

Nq

Q| ——
(al)} (2N

|@lsp= 3

aeT

= 5 alfdq[A(2N) 2P
aeT,jeN

Denote by(S_p)(H) the space of all Hilbert-Schmidt operators acting f@iy) to H.
It is a separable Hilbert space with an orthogonal basisistimg of operatoréiy ® €j,
a €7, jeN,defined by

(ha @ €))¢ := (ha,0) 2,8, ¢ € (Sp).

It follows from corollary 1 that(S)'(H) = | J (S-p)(H) and any® € (5)'(H) has the
peN
decomposition

jeN aeT,|eN aeT

where®; = (®[],€)) € (S_p) for somep € N, @y = 5 oy Do j€j € H. For the norm
I-12p:= Il - [I3s p we have
O p= 3 Bp= T a2 = Y a2 # <o

JEN aeT,jeN aeT

We evidently have
(S—Pl)(H) - (S—Pz)(H) for p1 < p2,

and
”cDH*pl 2> ”cDH*pz forall ® e (5*p1)(H)-
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To define singular white noise in these spaces first define aeseg of indepen-
dent Brownian motiongB;(t)}. Letn: N x N — N be a bijection with the property
n=n(i,j) >ij. As it was done in [11, 5], we use the Fourier coefficients ef de-
composition of Brownian motiofi(t) in (L2)(R):

B(t,0) = (0, 1gq) = <w, i/otai(s)dszi> _ -i/otEi(S)dShEi :

whereg; := (0,0,...,1,0,...). DefiningB;(t) = 54 fo &i(s)dshe,, . we obtain the
i :
next decomposition for the Wiener proc&¥ét),t > O:

00

W= 3 B0 = 5 [ Edshe,, ©e) = 5 [ E(sdsh, oen)

=1 i,JeEN

Its derivative with respect tbis called singulaii-valued white noise. It has the fol-
lowing decomposition:

W(t) = Z Ei(t)(hsn(i,j) ®ej) = z Wgn(i,j)(t)hgn(i,j)’ Wsn(i,j)(t) =Z&i(t)e.
i,JeEN i,JEN

t 2
By the well known estimate%/ Ei(s)ds{ — 0O(i~2) and [ (t)| = O(i~Y/4) of the
0

Hermite functions, we obtain

t 2
W(t)[%, = EiSdS‘ 2n(i,j)) °<cC i7/2j72 £ o
wilta= 3 | [ @) < 5 i)
W2 = ¥ 1&®P(2n(6,) *<C Y i <.
i.JeN i,JEN

ThusW(t) € (5-1)(H) C (S)'(H) andW(t) € (5-1)(H) C () (H) for all t > 0.
Convergence in the spa¢é)’(H) is characterized by the next proposition [7].

PROPOSITION2. Let®, =7, @&”)ha , P =75y Pohg € (S)(H). The following
assertions are equivalent:
(i) ®p— Din (S) (H);

(ii) all elements of the sequend®,} and ® belong to(5_p)(H) for some pe N

It follows from this propositions that differentiation witrespect ta of an
(S)'(H)-valued function®d(t) is equivalent to its differentiation as of a function with

values in(S_p)(H) for somep € Np. Itis easy to see tha(%W(t) =W(t) forallt e R.

We will call an (S)'(H)-valued function®(t) integrable oria;b] C R if it is Bochner
integrable as a$_p)(H)-valued function for some.
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3. Solutions of stochastic Cauchy problem generalized withespect to one of the
variables

3.1. Generalized solutions with respect to

Let A be a closed linear operator acting fréinto [domA] (the domain ofA endowed
with the graph-norm)B € L(H;H), { € H and letWq be anH-valuedQ-white noise,
defined by (2).

We define the@eneralized solutionf the Cauchy problem (1) withV = Wq to
be a distributiorX € Dj(L2(Q; [domA])) satisfying the equation

(3) PxX =8®{+BWq,?!

whereP: =8 @1 - 8@ Ac Dj(L([domA],H))

A distribution G € Dy(L(H,[domA])) is called theconvolution inversdor
Pe QS(L([domA],H)) if GxP=0® |[d0mA] , PxG=0RIly.

By the properties of the convolution inverse it is provedihthat the general-
ized random process defined by

4) (X,8) = (GZ,8) + (GxBWq,8), 8¢ D,

is the unique solution of (3) in the spad#(L>(Q,[domA])). As a consequence we
obtain the next result.

THEOREM 1. Suppose that A is the generator of an n-times integrated-semi
group V= {V(t), t > 0}. The Cauchy problem (1) witly = Wq has a unique solution
X € Dy(L2(Q; [domA])) given by the formula

t

(X,8) = (=1)" {/em)(t)v(t)Zdt—/9<”+l>(t)dt/v(t —9BWG(s)ds | .
0 0

0

This follows from the fact that the convolution inver&ein this case is the
generalized derivative &f of ordern; therefore, by (4) and (2) we obtain the result.

3.2. Generalized solutions with respect to

To consider the Cauchy problem (1) in the sp&s# (H) we define the action of a
linear closed operatdk: H — H and linear bounded operatBr. H — H in the next
way.

For any® = 5, ®ghg € (S)'(H) defineB® := §,BPyhy. ThusB evidently
becomes a linear continuous mappind §f (H) into ()’ (H).

IForuc 7', h€ H by u® h we denote the distribution from (H) defined by the equalitju®h,8) :=
(u,8)h.
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Define (domA) to be the set of altb = T, ®ghq € (§)'(H) such thatdby €
domAforalla € 7 andy 4 ||Adq |2 (2N) ~2P9 < oo for somep. For any® = 5, Pghq €
(domA) defineAd = 5, ADghq.

The following theorem is proved in [1].

THEOREM 2. Let A be the generator of ag&emigroup{U(t), t > 0} in a
Hilbert space H. Then for ang< (domA) C (S)'(H) the Cauchy problem (1) with the
singular white nois&V has the unique solution

X(t) = U(t)Z+/OtU (t—s)BW(s)dse (§)'(H),t > 0.

The solution is constructed as the sedds) = 5, Xy (t)hg ,t > 0, where

_ JU@)Ze, + [gU(t—35)BW, (s)ds, o =g,
X“(t)_{ua)za, 0 a e

are the solutions of the well-posed Cauchy problems

xsln (t) = AXen (t) + BV\Vﬁn (t) ) X€n (0) = ZEn )
Xg(t) = AXa(t), Xu(0) =Tq fora #en.

4. Generalized solutions with respect té and w

We see from the results of the previous section that in omlsolve the Cauchy prob-
lem (1) with weaker conditions imposed én namely withA generating am-times
integrated semigroup, one has to consider it in the sg@¢e»(Q;H)) of distributions

in variablet. At the same time this forces one to tak&avhite noiseWq with a
nuclear operato® asW. In order to introduce the white noise wi =1 into the
equation one has to state the problem (1) in the sfa¢€H) of distributions with
respect to the random varialdg but under this approach one has to impose more re-
strictive conditions oM, namely it must be the generator ofCg-semigroup. This
suggests the idea of combining the two approaches and esimgidhe problem (1) in

a suitable space of distributions in batandcw.

Recall that the singular white noi§#(t) belongs to the Hilbert spadg_ 1) (H)
C (S)'(H) of all Hilbert—Schmidt operators acting frofs; ) to H for eacht € R. Con-
sider the spacé}((S-1)(H)) of abstrac{.5_1)(H)-valued distributions with supports
in [0;00) over the spac® of test functions. Denote BY the distribution defined by

<W,e>=/0°°W(t)e(t)dt, BeD.

It is easy to see thaf(t) is a continuougS_1)(H)-valued function oft, therefore
W e Dy((S-1)(H)).
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In section 3.2 we defined the action®f L(H,H) as a linear continuous map-
ping of ()’ (H) into (5)'(H). Denote by the same symbol its restriction( £ 1) (H).
Itis easy to see that it is a linear bounded operator ftsm ) (H) to (S_1)(H).

Now we define the action &kin (5_1)(H). By (domA)_; we denote the set of
all @ =y, dqhg € (5-1)(H) such that

®q € domA forall a e T and Y | AD | (2N) 2% < o,
a

For any® = 5, ®yhg € (domA)_; defineAd := 5, APyhy. SinceA is linear and
closed as an operator id, this definesA as a closed linear operator {_1)(H).
Denote by{(domA)_4] the spacédomA)_; with the graph norm. With such definéd
we can consider the operafer= & @ | — d® A as a distribution belonging to the space

7h(L([(domA)-a]; (S-2)(H))).
We will call X € Dy([(domA)_4]) a solution of problem (1) witd € (5-1)(H)
if it satisfies the equatioR* X = d® { +BW.

As a straightforward generalization of Theorem 1 to the aafsé&S_1)(H)-
valued functions we obtain the following result.

THEOREM 3. Let A be the generator of an n-times integrated semigroup V
{V(t),t > 0}. Thenforany € (5-1)(H) the Cauchy problem (1) has a unique solution
X € Dj([(domA)_1]) given by the formula

0 o0 t
(X,8) = (—1)“Ue<“>(t)V(t)zdt+/e<“>(t)dt/V(t—s)BW(s)ds .
0 0 0

where the integrals are understood as the Bochner integria{s_1)(H)-valued func-
tions.
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