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ABSTRACT STOCHASTIC PROBLEMS

IN SPACES OF DISTRIBUTIONS

Abstract. The Cauchy problem for the equationu′(t) = Au(t)+BW(t) , t ≥ 0, with white
noiseW andA being the generator of regularized semigroups is studied indifferent spaces
of distributions. Solutions of the problem in spaces of distributions with respect to time
variable, random variable and both time and random variables are studied.

1. Introduction

The Cauchy problem for operator-differential equations with white noise as an inho-
mogeneity often arises as a model of different evolution processes subject to random
perturbations. The basic one among them is the Cauchy problem

(1) X′(t) = AX(t)+BW(t), t ∈ [0,τ), τ ≤ ∞, X(0) = ζ,

whereA is the generator of aC0-semigroup. Because of irregularity of the white noise
W it is usually reduced to an integral equation with the “primitive” of W, i.e. with some
Wiener process (e.g. [14, 12]).

Our work is devoted to generalized solutions of the stochastic Cauchy problem
(1) with A not necessarily being the generator of aC0 semigroup, but being the gener-
ator of a regularized, namely integrated semigroupV = {V(t), t ∈ [0,τ)} in a Hilbert
spaceH. We suppose{W(t), t ≥ 0} to be anH-valued white noise which we define in
our work rigorously in different spaces of distributions,B∈ L(H,H).

The fact that the operatorA is generating only an integrated semigroup means
that the solution operatorsU(t), t ∈ [0,τ), of the corresponding homogeneous Cauchy
problem are not bounded. Therefore one has to introduce someregularized familyV
instead of{U(t)} or consider the solution operators of problem (1) in certainspaces
of distributions. At the same time due to irregularity, particularly to discontinuity of
the white noise (it is informally defined as a process with independent identically dis-
tributed random values with infinite variation) one has to reduce the Cauchy problem to
the above-mentioned integral equation with a Wiener process which is defined axiomat-
ically as the infinite dimensional generalization of Brownian motion, or to consider the
problem (1) in certain spaces of distributions. The choice of a proper space of distribu-
tions depends on the conditions imposed onA and initial valueζ on one hand and on
the properties of the noiseW on the other hand.
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In the next section (section 2) we give necessary definitionsfrom the theory
of regularized semigroups, Hilbert space-valued (abstract) Wiener processes, abstract
Schwartz distributions and stochastic distributions.

In section 3 we consider the problem (1) in spaces of Hilbert space valued dis-
tributions with respect to one variable. If it is the time variable t (subsection 3.1) we
obtain existence of a unique solution forA generating ann-times integrated semigroup,
butW must be aQ-white noiseWQ, whereQ is a nuclear operator inH. If we consider
the problem in the space of distributions with respect to therandom variableω (sub-
section 3.2), we obtain the result for the equation with the singular white noise (Q= I ),
but A must be the generator of aC0-semigroup. In section 4 we introduce the space
of distributions with respect to botht andω and obtain the result forA generating an
n-times integrated semigroup andW being the singular white noise.

The beginning of research in this direction was made in [14, 11, 10]. In [13, 15]
different approaches to defining of distributions int andω were studied.

2. Definitions: regularized semigroups, abstract Wiener processes and abstract
distributions

2.1. Regularized semigroups

Let A be a closed linear operator andR(t), t ≥ 0, be bounded linear operators in a
Banach spaceH.

DEFINITION 1. A strongly continuous family V=
{
V(t), t ∈ [0,τ)

}
, τ ≤ ∞, of

bounded operators in H is called an R-regularized semigroupwith the generator A if

V(t)Aζ = AV(t)ζ, ζ ∈ domA, V(t)ζ = A
∫ t

0
V(s)ζds+R(t)ζ, ζ ∈ H .

The semigroup V is called exponentially bounded if‖V(t)‖ ≤ Meϖt , t ≥ 0, for some
M > 0, ϖ ∈ R, and local ifτ < ∞.

If R(t)=
(
tn/n!

)
I , thenV is also ann-times integrated semigroup. If domA=H

andR(t)≡ R is invertible, bounded and densely defined, thenV is anR-semigroup. If
R= I , then anR-semigroup is aC0-semigroup.

Note that anR-semigroup in [3] is defined as a strongly continuous family of
bounded operators satisfying theR-semigroup property

V(t + s)R=V(t)V(s), s, t,s+ t ∈ [0,τ), V(0) = R

with the infinitesimal generator

G f := (λ−L−1
λ ) f , λ > ϖ, domG =

{
f ∈ H : R f ∈ ranLλ

}
, Lλ f :=

∫ ∞

0
eλtV(t) f dt .
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It is called there aC-semigroup. We prefer the term “R-semigroup” that reflects its
regularizing property and makes it differ fromC0-semigroups, whereC comes from
“continuity”.

As to integrated semigroups, they are also defined via corresponding “semi-
group property” in [2] with the infinitesimal generator, butwe will use the equivalent
general Definition 1. We refer to [9, 8] for examples of integrated, convolution,R-
semigroups and their generators, including important differential operators.

2.2. Wiener processes

Let (Ω,F ,P) be a probability space,H be a Hilbert space andQ be a linear symmetric
positive trace class operator with a system of eigenvectors{ei}, forming a basis ofH,
such thatQei = σ2

i ei , ∑∞
i=1 σ2

i < ∞.

DEFINITION 2. A stochastic process WQ = {WQ(t), t ≥ 0} with values inH is
called a Q-Wiener process, if

(W1) WQ(0) = 0 a.s.;

(W2) WQ has independent increments;

(W3) the increments WQ(t)−WQ(s) are normally distributed with mean zero
and covariance operator equal to(t − s)Q;

(W4) the trajectories of WQ are continuous a.s.

Thus definedQ-Wiener process is a generalization of Brownian motion. It is
well known that Brownian motion{β(t), t ≥ 0}, whereβ(t) = β(ω, t), ω ∈ Ω, is de-
fined via conditions (W1)–(W4) in the caseH = R andQ = I . A finite-dimensional
Brownian motion has form∑n

i=1 βi(t)ei , where{ei} is an orthonormal basis inRn and
βi are independent Brownian motions. When passing to infinite dimensions, to avoid
divergency inH, one has to consider a regularized sum

WQ(t) :=
∞

∑
i=1

σiβi(t)ei , t ≥ 0, WQ(t) ∈ L2(Ω;H) ,

which happens to be anH-valuedQ-Wiener process.

The formal series∑∞
i=1 βi(t)ei =: W(t) is called acylindrical Wiener process.

2.3. Spaces of abstract distributions. White noise in spaces of abstract distribu-
tions

For any Banach spaceX by D ′(X ) we denote the space of allX -valued distributions
over the space of test functionD. In contrary to theR-valued Schwartz distributions
they are calledabstract distributions. By D ′

0(X ) we denote the subspace of distribu-
tions having supports in[0,∞).
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LetH now be a Hilbert space andWQ be anH-valuedQ-Wiener process. Since
WQ has continuous int ≥ 0 trajectories for almost allω ∈ Ω, defineQ-white noiseWQ

(with trajectories) inD ′
0(H) as generalized derivative ofWQ set to be zero att < 0, i.e.

by the following equality:

(2) 〈WQ,θ〉 := −
∫ ∞

0
WQ(t)θ′(t)dt =

∫ ∞

0
θ(t)dWQ(t) , θ ∈ D .

The first integral in (2) is understood as Bochner integral ofanL2(Ω;H)-valued func-
tion, the second one — as an abstract Ito integral with respect to the Wiener process.
The equality of the integrals follows from the Ito formula.

We will further use convolution of distributions defined as follows (see. [4]).

DEFINITION 3. Let X , Y and Z be Banach spaces, such that there exists a
continuous bilinear operation(u,v) 7→ uv∈ Z defined onX ×Y . For any G∈ D ′

0(X )
and F∈ D ′

0(Y ) the convolution G∗F ∈ D ′
0(Z) is defined by the equality

〈G∗F ,θ〉 :=
〈
(g∗ f )(n+m),θ

〉
= (−1)n+m

∫ ∞

0
(g∗ f )(t)θn+m(t)dt , θ ∈ D ,

where g: R→ X , f : R→ Y are continuous functions such that

〈G,θ〉= (−1)n
∫ ∞

0
g(t)θ(n)(t)dt, 〈F,θ〉= (−1)m

∫ ∞

0
f (t)θ(m)(t)dt,

(g∗ f )(t) :=
∫ t

0 g(t − s) f (s)ds.

Note that in the particular case whenG is a regular distribution, i.e.〈G,θ〉 =∫ ∞
0 G(t)θ(t)dt, the equality〈G∗F,θ〉=

∫ ∞

0
G(t)〈F(·),θ(t + ·)〉dt holds.

2.4. Spaces of abstract stochastic distributions. Singular white noise

The theory of stochastic distributions uses the white noiseprobability space. It is the
triple (S ′,B(S ′),µ), whereB(S ′) is the Borelσ-field of S ′ (the Schwartz space of
tempered distributions),µ is the centered Gaussian or white noise measure onB(S ′)
satisfying the equality

∫
S ′

ei〈ω ,θ〉dµ(ω) = e−
1
2 |θ|20 , θ ∈ S ,

where| · |0 is the norm ofL2(R). Existence of such measure is stated by the Bochner–
Minlos theorem (see, e.g. [6]).

The construction of spaces ofabstract stochastic distributions[6] is analo-
gous to the construction of the Gelfand tripleS ⊂ L2(R) ⊂ S ′. Its central element
is the space(L2) of all functions ofω ∈ S ′ which are square integrable with respect

to the measureµ. Hermite functionsξk(x) = π− 1
4
(
(k− 1)!

)− 1
2 e−

x2
2 hk−1(x) (where
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hk(x) = (−1)ke
x2
2 (d/dx)ke−

x2
2 , are Hermite polynomials) are the eigenfunctions of

the differential operator̂D =− d2

dt2
+ t2+1 with D̂ξk = (2k)ξk ,k ∈ N, and form an or-

thonormal basis ofL2(R). Stochastic Hermite polynomialshα(ω) := ∏k hαk(〈ω , ξk〉),
ω ∈ S ′, whereα ∈ T (the set of all finite multi-indices) form an orthogonal basis of
(L2) with

(hα , hβ)(L2) = α! δα,β , α! := ∏
k

αk! .

They are the eigenfunctions of the second quantization operatorΓ(D̂). We have

Γ(D̂)hα = ∏
k

(2k)αkhα =: (2N)αhα .

The space of test functions(S) is a countably-Hilbert space(S) =
⋂
p∈N

(Sp) with

the projective limit topology, where

(Sp) =
{

ϕ = ∑
α∈T

ϕαhα ∈ (L2) : ∑
α∈T

α!|ϕα|2(2N)2pα < ∞
}

with the norm| · |p, generated by the scalar product

(ϕ,ψ)p = (Γ(D̂)pϕ,Γ(D̂)pψ)(L2) = ∑
α∈T

α!ϕαψα(2N)
2pα .

Its adjoint space(S)′ is called the space of stochastic (Hida) distributions (random
variables). We have(S)′ = ∪p∈N(S−p) with the inductive limit topology, where(S−p)
is the adjoint of(Sp). The space(S−p) can be identified with the space of all for-
mal expansionsΦ = ∑α∈T Φαhα, satisfying∑α∈T α!|Φα|2(2N)−2pα < ∞ , with scalar
product

(Φ,Ψ)−p = (Γ(D̂)−pϕ,Γ(D̂)−pψ)(L2) = ∑
α∈T

α!ΦαΨα(2N)
−2pα .

Denote the corresponding norm by| · |−p. We have:

〈Φ,ϕ〉= ∑
α∈T

α!Φαϕα for Φ = ∑
α∈T

Φαhα ∈ (S)′ , ϕ = ∑
α∈T

ϕαhα ∈ (S) .

Thus we have the following Gelfand triple:(S)⊂ (L2)⊂ (S)′ .

Define(S)′(H), the space ofH-valued generalized random variables over(S)
as the space of linear continuous operatorsΦ : (S)→H with the topology of uniform
convergence on bounded subsets of(S). Denote the action ofΦ ∈ (S)′(H) on ϕ ∈ (S)
by Φ[ϕ]. The structure of(S)′(H) is due to the next proposition (see the proof in [7]).

PROPOSITION1. AnyΦ∈ (S)′(H) can be extended to a bounded operator from
(Sp) toH for some p∈ N.
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The space(S) is a nuclear countably Hilbert space since for anyp ∈ N the
embeddingIp,p+1 : (Sp+1) ↪→ (Sp) is a Hilbert–Schmidt operator. From this fact and
proposition 1 one deduces

COROLLARY 1. AnyΦ ∈ (S)′(H) is a Hilbert–Schmidt operator from(Sp) to
H for some p∈ N.

For anyΦ ∈ (S)′(H) denote byΦ j the linear functional defined onϕ ∈ (S) by
〈Φ j ,ϕ〉 := (Φ[ϕ],ej ). Let p be such thatΦ is Hilbert–Schmidt from(Sp) to H. Then
all Φ j , j ∈ N, belong to the corresponding space(S−p), thus we have

Φ j = ∑
α∈T

Φα, jhα , ∑
α∈T

α!|Φα, j |2(2N)−2pα < ∞ .

For the Hilbert–Schmidt norm ofΦ : (Sp)→H we obtain:

‖Φ‖2
HS,p = ∑

α∈T

∥∥∥∥∥Φ

[
hα

(α!)
1
2 (2N)pα

]∥∥∥∥∥

2

= ∑
α∈T

∞

∑
j=1

∣∣∣∣∣

〈
Φ j ,

hα

(α!)
1
2 (2N)pα

〉∣∣∣∣∣

2

= ∑
α∈T , j∈N

α!|Φα, j |2(2N)−2pα .

Denote by(S−p)(H) the space of all Hilbert–Schmidt operators acting form(Sp) toH.
It is a separable Hilbert space with an orthogonal basis consisting of operatorshα ⊗ej ,
α ∈ T , j ∈ N, defined by

(hα ⊗ej)ϕ :=
(
hα,ϕ

)
(L2)

ej , ϕ ∈ (Sp) .

It follows from corollary 1 that(S)′(H) =
⋃
p∈N

(S−p)(H) and anyΦ ∈ (S)′(H) has the

decomposition

Φ = ∑
j∈N

Φ jej = ∑
α∈T , j∈N

Φα, j(hα ⊗ej) = ∑
α∈T

Φαhα ,

whereΦ j = (Φ[·],ej ) ∈ (S−p) for somep∈ N, Φα = ∑ j∈N Φα, jej ∈ H. For the norm
‖ · ‖2

−p := ‖ · ‖2
HS,p we have

‖Φ‖2
−p = ∑

j∈N
|Φ j |2−p = ∑

α∈T , j∈N
α!|Φα, j |2(2N)−2pα = ∑

α∈T

α!‖Φα‖2(2N)−2pα < ∞ .

We evidently have
(S−p1)(H)⊆ (S−p2)(H) for p1 < p2 ,

and
‖Φ‖−p1 ≥ ‖Φ‖−p2 for all Φ ∈ (S−p1)(H) .
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To define singular white noise in these spaces first define a sequence of indepen-
dent Brownian motions{β j(t)}. Let n : N×N→ N be a bijection with the property
n = n(i, j) ≥ i j . As it was done in [11, 5], we use the Fourier coefficients of the de-
composition of Brownian motionβ(t) in (L2)(R):

β(t,ω) = 〈ω,1[0,t]〉=
〈

ω,
∞

∑
i=1

∫ t

0
ξi(s)dsξi

〉
=

∞

∑
i=1

∫ t

0
ξi(s)dshεi ,

whereεi := (0,0, ...,1
i
,0, ...). Defining β j(t) = ∑∞

i=1
∫ t

0 ξi(s)dshεn(i, j)
, we obtain the

next decomposition for the Wiener processW(t), t ≥ 0:

W(t) =
∞

∑
j=1

β j(t)ej = ∑
i, j∈N

∫ t

0
ξi(s)ds(hεn(i, j)

⊗ej) =
∞

∑
n=1

∫ t

0
ξi(n)(s)ds(hεn ⊗ej(n)).

Its derivative with respect tot is called singularH-valued white noise. It has the fol-
lowing decomposition:

W(t) = ∑
i, j∈N

ξi(t)(hεn(i, j)
⊗ej) = ∑

i, j∈N
Wεn(i, j)

(t)hεn(i, j)
, Wεn(i, j)

(t) = ξi(t)ej .

By the well known estimates

∣∣∣∣
∫ t

0
ξi(s)ds

∣∣∣∣
2

= O(i−
3
2 ) and |ξi(t)| = O(i−1/4) of the

Hermite functions, we obtain

‖W(t)‖2
−1 = ∑

i, j∈N

∣∣∣∣
∫ t

0
ξi(s)ds

∣∣∣∣
2(

2n(i, j)
)−2 ≤C ∑

i, j∈N
i−7/2 j−2 < ∞ ,

‖W(t)‖2
−1 = ∑

i, j∈N
|ξi(t)|2

(
2n(i, j)

)−2 ≤C ∑
i, j∈N

i−5/2 j−2 < ∞ .

ThusW(t) ∈ (S−1)(H)⊂ (S)′(H) andW(t) ∈ (S−1)(H)⊂ (S)′(H) for all t ≥ 0.

Convergence in the space(S)′(H) is characterized by the next proposition [7].

PROPOSITION2. LetΦn =∑α Φ(n)
α hα ,Φ=∑α Φαhα ∈ (S)′(H). The following

assertions are equivalent:

(i) Φn → Φ in (S)′(H);

(ii) all elements of the sequence{Φn} and Φ belong to(S−p)(H) for some p∈ N

and lim
n→∞

‖Φn− Φ‖−p = 0 ,

It follows from this propositions that differentiation with respect tot of an
(S)′(H)-valued functionΦ(t) is equivalent to its differentiation as of a function with

values in(S−p)(H) for somep∈N0. It is easy to see that
d
dt

W(t) =W(t) for all t ∈R.

We will call an(S)′(H)-valued functionΦ(t) integrable on[a;b] ⊂ R if it is Bochner
integrable as an(S−p)(H)-valued function for somep.
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3. Solutions of stochastic Cauchy problem generalized withrespect to one of the
variables

3.1. Generalized solutions with respect tot

Let A be a closed linear operator acting fromH to [domA] (the domain ofA endowed
with the graph-norm),B∈ L(H;H), ζ ∈ H and letWQ be anH-valuedQ-white noise,
defined by (2).

We define thegeneralized solutionof the Cauchy problem (1) withW=WQ to
be a distributionX ∈ D ′

0(L2(Ω; [domA])) satisfying the equation

(3) P∗X = δ⊗ ζ+BWQ ,
1

whereP := δ′⊗ I − δ⊗A∈ D ′
0

(
L([domA],H)

)

A distribution G ∈ D ′
0

(
L(H, [domA])

)
is called theconvolution inversefor

P∈ D ′
0

(
L([domA],H)

)
if G∗P= δ⊗ I[domA] , P∗G= δ⊗ IH .

By the properties of the convolution inverse it is proved in [1] that the general-
ized random processX defined by

(4) 〈X,θ〉 := 〈Gζ,θ〉+ 〈G∗BWQ,θ〉 , θ ∈ D,

is the unique solution of (3) in the spaceD ′
0(L2(Ω, [domA])). As a consequence we

obtain the next result.

THEOREM 1. Suppose that A is the generator of an n-times integrated semi-
group V= {V(t), t ≥ 0}. The Cauchy problem (1) withW=WQ has a unique solution
X ∈ D ′

0(L2(Ω; [domA])) given by the formula

〈X,θ〉= (−1)n
[ ∞∫

0

θ(n)(t)V(t)ζdt−
∞∫

0

θ(n+1)(t)dt

t∫

0

V(t − s)BWQ(s)ds

]
.

This follows from the fact that the convolution inverseG in this case is the
generalized derivative ofV of ordern; therefore, by (4) and (2) we obtain the result.

3.2. Generalized solutions with respect toω

To consider the Cauchy problem (1) in the space(S)′(H) we define the action of a
linear closed operatorA : H → H and linear bounded operatorB : H→ H in the next
way.

For anyΦ = ∑α Φαhα ∈ (S)′(H) defineBΦ := ∑α BΦαhα. ThusB evidently
becomes a linear continuous mapping of(S)′(H) into (S)′(H).

1Foru∈ D ′, h∈ H by u⊗h we denote the distribution fromD ′(H) defined by the equality〈u⊗h,θ〉 :=
〈u,θ〉h.
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Define (domA) to be the set of allΦ = ∑α Φαhα ∈ (S)′(H) such thatΦα ∈
domA for all α∈T and∑α ‖AΦα‖2

H(2N)
−2pα <∞ for somep. For anyΦ=∑α Φαhα ∈

(domA) defineAΦ := ∑α AΦαhα.

The following theorem is proved in [1].

THEOREM 2. Let A be the generator of a C0-semigroup{U(t), t ≥ 0} in a
Hilbert space H. Then for anyζ ∈ (domA)⊂ (S)′(H) the Cauchy problem (1) with the
singular white noiseW has the unique solution

X(t) =U(t)ζ+
∫ t

0
U(t− s)BW(s)ds∈ (S)′(H), t ≥ 0.

The solution is constructed as the seriesX(t) = ∑α Xα(t)hα , t ≥ 0, where

Xα(t) =

{
U(t)ζεn +

∫ t
0U(t − s)BWεn(s)ds, α = εn ,

U(t)ζα , α 6= εn

are the solutions of the well-posed Cauchy problems

X′
εn
(t) = AXεn(t)+BWεn(t) , Xεn(0) = ζεn ,

X′
α(t) = AXα(t) , Xα(0) = ζα for α 6= εn .

4. Generalized solutions with respect tot and ω

We see from the results of the previous section that in order to solve the Cauchy prob-
lem (1) with weaker conditions imposed onA, namely withA generating ann-times
integrated semigroup, one has to consider it in the spaceD ′

0(L2(Ω;H)) of distributions
in variablet. At the same time this forces one to take aQ-white noiseWQ with a
nuclear operatorQ asW. In order to introduce the white noise withQ = I into the
equation one has to state the problem (1) in the space(S)′(H) of distributions with
respect to the random variableω, but under this approach one has to impose more re-
strictive conditions onA, namely it must be the generator of aC0-semigroup. This
suggests the idea of combining the two approaches and considering the problem (1) in
a suitable space of distributions in botht andω.

Recall that the singular white noiseW(t) belongs to the Hilbert space(S−1)(H)
⊂ (S)′(H) of all Hilbert–Schmidt operators acting from(S1) toH for eacht ∈R. Con-
sider the spaceD ′

0((S−1)(H)) of abstract(S−1)(H)-valued distributions with supports
in [0;∞) over the spaceD of test functions. Denote byW the distribution defined by

〈W,θ〉=
∫ ∞

0
W(t)θ(t)dt , θ ∈ D .

It is easy to see thatW(t) is a continuous(S−1)(H)-valued function oft, therefore
W ∈ D ′

0((S−1)(H)).
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In section 3.2 we defined the action ofB∈ L(H,H) as a linear continuous map-
ping of (S)′(H) into (S)′(H). Denote by the same symbol its restriction to(S−1)(H).
It is easy to see that it is a linear bounded operator from(S−1)(H) to (S−1)(H).

Now we define the action ofA in (S−1)(H). By (domA)−1 we denote the set of
all Φ = ∑α Φαhα ∈ (S−1)(H) such that

Φα ∈ domA for all α ∈ T and ∑
α
‖AΦα‖2

H(2N)
−2α < ∞ .

For anyΦ = ∑α Φαhα ∈ (domA)−1 defineAΦ := ∑α AΦαhα. SinceA is linear and
closed as an operator inH, this definesA as a closed linear operator in(S−1)(H).
Denote by[(domA)−1] the space(domA)−1 with the graph norm. With such definedA
we can consider the operatorP= δ′⊗ I −δ⊗A as a distribution belonging to the space

D ′
0

(
L
(
[(domA)−1];(S−1)(H)

))
.

We will call X ∈ D ′
0

(
[(domA)−1]

)
a solution of problem (1) withζ ∈ (S−1)(H)

if it satisfies the equationP∗X = δ⊗ ζ+BW .

As a straightforward generalization of Theorem 1 to the caseof (S−1)(H)-
valued functions we obtain the following result.

THEOREM 3. Let A be the generator of an n-times integrated semigroup V=
{V(t), t ≥ 0}. Then for anyζ ∈ (S−1)(H) the Cauchy problem (1) has a unique solution
X ∈ D ′

0

(
[(domA)−1]

)
given by the formula

〈X,θ〉= (−1)n
[ ∞∫

0

θ(n)(t)V(t)ζdt+

∞∫

0

θ(n)(t)dt

t∫

0

V(t − s)BW(s)ds

]
.

where the integrals are understood as the Bochner integralsof (S−1)(H)-valued func-
tions.
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