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SOME APPROXIMATE METHODS FOR COMPUTING ARC

LENGTHS BASED ON QUADRATIC AND CUBIC SPLINE

INTERPOLATION OR QUASI-INTERPOLATION ∗

Abstract. This paper presents a comparison of two methods for the computation of arc
lengths. The first consists in computing the exact length of aquadratic spline approximant
of the initial function. The second is based on approximating values of the first derivatives
by those of cubic spline approximants which are then used in quadrature formulas for the
computation of the integral giving the length. For each method, several types of interpolants
or quasi-interpolants are compared.

1. Introduction

This paper presents a comparison of two families of methods for the computation of arc
lengths. The first consists in computing the exact length of aquadratic spline approxi-
mant of the initial function or parametric curve. The secondis based on approximating
values of the first derivatives by those of cubic spline approximants which are then used
in quadrature formulas for the computation of the integral giving the arc length. For
each method, several types of interpolants or quasi-interpolants are compared.

There exists a vast literature on the subject, which is closely connected with
the problem of parameterization of parametric curves, see e.g. references [5, 12, 11].
Recently, this topic has been reconsidered and developed in[1, 8, 7, 9, 23], in particular
for quadratic and cubic spline approximants.

Here is an outline of the paper. In Section 2, we recall the formula giving
the length of an arc of parabola in Bernstein–Bézier (abbr. BB) form. In Section 3,
we describe a list ofC1 quadratic spline approximants: classical quasi-interpolants
(abbr. QI), modified QIs, quasi-interpolating projectors,Lagrange interpolants of type
1 (needing the solution of a tridiagonal system) and Lagrange interpolants of type 2
based on Lagrange splines with compact support (abbr. LC-splines). In Section 4, we
compare the results of the computation of arc lengths of somefunctions and parametric
curves.

In Section 5, we compute approximate first derivatives on a uniform partition
using respectively: finite differences exact on cubics, derivatives of LagrangeC2 cubic
spline interpolants (using the Not a Knot (NAK) and Pretty Good Slopes (PGS) meth-
ods described below), classical cubic spline QIs, modified QIs, quasi-interpolating pro-
jectors, Lagrange interpolants of type 2, based on LC-splines. In Section 6, we use the
preceding derivative estimates for the approximate computation of arc lengths using
Simpson’s quadrature formula and a companion to the latter described in [19, 20].
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2 P. Sablonnière

The overall convergence order of both classes of methods isO(h4). However,
there are variations depending on the method and on the function (or the parametric
curve) as can be seen on numerical results given in Section 7.In the final Section 8, we
give a sketch of proofs of this convergence order.

2. Length of an arc of parabola

Let {b2
0(x) = (1− x)2, b2

1(x) = 2x(1− x), b2
2(x) = x2} be the Bernstein basis ofP2.

Given an arc of parabola written in BB-form whose control polygon has verticesS0,
S1, S2,

M(x) = S0b2
0(x)+S1b

2
1(x)+S2b

2
2(x), then M′(x) = 2(∆S0(1− x)+∆S1x),

with ∆S0 := S1−S0 and∆S1 := S2−S1. Then its length is given by

L =

∫ 1

0
|M′(x)|dx= 2

∫ 1

0

√
α0b2

0(x)+α1b2
1(x)+α2b2

2(x)dx,

where|M′(x)| is the euclidean norm of the vectorM′(x) and

α0 := |∆S0|2, α1 := ∆S0.∆S1, α2 := |∆S1|2.

Here∆S0.∆S1 denotes the scalar product of the two vectors. Then, denoting

∆α0 = ∆S0.∆2S0, ∆α1 = ∆S1.∆2S0, ∆2α0 = |∆2S0|2,

the above integral (see e.g [4, 12, 11]) is equal to

L =
α0α2−α2

1

(∆2α0)3/2
ln

(
∆α1+

√
α2 ∆2α0

∆α0+
√

α0 ∆2α0

)
+

∆α1
√

α2−∆α0
√

α0

∆2α0
.

3. Quadratic spline approximants

In Subsections 3.1 to 3.3, we consider quasi-interpolants on an intervalI := [a,b]
endowed with the uniform partitionXn := {xi := a+ ih,0 ≤ i ≤ n}. We denote by
S 1

2 (I ,Xn) the space ofC1 quadratic splines with knot setXn and triple knots at the
endpoints. It has dimensionn+2 and the B-splines{Bi ,0≤ i ≤ n+1} with support
[xi−2,xi+1] (taking into account knot multiplicities) form a basis of this space. We de-
noteTn := {ti ,0≤ i ≤ n+1}, with t0 := a, ti := (xi−1+ xi)/2 for i = 1. . .n, tn+1 := b.
Thus, any quadratic splineS∈ S 1

2 (I ,Xn) can be expressed asS:= ∑n+1
i=0 λiBi .

3.1. Classical quasi-interpolant

Denoting fi = f (ti) for 0≤ i ≤ n+1, the simplest quasi-interpolant is defined by

Q f :=
n+1

∑
i=0

λi( f )Bi ,
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where
λi( f ) := (− fi−1+10fi − fi+1)/8, for i = 2, . . . ,n−1,

and the four specific linear functionals for the extreme indices introduced in [18]:

λ0( f ) := f0, λ1( f ) := (−2 f0+9 f1− f2)/6,

λn( f ) := (− fn−1+9 fn−2 fn+1)/6, λn+1( f ) := fn+1.

This choice ensures thatQ is exact onP2, i.e. Qp= p for p∈ P2. By a careful study
of the Lebesgue function, one can prove

THEOREM 1 ([18]). For a uniform partition of I, there holds‖P‖∞ ≈ 1.47.

3.2. Modified quasi-interpolant

A slightly more complex QI is given in [10]. The extreme functionals are modified as
follows:

λ1( f ) :=−2
5

f0+
13
8

f1−
1
4

f2+
1
40

f3

λn( f ) :=−2
5

fn+1+
13
8

fn−
1
4

fn−1+
1
40

fn−2.

With this choice, there is superconvergence at points ofXn andTn, i.e. f −Q f = O(h4)
instead ofO(h3) for the overall convergence.

For a uniform partition ofI , there holds‖P‖∞ ≈ 1.52.

3.3. Quasi-interpolating projector

The preceding QI is not a projector, i.e.Q(Q f) 6= Q f . Denoting f2i := f (xi) for all
0≤ i ≤ n and f2i−1 := f (ti) for 1≤ i ≤ n, we now define a QI projector by

P f :=
n+1

∑
i=0

λi( f )Bi ,

where the linear discrete functionals are defined by:

λ0( f ) := f0, λn+1( f ) := f2n,

λ1( f ) := 2 f1−
1
2
( f0+ f2), λn( f ) := 2 fn+

1
2
( fn−1+ fn+1),

and, for 2≤ i ≤ n−1, by

λi( f ) :=
1
14

f2i−4−
2
7

f2i−3+
10
7

f2i−1−
2
7

f2i+1+
1
14

f2i+2,

where the coefficients are deduced from the conditionsλi(B j) = δi j for all pairs(i, j).
By a careful study of the Lebesgue function, one can prove

THEOREM 2. For a uniform partition of I, there holds‖P‖∞ ≈ 2.28.
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3.4. Lagrange interpolant of type 1

We now consider the classical Lagrange interpolation problem onTn. Writing the
quadratic spline interpolant of the functionf in terms of B-splines

S(x) =
n

∑
i=0

aiBi(x),

we get the following linear equations

ai−1+6ai +ai+1 = 8 fi , for 2≤ i ≤ n−1,

with four specific equations at the endpoints

a0 = f0, 2a0+5a1+a2 = 8 f1, an−1+5an+2an+1 = 8 fn, an+1 = fn+1.

The system can be written in matrix form

Aa= c, where a := [a1,a2, . . . ,an]
T , c := [8 f1−2 f0,8 f2, . . . ,8 fn−1,8 fn−2 fn+1]

T ,

A :=




5 1 0 0 . . . 0 0
1 6 1 0 . . . 0 0
0 1 6 1 . . . 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 . . . 1 6 1 0
0 0 . . . 0 1 6 1
0 0 . . . 0 0 1 5




.

It has been proved in [13] that the infinity norm satisfies||Q||∞ ≤ 2.

3.5. Lagrange interpolant of type 2

Having endowed the intervalI := [a,b] with the partition

Xn := {xi := a+ ih,0≤ i ≤ n},

consider the same spline spaceS 1
2 (I ,Xn) as before. Assume further thatn = 2m is

even and that the set of data points isXm := {x2 j , j ∈ Jm}, Jm := { j : 0 ≤ j ≤ m}.
Thus, data values aref j := f (x2 j), j ∈ Jm. SettingJ∗m := Jm∪{−1,m+1}, then there
exist Lagrange splines with compact support (abbr. LC-splines){L j , j ∈ J∗m} satisfying
L j(xk) = δ jk for j,k ∈ J∗m. They were defined in [15] in the uniform case and general-
ized in [2] for nonuniform partitions. The support ofL j is the interval[x2 j−4,x2 j+4].
The Lagrange conditionsL j(x2 j−2) = L j(x2 j+2) = 0, L j (x2 j) = 1 and the fact that the
interpolantI f (x) := ∑m+1

j=−1α j ( f )L j (x) is exact onP2, leads to the expansion

L j =−1
8

B2 j−2+
1
8

B2 j−1+B2 j +B2 j+1+
1
8

B2 j+2−
1
8

B2 j+3
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(see e.g. [21] for details) whereBk is the quadratic B-spline with support[xk−2,xk+1]
where simple knots are taken outside the interval. We have ofcourseα j = f j for
0≤ j ≤ m. As the outer valuesf j for j = −1,m+1 are not given, we take instead as
coefficients of the LC-splinesL j , for j =−1,m+1, the following linear forms

α−1( f ) :=
1
16

(55f0−69f1+37f2−7 f3)

αm+1( f ) =
1
16

(55fm−69fm−1+37fm−2−7 fm−3).

This choice is done in order to get the following superconvergence result

f (x1)−I f (x1) = f (xn−1)−I f (xn−1) = O(h4),

which is already valid for interior knotsx2 j+1, j = 3, . . . ,m−2 (see [21] for details).

The B-spline expansion of the interpolant is then

I f =
n+1

∑
i=0

λiBi ,

with

λ2 j =
1
8

f j−1+ f j −
1
8

f j+1, λ2 j+1 =−1
8

f j−1+ f j +
1
8

f j+1, 1≤ j ≤ m−1,

and for extreme coefficients

λ0 =
1
8

α−1+ f0−
1
8

f1, λ1 =−1
8

α−1+ f0+
1
8

f1,

λ2m =−1
8

αm+1+ fm+
1
8

fm−1, λ2m+1 =
1
8

αm+1+ fm− 1
8

fm−1.

Taking now the B-splinesBi ,0≤ i ≤ n+1 with multiple knots at the endpoints, we get
the expansion

I f =
n+1

∑
i=0

µiBi ,

with the coefficients:

µ0 =
1
2
(λ0+λ1) = f0, µn+1 =

1
2
(µn+µn+1) = fm,

µ1 =
1
2
(λ1−λ0) =

1
8
( f1−α−1) =

1
128

(−55f0+85f1−37f2+7 f3),

µn =
1
2
(λn−λn+1) =

1
8
( fm−1−αm+1) =

1
128

(−55fm+85fm−1−37fm−2+7 fm−3).

This allows one to give the following upper bound for the infinity norm of the
operator:‖I ‖∞ ≤ max{‖µi‖∞,0≤ i ≤ n+1}= ‖µ1‖∞ = 23

16 ≈ 1.44.
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4. Comparison of lengths of quadratic spline approximants

We have compared the lengths of the following arcs of functions f (x) and parametric
curves( f (t),g(t)).

f1(x) :=
1

1+5x2 , x∈ [0,1], f2(x) :=
x
8
+e−x/4sin(3x), x∈ [0,6],

f3(t) = cos(πt), g3(t) := sin(π t), t ∈ [0,1].

f4(t) = (cos(πt/2))3, g4(t) := (sin(π t/2))3, t ∈ [0,1].

Columns 3,5,7,9 in tables below give the numerical convergence order (abbr. NCO).

4.1. Classical quadratic QI

n 1 NCO 2 NCO 3 NCO 4 NCO
64 3.9(-7) 15.1 5.2(-4) 15.3 3.4(-7) 15.6 -1.8(-7) 11.2
128 2.5(-8) 15.6 3.3(-5) 15.8 2.2(-8) 15.8 -1.4(-8) 12.3
256 1.6(-9) 15.8 2.1(-6) 15.9 1.4(-9) 15.9 -1.1(-9) 13.0
512 9.8(-11) 15.9 1.3(-7) 16 8.6(-11) 15.9 -8.1(-11) 13.5
1024 6.2(-12) 16 8.1(-9) 16 5.3(-12) 16 -5.9(-12) 13.8

4.2. Modified QI

n 1 2 3 4
64 3.0(-7) 11.4 5.3(-4) 15.3 3.4(-7) 15.5 1.2(-9) –
128 2.2(-8) 13.8 3.3(-5) 15.8 2.2(-8) 15.7 -1.5(-9) –
256 1.5(-9) 14.9 2.1(-6) 15.9 1.4(-9) 15.9 -1.9(-10) 7.7
512 9.6(-11) 15.5 1.3(-7) 16 8.5(-11) 15.9 -1.8(-11) 10.5
1024 6.1(-12) 15.7 8.1(-9) 16 5.3(-12) 16 -1.5(-12) 11.9

4.3. QI projector

n 1 2 3 4
64 6.8(-8) 19.5 6.7(-5) 18.2 4.8(-8) 16.8 -1.2(-7) 12.4
128 3.6(-9) 18.7 4.0(-6) 16.7 2.9(-9) 16.4 -8.8(-9) 13.1
256 2.1(-10) 17.5 2.5(-7) 16.2 1.8(-10) 16.2 -6.5(-10) 13.6
512 1.2(-11) 16.8 1.6(-8) 16 1.1(-11) 16.1 -4.7(-11) 13.9
1024 7.5(-13) 16.4 9.6(-10) 16 7.1(-12) 16 -3.3(-12) 14.1
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4.4. Lagrange interpolant of type 1

n 1 2 3 4
64 6.6(-8) 14.7 9.5(-5) 16 6.6(-8) 15.9 -1.1(-7) 12.3
128 4.3(-9) 15.4 5.9(-6) 16 4.1(-9) 15.9 -8.3(-9) 13
256 2.7(-10) 15.7 3.7(-7) 16 2.6(-10) 16 -6.2(-10) 13.5
512 1.7(-11) 15.8 2.3(-8) 16 1.6(-11) 16 -4.5(-11) 13.8
1024 1.1(-12) 15.9 1.4(-9) 16 1.0(-12) 16 -3.2(-12) 14.1

4.5. Lagrange interpolant of type 2

n 1 2 3 4
64 1.5(-7) 13.6 2.5(-4) 15.4 2.0(-7) 15.3 -4.1(-7) 13.6
128 1.1(-8) 14.4 1.6(-5) 15.8 1.3(-8) 15.6 -3.0(-8) 13.7
256 7.1(-10) 15.2 9.8(-7) 15.9 8.1(-10) 15.8 -2.2(-9) 13.9
512 4.5(-11) 15.6 6.2(-8) 16 5.1(-11) 15.9 -1.5(-10) 14.1
1024 2.9(-12) 15.8 3.8(-9) 16 3.2(-12) 15.9 -1.1(-11) 14.3

4.6. Comparison of various approximants on the same example

The final table gives the results of 4 quadratic approximantson the same example, a
quartic curve in parametric form:

y2 = (1− x)x3, x= (cost)2, y= (sint)(cost)3

n Class QI Proj QI Lag T1 Lag T2
64 6.8(-6) -6.6(-7) 3.0(-9) -2.3(-6)
128 3.5(-7) -7.9(-8) -3.5(-8) -2.3(-7)
256 1.7(-8) -7.3(-9) -4.5(-9) -2.1(-8)
512 7.8(-10) -6.0(-10) -4.3(-10) -1.7(-9)
1024 3.0(-11) -4.7(-11) -3.6(-11) -1.3(-10)

Remark.When comparing the above results, we see that there is no clear winner. Here
are the best results according to the examples

curve approximant/smaller error
Rational functionf1 QI projector
Exp-sin functionf2 QI projector
Half circle ( f3,g3) Lagrange type 1
1/4 astroid( f4,g4) Modified QI

Quartic curve Classical QI
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5. Cubic splines and approximation of derivatives

In the following subsections, we consider an intervalI := [a,b] endowed with the uni-
form partitionXn := {xi := a+ ih,0≤ i ≤ n}. We denote byS 2

3 (I ,Xn) the space of
C2 cubic splines with knot setXn and multiple knots at the endpoints. It has dimension
n+3 and the B-splines{Bi,0≤ i ≤ n+2} with support[xi−3,xi+1] (taking into account
knot multiplicities) form a basis of this space. Any cubic spline S∈ S 2

3 (I ,Xn) has an
expansion of typeS:= ∑n+2

i=0 λiBi . For the computation of arc lengths in approximating

the integral
∫ b

a

√
1+S′(t)2dt by quadrature rules, we need the expressions of deriva-

tives in function of B-spline coefficients. Their values on the setXn are the following:

S′(a) =
3
h
(λ1−λ0), S′(b) =

3
h
(λn+2−λn+1),

S′(x1) =
1
4h

(−3λ1+λ2+2λ3), S′(xn−1) =
1
4h

(3λn+1−λn−2λn−1),

S′(xi) =
1
2h

(λi+2−λi) for 2≤ i ≤ n−2.

They are needed in Section 6 for Simpson’s rule. Similarly, their values on the setTn

of midpoints (defined in Section 3) are the following:

S′(t1) =
1

16h
(−12λ0−3λ1+13λ2+2λ3),

S′(t2) =
1

16h
(−3λ1−9λ+10λ3+2λ4),

S′(ti) =
1
8h

(−λi −5λi +5λi +λi), for 3≤ i ≤ n−2,

S′(tn−1) =
1

16h
(−3λn−9λn−1+10λn−2+2λn−3),

S′(tn) =
1

16h
(−12λn+1−3λn+13λn−1+2λn−2).

These values are needed in Section 6 for the companion formula to Simpson’s rule.

5.1. Finite differences

Classical approximations of the first derivativesy′i := ϕ′(xi), 0≤ i ≤ n, of a univariate
function ϕ defined on[a,b] by its valuesyi := ϕ(xi), are given by finite differences
(abbr. FD). As those given in this section are inO(h4), we take the following, which is
exact onP4 (the space of polynomials of degree at most 4), for 2≤ i ≤ n−2:

y′i ≈ di :=
1
h

(
1
12

yi−2−
2
3

yi−1+
2
3

yi+1−
1
12

yi+2

)
.
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Using Taylor’s expansions atxi , we obtain a fourth order approximation of the first
derivative:

di = y′i −
1
30

h4y(5)i +O(h5).

Near endpoints, there are two specific formulas:

y′0 ≈ d0 =
1
h

(
− 25

12
y0+4y1−3y2+

4
3

y3−
1
4

y4

)
,

y′1 ≈ d1 =
1
h

(
− 1

4
y0−

5
6

y1+
3
2

y2−
1
2

y3+
1
12

y4

)
.

Taylor’s expansions atx0 andx1 give respectively

d0 = y′0−
1
5

h4y(5)0 +0(h5), d1 = y′1+
1
20

h4y(5)1 +0(h5).

In a similar way, we take

y′n−1 ≈ dn−1 =
1
h

(
1
4

yn+
5
6

yn−1−
3
2

yn−2+
1
2

yn−3−
1
12

yn−4

)
,

y′n ≈ dn =
1
h

(
25
12

yn−4yn−1+3ym−2−
4
3

yn−3+
1
4

yn−4

)
,

whose Taylor’s expansions atxn−1 andxn give respectively

dn−1 = y′n−1+
1
20

h4y(5)m−1+0(h5), dn = y′n−
1
5

h4y(5)n +0(h5).

Remark.These quantities can be obtained as first derivatives of a specific cubic spline
quasi-interpolant described in Section 5.3 below.

5.2. Lagrange interpolation: NAK and PGS

The unknown derivative values are solutions of the system ofn−1 linear equations
deduced from theC2 continuity ofSat pointsxi to which one must add two conditions
at the endpoints, in order to getn+1 equations for then+1 unknowns{di, 0≤ i ≤ n}.
Settingpi := (yi − yi−1)/h, the main equations can be written

di−1+4di +di+1 = 3(pi + pi+1), 1≤ i ≤ n−1.

De Boor [3] suggests to take as additional conditions theC3 continuity of S
at knotsx = x1 andx = xn−1, therefore the corresponding NAK (Not a Knot) cubic
spline has no discontinuity at that point (whence the name "Not a Knot"). Denoting
d := [d1, . . . ,dn−1]

T ∈Rn−1,

c := [(p1+5p2)/2,3(p2+ p3) . . . ,3(pn−2+ pn−1),(5pn−1+ pn)/2]T ∈ Rn−1,

and introducing the tridiagonal and positive definite matrix
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K :=




2 1 0 . . . 0 0
1 4 1 0 . . . 0 0
. . . 1 4 1 . . .
. . . 1 4 1 . . .
. . . . . . . . .
0 0 . . . 0 1 4 1
0 0 . . . 0 1 2




thend is solution of the system of linear equations

Kd = c.

The PGS (Pretty Good Slopes) method introduced by the authorin [22] consists
in choosing the coefficients in such a way that the computed derivatives have an overall
error inO(h4). The new system isK′d = c′ with the new matrix of sizen−1:

K′ :=




1 1 0 . . . 0 0
1 4 1 0 . . . 0 0
. . . 1 4 1 . . .
. . . 1 4 1 . . .
. . . . . .
0 0 . . . 0 1 4 1
0 0 . . . 0 1 1




and the new vector in the right-hand side

c′ = [c′1,3(p2+ p3), . . . ,3(pn−2+ pn−1),c
′
n−1]

T ,

where

c′1 :=
1
6
(p1+10p2+ p3), c′n−1 =

1
6
(p1+10p2+ p3).

5.3. Cubic quasi-interpolants

Classical cubic quasi-interpolant. The simplest quasi-interpolant is defined by

Q f :=
n+2

∑
i=0

λi( f )Bi ,

where fi := f (xi) and

λi( f ) := (− fi−2+8 fi−1− fi)/6, for i = 2, . . . ,n.

There are four specific linear functionals for the extreme indices

λ0( f ) := f0, λ1( f ) :=
7
18

f0+ f1−
1
2

f2+
1
9

f3,

λn+1( f ) :=
7
18

fn+ fn−1−
1
2

fn−2+
1
9

fn−3, λn+2( f ) := fn.

Using the array of B-spline coefficients of monomialsmr(x) = xr , r = 0,1,2,3:
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λ0 λ1 λ2 λ3 λ4

m0 1 1 1 1 1
m1 0 1/3 1 2 3
m2 0 0 2/3 11/3 26/3
m3 0 0 0 6 24

it is easy to verify that this QI is exact onP3. For a uniform partition ofI , there holds
‖Q‖∞ ≈ 1.64.

Modified cubic quasi-interpolant. The two first and last coefficients being modified
in such a way thatQ f(xi)− f (xi) = O(h4) for all indices, the new functionals at the
endpoints are now

λ0( f ) :=
1
36

(35f0+4 f1−6 f2+4 f3− f4)

λ1( f ) :=
1
18

(5 f0+26f1−21f2+10f3−2 f4)

λn+1( f ) :=
1
18

(5 fn+26fn−1−21fn−2+10fn−3−2 fn−4)

λn+2( f ) :=
1
36

(35fn+4 fn−1−6 fn−2+4 fn−3− fn−4) .

5.4. Cubic quasi-interpolating projector

The preceding QI is not a projector, i.e.Q(Q f) 6= Q f . Denote f2i := f (xi) for all
0≤ i ≤ n and f2i−1 := f (ti) for 1≤ i ≤ n, we now define a QI projector [17] by

P f :=
n+2

∑
i=0

λi( f )Bi ,

where the linear discrete functionals are defined by:

λ0( f ) := f0, λn+1( f ) := f2n,

λ1( f ) :=− 5
18

f0+
20
9

f1−
4
3

f2+
4
9

f3−
1
18

f4,

λn( f ) :=− 5
18

f2n+
20
9

f2n−1−
4
3

f2n−2+
4
9

f2n−3−
1
18

f2n−4,

and, for 2≤ i ≤ n−1, by

λi( f ) :=
1
6

f2i−4−
4
3

f2i−3+
10
3

f2i−2−
4
3

f2i−1+
1
6

f2i ,

The coefficients are deduced from the conditionsλi(B j) = δi j for all pairs(i, j). By a
careful study of the Lebesgue function, one can prove

THEOREM 3. For a uniform partition of I, there holds‖P‖∞ ≈ 3.86.



12 P. Sablonnière

5.5. Cubic Lagrange interpolants of type 2

As in Section 3.5, the term LC-spline denotes a Lagrange spline with compact support.
For univariate splines with integer knots inR, the first construction of such LC-splines
has been given by Qi [15] in 1981. The interpolation points arex j := 2 j, j ∈ Z and the
pointst j := 2 j +1 are auxiliary knots. More specifically, for cubic splines,let B denote
the B-spline with support[x−1,x1] = [−2,2], then there exists a LC-spline

L(x) = ℓ0B(x)+
4

∑
j=1

ℓ j(B(x+ j)+B(x− j)), with support [−6,6].

The Lagrange interpolatory conditions

L(0) = 1 et L(−4) = L(−2) = L(2) = L(4) = 0,

give a first system of linear equations. Then, writing that the interpolantI f (x) :=
∑k∈Z f (2k)L(x− 2k) is exact onP3, i.e. on monomialsmr(x) = xr for r = 0,1,2,3
and using the B-spline representation of the latter, we get another system of linear
equations. The global system of equations has a unique solution [21]:

[ℓ0, ℓ1, ℓ2, ℓ3, ℓ4] =

[
29
24

,
7
12

,−1
8
,− 1

12
,

1
48

]
.

On a bounded interval, the first coefficients are

λ1( f ) := 5 f (0)−10f (2h)+10f (4h)−5 f (6h)+ f (8h)

λ2( f ) := 15f (0)−40f (2h)+45f (4h)−24f (6h)+5 f (8h)

and the corresponding errors on derivatives are respectively

f ′(0)−S′(0) =
16
5

h4 f (5)(0)+O(h5)

f ′(h)−S′(h) =− 71
120

h4 f (5)(h)+O(h5)

f ′(2h)−S′(2h) =−4
5

h4 f (5)(2h)+O(h5)

f ′(3h)−S′(3h) =
3
40

h4 f (5)(3h)+O(h5).

A similar study can be done for the four last points of the interval.

For 2≤ i ≤ n−2, the derivatives at data sites have the expressions

S′(xi) =
1

24h
( f (xi−2)−8 f (xi−1)+8 f (xi+1)− f (xi+2)) ,

and the derivatives at intermediate knots have the expressions

S′(ti) =
1

96h
(− f (xi−2)+7 f (xi−1)−64f (xi)+64f (xi+1)−7 f (xi+2)+ f (xi+3)) .
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The corresponding errors are respectively

f ′(xi)−S′(xi) =
8
15

h4 f (5)(xi)+O(h5),

f ′(ti)−S′(ti) =− 31
120

h4 f (5)(ti)+O(h5).

Therefore, there is superconvergence in the approximationof derivatives on subsetsX
andT. For a uniform partition ofI , there holds‖P‖∞ ≈ 5.4.

6. Approximate lengths based on knot values

6.1. Quadrature formulas

We assume thatn= 2m is even, withm≥ 3, and that the intervalI := [a,b] is endowed
with a uniform partition in 2n subintervals,h := (b−a)/2n andxi = a+ ih,0≤ i ≤ 2n.
We first use Simpson’s formula based on then+1 pointsx2i ,0≤ i ≤ n:

Sn(g) :=
2h
3

(
g(a)+4

m

∑
i=1

g(x4i−2)+2
m−1

∑
i=1

g(x4i)+g(b)

)
.

We compare it with its companion formula associated with quadratic spline QIs [20],
which is based on then+2 pointsa,b andx2i−1,1≤ i ≤ n:

Qn(g) := 2h

(
1
9

g(a)+
7
8

g(x1)+
73
72

g(x3)+
n−2

∑
i=3

g(x2i−1)+
73
72

g(x2n−3)

+
7
8

g(x2n−1)+
1
9

g(b)

)
.

For a smooth functiong, the error estimates are respectively

∫ b

a
(g−Sn(g)) =−2h4

15
f (4)(c1),

∫ b

a
(g−Qn(g)) =

23h4

240
f (4)(c2)+O(h5).

6.2. Comparison of approximate lengths

Finite Differences

n 1 2 3 4
64 6.8(-7) 10.9 8.1(-4) 14.2 5.8(-7) 15.1 6.1(-7) 13.3
128 4.4(-8) 15.3 5.4(-5) 15 3.7(-8) 15.6 4.1(-8) 14.9
256 2.8(-9) 15.9 3.3(-6) 16.2 2.3(-9) 15.8 2.6(-9) 15.6
512 1.7(-10) 16 2.1(-7) 15.7 1.5(-10) 15.9 1.7(-10) 15.8
1024 1.1(-11) 16 1.3(-8) 15.9 9.2(-12) 15.9 1.0(-11) 15.9
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NAK= Not a Knot

n 1 2 3 4
64 -2.0(-7) 38.1 1.7(-4) 8.2 6.7(-8) 7.9 -1.7(-6) 15.9
128 -2.8(-9) 70.4 1.2(-5) 14.2 5.3(-9) 12.7 -1.1(-7) 16
256 1.4(-10) 20 6.3(-7) 18.7 3.6(-10) 14.5 -6.8(-9) 15.9
512 1.9(-11) 7.5 3.9(-8) 15.9 2.4(-11) 15.3 -4.3(-10) 16
1024 1.5(-12) 12.6 2.5(-9) 16.1 1.5(-12) 15.7 -2.7(-11) 16

PGS= Pretty Good Slopes

n 1 2 3 4
64 1.1(-7) – 1.8(-4) 12.4 1.0(-7) 15.9 1.9(-8) 39.5
128 7.4(-9) 14.4 1.2(-5) 14.8 6.3(-9) 15.9 3.0(-9) 6.2
256 4.7(-10) 15.8 6.4(-7) 18.9 3.9(-10) 15.9 2.4(-10) 12.4
512 2.9(-11) 16 3.9(-8) 16 2.5(-11) 16 1.7(-11) 14.5
1024 1.8(-12) 15.9 2.5(-9) 16.1 1.5(-12) 16 1.1(-12) 15.3

Classical cubic QI

n 1 2 3 4
64 1.1(-7) 54.9 9.3(-4) 14.2 5.4(-7) 14.1 -2.3(-6) 15.9
128 2.5(-8) 4.5 6.0(-5) 15.4 3.6(-8) 15.1 -1.4(-7) 16
256 2.2(-9) 11.6 3.7(-6) 16.4 2.3(-9) 15.6 -8.9(-9) 16
512 1.5(-10) 14.0 2.3(-7) 16 1.5(-10) 15.8 -5.5(-10) 16
1024 1.0(-11) 15.1 1.4(-8) 16.3 9.2(-12) 15.9 -3.5(-11) 16

Modified cubic QI

n 1 2 3 4
64 6.8(-7) 10.9 8.1(-4) 14.2 5.8(-7) 15.1 6.1(-7) 13.3
128 4.4(-8) 15.3 5.4(-5) 15.0 3.7(-8) 15.6 4.1(-8) 14.9
256 2.8(-9) 15.9 3.3(-6) 16.1 2.3(-9) 15.8 2.6(-9) 15.5
512 1.7(-10) 16 2.1(-7) 15.8 1.5(-10) 15.9 1.7(-10) 15.8
1024 1.1(-11) 16 1.3(-8) 15.9 9.2(-12) 15.9 1.0(-11) 15.9

QI cubic projector

n 1 2 3 4
64 1.9(-7) 8.62 3.7(-4) 13.9 2.2(-7) 15.4 -8.7(-8) 16
128 1.4(-8) 13.4 2.4(-5) 15.3 1.4(-8) 15.7 -5.4(-9) 16
256 9.7(-10) 14.8 1.4(-6) 17.3 8.8(-10) 15.9 -3.4(-10) 16
512 6.3(-11) 15.4 8.8(-8) 16 5.5(-11) 15.9 -2.1(-11) 16
1024 4.0(-12) 15.7 5.5(-9) 16 3.5(-12) 16 -1.3(-12) 15.9
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Cubic Lagrange interpolant of type 2

n 1 2 3 4
64 6.8(-7) 10.9 8.1(-4) 14.2 5.8(-7) 15.1 6.1(-7) 13.3
128 4.4(-8) 15.3 5.4(-5) 15 3.7(-8) 15.6 4.1(-8) 14.9
256 2.8(-9) 15.9 3.3(-6) 16.1 2.3(-8) 15.8 2.6(-9) 15.5
512 1.7(-10) 16 2.1(-7) 15.8 1.5(-10) 15.9 1.7(-10) 15.8
1024 1.1(-11) 16 1.3(-8) 15.9 9.2(-12) 15.9 1.0(-11) 15.9

6.3. Comparison of approximate lengths on the same example by various methods

The derivatives are approximated by finite differences (FD), Not a Knot (NK) and
Pretty Good Slope (PG). The integrals are computed by Simpson’s rule (S) or by its
companion rule (C).

Example 1: Rational function f1

n FD/S NK/S PG/S FD/C NK/C PG/C
64 6.7(-7) -2.0(-7) 1.1(-7) -2.1(-7) 4.8(-8) 7.6(-8)
128 4.4(-8) -2.8(-9) 7.4(-9) -1.7(-8) 8.1(-11) 9.8(-10)
256 2.8(-9) 1.4(-10) 4.7(-10) -1.2(-9) -9.2(-11) -6.4(-11)
512 1.7(-10) 1.9(-11) 2.9(-11) -8.0(-11) -8.8(-12) -8.0(-12)
1024 1.1(-11) 1.5(-12) 1.8(-12) -5.1(-12) -6.5(-13) -6.2(-13)

Example 2: Exp-sin function f2

n FD/S NK/S PG/S FD/C NK/C PG/C
64 8.1(-4) 1.7(-4) 1.8(-4) -3.8(-4) -6.6(-5) -7.4(-5)
128 5.4(-5) 1.2(-5) 1.2(-5) -2.6(-5) -4.4(-6) -4.8(-6)
256 3.3(-6) 6.3(-7) 6.4(-7) -1.6(-6) -2.7(-7) -2.9(-7)
512 2.1(-7) 3.9(-8) 4.0(-8) -1.0(-7) -1.7(-8) -1.8(-8)
1024 1.3(-8) 2.5(-9) 2.5.(-9) -6.5(-9) -1.1(-9) -1.1(-9)

Example 3: Half circle( f3,g3)

n FD/S NK/S PG/S FD/C NK/C PG/C
64 5.8(-7) 6.7(-8) 1.0(-7) -2.8(-7) -4.3(-8) -4.2(-8)
128 3.7(-8) 5.3(-9) 6.3(-9) -1.8(-8) -2.6(-9) -2.6(-9)
256 2.3(-9) 3.6(-10) 3.9(-10) -1.1(-9) -1.6(-10) -1.6(-10)
512 1.5(-10) 2.4(-11) 2.5(-11) -7.1(-11) -1.0(-11) -1.0(-11)
1024 9.2(-12) 1.5(-12) 1.5(-12) -4.5(-12) -6.3(-13) -6.3(-13)
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Example 4:1/4 Astroid( f4,g4)

n FD/S NK/S PG/S FD/C NK/C PG/C
64 6.1(-7) -1.7(-6) 1.9(-8) -3.5(-7) -6.5(-7) -3.5(-8)
128 4.1(-8) -1.1(-7) 3.0(-9) -2.1(-8) -4.1(-8) -1.6(-9)
256 2.6(-9) -6.8(-9) 2.4(-10) -1.3(-9) -2.5(-9) -7.8(-11)
512 1.7(-10) -4.3(-10) 1.7(-11) -8.0(-11) -1.6(-10) -4.3(-12)
1024 1.0(-11) -2.7(-11) 1.1(-12) -5.0(-12) -9.9(-12) -2.5(-13)

7. Closed curves

It is easy to adapt the preceding algorithms to closed curves. We have selected for both
types of splines the classical QI, the QI projector and the type 2 Lagrange interpolant.
As examples, we take the circle, an ellipse, a lemniscate anda prolate epicycloid.

Example 1.Circle: x= cos(2π t), y= sin(2πt).

Example 2.Ellipse:x= 2cos(2πt), y= sin(2πt).

Example 3.Lemniscate:x= sin(2πt), y= sin(2πt)cos(2πt).

Example 4.Epicycloid:x= 4cos(πt)−4cos(4πt), y= 4sin(πt)−4sin(4πt).

7.1. Classical quadratic QI

n 1 2 3 4
64 1.1(-5) 15.9 1.7(-5) 15.9 9.0(-5) 15.8 4.4(-2) 15.1
128 7.0(-7) 16 1.1(-6) 16 5.7(-6) 15.9 2.8(-3) 15.8
256 4.4(-8) 16 6.8(-8) 16 3.5(-7) 16 1.8(-4) 15.9
512 2.7(-9) 16 4.2(-9) 16 2.2(-8) 16 1.1(-5) 16
1024 1.7(-10) 16 2.6(-10) 16 1.4(-9) 16 6.9(-7) 16

7.2. Quadratic QI projector

n 1 2 3 4
64 1.5(-6) 16.3 2.3(-6) 16.3 1.2(-5) 17 6.4(-3) 19.6
128 9.2(-8) 16.1 1.4(-7) 16.1 7.2(-7) 16.3 3.8(-4) 17.1
256 5.8(-9) 16 8.9(-9) 16 4.5(-8) 16.1 2.3(-5) 16.3
512 3.6(-10) 16 5.6(-10) 16 2.8(-9) 16 1.4(-6) 16.1
1024 2.2(-11) 16 3.5(-10) 16 1.7(-10) 16 9.0(-8) 16
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7.3. Quadratic Lagrange interpolant of type 2

n 1 2 3 4
64 6.7(-6) 15.9 1.0(-5) 15.9 4.9(-5) 15.8 2.6(-2) 15
128 4.2(-7) 16 6.4(-7) 16 3.1(-6) 15.9 1.6(-3) 15.7
256 2.6(-8) 16 4.0(-8) 16 1.9(-7) 16 -1.0(-4) 15.9
512 1.6(-9) 16 2.5(-9) 16 1.2(-8) 16 6.5(-6) 16
1024 1.0(-10) 16 1.6(-10) 16 6.9(-10) 17.6 4.0(-7) 16

7.4. Classical cubic QI

Ex 1 2 3 4
64 1.9(-5) 15.9 2.9(-5) 15.1 1.5(-4) 15.8 7.7(-1) 15.1
128 1.2(-6) 16 1.9(-6) 15.6 9.9(-6) 15.7 4.9(-3) 15.8
256 7.6(-8) 16 1.2(-7) 15.8 6.2(-7) 16 3.1(-4) 15.9
512 4.7(-9) 16 7.3(-9) 15.8 3.9(-8) 16 1.9(-5) 16
1024 2.9(-10) 16 4.6(-10) 15.8 2.4(-9) 16 1.2(-6) 16

7.5. Cubic QI projector

n 1 2 3 4
64 7.3(-6) 16 1.1(-5) 17.1 5.7(-5) 16.1 2.9(-2) 16.2
128 4.6(-7) 16 7.0(-7) 16 3.7(-6) 15.5 1.8(-3) 16
256 2.8(-8) 16 4.4(-8) 16 2.3(-7) 16 1.1(-4) 16
512 1.8(-9) 16 2.7(-9) 16 1.4(-8) 16 7.2(-6) 16
1024 1.1(-10) 16 1.7(-10) 16 9.0(-10) 16 4.5(-7) 16

7.6. Cubic Lagrange interpolant of type 2

n 1 2 3 4
64 6.8(-7) 10.9 3.0(-5) 15.5 1.6(-4) 15.7 7.7(-2) 15.1
128 4.4(-8) 15.3 1.9(-6) 16 9.9(-6) 16.1 4.9(-3) 15.8
256 2.8(-9) 15.9 1.2(-7) 16 6.2(-7) 16 3.1(-4) 15.9
512 1.7(-10) 16 7.3(-9) 16 3.9(-8) 16 1.9(-5) 16
1024 1.1(-11) 16 4.6(-10) 16 2.4(-9) 16 1.2(-6) 16

8. Error estimates

8.1. First method: quadratic splines

Let us consider a parametric planar curve(C) defined byx = f (t),y = g(t), t ∈ I :=
[a,b]. Let X = ϕ(t),Y = γ(t) be a spline approximant(S) of this curve and let(P) be
theC0 quadratic spline formed by parabolas interpolatingC at midpoints and endpoints
of each subinterval of lengthh. Then, denoting the lengths of the corresponding curves
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by L(C),L(S) andL(P) and according to [9] (Lemma 6), we haveL(C)−L(P) =O(h5).
As (S) is such thatS(t)−C(t) = O(h4) at the interpolation points (superconvergence
of quadratic approximants), then it is enough to prove that the difference between the
lengths of local parabolas of(P) and(S) is also of orderO(h4). This has been checked
directly on the exact expression of the length given in Section 2 by using a computer
algebra system (Maple). More specifically, we have chosen two parabolas defined on
the same interval whose ordinates of control points differ by an orderO(h4) and we
have verified that the lengths also differ by an orderO(h4). Another proof is given in
[23].

8.2. Second method: cubic splines

Using the compositeSimpson’s rule SL(C) := ∑Ai
√

f ′(xi)2+g′(xi)2, we get

L(C)−L(S) = (L(C)−SL(C))+ (SL(C)−SL(S))+ (SL(S)−L(S)).

We first have (see e.g. [9]):

L(C)−SL(C) = O(h4) and L(S)−SL(S) = O(h4).

As the approximation order off ′ by ϕ′ (and ofg′ by γ′) is O(h4) at knots(all of them
for PGS, except near endpoints for NAK), the global error is in O(h4) thanks to the
following majoration:

|SL(C)−SL(S)| ≤ ∑Ai

∣∣∣∣
√

f ′(xi)2+g′(xi)2−
√

ϕ′(xi)2+ γ′(xi)2

∣∣∣∣

≤ K3∑Ai
(∣∣ f ′(xi)

2−ϕ′(xi)
2
∣∣+
∣∣g′(xi)

2− γ′(xi)
2
∣∣)

≤ K4
(
‖ f ′‖∞ max

∣∣ f ′(xi)−ϕ′(xi)
∣∣+(‖g′‖∞ max

∣∣g′(xi)− γ′(xi)
∣∣)= O(h4).

9. Final remarks and open questions

• Comparing the results obtained by the two classes of methods, it is very difficult
to decide which method is the best. However, the various examples show that in-
terpolating projectors are quite good and also, in the second class of methods, the
use of NAK and PGS methods followed by Simpson’s or companion’s formulas.
We have not tested Gauss quadrature rules because we where mainly interested
in the cases where the curves are known by points defined on uniform partitions.

• We refer to the book [6] and references therein for the interesting applications of
Pythagorean hodograph curves to the computation of arc lengths.

• For piecewise cubics, in theory it is possible to compute exact arc lengths using
elliptic functions. However it is rather complicated in practice.
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• See [1] and [23] for applications of chord length parameterization of plane curves
to the approximate computation of areas and various momentsassociated with
closed curves, and also in [24] to the numerical solution of boundary integral
equations.

References

[1] A LLOUCH C. Using a quadratic spline quasi-interpolant for the estimation of the length,
area, center of gravity and moment of inertia of a planar closed curve. Internat. Conf.
Curves and Surfaces (Avignon 2010), submitted.

[2] DAHMEN W., GOODMAN T. N. T. AND M ICCHELLI C. A. Compactly supported funda-
mental functions for spline interpolation.Numer. Math. 52(1988), 639–664.

[3] DE BOOR C. A Practical Guide to Splines. Springer-Verlag, 2001. Revised edition.

[4] DUBUC S., MERRIEN J. L. AND SABLONNIÈRE P. The length of the de Rham curve.J.
Math. Anal. Appl. 223(1998), 182–195.

[5] EPSTEIN M. P. On the influence of parametrization in parametric interpolation. SIAM J.
Numer. Anal. 13, 2 (1976), 261–268.

[6] FAROUKI R. T. Pythagorean Hodograph Curves. Springer-Verlag, Berlin, 2008.

[7] FLOATER M. Arc length estimation and the convergence of parametric polynomial inter-
polation. Preprint CMA, Oslo, 2005.

[8] FLOATER M. Chordal cubic spline interpolation is fourth order accurate. IMA J. Numer.
Anal. 26(2006), 25–33.

[9] FLOATER M. AND RASMUSSENA. F. Point-based methods for estimating the length of a
parametric curve.J. Comput. Applied Math. 196(2006), 512–522.

[10] FOUCHER F. AND SABLONNIÈRE P. Quadratic spline quasi-interpolants and collocation
methods.Mathematics and Computers in Simulation 79, 12 (2009), 3455–3465.

[11] GRAVESEN J. Adaptive subdivision and the length of Bézier curves. Report No 472, The
Technical University of Denmark, 1993.

[12] GRAVESENJ. The length of Bézier curves. InGraphic Gems V, A. W. Paeth, Ed. Academic
Press, 1995.

[13] MARSDEN M. J. Operator norm bounds and error bounds for quadratic spline interpola-
tion. In Approximation Theory. Banach Center Publications, Warsaw, 1979, pp. 159–175.

[14] PAPAMICHAEL N. AND WORSEYA. End conditions for improved cubic spline derivative
approximation.J. Comput. Appl. Math. 7(1981), 101–109.

[15] QI D. X. A class of local explicit many-knot spline interpolation schemes. MRC Technical
Summary Report No 2238, University of Wisconsin, 1981.

[16] ROSENBLATT M. The local behaviour of the derivative of a cubic spline interpolator. J.
Approx. Theory 15(1975), 382–387.

[17] SABLONNIÈRE P. Splines de Lagrange à support borné et applications. Lecture Notes,
University of Oujda, 2009.



20 P. Sablonnière

[18] SABLONNIÈRE P. Quadratic spline quasi-interpolants on bounded domainsof Rd, d =
1,2,3. Rend. Sem. Mat. Univ. Poli. Torino 61, 3 (2003), 229–246.

[19] SABLONNIÈRE P. Univariate spline quasi-interpolants and applicationsto numerical anal-
ysis. Rend. Sem. Mat. Univ. Poli. Torino 63, 3 (2005), 211–222.

[20] SABLONNIÈRE P. A quadrature formula associated with a univariate quadratic spline
quasi-interpolant.BIT 47, 4 (2007), 825–837.

[21] SABLONNIÈRE P. Quasi-interpolants splines: exemples et applications.In RFMAO 05 –
Rencontres Franco-Marocaines en Approximation et Optimisation 2005, ESAIM Proc. 20.
EDP Sci., Les Ulis, 2007, pp. 195–207.

[22] SABLONNIÈRE P. Gradient approximation on uniform meshes by finite differences and
cubic spline interpolation. InMathematics of Surfaces XIII, E. R. Hancock, R. R. Martin,
and M. A. Sabin, Eds., LNCS 5654. Springer-Verlag, Berlin, 2009, pp. 322–334.

[23] TAHRICHI M. Chordal cubic spline quasi-interpolation. Length parametrization. Internat.
Conf. Curves and Surfaces (Avignon 2010), submitted.

[24] TAHRICHI M. Formules de quadrature basées sur des quasi-interpolants splines et appli-
cation aux équations intégrales. PhD thesis, University ofOujda, 2011.

AMS Subject Classification: 41A15, 65D07

Paul SABLONNIÈRE
Centre de Mathématiques, INSA de Rennes
20 avenue des Buttes de Coësmes, CS 14315
F-35043 Rennes Cedex, FRANCE
e-mail:Paul.Sablonniere@insa-rennes.fr

Lavoro pervenuto in redazione il 24.02.2011


