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POWER MULTIPLES IN BINARY RECURRENCE

SEQUENCES: AN APPROACH BY CONGRUENCES

Abstract. We introduce an elementary congruence-based procedure to look for q-th power
multiples in arbitrary binary recurrence sequences (q ≥ 3). The procedure allows one to
prove that no such multiples exist in many instances.

1. Introduction and result

Let u,v,A,B ∈ Z. The (Z-valued) binary recurrence sequence with initial valuesu, v
and coefficientsA, B is the sequence{Gn}n≥0 defined recursively as

(1) G0 = u, G1 = v, Gn+2 = AGn+1+BGn for all n≥ 0.

The discriminant of the sequence (1) is the integer∆ = A2+ 4B 6= 0. An equivalent
description is

(2)

(
Gn+2

Gn+1

)(
A B
1 0

)(
Gn+1

Gn

)
,

i.e.
(

Gn+1
Gn

)
=
(

A
1

B
0

)n(
G1
G0

)
, for all n≥ 0. Let K be the smallest extension ofQ con-

taining the eigenvalues{λ1,λ2} of the matrix
(

A
1

B
0

)
and denote byOK its ring of

integers. EitherK = Q or K is quadratic,K = Q(
√

∆), and in the latter case write
Gal(K/Q) = 〈τ〉. The sequence (1) is called non-degenerate ifλ1/λ2 is not a root of
1. Also, if λ1 6= λ2 the sequence is a generalized power sum with constant coefficients,
namely

Gn = g1λn
1+g2λn

2, whereg1 =
G1−λ2G0

λ1−λ2
, g2 =

λ1G0−G1

λ1−λ2
.

A sequence with values inZ can be “followed” looking for integers with special
interesting arithmetic properties (Ribenboim [6] likens this to picking wild flowers
during a walk in the countryside). In this note we deal with the equation

(3) Gn = kxq

where 06= k∈ Z is a fixed constant andq≥ 3. As usual, we may and shall assume that
q is a prime number.

By relating it to Baker’s theory of linear forms in logarithms, Pethö [5] and
Shorey and Stewart [7] proved independently that (3) has, under some mild conditions
on the sequence, only finitely many solutions(n,Gn,x,q). Pethö’s precise version of
the result is the following.
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THEOREM1. Let{Gn} be a binary recurrence sequence with coprime non-zero
coefficients A and B such that(G0,G1) 6= (0,0), A2 6=− jB for j ∈ {1,2,3,4} and G2

1−
AG0G1−BG2

0 6= 0. LetP be a finite set of primes and letS be the set of integers divisi-
ble only by primes inP . Then, there exists an effective constant C=C(A,B,G0,G1,P )
such that if Gn = kxq with k∈ S and|x|> 1 thenmax(n, |Gn|, |x|,q)<C.

REMARK 1. When the sequence{Gn} is non-degenerate andk is any fixed
integer, the finiteness of the number of solutions ofGn = k (i.e. thex-trivial solutions
of (3)) follows from the Skolem–Mahler–Lech theorem, [4, §2.1], which is independent
of Baker’s theory.

Although theorem 1 reduces in principle the problem of finding all the solutions
of (3) to a finite amount of computations, from a practical point of view the possibility
of using brute force is illusory since the constantC is huge. Following the steps of
the proof of theorem 1 in the arguably simplest case of the Fibonacci sequence{Fn}
(obtained foru = 0, v = 1, A = B = 1) the first author [1] found that for a solution
of (3) with k = 1 the bounds areq ≤ 1921203, and|x| ≤ e580(4q!+1)(4q!+5)/4q!. Even for
a single sequence{Gn}, the problem of finding a complete solution of (3) may be far
from trivial. For instance, it had been known for a while thatthe only squares and cubes
in the Fibonacci sequence are{F0=0,F1=1,F2=1,F12=144} and{F0 = 0,F1 = 1,
F2 = 1,F6 = 8} respectively, but to prove that those are the only powers, Bugeaud,
Mignotte and Siksek [3] had to combine the classical approach with modular methods
similar to those used by Wiles to prove Fermat’s last theorem.

Let us fix the exponentq. We present an elementary procedure, introduced in
[1], to approximate the solutions of (3) in the following sense. The procedure outputs
a large integerN = Nq and a relatively small setJ ⊂ Z/NZ such that ifGn solves (3)
thenn= n modN ∈ J . The actual computations show that the procedure “converges”
rather quickly and in many cases yieldsJ = /0 showing the absence of solutions for the
corresponding equation.

The procedure is explained in section 2 followed by some heuristics in section
3. We do not address the question of estimating the expected computational complexity
of the procedure which does not seem to be straightforward.

A final section gives a few examples of actual computations. We test all non-
trivial sequences{Gn} with parametersA = B = 1, and non-negative initial values
G0 andG1 with min{G0,G1} ≥ 2 and max{G0,G1} ≤ 9 up to shift-equivalence (see
definition 1). There are two tables. Table 1 shows the result of running the procedure in
search ofq-powers, forq∈ {3,5,7,11,13,17}. Table 2 lists the values ofk for which
(3) with q= 3 orq= 5 has no solutions for 2≤ k≤ 30 andq-power free. In particular,
the following result remains proved.

THEOREM 2. Let {Gn} be a binary recurrence sequence with A= B= 1. The
equation Gn = kxq has no solutions in all cases labelled∅ in Table 1 and for all values
(q,k) listed in Table 2 below.
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More extensive tables of data are included in the preliminary version [2] posted
on the arXiv.

An analysis of table 1 in the text (and of tables 1–6 in [2]) shows that in many
cases, up to replacingN by a large divisor, the setJ consists of just one element, so
that up to shift-equivalence we may assume thatJ = {0}. The following question arises
naturally. Suppose that there is a (large) integerN such that a solution ofGn = kxq can
occur only forn≡ 0 modN. Can we obtain further information on the set of solutions
from arithmetic properties of the triple(k,q,N)? In particular, can we deduce the
finiteness of the number of solutions independently of Baker’s theory?

2. The procedure

We shall assume thatAB 6= 0. The binary recurrence sequence (1) extends uniquely to
a functionZ→Z[1/B] in such a way that the recurrence relationGn+2 = AGn+1+BGn

remains valid for alln∈ Z. Namely, set inductively

G−n =−A
B

G−n+1+
1
B

G−n+2 for all n> 0.

DEFINITION 1. Two extended binary recurrence sequences{Gn}n∈Z, {G′
n}n∈Z

are called shift-equivalent if there exists k∈ Z such that G′n = Gn+k for all n ∈ Z.

PROPOSITION1. (i) Two sequences not of the form{gµn} are shift-equivalent
if and only if they share four equal consecutive terms.

(ii) The sequences{gµn} and{Gn} are shift-equivalent if and only if Gn = g′µn with
g′ = gµk for some k∈ Z.

Proof. The sequences{Gn}n∈Z and{G′
n}n∈Z with same parametersA andB are shift-

equivalent if and only if they have a common segment of length2, G′
r = Gs and

G′
r+1 = Gs+1 for somer, s∈ Z. WhenG2

k 6= AGkGk−1+BG2
k−1 for some (or, equiva-

lently, all) k∈ Z the parametersA andB can be recovered from the consecutive terms
Gk−1, · · · ,Gk+2 by solving the linear equations

{
Gk+2 = AGk+1+BGk

Gk+1 = AGk+BGk−1

This proves part 1 once we observe that the sequences of the form {gµn} are precisely
those for whichG2

k = AGkGk−1+BG2
k−1. Part 2 is immediate.

The previous fact remains true forR-valued sequences, whereR is any domain
of characteristic prime toB.

DEFINITION 2. Let ℓ be a prime number,(ℓ,B) = 1. The reduction moduloℓ of
theZ-valued binary recurrence sequence(1) is the sequence{Gn} whereGn ∈ Fℓ =
Z/ℓZ is the class of Gn.
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The reduced sequence{Gn} is anFℓ-valued binary recurrence sequence with
parametersA andB 6= 0 and initial valuesu, v. Its extension{Gn}n∈Z is the reduction
moduloℓ of the extension{Gn}. The following very simple fact is the basis of the
procedure.

PROPOSITION 2. Let {Gn} be an extendedFℓ-valued binary recurrence se-
quence. Then{Gn} is periodic.

Proof. Since there are only a finite number of pairs(a,b) ∈ Fℓ ×Fℓ, there must be
integersr 6= ssuch thatGr =Gs andGr+1 =Gs+1. If 0 6= k= s−r, an obvious induction
shows that the sequences{Gn} and{Gn+k} coincide.

DEFINITION 3. For a prime numberℓ, let πℓ be the minimal period of the ex-
tendedFℓ-valued reduced sequence{Gn}, i.e.

πℓ = min
{

k∈ Z>0 such thatGn+k = Gn for all n ∈ Z
}
.

PROPOSITION3. Let ℓ be a prime number. The periodπℓ is a divisor of

(i) ℓ(ℓ−1), if ∆ = 0 or if ∆ is not a square inZ with ℓ | ∆;

(ii) ℓ−1, if ∆ is a non-zero square or if
(∆
ℓ

)
= 1;

(iii) ℓ2−1, if ∆ is not a square and
(∆
ℓ

)
=−1.

Proof. From the description (2), the periodπℓ is the order of the cyclic quotient group

〈M〉/〈M〉∩Su,v whereM ∈ GL2(Fℓ) is the reduction moduloℓ of M =
(

A
1

B
0

)
andSu,v

is the stabilizer of the vector
(u

v

)
under the tautological action of GL2(Fℓ) on (Fℓ)

2.
Thusπℓ | ord(M).

If ∆ = 0 thenK = Q, λ1 = λ2 = λ ∈ Z andM ∼
(

λ
0

1
λ

)
, whose order moduloℓ

is ℓ(ℓ−1).

If ∆ 6= 0 the eigenvalues are different, soM ∼
(

λ1
0

0
λ2

)
with λ1, λ2 ∈Q if ∆ is a

square orλ2 = λτ
1 otherwise. Hence ord(M) is the least common divisors of the orders

of λ1 andλ2 as elements of(OK/ℓOK)
×. Thus the other cases follow recalling that

(OK/ℓOK)
× ≃





F×
ℓ if K =Q,

F×
ℓ ×F×

ℓ if K quadratic andℓ split,

F×
ℓ2 if K quadratic andℓ inert,

(Fℓ[X]/(X2))× if K quadratic andℓ ramified.

The procedure goes as follows.
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Step 1: Input the defining data(u,v,A,B), the equation data(k,q) and fix a cutoff value
Coff > 0.

Step 2: Consider the primesℓ1 < · · ·< ℓr ≤Coff satisfying the following three condi-
tions:

(i) ℓi does not divideBk for all i = 1, . . . , r;

(ii) ℓi ≡ 1 modq for all i = 1, . . . , r;

(iii) if we set n1 = πℓ1 and defineni+1 for i = 1, . . . r −1 inductively asni+1 =
lcm(ni ,πℓi+1), thenni+1/ni < q for all i = 1,2, . . . r −1.

Step 3: Construct inductively setsJ i ⊂ Z/niZ as follows:

(i) J1 = {n∈ Z/n1Z such thatGn/k∈ (Fℓ1)
q};

(ii) for i = 1,2, . . . r −1, givenJ i first set

J
♯
i+1 = {n∈ Z/ni+1Z such thatn modni ∈ J i}

and then let

J i+1 = J
♯
i+1−{n such thatGn/k /∈ (Fℓi+1)

q}.

Step 4: If Jr ′ = /0 for somer ′ ≤ r the procedure stops, else letN = nr and output
J = Jr ⊂ Z/NZ.

The reason for the conditions on the primesℓi is the following. The subgroup(F×
ℓ )

q of
q-powers in the multiplicative groupF×

ℓ is proper if and only ifq | ℓ−1, and in this case
consists of(ℓ− 1)/q elements. Thus, the number ofq-powers inFℓ is (q+ ℓ− 1)/q
and on average we can expect that at each step

|J i+1| ∼=
q+ ℓi+1−1

qℓi+1

∣∣∣J ♯i+1

∣∣∣ .

Since|J ♯i+1|= (ni+1/ni)|J i |, by forcingni+1/ni ≤ q−1 and observing that

lim
i→∞

q+ ℓi −1
qℓi

(q−1)< 1,

we can expect that eventually|J i+1| < |J i | on average, so that the procedure should
eventually produce an empty set of indices when the equation(3) has no solutions.

REMARK 2. The necessity of imposing condition 3 in Step 2 makes the proce-
dure unsuited for the caseq= 2.
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3. Heuristic density estimates

The support ofn ∈ Z is the set Supp(n) = {p prime such thatp | n}. Fix an integer
m≥ 2 and letPm = {ℓ prime such that max(Supp(πℓ))≤ m} and

P
′
m = {ℓ prime such that max(Supp(ordℓ(M)))≤ m}.

Also, letPm,q = {ℓ ∈ Pm such thatℓ≡ 1 modq} and

P
′
m,q = {ℓ ∈ P ′m such thatℓ≡ 1 modq}.

The setsP ′m andP ′m,q depend on the coefficientsA andB, while the setsPm andPm,q

depend also on the vector~v=
(u

v

)
∈ Z2 of initial values. Sinceπℓ | ordℓ(M), we have

thatP ′m ⊆ Pm andP ′m,q ⊆ Pm,q. The primesℓ1, ℓ2, . . . of Step 2 are inPq−1,q. We shall
show that in the case of a non-degenerate binary recurrence sequence with non-zero
initial vector~v, a variation of the classical Artin heuristics, under the usual indepen-
dence hypotheses, yields that the expected density of the sets Pm, and hencePm,q, is
zero.

Let assume first thatK =Q and, for the sake of uniformity of the argument, also
that min{|λ1|, |λ2|} ≥ 2. LetΣ0 be the finite set of primes containing 2 and the primes
dividing λ1λ2. Consider a primeℓ /∈ Σ0 and writeℓ−1= abwhere max{Supp(a)} ≤m
and min{Supp(b)}> m. Then(λ1,λ2) ∈ F×

ℓ ×F×
ℓ and

max(Supp(ordℓ(M)))≤ m ⇐⇒ λ1 andλ2 areb-powers inF×
ℓ

⇐⇒ λ1 andλ2 arepr -powers inF×
ℓ for

all primesp> m such thatpr || ℓ−1.

Since the primesℓ ≡ 1 modpr are precisely those that split completely in the cyclo-
tomic extensionQ ⊂ Q(µpr ), we can rephrase the last condition in terms of the exten-
sions in the diagram

(4) Q(µpr+1)

I

II
II

II
II

I
Q(µpr , pr√

λ1,
pr√

λ2)

II

oo
oo
oo
oo
oo
oo

Q(µpr )

Q

.

Namely,λ1 andλ2 are in(F×
ℓ )

pr
and pr || ℓ−1 if and only if ℓ ∈ Σ′

p,r , whereΣ′
p,r =

{primesℓ that split completely in II and do not split completely in I}. By construction,
Σ′

p,r ∩Σ′
p,r ′ if r 6= r ′, and if we letΣ′

p = ∪r≥1Σ′
p,r then

(5) P
′
m =

⋂
p>m

Σ′
p.

The following proposition is a straightforward application of Kummer’s theory to the
situation of diagram (4).
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PROPOSITION4. Suppose p/∈ Σ0. Then:

(i) [Q(µpr , pr√λi) : Q(µpr )] = pr for i = 1, 2;

(ii) Q(µpr , pr√λ1)∩Q(µpr , pr√λ2) =Q(µpr );

(iii) Gal(Q(µpr , pr√λ1,
pr√λ2)/Q(µpr ))≃ (Z/prZ)2;

(iv) Q(µpr+1)∩Q(µpr , pr√λ1,
pr√λ2) =Q(µpr ).

In particular, forp /∈ Σ0 point 4 says thatΣ′
p,r 6= /0 and byČebotarev’s theorem

the expected density ofΣ′
p,r is

δ(Σ′
p,r) =

(
1− 1

[Q(µpr+1) : Q(µpr )]

)
1

[Q(µpr , pr√λ1,
pr√λ2) : Q]

=
p−1

p
1

p3r−1(p−1)
=

1
p3r

so thatδ(Σ′
p) = ∑r≥1 p−3r = 1/(p3−1). Applying the independence assumption to (5)

yields the expected value

δ(P ′m) = ∏
p>m
p∈Σ0

δ(Σ′
p) ∏

p>m
p/∈Σ0

1
p3−1

= 0.

Let ℓ ∈ Pm−P ′m, ℓ /∈ Σ0. ThenMπℓ 6≡ I modℓ and yet

(6) Mπℓ~v≡~v modℓ.

In order for this to be possible, the matrixMπℓ modℓ must admit 1 as an eigenvalue.
Thus a primeℓ /∈ Σ0 is in Pm− P ′m if and only if the following two conditions are
satisfied.

C1. Exactly one of the eigenvaluesλ1, λ2 is ab-power inF×
ℓ . Equivalently, exactly

one of the eigenvaluesλ1, λ2 is a pr -power inF×
ℓ for all pr || ℓ−1 with p> m.

C2. If λ is the eigenvalue of condition C1, then~v modℓ ∈ Eλ whereEλ ⊂ (Z/ℓZ)2

is theλ-eigenspace ofM modℓ.

DenoteP ♭m the set of primes satisfying condition C1 only. As aboveP ♭m =
⋂

p>mΣp

whereΣp =
⋃

r≥1 Σp,r is a disjoint union with

Σp,r =

{
ℓ that split completely in one extensionQ⊂Q(µpr , pr√λ j),

j = 1, 2, but not in both or in I of diagram 4

}
.

GivenT > 0, let
(

0
0

)
/∈ VT ⊂ Z2 be a finite set such that the restriction of the product

of quotient maps
VT −→ ∏

ℓ≤T
ℓ∈P ♭m

(Z/ℓZ)2
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is a bijection andVT ⊆ VT′ for T ≤ T ′. Then, denoting (as usual)π(T) the number of
primes less thanT and making explicit the dependence ofPm on the initial vector,

δT :=
1

|VT | ∑
~v∈VT

|{ℓ ∈ P (~v)m such thatℓ≤ T}|
π(T)

=
1

π(T) ∑
ℓ≤T
ℓ∈P ♭m

1
ℓ

because|Eλ| = ℓ. Thus,δ = limT→∞ δT is the average density of the setsP (~v)m for
~v ∈ ⋃

T VT . On the other hand,δT < π(T)−1 ∑T
n=11/n and the well-known asymp-

toticsπ(T)∼ T log(T)−1 and∑T
n=11/n∼ log(T) yield δ = 0. Since the setVT can be

constructed so to contain any given 06=~v∈ Z2, we get an estimated density

δ(P (~v)m) = 0, for all~v 6= 0, if K =Q.

Let us assume now thatK is quadratic and letλ = λ1. Note that non-degeneracy
is equivalent to the subgroup〈λ,λτ〉 < K× being free of rank 2. This time letΣ0 be
the finite set of primes containing 2, the primes dividing NK/Q(λ), the primes such that
K ⊂ Q(µℓ∞) and the primes that are ramified inK. Let ℓ /∈ Σ0. If ℓ is split in K, then
λ ∈ (OK/ℓOK)

× ≃ F×
ℓ ×F×

ℓ . The situation is very similar to the caseK = Q and we
omit the details.

If ℓ is inert inK, thenλ ∈ (OK/ℓOK)
× ≃ F×

ℓ2. Let us writeℓ2−1= ab where
max{Supp(a)} ≤ m and min{Supp(b)}> m. Then

max(Supp(ordℓ(M)))≤ m ⇐⇒ λ is ab-power inF×
ℓ2

⇐⇒ λ is a pr -powers inF×
ℓ2 for all

primesp> m such thatpr || ℓ2−1.

Let Σ′
p,r be the set of primes satisfying the latter condition atp. Consider the diagram

of Galois extensions

(7) K(µpr ,
pr√

λ, pr√
λτ)

K(µpr )

Γ′
K

jjjjjjjjjjjjjjjjj

Q(µpr ) K

H
DDDDDDDDD

ΓK

III

�
�
��

�
�
��

�
��

�
�
��

�
��

Q

MMMMMMMMMMMMMM

Γ

.

Then

Σ′
p,r = {primesℓ that split completely in III and such thatℓ 6≡ ±1 modpr+1}.
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Again,Σ′
p,r ∩Σ′

p,r ′ = /0 if r 6= r ′ and if we letΣ′
p = ∪r≥1Σ′

p,r , then

(8) P̃
′
m = {ℓ ∈ P ′m such thatℓ is inert inK}=

⋂
p>m

Σ′
p.

The analogue of proposition 4 is the following

PROPOSITION5. Suppose p/∈ Σ0 andλ/λτ not a root of1. Then:

(i) [K(µpr ,
pr√

λ) : K(µpr )] = [K(µpr ,
pr√

λτ) : K(µpr )] = pr ;

(ii) K (µpr ,
pr√

λ)∩K(µpr ,
pr√

λτ) = K(µpr );

(iii) Gal(K(µpr ,
pr√

λ, pr√
λτ)/K(µpr ))≃ (Z/prZ)2;

(iv) Q(µpr+1)∩K(µpr ,
pr√

λ, pr√
λτ) =Q(µpr ).

To estimate the density of the primes inΣ′
p,r , observe that an inert primeℓ splits

completely in the extension(III ) of diagram (7) if and only if a Frobenius element
σ ∈ Frob

K(µpr ,
pr√

λ, pr√
λτ)/K

(ℓ)⊂ Γ satisfies the following conditions:

σ2 = id and σ|K = τ.

These conditions define a conjugacy classC⊂ Γ and byČebotarev’s theorem we need
to estimate its size. The exact sequences of Galois groups

1−→ ΓK −→ Γ −→ 〈τ〉 −→ 1

and
1−→ Γ′

K −→ ΓK −→ H −→ 1

split, so thatΓ ≃ ΓK ⋉ 〈τ〉 ≃ (Γ′
K ⋉H)⋉ 〈τ〉. The extensionQ⊂ K(µpr ) is abelian with

Galois group isomorphic toG= H ×〈τ〉 so that we getΓ ≃ Γ′
K ⋉G. SinceH is cyclic

(of even orderpr−1(p− 1)) there are 2 elements of order 2 inG restricting toτ and
finally

|C| ≤ 2|Γ′
K |= 2p2r .

Combining this estimate with Dirichlet’s theorem of primesin arithmetic progression
under the independence assumptions we get

δ(Σ′
p,r)≤

(
p−1

p

)
2p2r

2p3r−1(p−1)
=

1
pr .

Thus,δ(Σ′
p) ≤ ∑r≥1 p−r = 1/(p−1) and finally, from (8) and recalling that the inert

primes have density 1/2,

δ(P̃ ′m) =
1
2 ∏

p>m
p∈Σ0

δ(Σ′
p) ∏

p>m
p/∈Σ0

1
p−1

= 0.
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The analysis of the setPm−P ′m follows the same lines of theK =Q situation in
the case of a split primeℓ and we, again, omit the details. Whenℓ is inert the basically
trivial observation thatλ is ab-power if and only ifλ is ab-power implies at once that

πℓ = ordℓ(M) if ℓ is inert.

In other words, the setPm− P ′m consists only of split primes or primes inΣ0 and the
heuristic estimate

δ(P (~v)m) = 0, for all~v 6= 0, if K is quadratic,

follows.

4. Tables

We implemented the procedure using the Maple 12 package and let it run on a Mac-
Book, with a cutoff valueCoff = 10000.

For reasons of space the tables in this section report only some of these computa-
tions: we consider all sequences up to shift-equivalence with parametersA=B= 1 and
non-negative initial valuesG0 andG1 such that min{G0,G1} ≥ 2 and max{G0,G1} ≤
9. For more extensive tables the reader may consult the preliminary version [2].

Table 1 gives the results of applying the procedure in searchof pure powers for
prime exponentsq with 3≤ q≤ 17. The tables contain 3 types of entries:

(i) ∅ indicates that the procedure outputs the empty set, i.e. that the corresponding
sequence does not containq-th powers;

(ii) {a}m indicates that the procedure shows that the onlyq-th powers in the corre-
sponding sequence{Gn} can occur only forn≡ a mod(Nq/m);

(iii) m indicates that the procedure final output was a set ofmdifferent possible classes
moduloNq for indicesn with Gn a q-th power, not coming from the same class
modulo a large divisor ofNq.

Table 2 lists theq-power free values 2≤ k≤ 30 for which the procedure shows
that the equation (3) has no solutions.
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TABLE 1
q-powers in sequences withA= 1 andB= 1

N3 = 186624,N5 = 15552000,N7 = 127008000,
N11 = 3841992000,N13 = 43286443200

N17 = 68235175008000

G0 G1 q= 3 q= 5 q= 7 q= 11 q= 13 q= 17

2 5 62 4 4 {−2}2 4 4
2 6 24 ∅ ∅ ∅ ∅ ∅

2 7 {−3}2 ∅ {−9}2 ∅ ∅ ∅

2 8 {1}2 ∅ ∅ ∅ ∅ ∅

2 9 ∅ ∅ ∅ ∅ ∅ ∅

3 7 30 4 {−2}2 4 4 12
3 8 {1}2 ∅ {7}2 ∅ ∅ ∅

3 9 ∅ ∅ ∅ ∅ ∅ ∅

4 9 4 {−2}2 {−2}4 8 4 6
6 4 {−2}2 ∅ ∅ ∅ ∅ ∅

6 5 20 {−1}2 {−1}2 48 {−1}2 12
7 3 ∅ ∅ ∅ ∅ ∅ ∅

7 4 ∅ ∅ ∅ ∅ ∅ ∅

7 5 ∅ ∅ ∅ ∅ ∅ ∅

8 2 68 ∅ ∅ ∅ ∅ ∅

8 3 52 ∅ ∅ ∅ ∅ ∅

8 4 40 ∅ ∅ ∅ ∅ ∅

8 5 52 ∅ ∅ ∅ ∅ ∅

8 6 68 ∅ ∅ ∅ ∅ ∅

8 7 32 {−1}2 {−1}2 8 4 48
9 2 ∅ ∅ ∅ ∅ ∅ ∅

9 3 16 4 ∅ ∅ ∅ ∅

9 4 ∅ ∅ ∅ ∅ ∅ ∅

9 5 ∅ ∅ ∅ ∅ ∅ ∅

9 6 16 4 ∅ ∅ ∅ ∅

9 7 ∅ ∅ ∅ ∅ ∅ ∅

9 8 44 16 {−1}2 18 4 4
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TABLE 2
Values ofq-power free constants 2≤ k≤ 30 for which the equation

Gn = kxq has no solutions withA= 1, B= 1, andq= 3, 5

G0 G1 q= 3
q= 5

1 3 5, 6, 9, 10, 12–15, 17, 19, 20–23, 26, 30
5, 6, 8–10, 12–15, 16, 17, 19–23, 25–28, 30

1 4 6, 10, 13, 15, 17, 18, 20, 22, 25, 26, 28, 29
6, 8, 10, 11, 13, 15–18, 20–22, 25–30

1 5 9, 12–15, 18–20, 22, 23, 26, 29, 30
2, 8, 9, 12–16, 18–23, 25, 26, 29, 30

1 6 2, 3, 10–12, 15, 17, 18, 23, 25, 26, 30
2, 3, 8, 10, 12, 14–19, 21, 23, 25–30

1 7 3, 4, 9, 10, 12–14, 17, 18, 21, 22, 25, 26, 28–30
2–4, 9, 10, 12–14, 17–22, 25, 26, 28–30

1 8 2, 3, 5, 10–12, 15, 18, 21, 25, 28–30
2–5, 10–12, 14–16, 18, 20–23, 25, 27, 28–30

1 9 4, 5, 11, 13, 14, 17, 18, 20, 21, 23, 25, 26
2, 4–6, 11–14, 16–18, 20, 21, 23, 25–28, 30

2 5 6, 10, 13, 15, 17, 18, 20, 22, 25, 26, 28, 29
6, 8, 10, 11, 13, 15–18, 20–22, 25–30

2 6 3, 5, 9, 10–13, 15, 17, 18, 20, 21, 23, 25, 26, 28–30
3, 5, 7, 9–13, 15–21, 23, 25–27, 28–30

2 7 4, 6, 10, 12, 13–15, 18, 20, 22, 23, 26, 28, 29
6, 10, 12–15, 17, 18, 20–23, 26–29

2 8 5, 7, 9, 11, 12, 17, 19, 20, 23, 25, 26, 29, 30
3, 5, 7, 9, 11–13, 15–17, 19–23, 25–27, 29, 30

2 9 4, 6, 10, 14, 15, 18, 21–23, 25, 26, 28, 30
3, 4, 6, 8, 10, 13–16, 18, 19, 21–23, 25–28, 30

3 7 9, 12–15, 18–20, 22, 23, 26, 29, 30
2, 8, 9, 12–16, 18, 19–23, 25, 26, 29, 30

3 8 4, 6, 10, 12–15, 18, 20, 22, 23, 26, 28, 29
6, 10, 12–15, 17, 18, 20–23, 26–29

3 9 4, 5, 7, 10, 11, 13–15, 17–20, 23, 25, 26, 29, 30
2, 4, 5, 7, 8, 10, 11, 13–20, 22, 23, 25–30

4 9 2, 3, 10–12, 15, 17, 18, 23, 25, 26, 30
2, 3, 8, 10, 12, 14–19, 21, 23, 25–30

continued on the next page
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Table 2: Impossible values ofk in sequences withA= 1, B= 1
(continued from the previous page)
G0 G1 q= 3

q= 5

6 4 5, 7, 9, 11, 12, 17, 19, 20, 23, 25, 26, 29, 30
3, 5, 7, 9, 11–13, 15–17, 19–23, 25–27, 29, 30

6 5 3, 4, 9, 10, 12–14, 17, 18, 21, 22, 25, 26, 28–30
2, 4, 3, 9, 10, 12–14, 17–22, 25, 26, 28–30

7 3 2, 6, 9, 12, 14, 17, 18, 20–22, 25, 28–30
2, 5, 6, 8, 9, 12, 14, 16–19, 20–22, 25, 27–30

7 4 2, 6, 9, 12, 14, 17, 18, 20–22, 25, 28–30
2, 5, 6, 8, 9, 12, 14, 16–22, 25, 27–30

7 5 4, 6, 10, 14, 15, 18, 21–23, 25, 26, 28, 30
3, 4, 6, 8, 10, 13–16, 18, 19, 21–23, 25–28, 30

8 2 3, 5, 13, 15, 17–19, 21, 23, 25, 26, 28–30
3–5, 7, 9, 11, 13, 15–19, 21, 23, 25–30

8 3 2, 4, 6, 7, 9, 12, 15, 17, 19–23, 26, 28, 30
4, 6, 7, 9, 10, 12, 15–17, 19, 20–22, 23, 26–30

8 4 3, 5–7, 10, 11, 13, 15, 17–23, 25, 26, 29, 30
2, 3, 5–7, 9–11, 13–15, 17–23, 25–27, 29, 30

8 5 2, 4, 6, 7, 9, 12, 15, 17, 19–23, 26, 28, 30
4, 6, 7, 9, 10, 12, 15–17, 19–23, 26–30

8 6 3, 5, 13, 15, 17–19, 21, 23, 25, 26, 28–30
3–5, 7, 9, 11, 13, 15–19, 21, 23, 25–30

8 7 4, 5, 11, 13, 14, 17, 18, 20, 21, 23, 25, 26
2, 4–6, 11–14, 16–18, 20, 21, 23, 25–28, 30

9 1 2, 5–7, 12, 13, 15, 18–20, 23, 26, 28–30
2–7, 12–16, 18–20, 22, 23, 26–30

9 2 4–6, 10, 12, 14, 15, 17, 20, 25, 26, 28–30
3–6, 8, 10, 12, 14, 15, 17–22, 25–30

9 3 2, 4, 5, 7, 10, 11, 13, 14, 17–20, 22, 23, 25, 26, 28–30
2, 4, 5, 7, 8, 10, 11, 13, 14, 16–20, 22, 23, 25, 26, 28–30

9 4 3, 6, 7, 10–12, 15, 18, 20, 22, 25, 26, 29
2, 3, 6, 7, 8, 10–12, 15, 16, 18, 20–23, 25–29

9 5 3, 6, 7, 10–12, 15, 18, 20, 22, 25, 26, 29
2, 3, 6–8, 10–12, 15, 16, 18, 20–23, 25–29

9 6 2, 4, 5, 7, 10, 11, 13, 14, 17–20, 22, 23, 25, 26, 28–30
2, 4, 5, 7, 8, 10, 11, 13, 14, 16–20, 22, 23, 25, 26, 28–30

9 7 4–6, 10, 12, 14, 15, 17, 20, 25, 26, 28–30
3–6, 8, 10, 12, 14, 15, 17–22, 25–30

9 8 2, 5–7, 12, 13, 15, 18–20, 23, 26, 28–30
2–7, 12–16, 18–22, 23, 26–30
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