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EXAMPLES OF CALABI–YAU THREEFOLDS

PARAMETRISED BY SHIMURA VARIETIES

Abstract. These are notes from talks of the authors on some explicit examples of families of
Calabi–Yau threefolds which are parametrised by a Shimura variety. We briefly review the
periods of Calabi–Yau threefolds and we discuss a recent result on Picard–Fuchs equations
for threefolds which are hypersurfaces with many automorphisms. Next various examples of
families parametrised by Shimura varieties are given. Mostof these are due to J.C. Rohde.
The examples with an automorphism of order three are given insome detail. We recall that
such families do not have maximally unipotent monodromy andthat the Shimura varieties in
these cases are ball quotients.

Introduction

Calabi–Yau threefolds have been intensively studied in thecontext of Mirror Symme-
try, which originated in theoretical physics. The most basic version of this principle
states that given a CY threefoldX, there should exist a CY threefoldY, the Mirror
of X, with h1,1(X) = h2,1(Y) andh2,1(X) = h1,1(Y). A further requirement is that the
variation of Hodge structures on the third cohomology groupin the deformations of
X is related, in specific way, to the Kähler cone in the second cohomology group of
the deformations ofY. There are now quite a few cases where such Mirror pairs have
been found and where profound aspects of Mirror Symmetry, like the relation with
Gromov–Witten invariants, have been verified.

As CY threefolds are assumed to be projective (or at least Kähler), in case
h2,1(X) = 0 there cannot exist a Mirror ofX. Quite a few of such (rigid) threefolds
X are known and a modification of Mirror Symmetry, in one specific case, was pro-
posed in [6]. The expected relation between deformations ofX and the Kähler cone
of Y requires that there exist boundary points in the (complex structure) moduli space
of X where the variation of Hodge structures on theH3 has maximally unipotent mon-
odromy. It was recently pointed out by J.C. Rohde [25] that there do exist families of
CY threefolds which do not admit such boundary points. The moduli spaces of the
families in question are Shimura varieties. No modificationof Mirror Symmetry in
these cases is known to us.

Having a base which is a Shimura variety is otherwise a quite desirable property
because then one has a very good control over the variation ofthe Hodge structures.
Moreover, the so-called CM points (cf. [4, 24]) will be densein the moduli space.
Physicists expect the field theory on the corresponding Calabi–Yau threefolds to be
simpler [19].

In these notes, we give various examples of CY threefolds whose moduli space
is a Shimura variety. A very simple example, where the Shimura variety is the moduli
space of elliptic curves, is given in Section 2.3. The CY threefolds are of Borcea–
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Voisin type and it is easy to see that the family does not have maximally unipotent
monodromy.

In Section 3 we discuss various examples, due to J.C. Rohde, of CY threefolds
with an automorphism of order three. Their moduli spaces areShimura varieties which
are ball quotients and they do not have maximally unipotent monodromy. We show,
in all cases but one, that Rohde’s CY threefolds are desingularizations of a quotient
of a product of two fixed elliptic curves with another curve ofhigher genus. These
curves of higher genus also have an automorphism of order three. The moduli space of
CY threefolds is, locally at least, the moduli space of such pairs(C,β) whereC is the
higher genus curve andβ is its automorphism of order three. This allows one to write
down the Picard–Fuchs equation for the variation of Hodge structures explicitly in one
case, see Section 3.3. New examples similar to these, but using an automorphism of
order four, can be found in [13].

1. Periods of Calabi–Yau threefolds

Good references for CY threefolds and Mirror Symmetry are the overview of M. Gross
in [18] and the book [9].

1.1. Calabi–Yau threefolds

In these notes, a Calabi–Yau threefoldX is a smooth, three-dimensional (complex)
projective variety with trivial canonical bundle

Ω3
X
∼= OX, and H1(X,OX) = 0.

Using Serre duality one then finds that

H2(OX)∼= H1(Ω3
X)

∗ = H1(OX) = 0 and H3(OX)∼= H0(Ω3
X)

∗ ∼= C.

Examples of CY threefolds are quintic hypersurfaces inP4 and complete inter-
sections of two hypersurfaces of degree three inP5. Many more families of CY three-
folds can be found as hypersurfaces in four-dimensional toric varieties [20]. There
are obvious restrictions on the topology ofX, in fact Hodge theory easily implies that
H1(X,C) = 0 and dimH3(X,C) ≥ 2. As X is projective, one has dimH2(X,C) ≥ 1.
Poincaré duality implies thatbi = b6−i, but no further restrictions on the Betti numbers
bi := dimH i(X,C) of X are known.

In analogy with the case of curves, abelian varieties and K3 surfaces, one studies
the Hodge structures on the cohomology groups in order to understand these varieties
better. For CY threefolds, onlyH3 is of interest, asH2(X,C) = H1,1(X).
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1.2. The polarized Hodge structure onH3

The Hodge structure onH3(X,Z)/torsion is the decomposition of its complexification:

H3(X,C) = H3,0(X)︸ ︷︷ ︸
F3

⊕H2,1(X)

︸ ︷︷ ︸
F2

⊕H1,2(X) ⊕H0,3(X), H p,q(X) = Hq,p(X).

From theF2 of the Hodge filtration, one recoversH3(X,C) = F2 ⊕ F2. The intersec-
tion form onH3(X,Z), which factors overH3(X,Z)/torsion, defines a polarizationQX

on this Hodge structure:

QX : (H3(X,Z)/torsion) × (H3(X,Z)/torsion) −→ Z,

QX(θ1,θ2) :=
∫

X
θ1∧θ2,

where we identifiedH3(X,Z)/torsion with the image ofH3(X,Z) in H3(X,R) ∼=
H3

DR(X), the de Rham cohomology group. The polarizationQX is a symplectic form
(so it is non-degenerate, unimodular and alternating). It extends to a Hermitian form
HX(θ1,θ2) := iQX(θ1,θ2) (i :=

√
−1∈ C) on H3(X,C) for which the Hodge decom-

position is orthogonal:

HX(v,w) = 0 if v∈ H p,q(X), w∈ Hr,s(X) and (p,q) 6= (r,s)

and which is positive/negative definite on theH p,q(X):

HX := iQX is

{
> 0 on H3,0(X), (< 0 on H0,3(X)),

< 0 on H2,1(X), (> 0 on H1,2(X)).

1.3. The Period domain

Let N = b3 be the rank ofH3(X,Z) and letQ be a (fixed) symplectic form onVZ :=
ZN. Then we consider the period spaceD =DN of all polarized weight three Hodge
structures on(VZ,Q) of CY type. An element ofD is a decomposition

VC := VZ⊗ZC = V3,0⊕V2,1⊕V1,2⊕V0,3, V p,q = Vq,p,

such that the Hermitian formH(v,w) := iQ(v,w), with v,w ∈ VC and whereQ is ex-
tendedC-linearly, is positive definite onV3,0,V1,2 and negative definite onV2,1,V0,3.
Moreover we require dimV3,0 = 1 and we denoteq := dimV2,1 (soN = 2+2q).

The (q+ 1)-dimensional subspacesW of VC on whichH is positive are para-
metrised by a(q+2)(q+1)/2-dimensional variety (it is isomorphic to the Siegel half
space of(q+1)×(q+1) complex symmetric matrices with positive definite imaginary
part). The one dimensional subspacesW1 of such a subspaceW are the points ofPW
and thus are parametrised by aq-dimensional variety. GivenW1 ⊂ W, let W⊥

1 be the
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orthogonal complement ofW1 in W. Then we obtain a polarized Hodge structure on
VZ by defining:

V3,0 := W1, V2,1 := W⊥
1 , V1,2 := W⊥

1 , V0,3 := W1.

Conversely, any polarized Hodge structure on(VZ,Q) defines a complex lineW1 in a
positive(q+1)-dimensional subspaceW, hence we get

dimD = q+ (q+2)(q+1)/2 = (q2+5q+2)/2,

whereq := dimV2,1.

1.4. The Period map

A marking of the CY threefoldX is a symplectic isomorphism

(H3(X,Z)/torsion)→VZ.

TheC-linear extension of this isomorphism maps the Hodge decomposition ofH3(X,C)
to a decomposition ofVC. In this way we obtain a polarized Hodge structure onVZ. In
particular, we get a pointP(X) ∈D, the period point ofX.

1.5. Deformations ofX

An important result, due to Bogomolov, Tian and Todorov, on CY varieties is that
the deformations are unobstructed. The first order deformations of a complex variety
are parametrised by the cohomology groupH1(X,TX), whereTX is the holomorphic
tangent bundle ofX. AsX is a CY threefold, the cup product pairingΩ1

X×Ω2
X → Ω3

X
∼=

OX gives a dualityTX
∼= (Ω1

X)
∗ ∼= Ω2

X and thusH1(X,TX) ∼= H1(X,Ω2
X)

∼= H2,1(X).
The unobstructedness asserts that there is a neighbourhoodB of 0 ∈ H1(X,TX) and
there is a family of CY threefoldsπ : X → B with fiber π−1(0) = X, such that the
period mapP : B→D has an injective differential:

(dP)0 : T0B = H1(X,TX) ∼= H2,1(X) −→ TP(X)D is injective.

Here we used Ehresmann’s theorem which asserts that, ifB is chosen small enough,
there is a diffeomorphismφ :X→B×X such thatπBφ= π. Asφ induces isomorphisms
H3(Xb,Z) ∼= H3(X,Z) for any Xb := π−1(b), we can extend the marking onX to a
marking(H3(Xb,Z)/torsion)→VZ and thus we get the period mapP : B→D.

Any family of CY threefolds which containsX is locally nearX obtained as
the pull-back from the familyX→ B. Therefore the image of the period map of any
family has dimension at mostq = dimH2,1(X) and the image ofB has codimension
(q+2)(q+1)/2 in D. Recent studies of the geometry ofD and these subvarieties are
[7] and [21].



Examples of Calabi–Yau threefolds parametrised by Shimuravarieties 275

1.6. The Picard–Fuchs equation

In this section we will assume for simplicity thatq= dimH2,1(X) = 1. With the no-
tation of section 1.5, the diffeomorphismφ : X → B×X induces an isomorphism of

sheavesR3π∗Z
∼=→H3(X,Z)B onB, where the last sheaf is just the locally constant sheaf

defined by the abelian groupH3(X,Z). Using the markingH3(X,Z)/torsion∼=VZ and
the Hodge decomposition ofH3(Xt ,C) for each deformationXt of X, we obtain a (triv-
ial) vector bundleVC×B overB with holomorphic subbundles

F
3 ⊂ F

2 ⊂ F
1 ⊂ F

0 ∼=VB :=VC×B, F
3
t = H3,0(Xt),

where we identifyVC×{t} with H3(Xt ,C).

The period mapP describes the variation of these subbundles inside the trivial
bundleVC×B. Another way to describe this variation is to take a non-vanishing section
ω of the rank one bundleF3, soω(t) is a basis ofH3,0(Xt) for all t ∈B. The trivial bun-
dleVB comes with the Gauss–Manin connection∇ which maps the horizontal sections
sv := t 7→ (v, t) to zero, wherev∈VC:

∇ = ∇∂/∂t : VC×B −→ VC×B.

Applying the connectioni times to the sectionω, we get a section∇iω. As dimVC =
2+2q= 4, there must be a linear relation, with coefficientspi(t) which will be holo-
morphic int:

Dω = 0, D :=
4

∑
i=0

pi(t)∇i .

This linear relation is known as the Picard–Fuchs equation.

Instead of considering this rank four bundle with its section ω, one can also
choose a basisγ1, . . . ,γ4 of H3(X,Z)/torsion and define four holomorphic functions
ϕi(t) :=

∫
γi

ω(t) onB, whereγi is identified with a cycle inH3(Xt ,Z)/torsion using the
diffeomorphismφ. These four functions are a basis of the solutions of the degree four
differential operator∑4

i=0 pi(t)(d/dt)i which is also called the Picard–Fuchs equation
for the familyX→ B.

1.7. An example

The Dwork pencil of quintic threefolds inP4 is defined by the equation

Xt : X5
1 + . . .+X5

5 − 5tX1X2 · · ·X5 = 0.

For generalt ∈C, the varietyXt is a CY threefold withh1,1(Xt) = 1 andq= h2,1(Xt) =
101. However, there is a finite subgroupG ∼= (Z/5Z)3 acting onP4 which induces
automorphisms on eachXt and the third cohomology group splits under this action:

H3(Xt ,Q) = Tt ⊕ St ,

with
Tt := H3(Xt ,Q)G ∼= Q4, H3,0(Xt)⊂ Tt ⊗QC.
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Thus theG-invariant part of the cohomology gives a four-dimensionalvariation of
polarized Hodge structures and thus it gives a degree four Picard–Fuchs equation.

In the context of Mirror Symmetry, it was observed that the (singular) quotient
varietyXt/G has a resolution of singularitiesMt which is a CY threefold, moreover its
Hodge numbers are:

h1,1(Mt ) = 101, h2,1(Mt) = 1, Mt := X̃t/G.

Note thathp,q(Mt) = h3−p,q(Xt), which is one of the requirements for the (101-dimen-
sional) family of quintic CY threefolds and the one parameter family of Mt ’s to be
Mirror CY families.

The quotient map induces an isomorphismTt
∼= H3(Mt ,Q). In particular, the

degree four Picard–Fuchs equation obtained from the variation of theTt is the Picard–
Fuchs equation of the one parameter family of CY threefoldsMt . A spectacular result
from Mirror Symmetry is that a certain solution of this Picard–Fuchs equation defines a
power series in one variable whose coefficientsad allow one to compute the Gromov–
Witten invariants of a quintic threefold, that is, roughly,the number of rational curves
of degreed on a quintic threefold.

In the paper [16], Greene, Plesser and Roan verify that thereis an action of the
groupH ∼= Z/41Z onP4 such that each member of the pencil of quintic threefolds

Yt : X1X4
2 +X2X4

3 + . . .+X5X
4
1 − 5tX1X2 · · ·X5 = 0

is invariant underH. This leads, as above, to a splitting

H3(Yt ,Q) = T ′
t ⊕ S′t ,

where
T ′

t := H3(Yt ,Q)H ∼= Q4, H3,0(Yt)⊂ T ′
t ⊗QC.

Moreover, the degree four Picard–Fuchs equation defined by the variation of the Hodge
structuresT ′

t is the same as the Picard–Fuchs equation obtained from the variation of
the Tt

∼= H3(Mt ,Q). In [11] more such examples are given. A possible explanation
would be that the CY threefoldMt is birationally isomorphic to a desingularization of
Yt/H.

This is indeed the case. Using results of Shioda, in the recent paper [3] it is
shown that there is a commutative diagram, where the arrows are rational maps which
are quotients by certain finite groups on suitable Zariski open subsets:

X̃dI,t

ւ ց
Xt Yt ,

ց ւ
Mt

where
X̃dI,t : Xd

1 + . . .+Xd
5 − 5t(X1X2 · · ·X5)

d/5 = 0,
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andd = 52 ·41= 1025. Using the full diagram, one can show that the mapYt → Mt

has degree 41 and factors overYt/H. Thus there is a birational isomorphism between
Yt/H andMt .

More generally, one can replaceYt by a family with an equation

5

∑
j=1

5

∏
i=1

X
ai j
i − 5tX1 · · ·X5

for suitable 5×5 matrices with integer coefficientsai j . This again can be generalized
to any number of variables. A further generalization to weighted projective spaces is
given in [2].

2. CY threefolds parametrised by Shimura varieties

The period spaceD=DN parametrises the polarized weight three Hodge structures of
CY type on(VZ

∼=ZN,Q). Given a CY threefoldX and a marking, the unobstructedness
of the deformations ofX implies that the period points of all deformations ofX are the
points of aq= (N−2)/2-dimensional subvarietyB of D.

On the other hand, there are many Hermitian symmetric domains which parame-
trise Hodge structures of CY type. Such a domain is of the formG(R)/K, whereG(R)
is a real reductive Lie group which is the group of real pointsof an algebraic group
defined overQ, andK is maximal compact subgroup ofG(R). Given(VZ,Q), there is
a fixed representation ofG(R) onVR such that the image ofG(R) is contained in the
symplectic groupSp(Q,R). One considers the homomorphisms of real Lie groups

h : S1 = {z∈ C : |z|= 1} −→ G(R)

such that the eigenvalues ofh(z) are zpz̄q with non-negative integersp,q such that
p+q = 3. Each such homomorphism gives a Hodge structure of weight three onVZ

by definingV p,q to be the eigenspace with eigenvaluezpz̄q. The groupG(R) acts on
the set of such Hodge structures by conjugationh 7→ ghg−1 with g ∈ G(R). See for
example [24], Chapter 1.

Changing the marking corresponds to an action of an element of Γ := Sp(VZ,Q)
onD. The moduli space of the Hodge structures of deformation ofX is thus the quo-
tient ofB by the subgroupΓB of Γ which mapsB into itself. Not much is known about
the subgroupsΓB, see however [12, 23] for a study in the caseN = 4. In caseB is a
Hermitian symmetric domain andΓB is an arithmetic subgroup ofG(Q) one obtains a
Shimura varietyΓB\B= ΓB\G(R)/K which parametrises the deformations ofX.

Below we will review various examples from [24]. In general it is not easy to
decide if the deformations of a CY threefold are parametrised by a Shimura variety. See
[15] for a family of CY threefolds which are not parametrisedby a Shimura variety.
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2.1. Example

The reference is [4, §3]. LetEi , i = 1,2,3 be elliptic curves and letιi : Ei → Ei be the
inversionz 7→ −z for the group law onEi . Let

G4 := 〈 ι1× ι2×1E3, ι1×1E2 × ι3〉 ⊂ Aut(E1×E2×E3).

Then the (singular) variety(E1×E2×E3)/G4 has a resolution of singularities which
is a CY threefoldX with h2,1 = 3 (andh1,1 = 51). Thus the deformation space ofX
is three dimensional. Obviously, it contains the CY varieties obtained by deforming
the three elliptic curves. Thus the period points of deformations ofX are inB = H3

1,
whereH1 is the upper half plane which parametrises elliptic curves.Thus these CY’s
are parametrised by a Shimura variety.

2.2. Examples of Borcea–Voisin type

Let Sbe a K3 surface admitting an involutionαS such thatH2,0(S) is in the eigenspace
of the eigenvalue−1 for the action ofα∗

S on H2(S,C). We will assume moreover that
the fixed locus of the involutionαS is made up ofk rational curves. The dimension
of the family of K3 surfaces admitting an involution acting non trivially on H2,0 and
fixing k rational curves is 10−k and such a family is parametrised by a Shimura variety
associated toSO(2,10− k).

Let E be an elliptic curve and letι be the involutionz 7→ −zonE. The quotient
threefold(S×E)/(αS× ι) admits a desingularization which is a CY threefoldX (this
construction is called Borcea–Voisin construction). In [29, 5] the Hodge numbers ofX
are computed:

h1,1(X) = 15+5k, h2,1(X) = 11− k.

Hence the dimension of the family of the Calabi–Yau threefolds determined byX is
the sum of the dimension of the family of the K3 surfaces with involution and the di-
mension of the family of elliptic curves. Thus these CY threefolds are parametrised by
the product of the Shimura varieties parametrising these two families, see [24, Section
11.3].

Example 2.1 is a particular case of this construction, indeed the desingulariza-
tion of the quotient(E1 ×E2)/(ι1 × ι2) is a K3 surfaceS (in fact, it is a Kummer
surface). The automorphismαS induced onS by 1E × ι acts non trivially onH2,0(S)
and fixes 8 rational curves. Hence(S×E3)/(αS× ι) is birational to(E1×E2×E3)/G4.
For the Shimura varieties, one should remember that the realLie groupsSO(2,2)0 and
SL(2,R)×SL(2,R) are isogeneous and thus the Shimura variety associated toSO(2,2)
is indeed a quotient ofH1×H1.

2.3. The easiest case

Another particular case of the Borcea–Voisin constructionis obtained by choosingS
to be the unique K3 surface with an automorphismαS which fixesk = 10 rational
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curves. This K3 surfaceS is well known. It is described, for example, in [26] as the
desingularization of the quotient

(E√
−1×E√

−1)/(γE × γ3
E), with E√

−1 := C/(Z+
√
−1Z)

andγE is the automorphism ofE√
−1 defined byz 7→

√
−1z.

The third cohomology group ofX is:

H3(X,Q) ∼=
(
TS⊗H1(E,Q)

)αS×ι ∼= TS⊗H1(E,Q),

where
TS := H2(S,Q)αS=−1 ∼= Q2.

As S, and thus the Hodge structure onTS, is fixed, the variation of Hodge structures in
H3(X,Z) comes from the variation of Hodge structures onH1(E,Z). This rankN = 4
variation is the direct sum of two (identical) rank two deformations, and is parametrised
byH1. In particular, this variation of Hodge structures does nothave maximally unipo-
tent monodromy, instead the monodromy operators have 2× 2 diagonal blocks in a
suitable basis, cf. [25, Example 1]. We will see more examples of variations without
maximally unipotent monodromy in Section 3.2.

Any CY threefold from this family is also birationally isomorphic to a double
cover ofP3 branched along the union of eight planes As such it appears asentry no. 13
in the table in Section 4.2.5 of the book [22]. To obtain this double cover, one uses that
S is a double cover ofP2 branched over six lines. Putting one line “at infinity” inP2, a
birational model ofS is (cf. [28, 5.1, 5.2]):

S: s2 = xy(x−1)(y−1)(x− y).

An elliptic curveE can be defined byt2 = u(u−1)(u−λ) for a suitableλ ∈C. Hence
X, a desingularization ofS×E by the involution which fixesx,y,u and mapss, t 7→
−s,−t, has a birational model defined by

X : w2 = xyu(x−1)(y−1)(u−1)(x−y)(u−λ).

A suitable coordinate transformation onP3 will map the branch locus to the one in
Meyer’s book [22].

2.4. CY-type Hodge structures parametrised by Shimura varieties

There are many Shimura varieties which do parametrise variations of Hodge structures
of CY type, but where it is not known if these Hodge structurescome from CY three-
folds.

For example, letA be an abelian threefold and letL ∈ H2(A,Z) be an ample
divisor class. Note thatA is not a CY sinceh1,0 = h2,0 = 3. One hasH3(A,Z) =
∧3H1(A,Z) and the primitive cohomology

H3(A,Z)prim
∼= H3(A,Z)/

(
L∧H1(A,Z)

)
(∼= Z14)
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is a polarized Hodge structure of CY type withq = h2,1
prim = 9− 3 = 6. The moduli

spaceA3,L of polarized abelian threefolds with the same polarizationtype as(A,L)
(these are all deformations ofA) is the quotientΓL\H3 of the Siegel half space by a
discrete subgroupΓL ⊂ Sp(6,Q). The image ofH3 in D14 parametrises the polarized
Hodge structures of CY typeH3(At ,Z)prim for deformations(At ,Lt) of (A,L), so these
Hodge structures are parametrised by a Shimura variety. To the best of our knowledge,
it is not known if there exists a family of CY threefoldsXt such thatH3(At ,Z)prim

∼=
H3(Xt ,Z)/torsion fort in an open, dense, subset ofH3.

A family of polarized CY-type Hodge structures, withh2,1 = 27, parametrised
by the Hermitian symmetric domain associated to the Lie group of typeE7 is defined
in [17]. It is not yet known if there is a family of CY threefolds with these Hodge
structures.

3. Examples with automorphisms of order three

3.1. Rohde’s construction

In the paper [25], J.C. Rohde constructs families of CY threefolds withq= h2,1 = 6−k,
for 0 ≤ k ≤ 6, which are parametrised by aq-dimensional Shimura variety, in this
case a ball quotient. They are obtained as the desingularization of the quotient of a
productE×S by an automorphism of order three, whereE is a certain elliptic curve
and S is a K3 surface which admits an automorphism of order three which fixes k
rational curves andk+ 3 isolated points. These K3 surfaces were classified in [1].
A similar construction with an automorphism of order four isdiscussed in [13], and
various examples are given.

Let ξ ∈ C be a primitive cube root of unity and consider the elliptic curve

E := C/Z+Zξ, End(E) = Z[ξ].

We letαE be the automorphism ofE defined byz 7→ ξz. A Weierstrass equation ofE is
y2 = x3−1 andαE : (x,y) 7→ (ξx,y). The automorphismαE gives the decomposition
into eigenspaces, with eigenvaluesξ andξ respectively:

H1(E,C) = H1,0(E)ξ ⊕ H0,1(E)ξ.

For any integerk with 0≤ k≤6, there exist K3 surfacesSwith an automorphism
of order threeαS such that the second cohomology group splits as:

H2(S,Q) = TS ⊕ NS,

where
NS := H2(S,Q)αS ∼=Q8+2k, H2,0(S)⊂ TS⊗C.

As dimH2(S,Q) = 22, it follows that dimTS= 14−2k and the Hodge numbers of the
weight two polarized Hodge structureTS areh2,0(TS) = 1,h1,1(TS) = 12−2k= 2q. The
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action ofα∗
S onTS defines a structure ofQ(ξ)-vector space onTS. The eigenspaces for

this action are
TS⊗C = T2,0

S,ξ
⊕ T1,1

S,ξ︸ ︷︷ ︸
TS,ξ

⊕ T1,1
S,ξ ⊕ T0,2

S,ξ︸ ︷︷ ︸
TS,ξ

,

and
dimT1,1

S,ξ
= dimT1,1

S,ξ = 6− k= q.

The moduli space of such K3 surfaces isq-dimensional, and it is a quotient of theq-ball
in Cq, see Section 3.5, and it is a Shimura variety.

The weight three polarized rational Hodge substructure ofα := αS×αE-in-
variants in the tensor productH2(S,Q)⊗H1(E,Q) is then of CY type. Rohde shows
that it is isomorphic to the third cohomology group of a CY threefoldXS which is a
desingularization of the (singular) quotient variety(S×E)/(αS×αE):

H3(XS,Q) ∼=
(
H2(S,Q)⊗H1(E,Q)

)α
=

(
TS⊗H1(E,Q)

)αS×αE .

Here it is important that the fixed point locus of the automorphismαS on Sconsists of
(smooth) rational curves and isolated points.

The CY threefoldXS still has an automorphismαXS of order three which is
induced by 1S×αE (or, equivalentlyα−1

S ×1E). As the eigenspaces ofαE onH1(E,Q)
areH1,0(E) andH0,1(E) we obtain the decomposition intoαXS-eigenspaces:

H3(XS,C) ∼=
(

TS,ξ ⊗H1,0(E)ξ

)
⊕

(
TS,ξ ⊗H0,1(E)ξ

)
= F2 ⊕ F2

where the last equality follows by inspection of the Hodge decomposition ofTS:

H3,0(XS) ∼= T2,0
S,ξ

⊗H1,0(E)ξ ⊂ TS,ξ ⊗H1,0(E)ξ,

and similarly

H2,1(XS) ∼= T1,1
S,ξ

⊗H1,0(E)ξ and thus dimH2,1(XS) = q.

As the moduli ofSalready provide aq-dimensional deformation space ofXS, one finds
that all the deformations ofXS are of this type. Therefore these CY threefolds are
parametrised by the same Shimura variety as the K3 surfacesS.

3.2. No maximal unipotent monodromy

A peculiar feature of these families of CY threefolds is thatthey do not have a large
complex structure limit. In other words, their Picard–Fuchs equations do not have
singular points with maximally unipotent monodromy. To seewhy, recall thatF2 =

H3(XS,C)ξ andF2 = H3(XS,C)ξ are the eigenspaces ofαXS. The non-vanishing sec-

tion ω of F3 ⊂ F2 = F2
ξ is always in theξ-eigenspace, which has dimension 1+ q.
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Therefore its derivatives under the Gauss–Manin connection remain in this eigenspace.
Instead of a degree 2(1+q)Picard–Fuchs equation one now finds an equation of degree
1+q. This implies that the “standard” recipe for Mirror Symmetry cannot be applied
to these families. In the caseq= 1, this equation was given explicitly in [14], see also
the next section. We already saw another example of this in Section 2.3.

3.3. The caseq= 1

We recall our explicit description from [14] of the K3 surfaces from Section 3.1 in the
case the associated CY threefolds haveq= h2,1 = 1.

One starts with a polynomialf = gh2 ∈ C[t] with g,h of degree two such that
f has four distinct zeroes, so up to the action of Aut(P1) we have only one parameter.
The K3 surfaceSf has an elliptic fibrationπ : Sf → P1 with a section. Its Weierstrass
model is:

St : Y2 = X3+ f (t)2, f = gh2, deg(g) = deg(h) = 2,

wheret is the coordinate onP1. This surface has an automorphism of order three

α f : Sf −→ Sf , (X,Y, t) 7−→ (ξX,Y, t)

which does act asξ onH2,0(Sf ) = Cdt ∧dX/Y. Explicit computations show that

H2(Sf ,Q) = Tf ⊕ Nf ,

where
Nf = H2(Sf ,Q)α f ∼= Q18, H2,0(Sf )⊂ Tf ⊗C,

and thatα f fixes only five rational curves and eight isolated points. Thecomplexifica-
tion of Tf splits into four one-dimensional spaces:

Tf ⊗C = T2,0
f ,ξ

⊕ T1,1
f ,ξ

⊕ T1,1
f ,ξ ⊕ T0,2

f ,ξ .

Rohde’s construction now produces a CY threefoldXf , the desingularization of the
quotient ofSf ×E by the automorphismα = α f ×αE and

H3(Xf ,Q) ∼= (Tf ×H1(E,Q))α

=
(
T2,0

f ,ξ
⊕ T1,1

f ,ξ

)
⊗H1,0(E)ξ ⊕

(
T1,1

f ,ξ ⊕ T0,2
f ,ξ

)
⊗H0,1(E)ξ.

The Hodge structuresTf can be understood better by observing that all the
smooth fibers of the elliptic fibrationπ : Sf → P1 are isomorphic (they are elliptic
curves withj-invariant 0, so are isomorphic toE). Thus the elliptic fibration is isotriv-
ial and becomes birationally isomorphic to a product after abase change. For this, we
define a curve

Cf : v3 = f (t)
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which is a 3:1 cyclic cover ofP1 with covering automorphism

β f : Cf → Cf , (t,v) 7−→ (t,ξv).

Substitutingf = v3 in the Weierstrass equation ofSf , one finds the birational isomor-
phism:

Cf ×E −→ Sf ≈ (Cf ×E)/(β f ×αE),

((t,v),(x,y)) 7−→ (X,Y, t) = (v2x,v3y, t).

The automorphismα f onSf is induced byαE. This leads to an isomorphism of Hodge
structures:

Tf
∼=

(
H1(Cf ,Q)⊗H1(E,Q)

)β f ×αE ,

which implies another isomorphism of Hodge structures:

H3(Xf ,Q) ∼=
(
H1(Cf ,Q)⊗H1(E,Q)⊗H1(E,Q)

)H
,

whereH ∼= (Z/3Z)2 is generated by the automorphismsβ f ×αE ×1E and 1Cf ×αE ×
α−1

E of Cf ×E×E. This shows that the variation of the Hodge structuresH3(Xf ,Q) is
entirely coming from the variation of the Hodge structures of the curvesCf . Note that

H3,0(Xf ) ∼= H1,0(Cf ,Q)ξ ⊗H1(E,Q)ξ ⊗H1(E,Q)ξ.

The Picard–Fuchs equations for the variation of Hodge structures of the curves
Cf is explicitly given in [14]. One can parametriseP1 in such a way thatg(t) = t(t −
1) andh(t) = (t − λ) (and the other zero ofh is at ∞), thusCf

∼= Cλ with defining
equationv3 = t(t −1)(t −λ)2. The holomorphic one forms on this curve are dt/v and
(t−λ)dt/v2, note that they have distinct eigenvaluesξ,ξ for the automorphismβ f . The
Picard–Fuchs equation forη := dt/v∈ H1(Cf ,Q)ξ turns out to be:

(
λ(1−λ)

∂2

∂λ2 +(1−2λ)
∂
∂λ

− 2
3

)
η = 0.

This is also the Picard–Fuchs equation for the holomorphic three form on the corre-
sponding family of CY threefolds.

Rohde computes the Hodge numbers of these CY threefoldsXf and finds:

dimH1,1(Xf ) = 73, dimH2,1(Xf ) = 1.

Any CY threefoldY from the Mirror family, if it exists, should thus haveh1,1(Y) = 1
andh2,1(Y) = 73. At least three families of CY threefolds with these Hodgenumbers
are known: the complete intersections of type(3,3) in P5, (2,2,3) in P6 and(4,4) in
the weighted projective spaceP5(1,1,1,1,2,2). But in these cases the Mirror families
are known and they have maximally unipotent monodromy (cf. [8]), hence they cannot
be the Mirrors of the family of theXf .
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3.4. The caseq> 1

In caseq≤ 5, we again find that the K3 surfaceShas an isotrivial fibration with smooth
fibers isomorphic toE, but we could not find such a fibration in caseq= 6. The CY
threefoldXS is then again a desingularization of a quotient of the product of a curveC
with two copies of the fixed elliptic curveE. The variation of Hodge structures of the
XS is obtained from the deformations ofC.

Forq≤ 3, we consider the surface (cf. [14])

Sf : y2 = x3+ f (t)2, f = gh2, deg( f ) = 6,

such thatg andh have no common zeros and no multiple zeros. The curveCf : v3 =
f (t) has the automorphismβ f : (t,v)→ (t,ξv). As in 3.3, Rohde’s CY threefoldXf is
the desingularization of(Cf ×E×E)/H, whereH = 〈β f ×αE ×1E,1Cf ×αE ×α−1

E 〉
(see [14, Remark 1.3]). The Hodge numbers ofXf and the genusg(Cf ) of Cf are as
follows:

deg(g) deg(h) g(Cf ) q= h2,1(Xf ) h1,1(Xf )

6 0 4 3 51

4 1 3 2 62

2 2 2 1 73

0 3 1 0 84

The last line corresponds to a rigid CY threefoldXf whereCf ≃ E, andXf is
the desingularization of the quotientE×E×E by 〈α−1

E ×αE ×1E, 1E ×αE ×α−1
E 〉.

In this case, the K3 surfaceSf is described in [26].

In caseq= 4, we consider the curve

Cl : v6 = l(t) deg(l) = 12

such thatl(t) has 5 double zeros. It admits the automorphismβl : (t,v) 7→ (t,ξv). The
quotient(Cl ×E)/(βl ×αE) has a desingularizationSl which is a K3 surface having an
elliptic fibration with Weierstrass equationY2 = X3+ l(t), whereX := v2x, Y := v3y.
The surfaceSl admits an automorphismαl of order 3 induced byαE. The fixed locus of
α f consists of 2 rational curves and 5 points. Applying Rohde’sconstruction to the K3
surfaceSl one obtains a CY threefoldX such thath2,1(X) = q= 4 andh1,1(X) = 40.

In caseq = 5, one needs a K3 surfaceS with an automorphismαS of order 3
which fixes one rational curve and 4 points (cf. [25]). In [1] aprojective model of such
a surface is given: it is a (singular) complete intersectionin P4 with equations

{
F2(x0, . . . ,x3) = 0,
G3(x0, . . . ,x3) = x3

4,
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whereF2 andG3 are homogeneous polynomials of degree 2 and 3 respectively.More-
over, the curveV(F2)∩V(G3) has 4 singular points of typeA1. The surfaceS is clearly
a triple cover of the quadric definedF2 = 0 in P3 branched over the curve which is
the intersection of this quadric with the cubic surface defined byG3 = 0 in P3. The
inverse image inS of a line in a ruling of the quadric inP3 is an elliptic curve with a
covering automorphism of order three which fixes the ramification points. Hence such
an elliptic curve is isomorphic toE. ThusS admits an isotrivial fibration (in general
without section) with general fiber isomorphic toE. In this case Rohde’s CY threefold
hash1,1(X) = 29.

3.5. The complex ball

We briefly recall why the CY-type Hodge structuresH3(XS,Z) are parametrised by a
complexq-ball. More generally, with the notation from Section 1.3, consider polarized
weight three Hodge structures on(VZ

∼=Z2(1+q),Q) of CY type which, moreover, admit
an automorphism of order threeφ:

φ : VZ −→ VZ, Q(φx,φy) = Q(x,y), φC(V p,q) = V p,q, φ3 = 1VZ .

Then we have a decomposition ofVC into φ-eigenspaces, and we assume, as
in the examples above, that the eigenspace ofφ with eigenvalueξ is exactlyF2, so
F2 = F2

ξ . Then theV p,q are alsoφ-eigenspaces:

VC = Vξ ⊕ Vξ = V3,0
ξ ⊕ V2,1

ξ ⊕ V2,1
ξ

⊕ V0,3
ξ

.

In particular, the subspaceF2, being an eigenspace of the fixed automorphismφ of VZ,
is now fixed inVC. It remains to find the moduli ofV3,0 insideF2 =V3,0⊕V2,1. Recall
the Hermitian formH onVC which is positive definite onV3,0 and negative definite on
V2,1. These two subspaces are perpendicular forH. Thus the unitary group ofH|F2

is isomorphic to the groupU(1,q). It is well-known that this group acts transitively
on the orthogonal decompositionsF2 = W⊕W⊥ with H|W > 0 (and thusH|W⊥ < 0).
The stabiliser of a given decomposition is the subgroupU(1)×U(q), hence the moduli
space of these decompositions is the Hermitian symmetric domain

U(1,q)/(U(1)×U(q)) ∼= Bq = {w∈ Cq : ||w||< 1}.

It is easy to check that these decompositions correspond to the Hodge structures un-
der consideration, hence theq-ball is also the moduli space of these CY-type Hodge
structures.

More explicitly, the Hermitian formH has signature(1+,q−) on the com-
plex subspaceF2 ∼= C1+q. ThusF2 has a basis on which we haveH(z,z) = |z0|2 −
∑n

j=1 |zj |2. In a Hodge decomposition, we must haveV3,0 = Cw′ for a non-zerow′ =
(w0,w1, . . . ,wq) ∈ F2 such thatH(w′,w′) > 0, that is,|w0|2 > ∑n

j=1 |wj |2. In particu-
lar, w0 6= 0 and so we may assume thatw0 = 1. Thenw′ is determined by the point
w := (w1, . . . ,wq) ∈ Cq with ∑n

j=1 |wj |2 < 1, that is, a point of theq-ball. Conversely,
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givenw ∈ Bq, let w′ = (1,w) and defineV3,0 = Cw′, V2,1 = (V3,0)⊥, the orthogonal
complement, w.r.t.H, in F2 of V3,0 and defineV1,2,V0,3 usingV p,q =Vq,p. One easily
checks that this gives a polarized Hodge structure on(VZ,Q) which admits the auto-
morphismφ.

As we observed before in Sections 3.3, 3.4, the ball also parametrises families
of curves, like theCf , and K3 surfaces, like theSf . Equivalently, it also parametrises
certain Hodge structures of weight one and two. The relationbetween these Hodge
structures is given by the “half twist” construction, see [27, 10].
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