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THE SECOND GAUSSIAN MAP FOR CURVES:

A SURVEY∗

Abstract. We give an overview of results on the second Gaussian map for curves in relation
to the second fundamental form of the period map. We will alsoconcentrate on the case in
which the curve is contained in an abelian surface, or in a K3 surface. This is an expanded
version of the talk given at the “Workshop on Hodge Theory andAlgebraic Geometry” in
Povo (Trento) on 4–5 September 2009.

1. Introduction

Let Ag be the moduli space of principally polarized abelian varieties of dimensiong and
let j : Mg → Ag be the period map sending a curve to its Jacobian. It is an interesting
and classical problem to understand the geometry of the image ofMg in Ag.

OnAg there is a natural metric coming from the unique (up to scalar) Sp(2g,R)
invariant metric on the Siegel spaceHg ≃ Sp(2g,R)/U(g) of which Ag is the quotient
by Sp(2g,Z). In [12] we studied the metric onMg induced by this metric via the
period map, which we call the Siegel metric. In [14] an explicit expression for the
second fundamental form of the immersionj is given and it is proven that the second
fundamental form lifts the second Gaussian mapγ2

C : I2(KC) → H0(C,4KC), as stated
in an unpublished paper of Green and Griffiths (cf. [16]).

This paper is a survey of results that were obtained in collaboration with Elisa-
betta Colombo and Giuseppe Pareschi in [10, 12, 11, 13] on thesecond Gaussian map
γ2

C of a curveC and its relation to the second fundamental form of the periodmap.

More precisely, in Section 2 we recall the definition of the Gaussian (or Wahl)
maps, while in Section 3 we describe some results of [12] concerning the computation
of the holomorphic sectional curvature ofMg, endowed with the Siegel metric, along
the tangent directions given by the Schiffer variations, interms of the second Gaussian
mapγ2

C.

In Section 4 we first explain some results of [10], namely the computation of
the rank ofγ2

C on the hyperelliptic and trigonal loci. Then from these results and
from the fact (proven in [10]) that for a non-hyperelliptic and non-trigonal curve of
genusg ≥ 5, the image ofγ2

C is base point free, we derive some properties of the
holomorphic sectional curvature ofMg. In particular along a Schiffer variationξP the
holomorphic sectional curvatureH(ξP) of Mg is strictly smaller than the holomorphic
sectional curvature ofAg unlessP is either a Weierstrass point of a hyperelliptic curve
or a ramification point of theg1

3 on a trigonal curve. In these last cases,H(ξP) =−1.

∗The present work took place in the realm of the MIUR research project “Moduli, strutture geometriche
e loro applicazioni” (PRIN 2007)
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In Section 5 we restrict our attention to the hyperelliptic locus and we show
that the holomorphic sectional curvature of the hyperelliptic locus, computed along the
Schiffer variations at the Weierstrass points of the curve is identically equal to−1.

In Section 6 we describe some results of [11] on the second Gaussian map of a
curve in a K3 surface. More precisely we explain the strategyof the proof of the main
result of [11], which asserts that for a general hyperplane section of a general polarized
K3 surface of genusg > 280, γ2

C is surjective. From this and with the help of some
examples that we found in [10], we deduce that for the generalcurve of genusg> 152,
γ2

C is surjective.

Very recently, Calabri, Ciliberto and Miranda in [5] have shown thatγ2
C has

maximal rank for the general curve of any genusg, namely it is injective forg ≤ 17
and surjective forg ≥ 18. Their proof is achieved by degeneration to a stable binary
curve, i.e. a the union of two rational curves meeting atg+1 points.

Finally in Section 7 we report on results on the first and the second Gaussian
map for a curve on an abelian surface obtained in [13].

The main result of [13] roughly says that if a curveC is contained in an abelian
surface, the corank ofγ2

C is at least 2, hence it is never surjective.

Recall that by an important theorem of Wahl ([27]), we know that if a curve is
a hyperplane section of a K3 surface, the first Gaussian (or Wahl) map is not surjective
(cf. also [3]).

In [13] we also proved that for a “sufficiently ample” curveC contained in an
abelian surface the first Wahl map is surjective (see Theorem7.1 for a precise state-
ment).

Finally recall Ciliberto-Harris-Miranda’s theorem ([6],see also Voisin’s proof
in [24]), stating that the first Wahl map of the generic curve of genusg is surjective as
soon as this is numerically possible, i.e. forg≥ 10, with the exception ofg= 11. For
g< 10 andg= 11 it is known that the generic curve lies on a K3 surface ([20]).

Acknowledgments.This survey is an expanded version of the talk given at the Work-
shop on Hodge Theory and Algebraic Geometry, Povo (Trento) 4–5 September 2009.
It is a pleasure to thank the organizers of that conference.

2. Definition of Gaussian maps

Let Y be a smooth complex projective variety and let∆Y ⊂Y×Y be the diagonal. Let
L andM be line bundles onY. For a non-negative integerk, thek-th Gaussian map
associated to these data is the restriction to diagonal map

(1) γk
L,M : H0(Y×Y, Ik

∆Y
⊗L⊠M)→ H0(Y, Ik

∆Y |∆Y
⊗L⊗M)∼= H0(Y,SkΩ1

Y ⊗L⊗M).

Usually first Gaussian maps are simply referred to asGaussian maps. The exact se-
quence

(2) 0→ Ik+1
∆Y

→ Ik
∆Y

→ SkΩ1
Y → 0
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(whereSkΩ1
Y is identified to its image via the diagonal map), twisted byL⊠M, shows

that the domain of thek-th Gaussian map is the kernel of the previous one:

γk
L,M : kerγk−1

L,M → H0(SkΩ1
Y ⊗L⊗M).

In what follows, we will deal with Gaussian maps of order one and two, assuming also
that the two line bundlesL andM coincide. The mapγ0

L is the multiplication map of
global sections

(3) H0(X,L)⊗H0(X,L)→ H0(X,L2)

which obviously vanishes identically on∧2H0(L). Consequently,

H0(Y×Y, I∆Y ⊗L⊠L)

decomposes as∧2H0(L)⊕ I2(L), whereI2(L) is the kernel ofS2H0(X,L)→H0(X,L2).
Sinceγ1

L vanishes on symmetric tensors, one writes

(4) γ1
L : ∧2H0(L)→ H0(Ω1

Y ⊗L2).

Again, H0(Y×Y, I2
∆Y

⊗L⊠L) decomposes as the sum ofI2(L) and the kernel of (4).

Sinceγ2
L vanishes identically on skew-symmetric tensors, one usually writes

(5) γ2
L : I2(L)→ H0(S2Ω1

Y ⊗L2).

(In general, Gaussian maps of even, respectively odd, ordervanish identically on skew-
symmetric, respectively symmetric, tensors.) The second Gaussian mapγ2

C is the sec-
ond Gaussian map of the canonical line bundle. In what follows we will also deal with
the first Wahl map,γ1

C, which is the first Gaussian map of the canonical bundle. We
have:

γ1
C : ∧2H0(KC)→ H0(3KC)

γ2
C : I2(KC)→ H0(4KC).

Let us now also give the expressions ofγ1
C andγ2

C in local coordinates. Fix a
basis{ωi} of H0(KC). In local coordinates, assume thatωi = fi(z)dz. Then we have

γ1
C(ωi ∧ω j) = ( f ′i f j − f ′j fi)(dz)3.

Let Q ∈ I2(KC), Q = ∑i, j ai j ωi ⊗ω j , recall that∑i, j ai j fi f j ≡ 0, and sinceai, j

are symmetric, we also have∑i, j ai j f ′i f j ≡ 0. The local expression ofγ2
C(Q) is

(6) γ2
C(Q) = ∑

i, j

ai j f ′′i f j (dz)4 =−∑
i, j

ai j f ′i f ′j (dz)4.
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3. The Siegel metric

Let Mg, respectivelyM(n)
g , be the moduli space of smooth genusg curves, respectively

of smooth genusg curves with a fixedn-level structure.

Let Ag, respectivelyA(n)
g , be the moduli space ofg-dimensional principally po-

larized Abelian varieties, respectively ofg-dimensional principally polarized Abelian
varieties with an-level structure.

Denote by
Hg := {Z ∈ M(g,C) | Z = tZ, ImZ > 0}

the Siegel space so thatAg is the quotient ofHg by the action ofSp(2g,Z) andA(n)
g is

the quotient ofHg by ker(Sp(2g,Z) → Sp(2g,Z/nZ)). Denote byj : Mg → Ag, and

j(n) : M(n)
g → A(n)

g the period maps which send a curve to its Jacobian.

The Torelli theorem states thatj is injective, whilej(n) is two-to-one on the im-
age and ramified over the hyperelliptic locus. In fact multiplication by−1 in H1(C,Z)
= H1(JC,Z), whereJC is the Jacobian of the curveC, is induced by an automorphism
of abelian varieties but not by an automorphism of non-hyperelliptic curves. The local
Torelli theorem says that outside the hyperelliptic locus and restricted to the hyperel-
liptic locus the period map is an immersion (cf. [21]). From now on we shall work on

M(n)
g andA(n)

g , with n≥ 3, since they are smooth, everything works in the same way on
Mg andAg but in the orbifold context.

We will now define the Siegel metric.

The Siegel spaceHg is a homogeneous space and it can be seen as the quotient
Sp(2g,R)/U(g). We call the unique (up to scalar) invariant metric Siegel metric.

Let F be the homogeneous vector bundle onHg associated to the standardg-
dimensional representation ofU(g,C). The Hodge metrich on F is the only (up to
multiplication by scalars) invariant metric on the homogeneous bundleF . Moreover
through the identification

Ω1
Hg

≃ S2F

the Hodge metric onF defines the Siegel metric onHg .

The Siegel metric onHg defines a metric onA(n)
g andAg and, through the period

map, an induced metric onM(n)
g andMg outside the hyperelliptic locus, and on the

hyperelliptic locus itself. We call all these metrics Siegel metrics.

These metrics can be described in terms of polarized variation of Hodge struc-

tures. More precisely, onA(n)
g we have the universal familyφ : A → A(n)

g , and the
polarized variation of Hodge structures associated to the local systemR1φ∗Z. The
associated Hodge bundleF 1 can be identified withφ∗(Ω1

A |A(n)
g
), whereΩ1

A |A(n)
g

is the

sheaf of relative holomorphic one forms. The polarization induces a Hermitian metric
on R1φ∗C and onF 1, which we call the Hodge metric. In fact the pullback ofF 1 on
Hg is the bundleF and the pullback of the metric is the Hodge metric onF . Hence the
Siegel metric is induced by the Hodge metric through the identificationS2F 1 ∼= Ω1

A
(n)
g

.
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On M(n)
g we have the universal familyψ : C → M(n)

g with induced relative du-
alizing sheafK

C |M(n)
g

. The local systemR1ψ∗Z coincides with the pullback ofR1φ∗Z

through the period map: at a point[C] ∈ M(n)
g , we haveH1(C,Z) ∼= H1(JC,Z). The

non-degenerate Hermitian product onH1(C,C), defined by the polarization is the fol-
lowing: for any[η], [ξ] ∈ H1(C,C), we have

〈[η], [ξ]〉= i
∫

C
η∧ξ.

The Hodge bundle can be identified withψ∗(K
C |M(n)

g
), and the corresponding Hodge

metric yields a metric onS2F 1 ∼= j(n)
∗Ω1

A(n)
g

, hence onj(n)
∗
T

A
(n)
g

, and by restriction the

Siegel metric onT
M

(n)
g

.

We finally observe that for the sake of simplicity we defined the Siegel metric

on the fine moduli spaceM(n)
g , but we also have a Siegel metric onMg viewed as an

orbifold.

Recall that outside the hyperelliptic locus we have the sequence of tangent bun-
dles:

(7) 0→ T
M

(n)
g

→ j(n)∗T
A
(n)
g

π→ N → 0,

whose dual, under the identifications

j(n)∗Ω1
A
(n)
g

∼= S2(ψ∗K
C |M(n)

g
), Ω1

M
(n)
g

∼= ψ∗(K
2
C |M(n)

g
),

is

(8) 0→ I2 → S2(ψ∗K
C |M(n)

g
)

m→ ψ∗(K2
C |M(n)

g
)→ 0,

whereI2 := N ∗ andm is the multiplication map.

The Hermitian connection of the variation of Hodge structuresR 1ψ∗C, the
Gauss-Manin connection, defines a Hermitian connection onF 1 = ψ∗K

C |M(n)
g

, thus

onF 1∗, as well asS2F 1 andS2F 1∗ ≃ j(n)∗T
A
(n)
g

, which we denote by∇.

The exact sequence (7) defines a second fundamental form,

σ ∈ Hom(T
M

(n)
g
,N ⊗Ω1

M
(n)
g
), σ : s 7→ π(∇(s)).

Similarly the exact sequence (8) defines the second fundamental form

ρ ∈ Hom

(
I2,ψ∗(K2

C |M(n)
g
)⊗Ω1

M
(n)
g

)
.

Clearlyσ yields a linear map̃σ : T
M

(n)
g

⊗T
M

(n)
g

→ N , andρ : I2 → Ω1
M

(n)
g

⊗Ω1
M

(n)
g

is the

dual ofσ̃.
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In [12] we computed the curvature formR of T
M

(n)
g

in terms of the curvature

form R̃ of j(n)
∗
(T

A
(n)
g
) and the second fundamental formσ. In fact we have

(9) 〈R(s), t〉 = 〈R̃(s), t〉− 〈σ(s),σ(t)〉,

wheres, t are local sections ofT
M

(n)
g

.

The exact sequence (7) at[C] ∈ M(n)
g is

(10) 0→ H1(TC)→ S2(H0(KC))
∗ → I2(C)

∗ → 0,

thusσ yields a homomorphism

(11) σ : H1(TC)→ Hom(I2(KC),H
0(2KC)).

Analogously, at[C] ∈ M(n)
g the exact sequence (8) is:

(12) 0→ I2(KC)→ S2(H0(KC))
m→ H0(2KC)→ 0,

hence the second fundamental formρ gives a homomorphism

(13) ρ : I2(KC)→ Hom(H1(TC),H
0(2KC))

and for everyv∈ H1(TC), and for everyQ∈ I2(C), we have

σ(v)(Q) = ρ(Q)(v).

In [12], to compute the curvature form ofT
M

(n)
g

at [C] ∈ M(n)
g , we used some re-

sults of [14]. Namely in [14] it is proven that the mapρ, whose image is inS2H0(2KC),
is a lifting of the second Gaussian mapγ2

C, as in the following diagram

(14) I2(KC)
ρ

γ2
C

S2H0(2KC)

m

H0(4KC)

where the mapm is given by multiplication.

Moreover in [14] an explicit computation of the image ofρ at the tangent di-
rection given by a Schiffer variation at a pointP of C is given in terms of the second
Gaussian map, namely we have:

(15) ξP(ρ(Q)(ξP)) = 2πiγ2
C(Q)(P),

for every quadricQ∈ I2.

Let us briefly recall the definition ofξP. Consider the exact sequence

0→ TC → TC(P)→ TC(P)|P → 0.
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Notice thatH0(TC(P)|P)∼= C. If we denote the coboundary map by

δ : H0(TC(P)|P)→ H1(TC),

we have dim(Im(δ)) = 1. Any non-zero elementξP in Im(δ) is called a Schiffer varia-
tion. Let us a choose a local coordinatez in a neighborhood ofP. Under the Dolbeault
isomorphismH1(TC)∼= H0,1(TC), it is represented by the formθP = 1

z∂bP⊗ ∂
∂z, where

bP is a bump function aroundP. Notice that if we choosebP to be one in a neighbor-
hood ofP for this choice of local coordinatez, ξP depends only on the choice ofz and
in fact also formula (15) depends onz.

Using these results, in [12] we obtained a closed expressionfor the holomorphic

sectional curvature ofT
M

(n)
g

at [C] ∈ M(n)
g along the tangent directions given by the

Schiffer variationsξP. More precisely, the following holds.

THEOREM1. ([12]) The holomorphic sectional curvature ofT
M

(n)
g

at [C]∈M(n)
g

computed at the tangent vectorξP is given by

H(ξP) =
1

〈ξP,ξP〉〈ξP,ξP〉
〈R(ξP),ξP〉(ξP,ξP)

= −1− 1
64π2(∑ j | f j (P)|2)4 ∑

i
|γ2

C(Qi)(P)|2,

where{Qi} is an orthonormal basis of I2, {ω j} is an orthonormal basis of H0(KC) and
in a local coordinate z around P, we haveω j = f j (z)dz.

In the above formula,−1 is the value of the holomorphic sectional curvature of

A(n)
g calculated along the tangent directions at[C] ∈ M(n)

g given byξP, for all P ∈ C,
while the term− 1

64π2(∑ j | f j (P)|2)4 ∑i |γ2
C(Qi)(P)|2 represents the contribution given by

the second fundamental form.

4. Second Gaussian map and curvature

We first recall some results on the second Gaussian map obtained in [10].

Assume thatC is either a hyperelliptic curve of genusg≥ 3, or a trigonal curve
of genusg ≥ 4. Let |F| denote theg1

2 in the hyperelliptic case, theg1
3 in the trigonal

case. LetφF : C → P1 be the induced morphism andν : P1 →֒ Pg−1 be the Veronese
embedding, so that in the hyperelliptic caseφK = ν ◦ φF , whereφK is the canonical
map. Observe that in the hyperelliptic case the hyperelliptic involution τ acts as−Id
onH0(KC), so we have an exact sequence

0→ I2(KC)→ S2(H0(KC))→ H0(2KC)
+ → 0,

whereH0(2KC)
+ denotes theτ-invariant part ofH0(2KC) whose dimension is(2g−1)

andI2(KC) is the vector space of the quadrics containing the rational normal curve.
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SetL :=KC−F, and fix a basis{x,y} of H0(F), and a basis{t1, . . . , tr} of H0(L)
both in the hyperelliptic and in the trigonal case. We have a linear map

ψ : Λ2(H0(L))→ I2, ti ∧ t j 7→ Qi j = xti ⊙ yt j − xt j ⊙ yti.

In both cases the linear mapψ : Λ2(H0(L)) → I2 is an isomorphism as can be easily
checked or found in [1].

An easy computation in local coordinates shows that we have

γ2
C(Qi j ) = γ1

F (x∧y)γ1
L(ti ∧ t j),

hence, for any quadricQ of rank four, we have

γ2
C(Q) = γ1

F(x∧y)γ1
L(ψ

−1(Q)).

So, if we denote byq1, . . . ,ql the ramification points of either theg1
2, or of theg1

3, we see
that the image ofγ2

C is contained inH0(4KC−(q1+ · · ·+ql )) and rank(γ2
C) = rank(γ1

L).
In fact,

div(γ2
C(Q)) = div(γ1

F(x∧y))+div(γ1
L(ψ−1(Q))) = q1+ · · ·+ql +div(γ1

L(ψ−1(Q)).

Thereforeγ2
C(Q)(qi) = 0 for all i = 1, . . . , l .

Using the above observations and the computation of the rankof the first Gaus-
sian map of the canonical linear series for hyperelliptic curves done in [9], in [10] we
proved the following

PROPOSITION1. ([10, Lem. 4.1, Prop. 4.2]) Let C be a hyperelliptic curve of
genus g≥ 3. Then the rank ofγ2

C is 2g−5 and its image is contained in

H0(4KC− (q1+ · · ·+q2g+2)),

where{q1, . . . ,q2g+2} are the Weierstrass points.

Assume now thatC is non-hyperelliptic trigonal curve of genusg ≥ 4. Let
|F | be theg1

3 on C, assumeF = p1 + p2 + p3, pi ∈ C. Denote byL = KC − F =
KC − p1 − p2 − p3, deg(L) = 2g− 5, h0(L) = g− 2. ThusH0(L) ⊂ H0(KC) and
γ1

L = γ1
K |Λ2H0(KC−p1−p2−p3)

. In [9] it is proven that for the general trigonal curve of

genusg≥ 4, dim(coker(γ1
K)) = g+5, moreover specific examples of trigonal curves

(whose genera are all equal to 1 modulo 3) such that the corankof γ1
K is g+5 are ex-

hibited. Using results of [15], in [4] Brawner proved that dim(coker(γ1
K)) = g+5 for

any trigonal curve of genusg≥ 4.

In [10] we determined the rank ofγ2
C for trigonal curves, computing the rank of

γ1
L and generalizing the computation done in [15] and [4] forγ1

K .

THEOREM2. ([10]) For any trigonal non-hyperelliptic curve C of genus g≥ 4,
the image ofγ2

C is contained in H0(4KC− (q1+ · · ·+q2g+4)), where q1+ · · ·+q2g+4 is
the ramification divisor of the g13.

If g ≥ 8, the rank ofγ2
C is 4g−18.
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We also recall

THEOREM 3. ([10]) Assume that C is smooth curve of genus g≥ 5, which is
non-hyperelliptic and non-trigonal. Then for any P∈ C there exists a quadric Q∈ I2
such thatγ2

C(P) 6= 0. Equivalently, for all P∈C, Im(γ2
C) 6⊂ H0(4KC−P).

Assume[C] ∈ M(n)
g , with g≥ 4,C non-hyperelliptic. Then Theorem 1 allows us

to define a functionF : C→R, given by the holomorphic sectional curvature evaluated
along the tangent vectors given by the Schiffer variations:

F(P) = H(ξP) =−1− 1
64π2(∑ j | f j (P)|2)4 ∑

i
|γ2

C(Qi)(P)|2 ≤−1,

where{Qi} is an orthonormal basis ofI2(KC), {ω j} is an orthonormal basis ofH0(KC),
andω j = f j (z)dz is a local expression aroundP.

PROPOSITION2. ([12])

• If g = 4, the set of points P∈C such that F(P) =−1 is finite, which implies that
F is non-constant.

• If g≥ 5 and C is neither hyperelliptic nor trigonal, then F(P)<−1 for all P∈C.

• If C is a trigonal curve of genus≥ 4, F(P) = H(ξP) = −1 for every P∈ C
which is a ramification point of the g1

3, while there exist points x∈ C such that
F(x)<−1, hence F is not constant.

Proof. AssumeC has genus 4, then the dimension ofI2 is one andI2 can be generated
by a quadricQof rank 4 which has norm 1. SoF(P)=−1− 1

64π2(∑ j | f j (P)|2)4 |γ
2
C(Q)(P)|2

for all P∈C, hence there is a finite number of pointsP such thatγ2
C(Q)(P) = 0, so in

these points we haveF(P) =−1, whileF(P)<−1 elsewhere .

As regards the second statement, we observe thatF(P) = −1 if and only if
γ2

C(Qi)(P) = 0 for all i, where{Qi} is an orthonormal basis ofI2. But then we must
haveγ2

C(Q)(P) = 0 for all Q∈ I2. So the proof follows by Theorem 3.

The last statement follows from Theorem 2 and from the observation that ifx is
a point inC such thatγ2

C(Q1)(x) 6= 0, we haveF(x)<−1.

REMARK 1. The previous statements imply that for any curveC ∈ M(n)
g , not

hyperelliptic, nor trigonal, for every pointP ∈ C the holomorphic sectional curvature

of M(n)
g , atC along the tangent directions given byξP is strictly smaller than the holo-

morphic sectional curvature ofA(n)
g .

On the other hand, in the trigonal case, along the Schiffer variations at the ram-
ification points of theg1

3, (which are a basis of the tangent space to the trigonal locus)

the holomorphic sectional curvature ofM(n)
g , coincides with the holomorphic sectional

curvature ofA(n)
g .
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5. The hyperelliptic locus

We will now explain some results obtained in [10] and [12] on the hyperelliptic locus

HEg ⊂ M(n)
g . Recall that by local Torelli, the restriction of the periodmap toHEg is an

injective immersion (cf. [21]). Therefore we have the exactsequence

0→ THEg → TA(n)
g |HEg

→ N
HEg|A(n)

g
→ 0,

and we denote by
σHE : THEg → Hom(THEg,NHEg|A(n)

g
)

the associated second fundamental form and byρHE the second fundamental form of
the dual exact sequence. At the point[C] ∈ HEg the dual exact sequence is

0→ I2 → S2(H0(KC))→ H0(2KC)
+ → 0,

whereH0(2KC)
+ is the invariant part ofH0(2KC) under the hyperelliptic involution

andI2 is the vector space of the quadrics containing the rational normal curve, so that

ρHE : I2 → Hom(THEg,[C],H
0(2KC)

+).

We recall that the set of Schiffer variations at the Weierstrass pointsPi generates
THEg,[C].

In [12], we observed that we have a formula which is similar to(15) at a Weier-
strass pointP∈C:

ξP(ρHE(Q)(ξP)) = γ2
C(Q)(P)

Let us denote byHHE the holomorphic sectional curvature ofTHEg, if [C] ∈
HEg andP∈C is a Weiestrass point, we have the same expression forHHE(ξP) as in
Theorem 1, namely

(16) HHE(ξP) =−1− 1
64π2(∑ j | f j(P)|2)4 ∑

i
|γ2

C(Qi)(P)|2

where{Qi} is an orthonormal basis ofI2 and{ω j =loc. f j (z)dz} is an orthonormal
basis ofH0(KC).

So, using Proposition 1, we have the following

COROLLARY 1. ([12]) Let [C]∈HEg, then HHE(ξP) =−1, for any Weierstrass
point P∈C.

Proof. The proof immediately follows from (16) and from Proposition 1.

6. Curves on K3 surfaces and results for the general curve

In this section we will explain some results of [11] on the second Gaussian map for
curves on K3 surfaces, from which we have also deduced surjectivity of the 2nd Gaus-
sian map for the general curve of sufficiently high genus. Then we will also discuss a
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theorem of [5] in which, with different methods, they prove that the second Gaussian
map for the general curveC of any genus has maximal rank.

First of all let us recall that Wahl ([27]) has given a deformation theoretic inter-
pretation of the first Gaussian map, showing that if a canonical curve can be extended
in projective space as a hyperplane section of a surface which is not a cone, then the
first Gaussian map is not surjective.

In particular in [27] it is proven that if a curve lies on a K3 surface, the first
Gaussian map cannot be surjective (see also [3]).

The obstruction to the surjectivity of the first Gaussian mapfor a curve in a K3
surface is given by the extension class of the cotangent sequence

(17) 0→ K−1
C → Ω1

X |C → KC → 0,

which is a non-trivial element in the kernel of the dual of thefirst Gaussian map (see
[3]).

To study the second Gaussian mapγ2
C for a curve in a K3 surfaceX it is natural

to consider the “symmetric square” of the cotangent extension

(18) 0→ Ω1
X |C⊗K−1

C → S2Ω1
X |C → K2

C → 0.

This does not give any obstruction to the surjectivity ofγ2
C for the general curve in a

general K3 surface, while it gives an obstruction ifC is any curve in an abelian surface,
as it is proven in [13]. In fact in the next section we will discuss a result obtained in
[13], that asserts that ifC is a curve in an abelian surfaceX, then the corank ofγ2

C is at
least two.

The main result that we obtained for curves in K3 surfaces is the following

THEOREM 4. ([11]) If X is a general polarized K3 surface of degree2g− 2
with g> 280and C is a general hyperplane section of X, thenγ2

C is surjective.

Let us explain the strategy of the proof of Theorem 4. We have the following
commutative diagram

(19) I2(OX(C))

r

γ2
OX(C)

H0(S2Ω1
X ⊗OX(2C))

p1

H0(S2Ω1
X|C⊗K2

C)

p2

I2(KC)
γ2

C

H0(K4
C)
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wherer andp1 are restriction maps, andp2 comes from the conormal extension. More
precisely, consider the second symmetric square of the cotangent exact sequence (18)
tensored byK2

C:

(20) 0→ Ω1
X|C⊗KC → S2Ω1

X|C⊗K2
C → K4

C → 0,

then we have

H0(S2Ω1
X|C⊗K2

C)
p2→ H0(K4

C)→ H1(Ω1
X|C⊗KC)∼= H0(TX|C)

∗,

hencep2 is surjective by the following lemma.

LEMMA 1. If X is a general K3 surface and C a general curve of genus at least
13 in the very ample linear system|OX(C)| then H0(TX|C) = 0.

Proof. By the exact sequence given by restriction ofTX to C, H0(TX|C) injects in
H1(TX(−C)), which vanishes by lemma (2.3) of [8].

The theorem follows if we prove that also the mapsγ2
OX(C)

andp1 are surjective.
In fact in [11] we exhibited examples of pairs(X,C) whereX is a K3 andC is a very
ample curve inX of any genusg sufficiently high (g≥ 281) for whichγ2

OX(C)
andp1

are surjective.

To do this we followed the strategy used in [7] to study the first Wahl map. More
precisely, from the exact sequence

0→ I3
∆X

⊗ p∗(OX(C))⊗q∗(OX(C))→ I2
∆X

⊗ p∗(OX(C))⊗q∗(OX(C))(21)

→ I2
∆X
/I3

∆X
⊗ p∗(OX(C))⊗q∗(OX(C))→ 0

and taking global sections, we see thatγ2
OX(C)

is surjective ifH1(I3
∆X

⊗ p∗(OX(C))⊗
q∗(OX(C))) = 0.

The idea used in [7] is to consider the blow-upY of X×X along the diagonal∆X

and to use Kawamata–Viehweg vanishing theorem ([18, 23]). LetE be the exceptional
divisor and denote byπ : Y → X×X the natural morphism and byf := p◦π, g := q◦π.
Then

H1(I3
∆X

⊗ p∗(OX(C))⊗q∗(OX(C))) ∼= H1(Y, f ∗(OX(C))⊗g∗(OX(C))(−3E))

∼= H1(Y, f ∗(OX(C))⊗g∗(OX(C))⊗KY(−4E)),

sinceKY = OY(E). So by the Kawamata–Viehweg vanishing theorem, it suffices to
prove thatf ∗(OX(C))⊗g∗(OX(C))(−4E) is big and nef.

Now notice that if one decomposesOX(C) as⊗4
i=1Ai, whereAi are line bun-

dles onX, thenL = ⊗4
i=1( f ∗(Ai)⊗g∗(Ai)(−E)). To obtain thatL is big and nef, we

asked suitable conditions on the line bundlesAi , and we studied the sublinear system
of | f ∗(Ai)⊗g∗(Ai)(−E)| given byP(Λ2(H0(Ai))) (cf. lemma 3.3 of [11]).
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Consider now the map

p1 : H0(S2Ω1
X ⊗OX(2C))→ H0(S2Ω1

X|C⊗K2
C).

Clearly p1 is surjective ifH1(S2Ω1
X ⊗OX(C)) = 0.

To prove this vanishing we observed that, given a decomposition of OX(C) as
OX(D)⊗OX(D′), we have

H1(S2Ω1
X ⊗OX(C)) = H1(X×X, I2

∆X
/I3

∆X
⊗ p∗(OX(D))⊗q∗(OX(D

′))),

hence its vanishing is implied by that ofH1(X ×X, I2
∆X

⊗ p∗(OX(D))⊗ q∗(OX(D′)))

and ofH2(X×X, I3
∆X

⊗ p∗(OX(D))⊗q∗(OX(D′))).

So, with the same argument as above, it suffices to show thatf ∗(OX(D))⊗
g∗(OX(D′))(−4E) is big and nef. The strategy is now to chooseOX(D) = ⊗4

i=1Ai and
D′ = D+B with B nef and effective, and takeC∈ |2D+B|.

The above decompositions are shown on concrete examples of K3 surfacesX
and of curvesC in X, which are explicitely constructed via their Picard lattices (cf.
proposition 3.4 of [11]).

Using this result and some examples given in [10], we deduce the following

COROLLARY 2. ([11]) For the general curve of genus greater than152, the
second Gaussian mapγ2

C is surjective.

Proof. By Theorem 4 and the semicontinuity of the corank ofγ2
C, for a general curve

of genus greater than 280,γ2
C is surjective. Surjectivity for the general curve of genus

153≤ g≤ 280 can be proved exhibiting examples of curves of genusg with surjective
second Gaussian map, which are either hyperplane sections of a polarized K3 surface
as in the proof of Theorem 4 given in [11], or lying in the product of two curves as in
[10, theorem 3.1].

More precisely letC1, C2 be two smooth curves of respective generag1, g2,
choose divisorsDi on Ci of degreedi , i = 1,2. SetX = C1 ×C2, let C ∈ |p1

∗(D1)⊗
p2

∗(D2)| be a smooth curve, wherepi is the projection fromC1×C2 onCi , theng(C) =
1+(g2−1)d1+(g1−1)d2+d1d2.

In [10] we proved that if eitherg1,g2 ≥ 2, di ≥ 2gi + 5, i = 1,2, or g1 ≥ 2,
g2 = 1, d1 ≥ 2g1+5, d2 ≥ 7, org2 = 0, d2 ≥ 7, d2(g1−1)> 2d1 ≥ 4g1+10, thenγ2

C
is surjective.

Then one has to check directly that these values ofg(C) cover all the remaining
integers between 153 and 280.

Note that, for dimensional reasons, surjectivity can be expected for a general
curve of genus at least 18, and in fact recently in [5] Calabri, Ciliberto and Miranda
showed that for the general curve of genusg≥ 18, the second Gaussian map is surjec-
tive. More precisely they proved the following

THEOREM 5. ([5], Theorem 1). The second Gaussian mapγ2
C : I2(KC) →
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H0(C,4KC) for C a general curve of any genus g has maximal rank, namely itis injec-
tive for g≤ 17and surjective for g≥ 18.

The proof they gave in [5] relies on the study of the limit of the second Gaussian
map when the general curve of genusg degenerates to a general stable binary curve, i.e.
the union of two rational curves meeting atg+1 points. The theorem then follows by
upper semicontinuity. For such a stable binary curveC they explicitly write down the
ideal I2(KC) and they first describe the 2nd Gaussian map forC modulo torsion, then
they deal with the torsion part. By direct computations performed with Maple, they
verify the injectivity for a general binary curve of genusg≤ 17 and the surjectivity for
g= 18. Finally they complete the argument by induction ong, for g≥ 19.

We have observed in the proof of Corollary 2 that examples of curves whose
second Gaussian map is surjective were already given in [10](for curves in the prod-
uct of two curves) and we recall that other examples were given in [2] (for complete
intersections). Notice that using complete intersectionsit is not possible to deduce sur-
jectivity for the general curve of any sufficiently high genus, due to restrictions on the
genus.

On the other hand, Theorem 4 shows that general curves on K3 surfaces of
sufficiently high genus behave as general curves in the moduli space, with respect to
the second Gaussian map.

Finally, we also observe that with the method used in [11] to prove Theorem
4 it is impossible to reach the optimal lower bound for the genus of the curveC, in
fact the conditions that we gave on the line bundlesAi and the decompositionOX(C) =
OX(2D+B) force the genus ofC to be high.

Moreover, the vanishing ofH1(S2Ω1
X ⊗OX(C)) itself, already implies that the

curveC must be of genus at least 31, as one can check looking at the restriction of
Ω1

X ⊗Ω1
X(C) to C and the induced cohomology exact sequence.

7. Curves on abelian surfaces

In this section we discuss some results obtained in collaboration with E. Colombo and
G. Pareschi in [13] on the first and the second Gaussian map forcurves on abelian
surfaces.

The first result says that the first Gaussian map for a “sufficiently ample” curve
in an abelian surface is surjective. In fact we have the following

THEOREM 6 ([13]). Let C be a smooth irreducible curve contained in an
abelian surface X. Assume that the first Gaussian map of the line bundleOX(C) on
the surface X is surjective and that the multiplication map

γ0
X,C : H0(X,OX(C))⊗H0(C,KC)→ H0(K2

C)

is surjective (for example, both conditions hold ifOX(C) is at least a5-th power of an
ample line bundle on X, see [22]). Then the first Gaussian map of C is surjective.



Second Gaussian map for curves 265

REMARK 2. Recently in [19] it is shown that for a curveC of genusg > 145
sitting on a very general abelian surfaceX, the first Gaussian map of the line bundle
OX(C) on the surfaceX is surjective. Hence by Theorem 6 we obtain the surjectivity
of the first Gaussian map ofC, and therefore a new proof of the surjectivity of the map
γ1

C for the general curve of genus> 145.

The main theorem of [13] asserts that if a curveC is contained in an abelian
surface, the second Gaussian mapγ2

C is not surjective. More precisely, let us introduce
the following notation. Given a subspaceW ⊂ H0(KC), we will denote

S2W ·H0(K2
C)

the image ofS2W⊗H0(K2
C) in H0(K4

C) via the natural multiplication map. IfW is 2-
dimensional and base point free, the base-point-free pencil trick implies thatS2W ·
H0(K2

C) has codimension 2 inH0(K4
C). If C is embedded in abelian surface, then

H0(Ω1
X) is naturally a (base-point-free) 2-dimensional subspace of H0(KC). We have

the following

THEOREM7. ([13]) Let C be a curve contained in abelian surface X. Then the
image of the second Gaussian mapγ2

C is contained in S2H0(Ω1
X) ·H0(K2

C) (notation as
above). Therefore the corank ofγ2

C is at least2. Moreover, if the second Gaussian map
of the surface X is surjective, then the image of the mapγ2

C concides with S2H0(Ω1
X) ·

H0(K2
C).

The above theorem can also be stated as follows. Given a subspaceV ⊂H1(OC),
let V ⊂ H0(KC) be its conjugate.

COROLLARY 3. ([13]) Let C⊂ Pg−3 be a canonically embedded curve of genus
g, obtained from the complete canonical embedding C⊂ PH1(OC) = Pg−1 by projec-
tion from a linePV ⊂ PH1(OC), dimV = 2. If C is a hyperplane section of an abelian
surface X⊂ Pg−2 then

Im(γ2
C)⊆ S2V ·H0(K2

C).

The proofs of the above results rely on cohomological methods, which are sim-
ilar to the ones used in [3].

Let us sketch the proof of Theorem 7.

First of all let us see the Gaussian maps defined as theH0 of maps of coherent
sheaves on the varietyY. This is achieved as follows: letp andq be the two projections
of Y×Y. Applying p∗ to the exact sequences (2) tensored by a line bundleM one gets
the exact sequences

(22) 0→ p∗(I
k+1
∆Y

⊗q∗M)→ p∗(I
k
∆Y

⊗q∗M)
ϕk

→ SkΩ1
Y ⊗M.

The Gaussian mapsγk
L,M of (1) are obtained by tensoring withL and takingH0(L⊗ϕk).

Let us spell out how the Gaussian mapsγ1
C look like in this setting. LetRC be
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the kernel of the evaluation map ofKC:

(23) 0→ RC
f→ H0(KC)⊗OC → KC → 0

(i.e. sequence (22) forY = C, M = KC, k = 0). By (22) (same setting) fork = 1 we
have the natural map

(24) RC
g→ K2

C.

Tensoring withKC and takingH0 one obtains the first Wahl map

(25) γ1
C : H0(RC⊗KC)→ H0(K3

C).

One has the exact sequence

(26) 0→ I2
∆C

→ OC×C → O∆2
C
→ 0

where∆2
C denotes the first infinitesimal neighborhood.

Tensoring sequence (26) withq∗KC and applyingp∗, wherep andq are the two
projections fromC×C, one gets the exact sequence

(27) 0→ R2
C

f ′→ H0(KC)⊗OC
ev→ PC(KC)

where

(28) R2
C = p∗(q∗(KC)⊗ I2

∆C
),

and
PC(KC) = p∗(q

∗(KC)⊗O∆2
C
)

is the bundle of principal parts ofKC.

REMARK 3. We have the commutative diagram

0 0

R2
C

= R2
C

0 RC

g

H0(KC)⊗OC

ev

KC

=

0

0 K2
C PC(KC) KC 0

.

Notice that the mapg of (24) is surjective if and only if the evaluation mapev is sur-
jective. This is in turn equivalent to the immersivity of thecanonical map, which holds
if and only ifC is non-hyperelliptic.
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Sequence (22) fork= 2,Y =C andM = KC provides the natural map

(29) R2
C

g′→ K3
C.

Tensoring withKC and takingH0 one obtains the second Wahl map

(30) γ2
C : H0(R2

C⊗KC)→ H0(K4
C),

The coboundary map of the exact sequence (20),

fe′ : H0(K4
C)→ H1(Ω1

X ⊗KC)∼= H1(KC)
⊕2 ∼= C⊕2

is identified, by Serre duality, to the extension classe′ ∈ Ext1(K3
C,Ω

1
X |C) of sequence

(18). The first part of the statement of Theorem 7 is equivalent to:

(31) fe′ ◦ γ2
C = 0.

Let us work in the dual setting.

Applying Ext1(·,Ω1
X |C) to the mapg′ of (29) one gets the map

φ : Ext1(K3
C,Ω

1
X |C)→ Ext1(R2

C,Ω1
X |C)

(which is identified to two copies of the dual map of the secondWahl map) and it is
easily seen that (31) is equivalent to the fact that

(32) φ(e′) = 0.

Applying Ext1(·,Ω1
X|C) to the mapf ′ of (27) we get the map

ψ : Hom(H0(KC),H
1(Ω1

X|C)) = Ext1(H0(KC)⊗OC,Ω1
X|C)→ Ext1(R2

C,Ω
1
X|C).

Now let us denote bỹδ the composition of the coboundary mapH0(KC)→ H1(OX) of
the standard exact sequence

0→ OX → OX(C)→ KC → 0,

and the mapH1(d) : H1(OX) → H1(Ω1
X|C), induced by the derivationd : OX → Ω1

X.

Note thatH1(d) is the zero map since the Hodge–Frölicher spectral sequencedegener-
ates at level ofE1. Hence the map̃δ is equal to zero.

To conclude the proof of the first part of Theorem 7, we showed the following
result, whose proof can be found in [13].

CLAIM . φ(e′) = ψ(δ̃) = 0.
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The last part of the statement follows from the commutative diagram (con-
structed as diagram (19))

(33) I2(OX(C))
γ2
OX(C)

H0(S2Ω1
X ⊗OX(2C))

H0(S2Ω1
X|C⊗K2

C)

I2(KC)
γ2

C

H0(K4
C)

This completes the proof of Theorem 7.

Finally, in [22, Th. 2.2] it is shown that, ifOX(C) is at least a 7-power of a (nec-
essarily ample) line bundle onX, then the second Gaussian mapγ2

OX(C)
is surjective.

Hence we have the following

COROLLARY 4. ([13]) Let X be an abelian surface, letL be an ample line
bundle on X and let k≥ 7. Then, for every smooth and irreducible curve C∈ |L k|, the
image of second Wahl map

γ2
C : I2(KC)→ H0(K4

C)

is the 2-codimensional subspace S2H0(Ω1
X) ·H0(K2

C).

REMARK 4. 1. Using Proposition 3.2 of [19] as in Remark 2, one can prove
that for a curve sitting on a very general abelian surface of genusg > 257 the
second Gaussian mapγ2

OX(C)
is surjective, hence the image of second Wahl map

γ2
C : I2(KC)→ H0(K4

C) is the 2-codimensional subspaceS2H0(Ω1
X) ·H0(K2

C).

2. Assume thatX =E1×E2, with Ei elliptic curves, letpi : X →Ei be the projection
maps,Di divisors of degreedi on Ei . As in theorem 3.1 of [10], one shows that
if C∈ |p∗1(D1)⊗ p∗2(D2)|, anddi ≥ 7, thenγ2

OX(C)
is surjective, hence also in this

case the image ofγ2
C is the 2-codimensional subspaceS2H0(Ω1

X) ·H0(K2
C).

References

[1] A NDREOTTI A. AND MAYER A. L. On period relations for abelian integrals on algebraic
curves.Ann. Scuola Norm. Sup. Pisa (3) 21(1967), 189–238.

[2] BALLICO E. AND FONTANARI C. On the surjectivity of higher Gaussian maps for com-
plete intersection curves.Ricerche Mat. 53, 1 (2004), 79–85 (2005).

[3] BEAUVILLE A. AND MÉRINDOL J.-Y. Sections hyperplanes des surfacesK3. Duke Math.
J. 55, 4 (1987), 873–878.



Second Gaussian map for curves 269

[4] BRAWNER J. N. The Gaussian-Wahl map for trigonal curves.Proc. Amer. Math. Soc. 123,
5 (1995), 1357–1361.

[5] CALABRI A., CILIBERTO C. AND M IRANDA R. The rank of the 2nd Gaussian map for
general curves.arXiv:0911.4734.

[6] CILIBERTO C., HARRIS J. AND M IRANDA R. On the surjectivity of the Wahl map.Duke
Math. J. 57, 3 (1988), 829–858.

[7] CILIBERTO C., LOPEZ A. F. AND M IRANDA R. On the corank of Gaussian maps for
general embeddedK3 surfaces. InProceedings of the Hirzebruch 65 Conference on Alge-
braic Geometry (Ramat Gan, 1993)(Ramat Gan, 1996), vol. 9 ofIsrael Math. Conf. Proc.,
Bar-Ilan Univ., pp. 141–157.

[8] CILIBERTO C., LOPEZA. F. AND M IRANDA R. Classification of varieties with canonical
curve section via Gaussian maps on canonical curves.Amer. J. Math. 120, 1 (1998), 1–21.

[9] CILIBERTO C. AND M IRANDA R. Gaussian maps for certain families of canonical curves.
In Complex projective geometry (Trieste, 1989/Bergen, 1989), vol. 179 ofLondon Math.
Soc. Lecture Note Ser.Cambridge Univ. Press, Cambridge, 1992, pp. 106–127.

[10] COLOMBO E. AND FREDIANI P. Some results on the second Gaussian map for curves.
Michigan Math. J. 58, 3 (2009), 745–758.

[11] COLOMBO E. AND FREDIANI P. On the second Gaussian map for curves on a K3 surface.
Nagoya Math. J. 199(2010), 123–136.

[12] COLOMBO E. AND FREDIANI P. Siegel metric and curvature of the moduli space of curves.
Trans. Amer. Math. Soc. 362, 3 (2010), 1231–1246.

[13] COLOMBO E., FREDIANI P. AND PARESCHI G. Hyperplane sections of abelian surfaces.
arXiv:0903.2781, to appear inJ. Algebraic Geometry.

[14] COLOMBO E., PIROLA G. P. AND TORTORA A. Hodge-Gaussian maps.Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4) 30, 1 (2001), 125–146.

[15] DUFLOT J. AND M IRANDA R. The Gaussian map for rational ruled surfaces.Trans. Amer.
Math. Soc. 330, 1 (1992), 447–459.

[16] GREEN M. L. Infinitesimal methods in Hodge theory. InAlgebraic cycles and Hodge
theory (Torino, 1993), vol. 1594 ofLecture Notes in Math.Springer, Berlin, 1994, pp. 1–
92.

[17] GRIFFITHS P. A. Infinitesimal variations of Hodge structure. III. Determinantal varieties
and the infinitesimal invariant of normal functions.Compositio Math. 50, 2-3 (1983), 267–
324.

[18] KAWAMATA Y. A generalization of Kodaira-Ramanujam’s vanishing theorem.Math. Ann.
261, 1 (1982), 43–46.

[19] LAZARSFELD R., PARESCHI G. AND POPA M. Local positivity, multiplier ideals, and
syzygies of abelian varieties.arXiv:1003.4470, 2010.

[20] MORI S. AND MUKAI S. The uniruledness of the moduli space of curves of genus 11.
In Algebraic geometry (Tokyo/Kyoto, 1982), vol. 1016 ofLecture Notes in Math.Springer,
Berlin, 1983, pp. 334–353.

[21] OORT F. AND STEENBRINK J. The local Torelli problem for algebraic curves. InJournées
de Géometrie Algébrique d’Angers, Juillet 1979/AlgebraicGeometry, Angers, 1979.
Sijthoff & Noordhoff, Alphen aan den Rijn, 1980, pp. 157–204.



270 P. Frediani

[22] PARESCHIG. Gaussian maps and multiplication maps on certain projective varieties.Com-
positio Math. 98, 3 (1995), 219–268.

[23] V IEHWEG E. Vanishing theorems.J. Reine Angew. Math. 335(1982), 1–8.

[24] VOISIN C. Sur l’application de Wahl des courbes satisfaisant la condition de Brill-Noether-
Petri. Acta Math. 168, 3-4 (1992), 249–272.

[25] WAHL J. Gaussian maps on algebraic curves.J. Differential Geom. 32, 1 (1990), 77–98.

[26] WAHL J. Introduction to Gaussian maps on an algebraic curve. InComplex projective
geometry (Trieste, 1989/Bergen, 1989), vol. 179 ofLondon Math. Soc. Lecture Note Ser.
Cambridge Univ. Press, Cambridge, 1992, pp. 304–323.

[27] WAHL J. M. The Jacobian algebra of a graded Gorenstein singularity. Duke Math. J. 55, 4
(1987), 843–871.

AMS Subject Classification: 14H10, 14H15, 14K25, 53C42, 53C55

Paola FREDIANI,
Dipartimento di Matematica, Università di Pavia,
Via Ferrata 1, 27100 Pavia, ITALIA
e-mail:paola.frediani@unipv.it

Lavoro pervenuto in redazione il 04.05.2010 e, in forma definitiva, il 27.09.2010


