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E. Ballico∗

GRAPH CURVES WITH GONALITY ONE

Abstract. A graph curve is a nodal curveC such that each irreducible component ofC is
smooth, rational and meets exactly 3 others (Bayer and Eisenbud). Here we classify the graph
curves with gonality 1 with respect to balanced line bundlesin the sense of L. Caporaso.

1. Introduction

L. Caporaso defined, constructed and studied a universal Picard variety overM g ([2]).
In her construction she introduced the following notion. Let X be a genusg semistable
curve. A degreed line bundleL onX satisfies the Basic Inequality if and only if

(1)

∣∣∣∣∣deg(L|C)− d(2pa(C)−2+ ♯(C∩X\C))
(2g−2)

∣∣∣∣∣≤ ♯(C∩X\C)/2

for all proper subcurvesC of X. Let X be a semistable curve. For any integerd let
A(X,d) denote the set of all line bundles onX with degreed and satisfying the Basic
Inequality ([2], p. 611) (or semibalanced in the sense of [7], Definition 1.1). For any
integerr ≥ 0 setWr

d (X) := {L ∈ A(X,d) : h0(X,L) ≥ r + 1}. We say that a depth 1
sheafF onX has pure rank 1 if its restriction toXreg is a pure rank 1 vector bundle. For
the elementary properties of depth 1 coherent sheaves on reduced curves, see [8], parts
VII and VIII. Let F be a sheaf onX with depth 1 and pure rank 1. Set

Sing(F) := {P∈ X : F is not locally free atP}.

Hence Sing(F) ⊆ Sing(X). The degree deg(F) of F may be defined by the Riemann–
Roch formulaχ(F) = deg(F)+χ(OX). Now assume thatX is stable. SetS:=Sing(F).
Let uS : XS → X be the quasi-stable curve obtained by “blowing-up”S, i.e. XS is
semistable and connected,

uS|(XS\u−1(S)) : XS\u−1(S)→ X\S

is an isomorphism and for everyP ∈ S the schemeEP := u−1
S (P) is a smooth ra-

tional curve intersecting the other components ofXS at two points. Letv : C → X
be the partial normalization ofX in which we only normalize the points ofS. Set
M := v∗(F)/Tors(v∗(F)); thenM is a line bundle onC and deg(M) = deg(F)− ♯(S)
(see Corollary 1). SeeC as a subcurve ofXS (the complementary of the union of all
exceptional divisorsEP, P∈ S).

∗Partially supported by MIUR and GNSAGA of INdAM.
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Let L be any line bundle onXS such thatL|C ∼= M and deg(L|EP) = 1 for all
P∈ S. We have deg(L) = deg(F) (Remark 2). The sheafF on X is said to satisfy the
Basic Inequality if the line bundleL onXS satisfies the Basic Inequality.

L. Caporaso began the study of the Brill–Noether theory of stable curves from
the point of view of rank 1 sheaves (or line bundles) satisfying the Basic Inequality
([3], [4]). Here we consider a very particular class of stable curves: the graph curves
considered in [1]. A graph curve is a nodal curveX such that each irreducible compo-
nent ofX is smooth, rational and intersects exactly 3 other components, each of them
only at one point. Hencepa(X)≥ 3 andX has 2pa(X)−2 irreducible components. See
[1] for many properties of graph curves and the introductionof [1] for several reasons
to study them.

Let X be a nodal projective curve defined over an algebraically closed fieldK
with char(K) = 0. LetB (X) denote the set of the irreducible components ofX. The
dual graph‖X‖ of X is the following non-oriented graph with multiple edges and
loops. There is a bijection between the set of all vertices of‖X‖ andB (X). If v 6= w are
vertices of‖X‖ andTv,Tw are the associated irreducible components ofX, thenv and
w are connected by♯(Tv∩Tw) edges. Each vertex of‖X‖, say associated toT ∈ B (X),
has exactly♯(Sing(T)) loops. The graph of a graph curve is trivalent and the converse
holds if we restrict to graphs without loops and multiple edges and to nodal curves with
smooth irreducible components, any two of them intersecting at most at one point. If
g ≥ 9 there are many graph curves withW1

1 (X) 6= /0, i.e. with gonality 1 with respect
to line bundles satisfying the Basic Inequality. To describe them we introduce the
following definition.

DEFINITION 1. Let X be a graph curve of genus g. Let VX denote the set of
all T ∈ B (X) such that X\T has3 connected components. An element of VX is called
a totally disconnecting component of X. Fix T∈ VX. Let C1,C2,C3 be the connected
components ofX\T, with the convention pa(C1)≥ pa(C2)≥ pa(C3). Set gi := pa(Ci).
Hence g= g1+g2+g3. We will say that T is allowable (and write T∈V ′

X) if 2g1 ≤ g,
i.e. if g1 ≤ g2+g3.

THEOREM 1. Let X be a graph curve of genus g≥ 3. There is a bijection
between W1

1 (X) and V′
X. Every L∈W1

1 (X) is spanned and h0(X,L) = 2.

LetY be any nodal and connected projective curve. The singular point P of Y is
called adisconnecting nodeof Y if Y\{P} is not connected. SinceY is nodal,Y\{P}
has exactly 2 connected components for any disconnecting nodeP of Y. Let v : C→Y
be the partial normalization ofY in which we only normalize the disconnecting node
P. SinceP is a disconnecting node ofY, C has two connected components. Hence
h0(C,OC) = 2. SetF[P] := v∗(OC). The coherent sheafF[P] has depth 1, pure rank 1,
deg(F[P]) = 1, Sing(F[P]) = {P}, h0(Y,F[P]) = 2 andF[P] is spanned (Lemmas 1 and 2).

DEFINITION 2. Let X be a graph curve of genus g and P a disconnecting node
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of X. Let C1 and C2 denote the closures in X of the2 connected components of X\{P}.
The disconnecting node P is said to be allowable if g is even and pa(C1) = pa(C2) =
g/2.

THEOREM2. Let X be a graph curve of genus g≥ 3. LetΦ denote the set of all
allowable disconnecting nodes of X. LetΨ denote the set of all isomorphism classes
of depth1 sheaves F on X with pure rank1, degree1, h0(X,F)≥ 2, Sing(F) 6= /0, and
satisfying the Basic Inequality. The map P7→ F[P] induces a bijectionβ : Φ →Ψ. Every
F ∈ Ψ is spanned and satisfies h0(X,F) = 2.

If the graph curveX has no disconnecting nodes, then much more can be said
(see [4], Proposition 5.2.7, for the case of degree 2 sheaves).

We want to thank the referees of previous versions of this paper for precious
remarks.

2. The proofs and related results

Let X be a graph curve of genusg. The inequality (1) for the irreducible components
of X gives the following necessary condition for the Basic Inequality for L ∈ Picd(X):

(2) |deg(L|T)−d/(2g−2)| ≤ 3/2

for all T ∈ B (X).

EXAMPLE 1. Fix an integerg≥ 9. Here we show the existence of many graph
curvesX of genusg with V ′

X 6= /0 orVX\V ′
X 6= /0. Fix integersgi ≥ 3, 1≤ i ≤ 3, such that

g1+g2+g3 = g, and letXi be any graph curve of genusgi . Fix Pi ∈ Sing(Xi) and let
fi,Pi : Yi → Xi be the quasi-stable curve obtained fromXi by “blowing-up” the pointPi .
Hencepa(Yi) = gi and there is a unique componentEi,Pi := f−1

i (Pi) of Yi intersecting
the other components ofYi at two points. FixQi ∈ Ei,Pi , 1≤ i ≤ 3, and 3 distinct points
Q′

1,Q
′
2,Q

′
3 of D := P1. Take asX the curve obtained fromY1⊔Y2 ⊔Y3⊔D by gluing

together the pointQi and the pointQ′
i for all i = 1,2,3. X is a genusg graph curve and

D ∈VX. D ∈V ′
X if and only if max{g1,g2,g3} ≤ g/2.

EXAMPLE 2. Fix an even integerg≥ 6. Here we show the existence of many
genusg graph curves with an allowable disconnecting node. Fix graph curvesXi, i =
1,2, of genusg/2 andPi ∈ Sing(Xi). Let ui : Yi → Xi be the “blowing-up” ofPi . Hence
eachYi is a quasi-stable curve of genusg/2 with a unique exceptional componentEi :=
u−1

i (Pi). Fix Qi ∈ Ei ∩ (Yi)reg. Let X be the only nodal curve obtained fromY1 ⊔Y2

by gluingQ1 andQ2. X has genusg and each irreducible component ofX is smooth
and rational. Letu : Y1 ⊔Y2 → X denote the quotient map. LetT be an irreducible
component ofX, say coming from an irreducible componentD of Y1. If D 6= E1,
thenQ1 /∈ D and hence♯(T ∩X\T) = ♯(D∩Y1\D) = 3. If T = E1, thenT intersects
u(E2) and the images inX of the two irreducible components ofY1 associated to the
two irreducible components ofX1 containingP1. HenceX is a graph curve. SetP :=
u(Q1) = u(Q2). The pointP is an allowable disconnecting node ofX.
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REMARK 1. Let X be a reduced and quasi-projective curve,P ∈ X, andF a
sheaf onX with pure rank 1 and depth 1. The germFP of F at P is a torsion free
OX,P-module with pure rank 1. Hence there exists an inclusionj : FP →֒ M with M
a freeOX,P-module with rank 1. The minimal integer dimK(M/FP) for all such pairs
( j,M) is an important invariant of the germFP. Call ℓ(F,P) this integer. We have
ℓ(F,P)≥ 0 andℓ(F,P) = 0 if and only ifFP is a freeOX,P-module. This invariant may
be computed on the formal completion ofOX,P. Let mX,P be the maximal ideal of the
local ringOX,P. Notice thatmX,P is a freeOX,P-module if and only ifP∈ Xreg. Hence
if P∈ Sing(X) andFP

∼= mX,P, thenℓ(F,P) = 1. Now assume thatX is projective. Fix
a finite setS⊆ Sing(X) and letf : C→X be the partial normalization ofX in which we
only normalize the points ofS. The support of the torsion off ∗(F) is contained in the
finite set f−1(S). SetG := f ∗(F)/Tors( f ∗(F)). G is a coherent sheaf onC with depth
1 and pure rank 1. SinceX andC are projective, the integers deg(F) and deg(G) are
well-defined and satisfy the Riemann–Roch formulasχ(F) = deg(F)+χ(OX), χ(G) =
deg(G)+χ(OC) even ifX or C are not connected. We have

(3) deg(G) = deg(F)− ∑
P∈S

ℓ(F,P).

We need this formula only when each point ofS is either an ordinary node ofX or an
ordinary cusp ofX. In this case we may decomposef into ♯(S) partial normalizations
of a singular point which is either an ordinary node or an ordinary cusp. Hence for
nodes or ordinary cusps it is sufficient to prove it when♯(S) = 1, sayS= {P}. In this
case (3) is obviously true ifFP is free. If F is not locally free atP andP is either an
ordinary node or an ordinary cusp, then the germ ofF at P is formally isomorphic to
the maximal ideal of the local ringOX,P ([6] or, for nodes, [8], pp. 163–166). Hence it
is sufficient to check (3) whenF = IP. In this case (3) holds, becauseℓ(IP,P) = 1 and
G is the ideal sheaf of the length two schemef−1(P).

Remark 1 immediately gives the following result.

COROLLARY 1. Let X be a reduced projective curve and F a coherent sheaf
on X with depth1 and pure rank1. Fix S⊆ Sing(F). Assume that each point of S is
an ordinary node or an ordinary cusp of X. Let v: C→ X be the partial normalization
of X in which we only normalize the points of S. Set M:= v∗(F)/Tors(v∗(F)). Then
Sing(M) = v−1(Sing(F)\S) anddeg(M) = deg(F)− ♯(S).

LEMMA 1. Let X be a nodal projective curve. Fix S⊆ Sing(X) and let F be
a coherent sheaf on X with depth1, pure rank1 and S⊆ Sing(F). Let v: C → X be
the partial normalization of X in which we only normalize thepoints of S. Set M:=
v∗(F)/Tors(v∗(F)). Then M has depth1, pure rank1, ♯(Sing(M)) = ♯(Sing(F))−♯(S),
deg(M) = deg(F)− ♯(S), h0(X,F) = h0(C,M) and F∼= v∗(M). If F is spanned, then
M is spanned.

Proof. By Corollary 1 it only remains to check thath0(X,F) = h0(C,M), F ∼= v∗(M)
and thatM is spanned ifF is spanned. There is a natural mapτ : F → v∗(M) which is
an isomorphism outsideS. The mapτ is an isomorphism at each pointP∈ Sbecause
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the germ ofF at P is isomorphic to the germ of the ideal sheafIP, while M is free in a
neighborhood of the two pointsv−1(P). SinceF ∼= v∗(M), h0(X,F) = h0(C,M). Now
assume thatF is spanned. Since the tensor product is a right exact functor, v∗(F) is
spanned. Hence any quotient ofv∗(F) is spanned.

REMARK 2. Let X be a stable curve of genusg andF a depth 1 sheaf onX
with pure rank 1. Assume Sing(F) 6= /0. Let v : C → X be the partial normalization
of X in which we normalize only the points of Sing(F). SetM := v∗(F)/Tors(v∗(F)).
Remark 1 shows thatM is a line bundle onC and that deg(M) = deg(F)− ♯(Sing(F)).
We haveχ(OC) = 1−g+ ♯(Sing(F)), butC may be disconnected. LetD be the only
quasi-stable curve withX as its stable model and such that{u−1(P)}P∈Sing(F) is the
set of the exceptional components ofD, whereu : D → X is the stable reduction. The
curveD is connected andpa(D) = g. There is an inclusionj : C →֒D such thatv= u◦ j
andD\ j(C) is the union of the exceptional components ofD. Any line bundleL on D
such thatj∗(L) ∼= M and deg(L|E) = 1 for every exceptional componentE of D will
be said to beassociatedto F or to M. The existence ofL is trivial for the following
reason. LetW be a reduced projective curve andW1 a union of some of the irreducible
components ofW. Assume/0 6=W1 6=W and setW2 :=W\W1. Then the restriction maps
Pic(W) → Pic(Wi), i = 1,2, induce a surjection Pic(W) → Pic(W1)×Pic(W2). Since
D has♯(Sing(F)) exceptional components andD\ j(C) is the union of the exceptional
components ofD, we have deg(L) = deg(M)+ ♯(Sing(F)) = deg(F). We only need
the set of integers{L|T}T∈B (D) to check the Basic Inequality. We useM to study the
cohomological properties (e.g. the spannedness) ofF .

LEMMA 2. Fix a nodal projective curve X and P∈ Sing(X). Let v: C → X be
the partial normalization of X in which we only normalize thepoint P. Let u: D → X
be the blowing-up of P and EP := u−1(P) the exceptional component of D. Set F:=
v∗(OC). Then F is a coherent sheaf on X with depth1, pure rank1 and degree1. Let
L be any line bundle on D associated to F (Remark 2). If P is a disconnecting node of
X, then h0(X,F) = h0(D,L) = 2 and F and L are spanned. If P is not a disconnecting
node of X, then h0(X,F) = h0(D,L) = 1.

Proof. SinceF = v∗(OC), h0(X,F) = h0(C,OC). The latter integer is the number of
connected components ofC. Hence this integer is either 1 (ifP is not a disconnecting
node) or 2 (ifP is a disconnecting node). In both cases we easily see thath0(C,OC) =
h0(D,L) (use thatC may be identified with a subcurve ofD (the complementary of the
exceptional divisorEP), thatM ∼= L|C, thatL|EP has degree 1 and the Mayer–Vietoris
exact sequence (6) below withEP instead ofD). Now assume thatP is a disconnecting
node. LetG be the subsheaf ofF spanned byH0(X,F). Henceh0(X,G) = h0(X,F) =
2. SinceG is a subsheaf of a depth 1 sheaf, it has depth 1. Fix a generalσ ∈ H0(X,F).
The sectionσ is associated to a general sectionη of H0(C,OC). Henceη has no zero.
Henceσ has no zero outsideP. HenceG has pure rank 1 and eitherG= F or F/G is
supported byP. AssumeG 6= F . SinceP is an ordinary node andP∈ Sing(F), there
is H ∈ Pic(X) such thatG ⊆ H ⊂ F andF/H is the skyscraper sheafKP supported
by P and withh0(X,KP) = 1. We haveh0(X,H) = 2. Since deg(L|T) = 0 for every
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T ∈ B (D)\{EP}, we have deg(H|T) ≤ 0 for everyT ∈ B (X). SinceX is connected
andh0(X,H)≥ 2, we obtained a contradiction.

PROPOSITION1. Let X be a genus g graph curve. ThenOX is the only L∈
A(X,0) such that h0(X,L)> 0.

Proof. Fix L ∈ A(X,0) such thath0(X,L)> 0 and assumeL 6=OX . Settingd= 0 in (2)
we get deg(L|T) ∈ {−1,0,1} for all T ∈ B (X). SetSi := {T ∈ B (X) : deg(L|T) = i}.
Since deg(L) = 0, ♯(S1) = ♯(S−1). Fix σ ∈H0(X,L)\{0} and setZ := {P∈ X : σ(P) =
0}. SinceL 6= OX, Z 6= /0. If T ∈ S−1, thenT ⊆ Z. If T ∈ S0, then eitherT ⊆ Z
or T ∩Z = /0. If T ∈ S1, then eitherT ⊆ Z or ♯(Z∩T) ≤ 1. Since /0 6= Z 6= X, we
get S1 6= /0. SetW := {T ∈ B (X) : T ⊆ Z} andY := ∪T∈WT. SinceZ 6= X, Y 6= X.
SinceS−1 6= /0 andS−1 ⊆W , Y 6= /0. SinceX is connected,m := ♯(Y∩X\Y)> 0. Set
A := {T ∈ B (X\Y) : T ∩Y 6= /0}. We just saw thatA⊆ S1 and that anyT ∈ A intersects
Y at a unique point. Thus deg(L|X\Y)≥m. By takingC := X\Y andd= 0 in the Basic
Inequality (1) we get|m| ≤ m/2, contradiction.

PROPOSITION 2. Fix an integer d< 0 and a genus g graph curve X. Then
h0(X,L) = 0 for every L∈ A(X,d).

Proof. Assume the existence ofL ∈ A(X,d) such thath0(X,L) > 0. The inequality
(2) gives deg(L|T) ≤ 1 for all T ∈ B (X). SetSi := {T ∈ B (X) : deg(L|T) = i} and
S− := ∪i<0Si . Sinced < 0, S− 6= /0. Fix σ ∈ H0(X,L)\{0} and setZ := {P ∈ X :
σ(P) = 0}. Sinced < 0, Z 6= /0. If T ∈ S−, thenT ⊆ Z. If T ∈ S0, then eitherT ⊆ Z
or T ∩Z = /0. If T ∈ S1, then eitherT ⊆ Z or ♯(Z∩T) ≤ 1. Since /0 6= Z 6= X, we
get S1 6= /0. SetW := {T ∈ B (X) : T ⊆ Z} andY := ∪T∈WT. SinceZ 6= X, Y 6= X.
SinceS− ⊆ W andS− 6= /0, Y 6= /0. Let C be a connected component ofX\Y. Since
X is connected,m := ♯(C∩X\C) > 0. SetA := {T ∈ B (X\Y) : T ∩Y 6= /0}. We just
saw thatA⊆ S1 and that anyT ∈ A intersectsY at a unique point. Thus deg(L|C)≥ m.
SinceX is semistable, eitherm≥ 2 or pa(C) = 1. Sinced(2pa(C)−2+m) ≤ 0, the
Basic Inequality (1) gives|m| ≤ m/2, contradiction.

Proof of Theorem 1.Fix L∈W1
1 (X). Sinceg≥ 3, 1/(2g−2)< 1/2. Hence

the inequality (2) gives deg(L|T) ∈ {−1,0,1} for all T ∈ B (X). SetSi := {T ∈ B (X) :
deg(L|T) = i} andYi := ∪T∈Si T. Let B′ be the base locus ofL andB the union of the
irreducible components ofX contained inB′. We haveY−1 ⊆ B. If T ∈ S0 then either
T ⊆ B or T ∩B′ = /0. If T ∈ S1, then eitherT ⊆ B or ♯(T ∩B′)≤ 1.

(a) First assumeB 6= /0. Sinceh0(X,L) > 0, B 6= X. SinceX is connected,
B∩X\B 6= /0. Let Ai , 1 ≤ i ≤ z, be the connected components ofX\B. SinceAi is
a connected component ofX\B, Ai ∩X\Ai = Ai ∩B. SinceX is connected, we get
mi := ♯(Ai ∩B)> 0. We just saw that deg(L|T) = 1 and♯(T ∩B) = 1 for everyT ⊆ Ai

such thatT ∩B 6= /0. Henceai := deg(L|Ai)≥ mi . The Basic Inequality (1) applied to
Ai givespa(Ai)> 0 and

(4) ai(2g−2)−mi(g−1)≤ 2pa(Ai)−2+mi.
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SinceAi 6= X, pa(Ai)≤ g−2. Hence

(5) (2ai −mi)(g−1)≤ 2g−6+mi

with ai ≥ mi > 0. The inequality (5) is not satisfied for all(ai ,mi ,g) such thatai ≥
mi ≥ 1, g ≥ 3 andai ≥ 2. Thus ifB 6= /0 we get a contradiction, unlessai = mi = 1
for all connected componentsAi of X\B. Assumeai = mi = 1 for all i. SinceX
is connected and each connected component ofX\B intersectsB at a unique point,
B must be connected. Since deg(L|Ai) = 1, we also see that the pointAi ∩B is the
only base point ofL contained inAi , thatL|Ai

∼= OAi (Ai ∩B) and that the restriction
map ρi : H0(X,L) → H0(Ai ,L|Ai) has one-dimensional image. Sinceh0(X,L) ≥ 2,
we getz≥ 2. From (4) withai = mi = 1 we getpa(Ai) ≥ g/2 for all i. SinceB is
connected,pa(B) ≥ 0. Sincez≥ 2 andg ≥ pa(B) +∑z

i=1 pa(Ai), we obtainz= 2,
g even,pa(A1) = pa(A2) = g/2 andpa(B) = 0. Since♯(B∩X\B) = z= 2 < 3 and
pa(B) = 0, ωX is not ample, contradiction. The contradiction givesB= /0.

(b) SinceB= /0, S−1 = /0. Hence there isD ∈ B (X) such that deg(L|D) = 1
and deg(L|T) = 0 for all T ∈ B (X)\D. HenceB′ ⊂ D∩Xreg. SinceB′∩X\D = /0 and
deg(L|T) = 0 for allT ∈X\D, we getL|X\D∼=OX\D and the existence ofσ∈H0(X,L)

with no zero in a neighborhood ofX\D. Consider the Mayer–Vietoris exact sequence

(6) 0→ L → L|D⊕L|X\D → L|D∩X\D → 0.

SinceL|X\D is trivial, h0(X\D,L|X\D) is the number,s, of the connected components
of X\D. Since‖X‖ is 3-valent, 1≤ s≤ 3. Call Mi , 1 ≤ i ≤ s, the connected com-
ponents ofX\D. SinceL|X\D ∼= OX\D and every connected component ofX\D inter-

sectsD, the restriction mapH0(X\D,L|X\D)→H0(D∩X\D,L|D∩X\D) is injective.
Hence (6) gives the injectivity of the restriction mapρ : H0(X,L)→H0(D,L|D). Since
deg(L|D) = 1,h0(D,L|D) = 2. Sinceh0(X,L)≥ 2, the linear mapρ is an isomorphism.
Henceh0(X,L) =2 andB′∩D= /0. SinceB′ ⊂D∩Xreg, we getB′ = /0, i.e. L is spanned.

Let φL : X → P1 be the morphism induced by|L|. SinceL|Mi
∼= OMi andMi is

connected,φL(Mi) is a pointQi ∈ P1. Sinceρ is bijective and deg(L|D) = 1, φL|D is an
isomorphism. SinceφL|Mi is constant, we get♯(Mi ∩D) ≤ 1. Since eachMi is a con-
nected component ofX\D, we haveMi ∩D 6= /0. Thus♯(Mi ∩D) = 1. SinceX is a graph
curve,♯(D∩X\D) = 3. Thuss= 3. Sinces= 3, D ∈VX. Conversely, takeD ∈VX and
callCi , 1≤ i ≤ 3, the connected components ofX\D. Fix an isomorphismu : D → P1.
Let f : X → P1 be unique morphism such thatf |D = u and f (Ci) = u(Ci ∩D) for
all i. SetL := f ∗(O

P1(1)). HenceL is a degree 1 spanned line bundle. Obviously,
deg(L|C) = 1 for any subcurveC of X containingD, while deg(L|C) = 0 for any sub-
curveC of X not containingD. It is clear that the second construction is the inverse of
the first one. Hence to conclude the proof of Theorem 1 it is sufficient to check thatL
satisfies the Basic Inequality if and only ifD ∈V ′

X.

Let C1,C2,C3 be the connected components ofX\D. Setgi := pa(Ci) and as-
sumeg1 ≥ g2 ≥ g3. To check the Basic Inequality it is sufficient to check it forall
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proper connected subcurves ofX. Let U be a connected proper subcurve ofX. Set
τ := ♯(U ∩X\U) andq := pa(U). First assume thatU does not containD. Hence
deg(L|U) = 0. The Basic Inequality is satisfied byU if and only if |2q− 2+ τ| ≤
τ(g−1). The latter inequality is always satisfied ifτ ≥ 2, because 0≤ q≤ g−1 and
g ≥ 3. Now assumeτ = 1. SinceU is connected and does not containD, there is
i ∈ {1,2,3} such thatU ⊆ Ci . SinceCi is connected,q ≤ gi . Sincegi ≤ g1, the pair
(L,U) satisfies the Basic Inequality if 2g1 ≤ g, i.e. if L ∈ V ′

X. By takingU := C1 we
see that if 2g1 > g, thenL does not satisfy the Basic Inequality. Now assumeD ⊆U .
Hence deg(L|U) = 1. The Basic Inequality is satisfied if and only if

(7) |2g−2q− τ| ≤ τ(g−1).

Since 0≤ q≤ g−2, the inequality (7) is satisfied if and only if eitherτ ≥ 2 or τ = 1
and 2q≥ g. Assumeτ = 1. HenceD 6=U . SinceU is connected, eachCi is connected
andD $U , we get thatU contains at least two of the curvesC1,C2,C3, sayCi andCj .
SinceU is connected, we getq ≥ gi +g j . Thus if g1 ≤ g2+ g3, thenL satisfies the
Basic Inequality.

REMARK 3. LetX be a stable curve of genusg≥ 4 such that there isD ∈ B (X)
with D ∼= P1. Call C1, . . . ,Cz the connected components ofX\D with the convention
pa(C1) ≥ ·· · ≥ pa(Cz). Setgi := pa(Ci). Assume♯(Ci ∩D) = 1 for all i. SinceX is
stable,z≥ 3. Since♯(D∩Ci) = 1 for all i, there is a unique morphismφ : X → P1 such
thatφ|D is an isomorphism andφ(Ci) = (φ|D)(Ci ∩D) for all i, i.e. eachφ|Ci is constant.
SetL := φ∗(O

P1(1)). L is a spanned line bundle, deg(L|D) = 1 andL|Ci
∼= OCi for all i.

Following the proof of Theorem 1 we now prove thatL satisfies the Basic Inequality if
and only if 2g1 ≤ g. LetU be a connected proper subcurve ofX. Setτ := ♯(U ∩X\U)
andq := pa(U). First assumeD * U . Hence deg(L|U) = 0. The Basic Inequality
is satisfied byU if and only if |2q−2+ τ| ≤ τ(g−1). The latter inequality is always
satisfied ifτ≥ 2, because 0≤ q≤ g−1 andg≥ 3. Now assumeτ= 1. SinceU ⊆Ci for
somei, andCi is connected,q≤ gi. HenceL satisfies the Basic Inequality with respect
to everyU ⊆Ci with τ = 1 if and only if 2gi ≤ g. TakingU :=C1 we get that the Basic
Inequality is satisfied with respect to all connected subcurves ofX not containingD if
and only if 2g1 ≤ g. Now assumeD ⊆U . In this case the pair(L,U) satisfies the Basis
Inequality if and only if (7) is satisfied. Since 0≤ q≤ g−1 andg≥ 4, (7) is satisfied
if eitherτ ≥ 2 or τ = 1 and 2q≥ g. Assumeτ = 1. HenceU 6= D. Sinceτ = 1, D $U
andU is connected, there is a unique indexi ∈ {1, . . . ,z} such thatCi *U . SinceU is
connected, we getq≥ g−gi. Hence 2q≥ g if 2gi ≤ g. Sincegi ≤ g1, we are done.

REMARK 4. Let X be any graph curveX such thatV ′
X 6= /0. Theorem 1 gives

the existence ofL ∈ A(X,1) such thath0(X,L) = 2> deg(L)/2+1. HenceL does not
satisfy Clifford’s inequality, contrary to the case of binary curves studied in [3] and to
many other cases studied in [4].

PROPOSITION3. Let X be a graph curve of genus g and F a sheaf on X with
depth1 and pure rank1 satisfying the Basic Inequality. Assume d:= deg(F) ≤ 0 and
that F is not locally free. Then h0(X,F) = 0.
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Proof. By assumptionS:= Sing(F) 6= /0. Sets := ♯(S). Let uS : XS→ X be the quasi-
stable curve obtained by blowing-upS. Let L be any degreed line bundle onXS associ-
ated toF in the sense of Remark 2. By assumptionL∈A(XS,d). Assumeh0(X,F)> 0.
SinceF has no torsion, the natural mapu∗S : H0(X,F)→ H0(XS,L) is injective. Hence
h0(XS,L)> 0. Fix σ ∈ H0(XS,L)\{0} and setZ := {σ = 0}. Let B be the union of the
irreducible components ofXS contained inZ. Fix T ∈ B (XS) which is not contracted
by uS. We have♯(T ∩XS\T) = 3. Sincepa(T) = 0, pa(XS) = g, deg(L) = d andL
satisfies the Basic Inequality,|deg(L|T)− d/(2g− 2)| ≤ 3/2. Sinced ≤ 0, we get
deg(L|T)≤ 1. SetSi := {T ∈ B (XS) : deg(L|T) = i}, Yi := ∪T∈Si TS andY− := ∪i<0Yi .
The curveY1 contains every irreducible component ofXS contracted byuS. We have
Yi ⊆ Z for all i < 0 and ifT ∈ S0, then eitherT ⊆ Z or T ∩Z = /0. If D is an irreducible
component ofY1, then eitherD ⊆ Z or ♯(D∩Z) ≤ 1. Since deg(L|EP) = 1 for every
exceptional componentEP, s> 0, and∑T∈B (XS) deg(L|T) = d ≤ 0, we obtainY− 6= /0.

HenceB 6= /0. Sinceσ 6= 0, B 6= XS. Let A be any connected component ofXS\B. Since
XS is connected,B∩XS\B 6= /0. Hencem := ♯(A∩B) > 0. We saw that deg(L|A)≥ m.
SinceXS is semistable, eitherpa(A) ≥ 1 or m≥ 2, i.e. pa(A)−1+m/2 ≥ 0. Since
d ≤ 0, the Basic Inequality gives deg(L|A)≤ m/2, contradiction.

PROPOSITION4. Let X be a graph curve of genus g. There is a bijection be-
tween VX and the set of all spanned line bundles on X with degree1.

Proof. Fix a spanned line bundleL on X such that deg(L) = 1. SinceL is spanned, it
induces a morphismhL : X → Pr , r := h0(X,L)−1. SinceL is spanned, deg(L|T)≥ 0
for all T ∈ B (X). Hence there isD ∈ B (X) such that deg(L|D) = 1 and deg(L|T) = 0
for all T ∈ B (X)\{D}. Let C1, . . . ,Cs be the connected components ofX\D. Notice
thathL contracts eachT ∈ B (X)\{D}. Now we repeat the proof of Theorem 1 to get
s= 3 and thatD ∈VX. Conversely, fix anyD ∈VX. In the proof of Theorem 1 we used
D to construct a spanned degree 1 line bundle onX.

Proof of Theorem 2.Let F be a sheaf onX with depth 1, pure rank 1,
degree 1,h0(X,F)≥ 2, and satisfying the Basic Inequality. Assume thatF is not locally
free. SetS := Sing(F) ands := ♯(S) > 0. Let uS : XS → X be the quasi-stable curve
obtained by blowing-upS. Let L be any degree deg(F) line bundle onXS associated
to F (Remark 2). By assumptionL ∈ A(XS,1). As in the previous proofs we have
h0(XS,L) ≥ h0(X,F) and henceh0(XS,L) ≥ 2. SinceXS is quasi-stable withX as its
stable reduction, 2≤ ♯(T ∩XS\T)≤ 3 for everyT ∈ B (XS) and♯(T ∩XS\T) = 2 if and
only if T is one of the exceptional componentsEP, P∈S. Since 2≤ ♯(T∩XS\T)≤3 for
everyT ∈ B (XS) andg= pa(XS)≥ 3, the Basic Inequality gives deg(L|T)∈ {−1,0,1}
for everyT ∈ B (XS). Let B′ be the base locus ofL andB the union of the irreducible
components ofXS contained inB′. SetSi := {T ∈ B (XS) : deg(L|T) = i} andYi :=
∪T∈Si T. Notice thatEP ∈ S1 for everyP∈ S. HenceS1 6= /0. If T ∈ Si for somei < 0,
thenT ⊆ B. If T ∈ Sj for somej ≥ 0, then eitherT ⊆ B or ♯(T ∩B′)≤ j.

(a) Here we assumeB 6= /0. Sinceh0(XS,L)>0,B 6=X. SinceXS is connected,
B∩XS\B 6= /0. Let Ai , 1≤ i ≤ z, be the connected components ofXS\B. Setai :=
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deg(L|Ai) andmi := ♯(Ai ∩B)> 0. We repeat verbatim part (a) of the proof of Theorem
1. SinceXS is not a graph curve, we only use the inequalitypa(Ai)≤ g−1, which is true
for any semistable curve. We first getai ≥ mi for all i, and then we get a contradiction
unless eitherai = mi = 2 andpa(Ai) = g−1 orai = mi = 1 for all i.

(a1) Here we assumeai =mi = 2 andpa(Ai) = g−1. SinceXS is quasi-stable,
every connected subcurve of it with arithmetic genusg−1 is the complement of one of
the exceptional components. Hencez= 1, B is irreducible andB is contracted byuS.
Hence deg(L|B) = 1. Hence deg(L) = ai +deg(L|B) = 3, contradiction.

(a2) Here we assumeai = mi = 1 for all i. SinceXS is connected and each
connected component ofXS\B intersectsB at a unique point,B must be connected.
Since deg(L|Ai) = 1, we also see that the pointAi ∩B is the only base point ofL
contained inAi , thatL|Ai

∼= OAi (Ai ∩B) and that the restriction mapρi : H0(X,L) →
H0(Ai ,L|Ai) has one-dimensional image. Sinceh0(X,L) ≥ 2, we getz≥ 2. From (4)
with ai = mi = 1 we getpa(Ai)≥ g/2 for all i. SinceB is connected,pa(B)≥ 0. Since
z≥ 2 andg≥ pa(B)+∑z

i=1 pa(Ai), we obtainz= 2, g even,pa(A1) = pa(A2) = g/2
and pa(B) = 0. SinceωXS is semiample and the exceptional components ofuS are
the only connected subcurves,J, of XS such that deg(ωXS|J) = 0, there isP ∈ S such
thatB= EP. Hence deg(L|B) = 1. Sincez= 2 anda1 = a2 = 1, we get deg(L) = 3,
contradiction.

(b) Here we assumeB = /0. HenceS−1 = /0. Since deg(L|EP) = 1 for all
P ∈ Sing(F), we gets = 1, Y1 = EP (whereP is the only point of Sing(F)) and
deg(L|T) = 0 for everyT ∈ B (XS)\{EP}. ThusY0 = XS\EP is isomorphic to the
partial normalization ofX in which we normalize only the pointP. SinceB = /0,
B′ ∩Y0 = /0. Hence a generalσ ∈ H0(XS,L) has no zero in a neighborhood ofY0.
Thus there is an open neighborhoodΩ of Y0 such thatL|Ω ∼= OΩ and the trivialization
is given by a global section ofL. Since each connected component ofY0 intersectsEP,
we obtain the injectivity of the restriction mapρ : H0(XS,L) → H0(EP,L|EP). Since
h0(EP,L|EP) = 2, andh0(XS,L) ≥ 2, ρ is bijective. HenceB′∩EP = /0. HenceB′ = /0,
i.e. L is spanned. Letv : C → X be the partial normalization ofX in which we only
normalizeP. SetM := v∗(F)/Tors(v∗(F)). M is a degree 0 line bundle (Lemma 1).
SeeC as the subcurveY0 of XS. With this identificationM = L|C (Remark 2). Hence
M is spanned and deg(M|T) = 0 for everyT ∈ B (C). HenceM ∼= OC. We also get
F ∼= v∗(OC). Any of the inequalitiesh0(XS,L) ≥ 2 or h0(X,F) ≥ 2 gives thatP is a
disconnecting node ofX and thatF is spanned (Lemma 2). Conversely, for any dis-
connecting nodeQ of X we get in this way a unique spanned sheafF[Q] with degree 1
andh0(X,F[Q]) = 2 (Lemma 1). It only remains to check that the sheafF[P] satifies the
Basic Inequality if and only ifP is allowable.

LetCi , i = 1,2, be the closure inXS of the 2 connected components ofXS\{EP}.
Setgi := pa(Ci). These components are isomorphic to the closure inX of the 2 con-
nected components ofX\{P}. Notice thatXS\Ci = C2−i ∪EP. Since deg(L|Ci) =
0, and♯(Ci ∩ (C2−i ∪ EP)) = 1, Ci satisfies the Basic Inequality forL if and only
if |2pa(Ci)− 1| ≤ g− 1. Thus the Basic Inequality holds for the pairs(L,C1) and
(L,C2) if and only if 2max{g1,g2} ≤ g, i.e. (sinceg = g1 + g2) if and only if g is
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even andg1 = g2 = g/2. From now on we assumeg even andg1 = g2 = g/2. Let
A be a proper connected subcurve ofXS. SinceA is connected,q := pa(A) ≥ 0. Set
x := ♯(A∩XS\A). First assumeEP *A. HenceA⊆Ci for somei. SinceA is connected,
we getq≤ pa(Ci)≤ g/2. Since deg(L|A) = 0, the Basic Inequality for the pair(L,A) is
equivalent to the inequality|− (2q−2+x)/(2g−2)|≤ x/2, which is always satisfied,
becausex≥ 1 andq≤ g/2. Now assumeEP ⊆ A. Hence deg(L|A) = 1. The pair(L,A)
satisfies the Basic Inequality if and only if

(8) |2g−2q− x)| ≤ x(g−1).

Since 0≤ q < g, g ≥ 3 andx ≥ 1, (8) is satisfied if and only if eitherx ≥ 2 or x = 1
and 2q≥ g. Assumex= 1. HenceA 6= EP. Sincex= 1, the connectedness ofX andA
and the inclusionEP $ A imply the existence ofi ∈ {1,2} such thatCi ⊆ A. Thusq≥
pa(Ci)≥g/2. HenceL satisfies the Basic Inequality. Obviously different disconnecting
nodes, sayQ1 andQ2, give non-isomorphic sheaves, because Sing(F[Q1]) = {Q1} 6=
{Q2}= Sing(F[Q2]), giving the injectivity of the mapβ : Φ → Ψ. The last sentence of
the statement of Theorem 2 follows from the surjectivity ofβ and Lemma 2.

REMARK 5. Take the set-up of Lemma 2. Assume thatX is stable with genus
g ≥ 4 and thatP is a disconnecting node ofX. Let C1 andC2 be the closures inD
of the two connected components ofD\EP. Thusg= pa(C1)+ pa(C2). The proof of
Theorem 2 just given shows thatL satisfies the Basic Inequality if and only ifg is even
andpa(C1) = pa(C2).
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