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Preface

Aristide Sanini was born in 1938 in San Secondo Parmense (a village close to
Parma) and studied at the University of Parma. He spent almost all of his academic
career at the Politecnico in Turin, having moved there in 1962, when he became assis-
tant to the chair of Carmelo Longo. Aristide Sanini retired in 2000, to “leave room for
young people” as he used to say. He died in the summer of 2007 after a long illness.

Before 1962 he had been a primary school teacher in Giuseppe Verdi’s home
village, Busseto (also near Parma). Therefore he used to sayjokingly that he was “il
maestro di Busseto”.

His main field of research was Differential Geometry, and at the same time he
gained the reputation of an extremely active and successfulteacher of Geometry at
the Politecnico. In addition, he devoted much of his energy to administrative duties:
he was on the management board of Collegio Einaudi (a residence for students of the
University and Politecnico) for twelve years, and served asboth Vice-Rector and Head
of the Department of Mathematics.

He was straightforward in his speech, and never at a loss for an answer. All his
colleagues will miss him greatly.

This special issue of the Rendiconti incorporates the threelectures given by
Sergio Console, Emilio Musso and John Wood on the afternoon of 27 June 2008, during
theGiornata di Geometria in memoria di Aristide Sanini, supported by both the Istituto
Nazionale di Alta Matematica (through its group GNSAGA) andthe Politecnico di
Torino.

The editors wish to thank the following persons, all of whom contributed to
the Giornata and to its organization: Claudio Canuto, Pier Paolo Civalleri, Guido
Fiegna, Donato Firrao, Franco Profumo, Fulvio Ricci, AnitaTabacco, Edoardo Vesen-
tini, Rodolfo Zich. They are also grateful to Georgi Mihaylov for translating and tran-
scribing Aristide Sanini’s article that concludes this volume.

Sergio Console, Paolo Valabrega

23 December 2009
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SOME RESEARCH TOPICS OF ARISTIDE SANINI ∗

I am sure that Aristide would make some ironic comment at the thought of me writing a
note about his papers. He would probably also object to me notwriting in Italian, which
I remember he would say with some pride was his second language, his first being the
dialect of his village, San Secondo Parmense, near Parma. But, in my opinion, the fact
that most of his papers are in Italian (and in local journals)has unfairly limited the
diffusion of his work.

I hope not to act against his will trying to focus on some of hisresearch topics.
Inevitably, I will put more stress on those that I understandbetter. These are topics that
were developed when, or shortly before, I was his student, and some I learned directly
from him during his frequent visits to the library in the Mathematics Department in the
University of Turin.

I shall begin with a few biographical notes.

Sanini studied in Parma, under Professor Carmelo Longo, whobelonged to En-
rico Bompiani’s school. He moved from Parma to the Politecnico di Torino to take
up a post as Longo’s assistant in the 1960’s. At this beginning stage of his career, his
research was mainly in projective differential geometry. This is apparent by looking at
his early papers [S2, S3, S1, S6, S5, S7, S9], as well as the paper based on a talk he
gave in Bologna in 1990 on Bompiani’s contributions to Riemannian geometry [S35].

In the 1970’s, Sanini began to focus on Finsler geometry, with special emphasis
on Finsler connections on the tangent bundle of a manifold. For a reference to some of
his results on this topic, I refer readers to [12], and in particular page 152.

He began his collaboration with Franco Tricerri later in this decade. This is
witnessed by the paper [S17] and the monograph [S20]. Despite the fact that these are
their only works in common, their friendship and mathematical relationship endured
until the tragic death of Tricerri and his family in 1994. This event left a deep wound,
above all in Aristide’s personal life, but also in his mathematical career.

Another long lasting collaboration was with Renzo Caddeo and later Paola Piu,
both from Cagliari [S31, S42]. Their joint work began in the 1980’s when Aristide
started to turn his attention to harmonic maps, and later submanifold geometry.

Before I start describing Aristide’s research topics, it isworth saying a little
about his attitude and way of working, as far as I could understand and learn from
him. He read thoroughly, and did not confine his attention to papers strictly related
to his current research interests. For example, I remember along conversation with
him about a book on mechanics he was reading not long before his death. When he
began a new research topic, he would read quite deeply all around the subject. Then

∗An extended version of a talk given at theGiornata di Geometria in memoria di Aristide Saniniheld at
the Politecnico di Torino on 27 June 2008.
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he would start computing using his own methods (for instance, he could handle very
long calculations with moving frames). At this stage, he began writing research notes
on which he would base a series of seminars. (The image on page379 gives two
examples.) Writing one or more papers on the chosen topic wasthe final step.

I am personally very fond of the technical report “Fibrati diGrassmann e ap-
plicazioni armoniche” [S33], which has been translated andpublished in this volume.
I vividly remember when he gave a series of seminars in 1988 based on these notes,
and soon afterwards I started my research under his supervision based on problems he
discussed there. This report is both a summary of his research on harmonic maps and
an example of his approach to the subject, and contains some original results.

I would divide the research of Aristide Sanini roughly as follows:

1960’s: projective-differential geometry;

1970’s: Finsler spaces;

1970-80’s: geometry of foliations;

1980-90’s: harmonic maps, Gauss maps;

1990’s: submanifolds of Lie groups.

This paper is devoted to the description of the last two periods (Sections 1, 2).

An appendix at the end of this survey reproduces part of a paper Sanini and
I wrote together in 1998 [S43]. I remember that Aristide was very happy with this,
but it remained unpublished since some time later we found out that Cecília Ferreira
had obtained a similar result [9]. But I think that our proof is simpler and since, to be
frank, most of the ideas were Aristide’s, this extract givesa concrete example of his
mathematics.

The main result can be described as follows. LetM be an oriented surface of
Euclidean spaceE3 with no umbilical point and letϕ : M → SO(3) be the function
mapping each pointx of M to the orthogonal matrix determined by the orthonormal
frame{e1,e2,e3}, wheree1 ande2 are the unit vectors of the principal directions atx.
Of course, this map can be locally identified with the Gauss map of M into the flag
manifold of triples of orthogonal one-dimensional vector subspaces ofR3 studied in
[9]. It is shown thatϕ is harmonic if and only if M is a surface of revolution for which
the product of the radius of a parallel and the curvature of a given meridian is constant
(Theorem 3).
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1. Harmonic maps, Gauss maps

1.1. Harmonic maps and deformations of metrics

I shall begin with an account of Sanini’s contributions to harmonic maps in the 1980’s.
Recall that a map of Riemannian manifoldsφ : (M,g)→ (N,g′) is harmonicif it is a
critical point of theenergy functional

E(φ) :=
1
2

∫
M

trgφ∗g′dvg ,

wheredvg denotes the volume element ofM with respect to the metricg. The real
numbere(φ) := 1

2trgφ∗g′ is calledenergy density. (See also the paper of J. Wood in this
volume [18].)

If φt is a one-parameter variation ofφ = φ0 and

v=
dφt

dt |t=0
∈ φ−1TN

is the correspondingvariation vector field of(φt) then

dE(φt)

dt |t=0
=−

∫
M
(τ(φ),v)dvg =−〈τ(φ),v〉 ,

whereτ(φ) := trgDdφ is thetension fieldof φ.

Henceτ(φ) = 0 is the Euler–Lagrange equation for the energy functionalE(φ),
andφ is harmonic if and only ifτ(φ) = 0.

The energy functional

E(φ) :=
1
2

∫
M

trgφ∗g′dvg ,

depends in an essential way on the metric.

A smooth mapφ : (M,g)→ (N,g′) is calledweakly conformalif

(1) φ∗h= λ2g

for some functionλ : M→ [0,∞) (cf. [18]).

In [S26], Sanini carried out an investigation of the conditions for the energy to
be stationary with respect to a deformation of the metric. More precisely,

1. arbitrary deformations:E is critical if and only ifdimM = 2 and φ is weakly
conformal ordimM > 2 andφ is constant.

2. isovolumetric deformations:E is critical if and only ifdimM = 2 andφ is weakly
conformal ordimM > 2 andφ is either a homothetic immersion or constant.
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(cf. Theorem 1 in the paper of Wood in this volume [18]).

Thestress energy tensorof a mapφ : (M,g)→ (N,g′) is the tensor fieldS(φ) =
e(φ)g− φ∗g′. Its divergence is divS(φ) = −〈τ(φ),dφ〉 and, in particular, ifφ is har-
monic,S(φ) is conservative (i.e., its divergence is identically zero).

Actually, (cf. a proof of Theorem 1 in [18]), the Euler–Lagrange operator for
the variation of energy is precisely the stress energy tensor.

More generally, givenφ : (M,g)→ (N,g′) with energy densitye(φ) := 1
2trgφ∗g′,

Uhlenbeck [16] introduced them-energyfunctional

Em(φ) :=
1
2

∫
M

(
2
m

eφ

)m/2

dvg , m= dimM,

which agrees with the energy form= 2 and depends only on the conformal structure
of M. Then

dE(φ,gt)

dt |t=0
=

1
2
〈Sm(φ),h〉 , h=

dgt

dt |t=0
,

whereSm(φ) =
( 2

meφ
)m/2−1( 2

meφg−φ∗g′
)

is the analog of the stress-energy tensor.

In [S34] the following results are proved:

1. The m-energy functional Em(φ) is critical with respect to deformations of g if
and only ifφ is weakly conformal.

2. If φ is weakly conformal, thenφ is a local minimum of Em(φ).

The second part was obtained by computing the second derivative of Em(φ).

The tangent bundleTM of a Riemannian manifold(M,g) can be endowed with
a Riemannian metric, the so-called Sasaki metric, which makes the submersionπ :
TM→M Riemannian. This metric can be described as follows.

Elements ofTM are pairs(x, ẋ), with ẋ∈TxM. A local coordinate system(xi) on
M determines a local coordinate system(xi , ẋi) on TM, which associates to the vector
ẋ its components with respect to the natural basis∂i =

∂
∂xi at the pointx.

For any vector fieldX ∈ X(M), its horizontal lift XH and its vertical liftXV

are uniquely determined. This lift operation extends also to Finsler fields onM, i.e.,
to vector fields depending also on the directional variable ˙x. Thus any vector field̃Z
tangent toTM can be written uniquely as

Z̃ = Z̃H + Z̃V ,

whereZ̃H andZ̃V are the horizontal and vertical component ofZ̃ respectively.

The Sasaki metric ¯g onTM is then uniquely determined by the conditions

ḡ(XH ,YH) = ḡ(XV ,YV) = g(X,Y) , ḡ(XH ,YV) = 0, ∀X,Y ∈ X(M) .

Let TM be the tangent bundle of(M,g), endowed with the Sasaki metric ¯g.
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A vector fieldξ onM may be considered as a map

ϕξ : (M,g)→ (TM, ḡ).

A joint work Caddeo–Sanini [S31] studies conditions under which the induced metric
ϕ∗ξḡ onM is harmonic with respect tog.

This is equivalent to the requirement that the identity map id :(M,g)→ (M,ϕ∗ξḡ)
is harmonic. It turns out that this happens when:

1. ξ is a conformal vector field and M is a surface,

2. ξ is a Killing vector field and M is locally flat,

3. ξ is a Killing vector field with constant length and M has constant curvature,
dimM > 2.

Given a mapφ : (M,g)→ (N,g′), its differentialΦ is a map between the Rie-
mannian manifoldsTM andTN, endowed with their respective Sasaki metrics.

Recall that the mapφ is totally geodesicif Ddφ = 0.

ComputingD̄dΦ, whereD̄ is the metric connection onΦ∗(T(TN) induced by
the Sasaki metric onTN, it is shown in [S25] thatφ is totally geodesic if and only ifΦ
is totally geodesic.

Moreover, the tension field ofΦ at (x, ẋ) ∈ TM, τ(Φ) = tr(DdΦ), is related to
that ofφ by

(2) τ(Φ) =

{
τ(φ)+∑

i
RN(Ddφ(ẋ,ei)dφẋ)dφei

}H

+ {divDdφ)(ẋ)}V ,

whereei is an orthonormal basis atx and H (respectivelyV ) denotes the horizontal
(respectively vertical) projection.

Thus ([S25, Proposition 3])if φ is harmonic, thenΦ is harmonic if and only if

1. ∑i R
N(Ddφ(ẋ,ei)dφẋ)dφei = 0, for any X∈ X(M),

2. divDdφ = 0.

The Laplacian of the energy densitye(φ) can be expressed as follows (cf. [6]):

(3) ∆e(φ) = |Ddφ|2+∑
i
〈dφ(RicMei),dφei〉−∑

i, j
〈RN(dφei ,dφej)dφei ,dφej〉 ,

where Ric is the (1,1) Ricci tensor. Moreover, the energy density of a totally geodesic
map is constant. Hence, by (2), (3) and the above result [S25,Proposition 3] one gets
that if Φ is harmonic and M is compact thenφ is totally geodesic.
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In a subsequent paper, [S29], Sanini considered an isometric immersion
f : M → N. The differential of f then defines an immersionF1 : T1M → T1N be-
tween the bundles of unit tangent vectors. This is related tothe Gauss map of an
m-dimensional submanifold ofN as a map ofM into the Grassmannian ofm-planes in
N (associating to each pointx of M its tangent space atx) [13].

We add a few comments concerning the metric on the unit tangent bundlesT1M.
The unit tangent bundle is the hypersurface ofTM given by elements(x, ẋ) such that
|ẋ| = 1. It can therefore be endowed with the induced metric. In this case,T1M has
constant mean curvature ([S29, Proposition 2]).

Actually, as Sanini learned later from [11] and [10], there is a one-parameter
family of metrics onT1M making the submersionT1M → M Riemannian. We will
call these metrics “Sasaki-like metrics”. The Sasaki metric corresponds to setting the
parameter equal to 1. This is at the origin of what he later described as “a strange
result”, that I shall now discuss. He studied the harmonicity of F1 when f is not totally
geodesic andN is a space of constant curvature c. Using similar computations as in
his previous paper [S25], he showed that in this caseF1 is harmonic (with respect to
the Sasaki metrics on T1M and T1N) if and only if

1. c= 0 and f(M) is a minimal Einstein submanifold,

2. c= dimM and f(M) is a totally umbilical submanifold of N.

Actually, if one modifies the metric of the unit tangent bundle by a constant [10]
(i.e., if one considers a “Sasaki-like metric” onT1M instead – see Subsection 1.2) then
this condition becomes a relationship among this constant,the sectional curvature ofN
and the dimension ofM (see [S33, Proposition 4]1).

A submanifoldM of a Riemannian manifoldN is calledpseudoumbilicalif the
mean curvature vector is an umbilical normal section, i.e.,if AH = |H|2id, whereA
denotes the shape operator.

Also in the paper [S29], the following generalization of theRuh–Vilms Theorem
[15] was proved.

THEOREM 1 ([S29, Theorem 3]).Let N be a space of constant curvature c. If
f : M→ N is a pseudoumbilical Einstein submanifold with parallel mean curvature,
then the restriction to T1M of the vertical component of the tension fieldτ(F) of the
differential F : TM→ TN of f is orthogonal to T1N.

Conversely, if the vertical component ofτ(F)|T1M is orthogonal to T1N, then

1. the mean curvature of M is parallel,

2. the following conditions are equivalent:

(a) M is Einstein,

(b) M is pseudoumbilical,

1Here and later, I refer to the numbering in the translation printed in this volume
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3. the quadratic form

Q(X) = gN(RicM(X)−mAHX− c(m−1)X,X)

=−∑i gN(α(ei ,X),α(ei ,X))

is proportional to the metric of M, where m= dimM, α is the second fundamen-
tal form and(ei) is an orthonormal frame of M.

We will see in the next subsection that to say thatQ is proportional to the metric
is equivalent to the conformality of the Gauss map ofM into the Grassmannian of
m-planes.

1.2. Gauss maps and harmonic maps

Recall that the “classical” Gauss mapγ maps any pointx of a orientable surface im-
mersed inR3 to the unit vectorNx applied at the origin ofR3.

If (M,g) is anm-dimensional Riemannian manifold isometrically immersedin
Rn (or, more generally, a space of constant curvature), then one can define several
generalizations of the Gauss map.

• TheGauss map into the Grassmannianwhich maps anyx∈M to the subspace
of Rn parallel toTxM, i.e.,

γ : M→Gm(n)

with Gm(n) the Grassmannian ofm-planes ofRn endowed with its canonical metric as
a symmetric space.

• The “spherical” Gauss map(defined by Chern and Lashof) is the mapping

ν : T1M⊥→ Sn−1

sending any unit normal vector to the point ofSn−1 obtained by its parallel transport to
the origin ofRn.

The harmonicity of the Gauss map can be read in term of the submanifold ge-
ometry ofM.

For example, a classical result by Chern is that an orientable surfacef : M2 →֒
Rn is harmonic if and only if the Gauss mapM→G2(n)∼= Qn−2 (complex quadric in
CPn−1) is antiholomorphic.

Moreover, Ruh and Vilms [15] proved thatγ : M→ Gm(n) is harmonic if and
only if the mean curvature vector is parallel, i.e.,∇⊥H = 0.

We refer to [S33, Theorem 4] for results of Obata on weak conformality of the
Gauss mapγ for submanifolds of spaces of constant curvature. The condition thatγ is
weakly conformal is equivalent to the fact that the quadratic form Q (see Theorem 1)
is proportional to the metric ofM, i.e.,Q(X) = ℓ2g(X,X), for anyX tangent toM, cf.
[S33].

More generally, for a submanifold of an arbitrary Riemannian manifold
f : M →֒ N one can define the following generalized Gauss maps (Jensen–Rigoli [10],
Wood [17]).
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• TheGauss map into the Grassmann bundle:

γ : M→Gm(TN)

sending any pointm to f∗(TpM) regarded as am-plane inTf (p)N, and thus a point in
the Grassmann bundleGm(TN). The latter is endowed with the one-parameter family
of metrics (the “Sasaki-like metrics” we mentioned above and which we will describe
soon).

• The“spherical” Gauss map:

ν : T1M⊥ → T1N
(x,ξ) 7→ ( f (x),ξ) .

Let O(M) be the principal bundle onM of orthonormal frames ofM endowed
with the canonical formθ = (θi), which is aRm-valued 1-form and theo(m)-valued
connection 1-formω = (ωi

j) determined by the Levi-Civita connection onM. The
Grassmann bundleGp(TM) is the associated bundle to O(M) with typical fiber the
Grassmannian ofp-planes inRm

Gp(m) =
O(m)

O(p)×O(m− p)
.

Let us consider the quadratic form on O(M)

W = ∑(θi)2+λ2∑(ωa
r )

2 ,

wherer = 1, . . . , p, a= p+1, . . . ,m andλ is a positive constant.

SinceW is O(p)×O(m− p)-invariant and vanishes on the fibers of the submer-
sion O(M)→Gp(TM), it induces a family of positive definite quadratic formsdsλ on
Gp(TM), the “Sasaki-like metrics”. The Sasaki metric onT1M corresponds top = 1
andλ = 1.

In the technical report [S33], the tension field of these generalized Gauss maps is
computed. Thus, some known results (both of Sanini and otherauthors) are computed
with a unified method.

We give an example, which I remember well, since it is relatedto the first paper
I wrote following the advice and suggestions of Sanini [3], and a later joint paper [S37].

THEOREM2. [10] The spherical Gauss mapν : T1M⊥→ T1N of a submanifold
M of a space of constant curvature N and withcodimM ≥ 2 is harmonic if and only if
the following conditions hold

1. f is minimal,

2. the second fundamental form isconformal, i.e.,

tr(AξAη) = λ〈ξ,η〉 ,

for any normal vectorsξ,η, whereλ is a function on M.
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Surfaces with conformal second fundamental form are in facthomogeneous
(even symmetric) as soon as one assumes their mean curvaturevector fieldH is parallel
in the normal bundle. Indeed,assume f: M→ Nn(c) is an isometric immersion of a
compact connected surface in an n-dimensional real space-form of constant curvature
c (with n= 4 or 5). If the second fundamental form of M is conformal and nonzero and
the mean curvature vector of M is parallel in the normal bundle, then either

1. n= 4 and M is a Veronese surface in a 4-sphere, or

2. n= 4 and M is a Clifford torus in a Euclidean 4-space, or

3. n= 5 and f is an immersion of a real projective plane into a 5-sphere, which is
factored through a Veronese surface in a suitable 4-sphere in the 5-sphere [3].

Submanifolds with conformal second fundamental form are related with a wi-
dely studied class of immersed submanifolds, theisotropic immersions. An immersion
f : M →֒ M̄ is said to be isotropic if for anyx∈M, we have‖α(v,v)‖ = λ(x)‖v‖2 for
anyv∈ TxM, whereλ is a positive smooth function onM (the isotropy function).

The main link between the above classes of submanifolds is the following: if
f : M →֒ M̄ has conformal second fundamental form and assuming that the codimen-
sion is p= 1

2m(m+1), then f is isotropic and the isotropy function coincides with the
conformality function[S37].

I am also in some way linked personally to the next paper Sanini wrote on Gauss
maps, since I helped him to write it in English [S38]. In this paper, he studies the
Gauss mapγ : (M,g)→ (Gm(n),Γ) and considers submanifolds satisfying the weaker
property that the tension field of the Gauss mapγ is orthogonal to its image, i.e.,τγ ⊥
im(γ). This is equivalent to the stress energy tensor ofγ having zero divergence (cf. [1])
and is characterized by the condition

∑
i

α(ei ,X) ·∇⊥ei
H = 0,

whereH is the mean curvature vector field and(ei) is an orthonormal frame ofM.

In particular,if M compact and orientable then‖H‖ constant.

A detailed study is carried out for surfaces inRn or more generally in spaces
of constant curvature withτγ ⊥ im(γ). For example it is shown thatthe surfaces
M2 ⊆ N3(c) satisfying∑i α(ei ,X) ·∇⊥ei

H = 0 with ∇⊥H 6= 0 are ruled by geodesics
intersecting orthogonally a plane curve L of constant curvature in N3(c). For c= 0
they are round cones.

2. Submanifolds of Lie groups

In the second half of the 1990’s, Sanini started to turn his attention to submanifold
geometry in Lie groups.
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In particular, he considered the Heisenberg group

H3 =









1 x z
0 1 y
0 0 1


 : x,y,z∈ R






endowed with the left invariant Riemannian metric

ds2 = dx2+dy2+(dz− xdy)2 .

The Heisenberg group(H3,ds2), although diffeomorphic toR3, has a very different
behavior from the point of view of its Riemannian (sub)manifold geometry. Indeed
H3 is a nilpotent Lie group admitting large classes of both minimal and constant mean
curvature surfaces.

A remarkable property, explicitly proved in [S41], is that,however,H3 does not
admit totally umbilical surfaces.

The (generalized) Gauss mapγ : M→ Gm(TH3) of a surfaceM of the Heisen-
berg groupH3 was examined in [S41].

Using the above property, it is proved thatthe Gauss mapγ is conformal if
and only if M is minimal. Moreover, a characterization of a surfaceM with constant
mean curvature having vertically harmonic Gauss map is given. Namely, in caseM
is minimal, it is a surface having the same analytical representation inR3 as a plane
parallel to the axis of revolution ofH3. In caseM has nonvanishing constant mean
curvature,M is a “round cylinder” (in the above sense) with rulings parallel to the
axis of revolution ofH3. Vertically harmonic means that the vertical component of the
tension field with respect to the submersionG2(TH3)→M vanishes.

In a joint paper with Piu [S42] they consider surfaces in the Heisenberg group
(H3,ds2) of the formS= expuXexpvY, (u,v) ∈R2, where

X =




0 a c
0 0 b
0 0 0


 and Y =




0 α γ
0 0 β
0 0 0




are two linearly independent vectors tangent toH3 at the identity. They prove that

1. S is a minimal surface with Gauss mapγ vertically harmonic if and only if
[X,Y] = 0 (which is equivalent to aβ−αb= 0).

2. S is a minimal surface withγ harmonic if and only if[X,Y] = 0 and the one-
parameter subgroupσ(u) = expuX either is a geodesic of H3, or has torsion
equal to zero (i.e., a2+b2− c2 = 0).

Moreover, if σ(u) is not a geodesic and has vanishing torsion, then the ruled
surfaceS1 generated by principal normal lines is flat alongσ(u).
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Appendix. A surface of revolution of a remarkable type

Let M be an oriented surface of Euclidean spaceE3 with no umbilical point. Re-
call from the introduction that one can consider the mapϕ : M→ SO(3) mapping each
pointx of M to the orthogonal matrix determined by the orthonormal frame{e1,e2,e3},
wheree1 ande2 are the unit vectors of the principal directions atx. This map can be
locally identified with the Gauss map ofM into the flag manifold of triples of orthogo-
nal one dimensional vector subspaces. The compact Lie groupSO(3) is endowed with
a biinvariant metricg′.

The following result will be proven.

THEOREM 3. The mapϕ : (M,g)→ (SO(3),g′) is harmonic if and only if M
is a surface of revolution for which the product of the radiusof a parallel and the
curvature of a given meridian is constant.

As a first step, the surfaces of revolution satisfying the above condition will
be constructed explicitly. One gets a family of surfaces as the general solution of an
ordinary differential equation of second order. Observe that, for instance, spheres are
not in this family (but round cones and cylinders are).

The next step will be to show that the surfaces constructed inthe previuos sec-
tion are the only surfaces for whichϕ is harmonic.

Observe that by Pluzhnikov’s Theorem [14], a mappingf of a Riemannian man-
ifold (M,g) into a Lie groupG, endowed with a biinvariant metricg′, is harmonic if
and only if the formf ∗θ has null divergence, wheref ∗θ is the induced form onM by
the Maurer–Cartan formθ onG, cf. also [4].

Surfaces of revolution withφ harmonic

Let M be a surface inE3, generated by revolution of the meridian curve(x(u),0,z(u)),
x(u)> 0, along thezaxis. We assume that the meridian curve is referred to arc length,
hence(x′)2+(z′)2 = 1. Thus the surfaceM is parametrized by

P(u,v) = (x(u)cosv, x(u)sinv, z(u)) .

A unit normal vector ise3 =(−z′ cosv,−z′ sinv,x′). The first fundamental form is given
by

(4) ds2 = du2+ x2dv2

and the principal curvatures are

α11 = α(e1,e1) = x′z′′− x′′z′, (curvature of the meridian),
α22 = α(e2,e2) = z′/x,

wheree1 = Pu , e2 = Pv/|Pv| is an orthonormal frame of the tangent space andα is the
second fundamental form.
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SetX := (e1,e2,e3) (where theei are thought as column vectors), the induced form by
the Maurer–Cartan formθ of SO(3) is given by

ϕ∗θ = X−1dX

=




e1

e2

e3




{(

de1

du
de2

du
de3

du

)
du+

(
de1

dv
de2

dv
de3

dv

)
dv

}

=




0 0 x′′z′− x′z′′

0 0 0
x′z′′− x′′z′ 0 0


du+




0 −x′ 0
x′ 0 −z′

0 z′ 0


dv.

(5)

The divergence of a 1-formβ = ∑βidxi is given by

δβ =−∑gi j ∇ j βi =−∑gi j {∂ jβi−Γk
ji βk},

whereg is the Riemannian metric andΓ are the Christoffel symbols.

Using (4), one getsΓ1
11 = Γ2

11 = Γ2
22 = 0 andΓ1

22 =−xx′.

The condition thatϕ∗θ has null divergence can be read off by the only equation

∂u(x
′z′′− x′′z′)+

x′

x
(x′z′′− x′′z′) = 0,

which is equivalent to

(6) ∂u{x(x′z′′− x′′z′)}= 0.

Hence we have the following

LEMMA 1. The only surfaces of revolution M for which the mapϕ : (M,g)→
(SO(3),g′) is harmonic are the ones for which the product of the radius ofa parallel
and the curvature of a given meridian is constant.

If the meridian has equationy= 0, z= f (x), the above condition is equivalent
to the second order ordinary differential equation

f ′′

(1+ f ′2)
3
2

=
k
x

(k constant),

whose solutions (depending on the constantsk andc> 0) are

f (x) =±
∫

log(cxk)√
1− log2(cxk)

dx.

Observe that, fork = 0 one gets the round cone and, with an obvious change of vari-
ables, the round cylinder.
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The general case of surfaces withφ harmonic

Let M be a surface ofE3, with no umbilical point. Using the same notations as in
[2], at any pointx∈M one has an orthonormal frame{e1,e2,e3}, wheree3 is the unit
normal vector ande1,e2 are the unit vectors of the principal directions. In terms of
differential forms (ifx is the position vector field,ωi the dual forms toei andωi

j are the

connections forms, withωi
j +ω j

i = 0) one has

dx= ω1e1+ω2e2,

de1 = ω2
1e2+ω3

1e3,

de2 = ω1
2e1+ω3

2e3,

de3 = ω1
3e1+ω2

3e2.

In particular, one has the structure equations

(7) dω1 =−ω1
2∧ω2, dω2 =−ω2

1∧ω1.

We set

(8) ω2
1 = hω1+ kω2, ω3

1 = aω1, ω3
2 = cω2,

wherea,c (with a> c) are the principal curvatures ofM at x and

H =
1
2
(a+ c), K = ac

are the mean curvature and the Gaussian curvature, respectively. The Gauss and Co-
dazzi equations read

(9) K = ac= h2− k1−h2− k2,

(10) c1 = (a− c)k, a2 = (a− c)h,

where, here and in the sequel,h2 = e2(h) and so on. Further, one has

(11) [e1,e2] = ∇e1e2−∇e2e1 =−he1− ke2.

If ϕ denotes the map fromM to SO(3) given by the orthonormal frame{e1,e2,e3}, then
the 1-formϕ∗θ with values inso(3), induced by the Maurer–Cartan form onSO(3) is
given by

ϕ∗θ =




e1

e2

e3


(de1de2de3) = ωα

β(e1)ω1+ωα
β(e2)ω2.(12)

Using the Hodge∗ operator, we get

(13) ∗ϕ∗θ =−ωα
β(e2)ω1+ωα

β(e1)ω2.
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Thusϕ is harmonic if and only ifδϕ∗θd∗ϕ∗θ = 0. Explicitly,

(14) −d
(

ωα
β(e2)

)
∧ω1+ωα

β(e2)ω1
2∧ω2+d

(
ωα

β(e1)
)
∧ω2−ωα

β(e1)ω2
1∧ω1 = 0.

Setting
α = 1, β = 2; α = 1, β = 3; α = 2, β = 3,

respectively, and using (8), we get the following conditions expressing the harmonicity
of ϕ:

(15) h1+ k2 = 0,

(16) a1+ak= 0,

(17) c2− ch= 0.

Note that (15) is equivalent to the fact that the codifferential of the connection formω2
1

vanishes. Using the above, equations (10), (11) and

[e1,e2](a) =−ha1− ka2, [e1,e2](c) =−hc1− kc2,

we get the equations

(18) ch1 =−(a+ c)hk, ak2 = (a+ c)hk.

When multiplied bya andc respectively, and added, using (15), these imply

(19) (c2−a2)hk= 0.

SinceM has no umbilical point, one cannot havea= c. If c=−a (i.e.,M is minimal),
by (18) one would haveh1 = k2 = 0 and hence, by (10), (16) and (17),h= k= 0, thus
a= c= 0, by (9).

Hence in order that (18) hold, we must havehk= 0. We consider the caseh= 0
(the other is similar and actually equivalent). Forh= 0 the integral curves of the field
e1 are geodesics inM. Thus they are plane curves, since they are curvature lines (cf. for
instance [8, page 140] or [5, page 152]). Moreover, by (10), (17) and (18), it follows
thata2 = c2 = k2 = 0, which means that the integral curves of the fielde2 are circles.
Indeed, if∇ denotes the Levi-Civita connection ofE3, we have

∇e2e2 =−ke1+ ce3, ∇e2∇e2e2 =−(k2+ c2)e2,

which implies that the curvature lines tangent toe2 are plane curves and have constant
curvature

√
k2+ c2.

Thus the surfaces for whichϕ is harmonic are of revolution. To end the proof
of the theorem, we show that the product of the principal curvaturea and the radius
1/
√

k2+ c2 of the circle is constant.
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We already remarked that

e2

(
a√

k2+ c2

)
= 0.

Moreover, by (16), (10) and (9), we have

e1

(
a√

k2+ c2

)
= a1(k

2+ c2)−1/2−a(k2+ c2)−3/2(kk1+ cc1)

= (k2+ c2)−3/2(−ak(k2+ c2)−ak(−ac− k2)−ac(a− c)k
)

= 0,

proving the constancy.

Acknowledgments: I would like to thank Simon Salamon and Gudlaugur Thorbergsson for
useful comments and some linguistic improvements.
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In Memoriam Aristide Sanini

J.C. Wood∗

CONFORMAL VARIATIONAL PROBLEMS,

HARMONIC MAPS AND HARMONIC MORPHISMS

Abstract. We discuss some aspects of harmonic maps and morphisms related to conformal-
ity, especially some recent results on smoothness and infinitesimal behaviour of twistor and
transform methods for finding harmonic maps, and the dual notion of harmonic morphism.

1. Introduction

Amongst Aristide Sanini’s interests were conformal variational problems. He wrote
two papers on this subject [24, 25]. In the first of these, he characterized weakly con-
formal maps from surfaces as maps whose energy is extremalwith respect to variations
of the metric.

On the other hand, harmonic maps extremize the energywith respect to varia-
tions of the map. The intersection of these classes is the class of minimal branched im-
mersions; in particular, all harmonic maps from the 2-sphere are automatically weakly
conformal, and so are minimal branched immersions. There are many twistor and trans-
form methods for the construction of such mappings into various symmetric spaces,
starting with harmonic 2-spheres in complex projective space. However, the construc-
tions are algebraic and are not, in general, smooth or even continuous. After reminding
the reader of these ideas, in Section 6, we discuss some recent results on the smoothness
of the Gauss transform.

An infinitesimal variation of a harmonic map is called aJacobi field; if a Jacobi
field comes from a genuine variation, it is calledintegrable. We discuss these ideas
in Sections 7 and 8, in particular, the integrability of Jacobi fields along harmonic 2-
spheres inCP2.

Then we remind the reader of Uhlenbeck’s idea of ‘adding a uniton’, and we
mention some recent developments which allow us to give completely explicit formulae
for harmonic 2-spheres in the unitary group and related spaces.

Related to the Gauss transform is the twistor method for finding harmonic 2-
spheres inS4. In Section 10, we study the infinitesimal behaviour of this method,
seeing that Jacobi fields are no longer always integrable.

Then, in Section 11, we discuss horizontally weakly conformal maps, charac-
terizing them in a way dual to that of Sanini; this leads to a discussion of harmonic
morphisms in Section 12ff. where we see how to dualize some of the twistor theory for
weakly conformal harmonic maps to give formulae for harmonic morphisms.

∗An expanded version of the author’s talk at theGiornata di Geometria in Memoria di Aristide Sanini,
held at the Politecnico di Torino on 27 June 2008. This work was partially supported by the Gulbenkian
Foundation, Portugal.
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2. Harmonic maps between Riemannian manifolds

Let φ : (M,g)→ (N,h) be a smooth map between compact smooth Riemannian mani-
folds. Theenergyor Dirichlet integral of φ is

E(φ) =
∫

M
e(φ)ωg =

∫
M

1
2
|dφ|2 ωg

whereωg denotes the volume measure induced by the metricg and, for anyp∈M,

|dφp|2 = Hilbert–Schmidt square norm of dφp

= gi j hαβ φα
i φβ

j .

Hereφα
i = ∂uα/∂xi denote the partial derivatives ofφ with respect to some local coordi-

nates(xi) onM and(uα) onN, (gi j ) and(hαβ) are the components of the metric tensor
g andh, and(hαβ) is the inverse matrix of(hαβ).

The mapφ is calledharmonicif the first variation ofE for variationsφt of the
mapφ vanishes atφ, i.e., d

dt E(φt )
∣∣
t=0 = 0. We compute:

(1)
d
dt

E(φt)
∣∣∣
t=0

=−
∫

M

〈
τ(φ),v

〉
ωg

wherev= ∂φt/∂t|t=0 is thevariation vector field of(φt), andτ(φ) = ∇dφ is thetension
field of φ given by

τ(φ) = ∇dφ = Tr∇dφ =
m

∑
i=1

∇dφ(ei ,ei)

=
m

∑
i=1

{
∇φ

ei

(
dφ(ei)

)
−dφ(∇M

ei
ei)
}

for any orthonormal frame{ei}. In local coordinates, this reads

τ(φ)γ = gi j

(
∂2φγ

∂xi∂x j −Γk
i j

∂φγ

∂xk +Lγ
αβ

∂φα

∂xi

∂φβ

∂x j

)

= ∆Mφγ +g(gradφα, gradφβ)Lγ
αβ .

Here,Γk
i j (resp.Lγ

αβ) denotes the Christoffel symbols on(M,g) (resp.(N,h) ),

and∆M denotes theLaplace–Beltrami operator on functions f: M→R given by

∆M f = ∇gradf = ∇df =−d∗df = Tr∇df

=
m

∑
i=1

{
ei
(
ei( f )

)
−
(
∇M

ei
ei
)

f
}

=
1√
|g|

∂
∂xi

(√
|g|gi j ∂ f

∂x j

)
= gi j

(
∂2 f

∂xi∂x j −Γk
i j

∂ f
∂xk

)
.
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3. Examples of harmonic maps

From (1), we see thatφ : M→ N is harmonic if and only if it satisfies theharmonicor
tension field equation:

(2) τ(φ)≡ Tr∇dφ = 0.

We list some standard examples.

1. A smooth mapφ : Rm⊇U → Rn is harmonic if and only if∆φ = 0 where∆
is the usual Laplacian onRm.

2. A smooth mapφ : (M,g)→Rn is harmonic if and only if∆Mφ = 0 where∆M

is the Laplace–Beltrami operator on(M,g).

Note that both the above equations arelinear.

3. A smooth map from an interval ofR or fromS1 to N is harmonic if and only
if it defines ageodesicof N parametrized linearly.

4. Holomorphicandantiholomorphicmaps between Kähler manifolds are har-
monic; in fact they minimize energy in their homotopy class.

5. Harmonic morphisms, i.e., maps which preserve Laplace’s equation, are
harmonic maps, see Section 12.

4. Weakly conformal maps

A smooth mapφ : (M,g)→ (N,h) is calledweakly conformalif

(3) φ∗h= λ2g

for some functionλ : M→ [0,∞); explicitly, for all p∈M,

h
(
dφp(X),dφp(Y)

)
= λ(p)2g(X,Y) (X,Y ∈ TpM) ;

equivalently,
dφ∗p◦dφp = λ(p)2 IdTpM.

In local coordinates, equation (3) reads

hαβφα
i φβ

j = λ2gi j .

A. Sanini characterized weak conformality as follows.

THEOREM1 ([24]). A non-constant mapφ is a critical point of the energy with
respect to variationsof the metricif and only if dimM = 2 andφ is weakly conformal.

Proof. The Euler–Lagrange operator for such variations is thestress-energy tensor
S(φ) = e(φ)g− φ∗h. If this is zero, taking the trace shows that dimM = 2, then com-
paring with equation (3) shows thatφ is weakly conformal withλ2 = e(φ).
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5. Harmonic maps and minimal branched immersions

Let M2 be asurface, i.e., a Riemannian manifold of dimension two. Then the energy
integral is unchanged under conformal changes of the metric, so that the concept of har-
monic map from a surface depends only on its conformal structure; in particular, ifM2

is orientable, we can (and will) take it to be aRiemann surface, i.e., one-dimensional
complex manifold; then methods of complex analysis may be used.

Let φ : M2 → N be a weakly conformal map from a surface. Then, an easy
calculation shows that, away from points where dφ is zero, the mean curvature is 2λ2

times the tension field, hence,a weakly conformal map from a surface is harmonic if
and only if it is minimal away from points where its differential is zero. Such a map
is called aminimal branched immersion; the points where dφ is zero are calledbranch
points, and are described in [17].

The following fact was established by the author [30] and many others.

LEMMA 1. Any harmonic map from the2-sphere S2 is weakly conformal and
so is a minimal branched immersion.

Proof. The (2,0)-part of the stress energy tensor is a holomorphic section ofT∗2,0S2.
Such a section must vanish since this bundle has negative degree.

6. Smoothness of transforms

Let π : Cn+1\ {~0}→ CPn be the canonical projection. For any smooth mapφ : M2→
CPn, write φ = [Φ] to mean thatΦ : U → Cn+1 is a smooth map on an open subset of
M2 with φ = π◦Φ away from zeros; thusΦ representsφ in homogeneous coordinates.
We denote orthogonal projection ontoφ (resp.φ⊥) by πφ (resp.π⊥φ ). Note that the linear

mapΦ 7→ π⊥φ (∂Φ
/

∂z) (resp.Φ 7→ π⊥φ (∂Φ
/

∂z)) represents the partial derivative∂φ/∂z
(resp.∂φ/∂z).

A smooth mapφ = [Φ] : M2→CPn has twoGauss transforms, a∂′-transform:

G′(φ) =
[
π⊥φ

∂Φ
∂z

]
,

defined at points where∂φ/∂z is non-zero, and a∂′′-transform:

G′′(φ) =
[
π⊥φ

∂Φ
∂z

]
,

defined at points where∂φ/∂z is non-zero. These are both independent of the choice of
Φ.

For simplicity, assume now thatM2 is oriented. Ifφ is harmonic and not anti-
holomorphic (resp. holomorphic), thenG′(φ) (resp. G′′(φ)) extends over the zeros of
∂φ/∂z (resp.∂φ/∂z) to give a harmonic map. Then, following work of other authors
(see [14]), the next result was established by J. Eells and the author [14]; we give the
formulation in [9].
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THEOREM 2. All harmonic maps from S2 to CPn are obtained from holomor-
phic maps by applying the∂′-Gauss transform up to n times.

To use this to study the space of harmonic maps, we need to answer the question,
Is the Gauss transform smooth, or even continuous?In general, it is not; however, for
integersk, d andE with k andE non-negative, set

Hol∗k(S
2,CP2) = the space of full holomorphic maps of degreek;

Harmd,E(S
2,CP2) = the space of harmonic maps of degreed and energy 4πE.

Then the following was established by L. Lemaire and the author.

THEOREM 3 ([21]). The Gauss transform

G′ : Hol∗k(S
2,CP2)→Harm(S2,CP2)

is smooth if restricted to the subspaceHol∗k,r(S
2,CP2) of holomorphic maps of fixed

total ramification index r. In fact, it gives a diffeomorphism

G′ : Hol∗k,r(S
2,CP2)→ Harmk−r−2,3k−r−2(S

2,CP2) .

7. Infinitesimal deformations and transformations

Let (φt,s) be a 2-parameter variation ofφ; write v=
∂φt,s

∂t

∣∣∣
(0,0)

andw=
∂φt,s

∂s

∣∣∣
(0,0)

for

the corresponding variation vector fields. Set

Hφ(v,w) =
∂2E
∂t∂s

(φt,s)
∣∣∣
(0,0)

=

∫
M
〈Jφv,w〉ωg

where
Jφv= ∆φv−TrRN(dφ,v)dφ .

Here∆φ = −Tr∇2 is the Laplacian onφ−1TN. The linear operatorJφ is called the
Jacobi operatoralongφ.

The following is easy to establish [22].

LEMMA 2. (i) If (φt) is a one-parameter family of maps withφ0 = φ and
∂φt
/

∂t
∣∣
t=0 = v , then

Jφ(v) =−
∂
∂t

τ(φt )
∣∣∣
t=0

.

(ii) If φt is a one-parameter family ofharmonicmaps withφ0 = φ, then v=
∂φt
/

∂t
∣∣
t=0 is aJacobi field alongφ, i.e., Jφ(v) = 0.

SoJφ is thelinearizationof the tension fieldτ, up to a sign convention.
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8. Integrability of Jacobi fields

DEFINITION 1. A Jacobi field v along a harmonic mapφ is said to beintegrable

if there is a one-parameter family(φt) of harmonic maps withφ0 = φ and
∂φt

∂t

∣∣∣
t=0

= v.

We ask the question,For what manifolds are all Jacobi fields integrable?

One reason that this is important is the following result of D. Adams and L. Si-
mon.

THEOREM 4 ([1]). Let (M,g) and (N,h) be real-analytic Riemannian man-
ifolds. If all Jacobi fields along harmonic maps from M to N areintegrable, then
Harm(M,N) is a real-analytic manifoldwith tangent spaces given by the Jacobi fields.

Since we can construct all harmonic maps fromS2 toCPn explicitly as above, it
is natural to ask what is known in this case. In the casen= 1, R. Gulliver and B. White
[18] showed that all Jacobi fields along harmonic maps are integrable. For the case
n= 2, L. Lemaire and the author showed the following.

THEOREM 5 ([22]). All Jacobi fields along harmonic maps from S2 toCP2 are
integrable.

The idea is that the Gauss transform and its inverse are smooth away from
branch points, so if a harmonic mapφ : S2→ CP2 is the Gauss transformG′( f ) of
a holomorphic mapf : S2→ CP2, then the inverse ofG′ maps a Jacobi field alongφ
into one alongf . We then show that this Jacobi field is actually holomorphic.The key
step is to show that it extends across the branch points, thena GAGA principle tells us
that it’s actually given by rational functions and so explicitly integrable. It follows that
the original harmonic map is integrable. The methods make essential use of the low
dimensions, and so are unlikely to generalize to highern.

9. Factorization into unitons

The Gauss transform is an example of K. Uhlenbeck’s operation of ‘adding a uniton’
which transforms harmonic mapsM2→ U(n) from a surface to the unitary group into
other harmonic mapsM2→U(n) as follows. Any harmonic mapφ defines a connection
Aφ = 1

2φ−1dφ on the trivial bundleCn = M2×Cn and thus a covariant derivativeDφ =

d+Aφ; then aunitonor flag factorfor φ is a subbundleβ of the trivial bundle which is
(i) holomorphic with respect to Dφz (i.e. the sections ofβ are closed underDφ

z), and (ii)

closed under Aφz. Uhlenbeck showed the following.

THEOREM 6 ([28]). (i) The map̃φ : M2→ U(n) given byφ̃ = φ(πβ− π⊥β ) is

harmonic. We say that̃φ is obtained fromφ by adding the unitonβ or by the flag
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transform with flag factorβ.

(ii) Any harmonic mapφ : S2→ U(n) can written as a finite product:

φ = const.(πβ1
−π⊥β1

) · . . . · (πβr −π⊥βr
) .

Such a product is called auniton factorizationof the harmonic mapφ, and
the minimum number of flag factors required is called theuniton number. Given an
arbitrary harmonic mapφ, one method of factorization is to add the unitonα0 = kerAφ

z

giving a new harmonic mapφ1, then repeat the process. After a finite numberr of steps
one reaches a constant map; then settingβi = (αr−i)⊥ gives a factorization, called the
factorization by Az-kernels. Dually, we may useAz-images [32]. However, neither of
these is the most efficient way in the sense of minimizing the number of steps; that
is provided by using the kernel of the bottom coefficient of the extended solution as
proposed by Uhlenbeck [28]; dually, we may use the image of the adjoint of the top
coefficient.

Conversely, to build all possible harmonic maps, we do successive flag trans-
forms starting with the constant map, giving a sequence of harmonic mapsφ0 = const.,
φ1, . . . ,φr = φ. To do this, we must know all the possible flag factors (unitons) at each
stage.

However, there are two problems:

(i) to find unitons, we must find a holomorphic (or, at least, meromorphic) basis
for the trivial bundleCn with respect toDφi

z for eachi; to find this we must, in general,
solve∂-problems;

(ii) like the Gauss transform, adding a uniton may not dependsmoothly, or even
continuously, on the data.

M. J. Ferreira, B. A. Simões and the author solved the first problem as follows.

THEOREM7 ([15]). For the (dual of) Uhlenbeck’s factorization, all the possible
unitons at each stage can be found explicitly in terms of projections of holomorphic
functions, without solving∂-problems, giving explicit formulae for all harmonic maps
from the2-sphere toU(n).

By thinking of them as stationary Ward solitons, B. Dai and C.-L. Terng [13]
also obtained explicit formulae for the unitons of the Uhlenbeck factorization.

The author and M. Svensson [27] developed the ideas in [15] toshow how to
find explicit formulae for the harmonic maps corresponding to any factorization of
U(n) including those in [13] and [15]. Thus we obtain explicit algebraic parametriza-
tions of all harmonic mapsS2→ U(n) by meromorphic functions, which can be used
to study continuity.

10. Smoothness of twistor methods

With a history going back to Weierstrass,twistor methodshave been successful in
constructing harmonic maps, especially from the 2-sphere to symmetric spaces. The
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first case of this was the following.

Thinking ofCP3 as the set of complex lines through the origin, letπ : CP3→
HP1 = S4 be theCalabi–Penrose twistor mapgiven by sending a complex line to the
quaternionic line containing it. E. Calabi showed the following.

THEOREM 8 ([10, 11]). Every harmonic mapφ : S2→ S4 is ± the projection
π◦ f of a horizontal holomorphic map f: S2→CP3.

Here ‘horizontal’ means that the image of the differential df at each point is
orthogonal to the kernel of dπ.

L. Lemaire and the author used this to study Jacobi fields along harmonic maps
from S2 to S4 and toS3, obtaining the following result [23].

THEOREM 9. (i) For each d= 1,2, . . . , the map f7→ φ = π◦ f is a diffeomor-
phism of the space of holomorphic horizontal maps f: S2→ CP3 of degree d onto the
space of harmonic mapsφ : S2→ S4 of energy4πd.

(ii) If φ (equivalently,f ) is full, the Jacobi fields alongφ correspond to infinites-
imal deformations of the horizontal holomorphic mapf .

(iii) There are some non-full harmonic mapsφ : S2 → S4 which have non-
integrable Jacobi fields.

(iv) There are some non-full harmonic mapsφ : S2→ S3 which have non-inte-
grable Jacobi fields.

11. The dual problem: horizontal weak conformality

The following definition can be regarded as the dual of that ofweak conformality given
in Section 4.

DEFINITION 2. φ : (M,g) → (N,h) is called horizontally weakly conformal
(HWC) (or semiconformal) if, for each p∈M, either

(i) dφp = 0, in which case we call p acritical point, or

(ii) dφp maps the horizontal spaceH p = {ker(dφp)}⊥ conformally onto Tφ(p)N,
i.e.,dφp is surjective and there exists a numberλ(p) 6= 0 such that

h
(
dφp(X),dφp(Y)

)
= λ(p)2g(X,Y) (X,Y ∈ H p) ,

in which case we call p aregular point.

Equivalently,φ is HWC if and only if, for eachp∈M,

dφp◦dφ∗p = λ(p)2 IdTφ(p)N

for someλ(p) ∈ [0,∞). In local coordinates, this reads

gi j φα
i φβ

j = λ2hαβ .
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These should be compared with the formulae in Section 4. The functionλ : M→ [0,∞)
is called thedilation of φ ; it is smooth away from the critical points; on setting it equal
to zero at the critical points, it becomes continuous onM with λ2 smooth.

Note that, whereas a non-constant weakly conformal mapφ is an immersion
away from the points where dφ vanishes, a non-constant horizontally weakly conformal
map is a submersion away from those points.

We then have the following dual of Sanini’s result above, see[6].

THEOREM 10. A non-constant mapφ is a critical point of the energy with re-
spect to horizontal variations of the metric if and only ifdimN= 2andφ is horizontally
weakly conformal.

Proof. The map is a critical point if and only if its stress-energy tensor is zero on
horizontal vectors. It is easily seen that this holds if and only if dim N = 2 andφ is
HWC.

12. Harmonic morphisms

We can now study a type of map which in many ways, is dual to thatof harmonic
maps. A smooth mapφ : (M,g)→ (N,h) is called aharmonic morphismif, for every
harmonic functionf :V→R defined on an open subsetV of N with φ−1(V) non-empty,
the compositionf ◦φ is harmonic onφ−1(V). We have the followingcharacterization
due independently to B. Fuglede and T. Ishihara.

THEOREM11 ([16, 19]). A smooth mapφ : M→N between Riemannian mani-
folds is a harmonic morphism if and only if it is bothharmonicandhorizontally weakly
conformal.

Proof. The ‘if’ part is a simple application of the chain rule for a function of a func-
tion. The converse direction requires the local existence of enough harmonic functions,
obvious in the real-analytic case, but more delicate in the smooth case.

We list some properties of harmonic morphisms.

1. Thecompositionof two harmonic morphisms is a harmonic morphism.

2. Harmonic morphismspreserve harmonicityof maps, i.e., the composition
f ◦φ : M→ P of a harmonic mapf : N→ P with a harmonic morphismφ : M→ N is
a harmonic map.

3. If dimN= 1, thenthe harmonic morphisms are precisely the harmonic maps;
in particular,if N =R, then the harmonic morphisms are precisely the harmonic func-
tions.

4. A mapφ : N→ P between surfacesis a harmonic morphism if and only if it
is weakly conformal.

5. The concept ofharmonic morphism to a surfacedepends only on the con-
formal structure of the surface. Hence the notion ofharmonic morphism to a Riemann
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surfaceis well-defined.

We next list some examples of harmonic morphisms.

1. For anym∈ {1,2, . . .}, radial projection

Rm\ {~0}→ Sm−1, ~x 7→~x
/
|~x|

is a harmonic morphism with dilationλ(~x) = 1/|~x|. More generally, ahorizontally
conformal submersion withgradλ tangent to the fibres is a harmonic morphism if and
only if it has minimal fibres.

2. TheHopf maps S3→ S2, S7→ S4, S15→ S8, S2n+1→ CPn, S4n+3→
HPn are harmonic morphisms with constant dilation. More generally, a Riemannian
submersion is a harmonic morphism if and only if its fibres areminimal.

3. (J.Y. Chen [12])Stable harmonic mapsfrom a compact Riemannian mani-
fold to S2 are harmonic morphisms.

13. Twistor theory for harmonic morphisms

The following was proved by the author [31] for submersions and extended to maps
with critical points by M. Ville [29].

THEOREM12. Given a non-constant harmonic morphismφ : M4→N2 from an
orientable Einstein4-manifold to a Riemann surface, there is a Hermitian structure J
on M4 such thatφ is holomorphic with respect to J, and J is parallel along the fibres
of φ.

Conversely, the author showed that, ifM4 is also anti-self-dual, a Hermitian
structure gave rise to local harmonic morphisms, away from points where it is Kähler.
This was generalized as follows.

Hermitian structures correspond to holomorphic sections of the twistor space
Z6 of M4. V. Apostolov and P. Gauduchon [2] showed that local existence of har-
monic morphisms is equivalent to local existence of Hermitian structures, and this is
equivalent to the self-dual partW+ of the Weyl tensor being degenerate. WhenW+

is identically zero, i.e.,M4 is anti-self-dual, the twistor space has anintegrablecom-
plex structure so that there are lots of Hermitian structures, and so lots of harmonic
morphisms.

Twistor methods have been extended to give various classes of holomorphic
harmonic maps and morphisms from higher-dimensional spaces to surfaces, see [26]
and [6, Chapters 8 and 9].

14. Explicit formulae for harmonic morphisms

Starting from Theorem 12, explicit formulae can be given forharmonic morphisms to
surfaces from 4-dimensional real or complex space-forms. By dimension reduction,
we obtain the followingmini-twistor formulae in 3-dimensional space forms given by
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P. Baird and the author [3] forR3 and [4] forS3 andH3; we give here the version for
R3. In fact, the first part of this result is essentially due to C.G. J. Jacobi [20]; the
converse (ii) was established in [3].

THEOREM 13. (i) Let g and h be holomorphic functions on an open subset of
C. Then any smooth local solutionφ : R3⊇U → C , z= φ(x1,x2,x3) to the equation

(4) −2g(z)x1+(1−g(z)2)x2+ i(1+g(z)2)x3 = 2h(z)

is a harmonic morphism.

(ii) Every harmonic morphism is given this way locally, up to composition with
isometries on the domain and weakly conformal maps on the codomain.

WhenM4 is of Minkowski signature, Hermitian structures becomeshear-free
ray congruences; on complexifying, they both becomeholomorphic foliations by null
planes, see [5]. To find harmonic morphisms into Lorentzian surfaces, we replace the
complex analytic functionsg and h in (4) by functions analytic with respect to the
hyperbolic numbers [7]. All cases can be unified by using thebicomplex numbers, see
[8].
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AN EXPERIMENTAL STUDY OF GOLDSTEIN–PETRICH

CURVES

Abstract. Numerical methods are used to prove the existence of closed embedded curves in
R2 andH2 whose shapes are invariant under the Goldstein–Petrich flow. Numerical routines
are used to compute all closed spherical free elasticæ. The evidence of the experiments shows
the existence of a unique, up to rotations, embedded closed free elastica ofS2 with symmetry
group of orderh, for every positive integerh≥ 2. The order of the symmetry groups and the
number of self-intersection points of any closed free elastica in S2 are determined.

1. Introduction

The interplay between integrable evolution equations and the motion of curves has been
the focus of intense research in the past decades, both in geometry and mathematical
physics (see for instance [6, 7, 8, 4, 11, 12, 14, 15, 16, 20, 21, 23] and the literature
therein). In the seminal paper [11], Goldstein and Petrich related the mKdV hierarchy
to the motions of curves in the plane. Later, this approach has been generalized to other
2-dimensional Klein geometries [6, 7, 8] or to higher-dimensional homogeneous spaces
[20, 21]. The second Goldstein–Petrich flow for curves in a 2-dimensional Riemannian
space formS 2

ε of constant curvatureε = 0,1,−1, is defined by themodified Korteweg–
de Vriesequation

(1) κt +κsss+
3
2

κ2κs = 0,

whereκ(s, t) denotes the (geodesic) curvature. Closed curves whose shape is invariant
under the flow defined by (1) are referred to asGoldstein–Petrichcurves. In this case,
κ(s, t) must be a periodic solution of (1) in the form of a traveling wave, soκ = κ(s+
(ε−λ)t) and

(2) κss+
κ3

2
+(ε−λ)κ = µ,

whereµ is a constant of integration. On physical and geometrical grounds it is natural
to demand that the curves are closed and without self intersections. Generic periodic
solutions of (2) need not correspond to closed curves [23]. And, even ifκ corresponded
to a closed curve, in general there would be points of self-intersection. It is known
that, in the spherical case, there exists a countable familyof simple Goldstein–Petrich
curves, withµ= 0 [2, 17]. These particular solutions are known aselastic curvesand
they constitute a classical topic in mathematical physics and geometry. However, in the

∗This research was partially supported by the MIUR projectGeometria delle varietà differenziabili, and
by the group GNSAGA of the INdAM
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Euclidean or hyperbolic case, closed elasticæ always have self intersections [2, 17, 23].
It is then a natural problem to look for numerical proceduresto recognize whether or
not there exist simple closed Goldstein–Petrich planar or hyperbolic curves. Another
natural problem is to develop effective computational methods to find all simple closed
elasticæ in the 2-sphere.

On the base of our numerical approach, we exhibit explicit examples of simple
Goldstein–Petrich curves in the Euclidean plane and in the Poincaré disk. Experimental
evidences confirm the existence of 1-parameter families of simple closed Goldstein–
Petrich curves with symmetry groupsZn, for everyn ∈ N. In the second part of the
paper we examine free elasticæ inS2. The curvature can be expressed in term of the
Jacobi elliptic function cn(−,

√
λ), λ ∈ (0,1/2). We compute the monodromy of the

spin Frenet system and we construct a mapφ : Q∩ (0,1/2)→ (0,1/2) such thatλ =
φ(p/q) gives a closed elastica. Every closed spherical elastica arises in this fashion, for
somep/q∈Q∩ (0,1/2). Our tests suggest that ifλ = φ(p/2q) then the corresponding
elastica has symmetry groupZq and possesses(p−1)q points of self intersection. In
particular, if p = 1 we obtain a simple closed elastica with symmetry groupZq, for
every q ≥ 2. If λ = φ(p/(2q+ 1)) then the curve has symmetry groupZ2q+1 and
possesses(2p−1)(2q+1) points of self intersection. As an application we compute
and visualize embedded Pinkall’s tori inR3 with non trivial symmetry groupsZn, for
everyn∈ N [26].

Acknowledgments.Numerical computations and visualization have been per-
formed with the softwareMathematica 6.

2. Goldstein–Petrich curves

2.1. Frames

We letR3
ε , ε = −1,0,1, be the real 3-dimensional space with coordinates(x1,x2,x3)

endowed with the bilinear form

〈x,y〉ε = εx1y1+ x2y2+ x3y3 =t xgεx

and with the orientationdx1∧dx2∧dx3 > 0. If ε = −1 we also fix a time-orientation
by saying that a null-vectorx is future-directed ifx1 > 0. We denote byS 2

ε ⊂ R3
ε the

space-like 2-dimensional submanifolds





S 2
1 = {x ∈ R3

1 : ‖x‖21 = 1} ∼= S2,
S 2
−1 = {x ∈ R3

−1 : ‖x‖2−1 =−1,x1≥ 1} ∼=H2,
S 2

0 = {x ∈ R3
0 : x1 = 1} ∼= R2.

We indicate by SOε(3) the connected component of the identity of the automorphism
group ofR3

ε . It is convenient to think of SOε(3) as the frame manifold of all oriented
basisa= (a1,a1,a3) of R3

ε such that〈ai ,a j〉= gε
i j . If ε =−1 we also require thata1 is

future-directed. We then letsoε(3) be the Lie algebra of SOε(3), whose elements are
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3×3 matrices of the form



0 −εy1 −εy2

y1 0 −y3

y2 y3 0


 .

REMARK 1. The hyperbolic planeS 2
−1 is identified with the unit disk∆ en-

dowed with its standard Poincaré metric

4
(1− x2− y2)2 (dx2+dy2)

by means of

x ∈ S 2
−1→

(
x2

x1 ,
x3

x1

)
∈ ∆.

Let γ : I ⊂ R→ S 2
ε be a regular curve parameterized by the arclength. For eachs∈

I we sett(s) = γ′(s) and we denote byn(s) ∈ R3
ε the unique unit vector such that

(γ(s), t(s),n(s)) ∈ SOε(3). The map

F : s∈ I → (γ(s), t(s),n(s)) ∈ SOε(3)

is theFrenet frame fieldof γ. It satisfies theFrenet–Serret equations

γ ′ = t, t′ =−εγ+κn, n′ =−κt

whereκ : I →R is thecurvatureof γ. The Serret–Frenet equations can be conveniently
written in the form

(3) F′ = FK (κ)

where

(4) K (κ) =




0 −ε 0
1 0 −κ
0 κ 0



 .

REMARK 2. By the existence and uniqueness of solutions of linear systems of
o.d.e. it follows that for every smooth functionκ : I → R and everya∈ SOε(3) there
exists a uniqueF : I → SOε(3) with initial conditionF(0) = a and satisfying (3). For
this reason we will simply say thatF is aFrenet frame with curvatureκ.

2.2. Jets, differential functions and total derivatives

We now collect some definitions taken from [24]. The space ofn-th order jets of
functionsu ∈ C∞(R,R) is denoted byJn(R,R). The independent variable iss, the
dependent variable and its virtual derivatives up to ordern are u,u(1), ...,u(n). The
projective limit of the natural sequence

(5) · · · → Jn(R,R)→ Jn−1(R,R)→ · · · → J1(R,R)→ J0(R,R)→R.
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is theinfinite jet space. It is denoted byJ(R,R). A function

W : J(R,R)→R

is said to be adifferential functionif there exists a polynomialW ∈R[x0,x1, ...,xn] such
that

W(u) =W(u,u(1), ...,u(n)),

for everyu = (s,u,u(1), ...,u(n), ...) ∈ J(R,R). The set of the polynomial differential
functions will be denoted byJ[u]. The total derivative

δ : J[u]→ J[u]

is defined by

δ(W)(u) =
∞

∑
j=0

∂W
∂x j
|uu( j+1).

A differential functionW ∈ J[u] is exactif there existP (W) ∈ J[u] such that

W = δ(P (W)).

Theprimitive P (W) is unique, up to a constant. We use the notation
∫

Wds to denote
the primitiveP (W) of W such thatP (W)|0 = 0. If κ : (s, t) ∈ R2→ R is a smooth
function, we put

js(κ) : (s, t) ∈ R→ (s,κ(s, t),∂sκ|(s,t), ....,∂n
sκ|(s,t)....) ∈ J(R,R).

ThemKdV hierarchy can be described as follows : letFn andGn be the differential
functions defined by

F1 = 0, G1 =−1, F2 = u(1), G2 =−
1
2

u2

and by

Fn = δ2(Fn−1)+u2Fn−1+u(1)

∫
uFn−1ds, Gn =−

∫
uFnds,

for everyn≥ 3. Then, then-th member of the mKdV hierarchyis the evolution equation

κt +
(
δ2(Fn)+u2Fn−u(1)Gn

)
| js(κ) = 0.

2.3. The Goldstein–Petrich flows

Following [11], alocal dynamicsof curves is defined by

(6) ∂tγ = U| js(κ)t +V| js(κ)n,

whereU,V ∈ J[u] are two differential functions and where

F(−, t) : s∈ R→ F(s, t) = (γ(s, t), t(s, t),n(s, t)) ∈ SOε(3),
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and
κ(−, t) : s∈ R→ κ(s, t) ∈ R

denote the Frenet frame and the curvature of the evolving curve, respectively. We also
assume thatuV is exact. From (6) and (7) we deduce

(7) F−1dF= K | js(κ)ds+Q| js(κ)dt,

where
K ,Q : J(R,R)→ soε(3)

are thesoε(3)-valued differential functions

(8) K =




0 −ε 0
1 0 −u
0 u 0



 ,

and

(9) Q =




0 −εU −εV
U 0 −δ(V)−uU
V δ(V)+uU 0


 ,

whereU is a primitive ofuV (i.e. δ(U) = uV). The compatibility equation of (7) is

(10) ∂t(K | js(κ))− ∂s(Q)| js(κ) = [K ,Q]| js(κ).

An easy inspection shows that (10) is satisfied if and only if

(11) ∂t(κ) =
(
δ2(V)+ (u2+ ε)V +u(1)U

)
| js(κ).

Thefirst Goldstein–Petrich flowis defined by the choice

V(1) = 0, U(1) =−1.

The curvature then evolves according to

∂t(κ)+ ∂s(κ) = 0.

Thus, the first GP-flow is trivial from a geometrical viewpoint (i.e. every curve evolves
by rigid motions). Thesecond Goldstein–Petrich flowis given by

(12) V(2) =−u(1), U(2) = ε− 1
2

u2,

which yields themKdV equation

(13) κt +κsss+
3
2

κ2κs = 0.
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The choice

V(3) = εu(1)−u(3)−
3
2

u2u(1), U(3) =−ε2+
1
2

εu2− 3
8

u4+
1
2

u2
(1)−uu(2)

gives thethird Goldstein–Petrich flow. The corresponding evolution equation is the
third member

κt +κsssss+
15
8

κ4κs+
5
2

κ3
s +10κκsκss+

5
2

κ2κsss= 0

of themKdV hierarchy.

REMARK 3. More generally, let{q(h,n)}1≤h≤n be the sequences defined recur-
sively by





q(1,2n) =−2n,
q(h,2n) = (−1)h(|q(h−1,2n−1)|+ |q(h,2n−1)|), h= 2, ...,n,
q(h,2n) = q(2n−h,2n), h= n+1, · · ·,2n−1,
q(2n,2n) = 1,

and by





q(1,2n+1) =−(2n+1),
q(h,2n+1) = (−1)h(|q(h−1,2n)|+ |q(h,2n)|), h= 2, ...,n,
q(h,2n+1) =−q(2n+1−h,2n), h= n+1, · · ·,2n,
q(2n+1,2n+1) =−1.

Then, we set

b(0,0) = 1, b(h,n) = εhq(h,n), h= 1, · · ·n, n∈ N

and we consider the differential functions defined recursively by

A(1,n) = 0, A(2,n) =−u(1), n≥ 2

and by

A(h,n) = δ2(A(h−1,n))+ (u2+ ε)A(h−1,n)+u(1)

(∫
uA(h−1,n)ds−b(h−2,n−2)

)
,

for eachn≥ 3 and eachh= 2, . . . ,n. If we defineV(n) andU(n) by

V(n) = A(n,n+1), U(n) =

(∫
uV(n)ds

)
−b(n−1,n−1)

we get then-th Goldstein–Petrich flow, whose corresponding evolution equation is the
n-th member of themKdV hierarchy.
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REMARK 4. If κ is a solution of (11) and ifK andQ are defined as in (8) and
(9) then the 1-form

Θ = K | js(κ)ds+Q| js(κ)dt

fulfils the Maurer-Cartan equation

dΘ+Θ∧Θ= 0.

Thus, by the Cartan-Darboux theorem, there exist F :R×R→SOε(3) such that F−1dF
= Θ. The map F is unique up to left multiplication by an element ofSOε(3). If we
put F= (γ, t,n), thenγ : R2→ R3

ε is the analytical parametrization of the dynamics of
a curve evolving according to (6).

REMARK 5. The first three basic distinguished functionals of (13) are

L0 =
∫

ds, L1 =
∫

k(s)ds, L2 =
∫

κ2(s)ds.

2.4. Goldstein–Petrich curves

Closed trajectories whose shapes are invariant under (13) are calledGoldstein–Petrich
curvesof S 2

ε (GP-curves for brevity). Solutions of (13) which correspond to Goldstein–
Petrich curves are periodic solutions in the form of a traveling wave, soκ = κ(s+(ε−
λ)t), for some constantλ and

(14) κ′′′+
(

3
2

κ2+(ε−λ)
)

κ′ = 0.

Integrating (14) we find

(15) κ′′+
κ3

2
+(ε−λ)κ =−µ,

whereµ is a constant. Another integration yields

(16) (κ′)2+
1
4

κ4+(ε−λ)κ2+µκ =−ν,

whereν is another constant of integration. Thus, thesignature[5, 22, 25] of a GP-curve
is one of the bounded components of an elliptic curve of the following type

y2+
1
4

x4+(ε−λ)x2+µx+ν = 0.

We notice that the extremal curves of the the action functional

(17) 2λL0+2εµL1+L2.

satisfies (15). In other words, stationary curves of the second order Goldstein–Petrich
flow arise as the critical points of linear combinations of the basic distinguished func-
tionalsL0,L1 andL2.
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REMARK 6. The valueµ= 0 yieldselastic curvesin S 2
ε , i.e. the critical points

of the total squared curvature functional with respect to variations with fixed length.
These curves have been extensively studied in [2, 9, 17, 18].If, in additionλ = 0 the
corresponding curves arefree elasticæ, i.e. the critical points of the total squared cur-
vature functional. Free elasticæ have a special interest indifferential geometry because
of their interrelations with Willmore surfaces [3, 9, 13, 26].

We note that (15) can be written in terms of a Lax pair. To provethe assertion we set

(18) Hλ =: Q+(λ− ε)K : J(R,R)→ soε(3),

whereQ andK are defined as in (8) and (9), withV =−u(1), that is

Hλ =




0 −ε(λ− u2

2 ) εu(1)
λ− u2

2 0 u(2)+
u3

2 −λu

−u(1) −u(2)− u3

2 +λu 0


 .

It is then a computational matter to verify that (15) holds ifand only if

(19) δ(Hλ| j(κ)) = [H,K ]| j(κ).

The main consequence of (19) is the integrability by quadratures of the Golstein-Petrich
curves. From the point of view of symplectic geometry, the Lax equation (19) is equiv-
alent to the Noether theorem of the conservation of the momentum map along the
extremal curves of the distiguished functionals (17).

3. Numerical solutions and examples

3.1. Numerical solutions

We now show how to implement standard numerical routines in our geometrical setting.

Step 1.Define the curvatureε of S 2
ε , the coefficientsλ andµ of (15), the initial condi-

tionsP0 = κ(0), P1 = κ′(0) and the intervalI = (a,b):

ε:=1; λ:=1− 2; µ:=0.626; P0:=− 0.2; P1:=2; a:=− 8; b:=8;

Step 2.Solve (15)

s[0]:=NDSolve[{k”[t]+ 1
2
k[t]∧3+(ε−λ)∗ k[t]+µ== 0,k[0] == P0,k′[0]==P1},

{k},{t,a− 0.5,b}];
K[t_]:=({k[t]}/.s[0])[[1,1]];

Step 3.Solve the Frenet–Serret linear system with curvatureκ:

s[1]:=NDSolve [{x′[s] == y[s],x[0] == ε,y′[s] == K[s]∗ z[s]− ε∗ x[s],
y[0] == 0,z′[s] ==−K[s]∗ y[s],z[0] == 0} ,{x,y,z},{s,a,b}] ;
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s[2]:=NDSolve [{x′[s] == y[s],x[0] == 0,y′[s] == K[s]∗ z[s]− ε∗ x[s],
y[0] == 1,z′[s] ==−K[s]∗ y[s],z[0] == 0} ,{x,y,z},{s,a,b}] ;
s[3]:=NDSolve [{x′[s] == y[s],x[0] == 0,y′[s] == K[s]∗ z[s]− ε∗ x[s],
y[0] == 0,z′[s] ==−K[s]∗ y[s],z[0] == 1} ,{x,y,z},{s,a,b}] ;
S[1][s_]:={x[s],y[s],z[s]}/.s[1];
S[2][s_]:={x[s],y[s],z[s]}/.s[2];
S[3][s_]:={x[s],y[s],z[s]}/.s[3];

Step 4.Define the corresponding GP curve (γS=spherical GP curve,γE= Euclidean GP
curve,γH=hyperbolic GP curve)

γS[t_]:={S[1][t][[1]][[1]],S[2][t][[1]][[1]],S[3][t][[1]][[1]]};
γH[t_]:= 1

S[1][t][[1]][[1]]
{S[2][t][[1]][[1]],S[3][t][[1]][[1]]};

γE[t_]:={S[2][t][[1]][[1]],S[3][t][[1]][[1]]};

Step 5.Visualize the curvature and the signature

SIGNATURE:=ParametricPlot[Evaluate[{K[t],D[K[t], t]}],{t,0,b},
PlotPoints→ 300,AspectRatio→ Automatic,
Axes→ True,PlotStyle→ {Thickness[0.01],Black}, ImageSize→ {400,400},
Background→ GrayLevel[0.8]];
HYPERBOLICCURVE:=Show[Graphics[{GrayLevel[0.6],Disk[{0,0},1]}],
ParametricPlot[Evaluate[γH[s]],{s,a,b},
PlotStyle→{{Thickness[0.01],Black}},Axes→ False,
AspectRatio→ Automatic,PlotPoints→ 140,PlotRange→ All],
Background→ GrayLevel[0.8]];
EUCLIDEANCURVE:=ParametricPlot[Evaluate[γE[s]],{s,a,b},
Background→ GrayLevel[0.8],PlotStyle→{{Thickness[0.01],Black}},
Axes→ False,AspectRatio→ Automatic,PlotPoints→ 140,
PlotRange→ All, ImageSize→{400,400}];
SPHERICALCURVE:=
Show[Graphics3D[{Opacity[0.5],GrayLevel[0.6],Sphere[{0,0,0}]},
Lighting→ "Neutral"],ParametricPlot3D[Evaluate[γS[s]],
{s,a,b},PlotPoints→ 300,Boxed→ False,AspectRatio→ Automatic,
Axes→ False,
PlotStyle→{Thickness[0.01],Black}],Boxed→ False,
Background→ GrayLevel[0.8],
PlotRange→{{−1,1},{−1,1},{−1,1}}, ImageSize→ {400,400}];

3.2. Wave-like Goldstein–Petrich curves

The values
ε = 0, λ = 0, µ≈ 1.103, P0 = 2, P1 = 0.2

and
ε = 0, λ =−1, µ≈ 1.103, P0 = 2.1904, P1 = 0.2
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give simple wave-like GP curves inR2 with symmetry groupsZ8 andZ11 respectively
(see Figure 1). The values

ε =−1, λ = 0, µ≈−9.987, P0 =−3, P1 = 1

and
ε =−1, λ = 0, µ≈−12.05, P0 =−3, P1 = 1

correspond to simple wave-like GP curves inH2 with symmetry groupsZ6 andZ8

respectively (see Figure 2).

Figure 1: Simple wave-like GP curves inR2

Figure 2: Simple wave-like GP curves inH2

3.3. Orbit-like Goldstein–Petrich curves

The values
ε = 0 λ =−2 µ≈−4.03, P0 = 2, P1 = 1,

and
ε = 1 λ =−1 µ≈−4.03, P0 = 2, P1 = 1
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give rise to closed orbit-like GP curves inR2 andS2 with symmetry groupZ7 (see
Figure 3).

Figure 3: Orbit-like GP curves

Setting
ε =−1 λ = 1, µ≈−3.8936, P0 = 2, P1 = 1

we obtain an orbit-like curve in the hyperbolic plane with symmetry groupZ6 and 24
points of self-intersection (see Figure 3).

4. Spherical free elasticæ

4.1. Spin frames

Consider the special unitary group

SU(2) = {V = (V1,V2) ∈ gl(2,C) : V ·VT
= 1, det(V) = 1}.

We take

i =
(

i 0
0 −i

)
, j =

(
0 i
i 0

)
, k =

(
0 −1
1 0

)

as standard infinitesimal generators of the Lie algebrasu(2). We consider the Euclid-
ean inner product

‖x‖2 =−1
2

Tr(x2), ∀x ∈ su(2).

Thus,(i, j ,k) is a orthogonal basis and

(x,y,z) ∈R3→ xi + yj + zk ∈ su(2)

gives an explicit identification ofsu(2) with the Euclidean 3-space. Consequently, the
2-dimensional sphereS2 is identified with{x∈ su(2) : ‖x‖2 = 1}. With these notations
at hand, the bundle of spin-frames ofS2 is defined by

π : V ∈ SU(2)→ V · i ·VT ∈ S2
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and, the 2 : 1 spin covering map SU(2)→ SO(3) is given by

V ∈ SU(2)→ (V · i ·VT
,V · j ·VT

,V ·k ·VT
) ∈ SO(3).

DEFINITION 1. Let γ : I −→ S2 be a smooth curve parameterized by the arc-
length and with curvatureκ. A spin frame field alongγ is a map

G = (Γ,Γ∗) : I → SU(2)

such that

(20) γ = G · i ·GT
, Γ′ =

1
2
(iκΓ+Γ∗), Γ∗′ =−1

2
(Γ+ iκΓ∗).

REMARK 7. The spin frameG : I → SU(2) is just a lift to SU(2) of the Frenet
frame F :I → SO(3) alongγ.

4.2. The monodromy

A spin frameG : R→ SU(2) with non-constant periodic curvatureκ and initial condi-
tion G(0) = 1 is the solution of linear system with periodic coefficients

(21) 2G′ = G ·
(

iκ −1
1 −iκ

)
, G(0) = 1.

Themonodromyof (21) is defined by

M := G(ω) ∈ SU(2),

whereω is the minimal period ofκ. The two eigenvalues ofM are

(22) µ± = Re
(
Γ1

1(ω)
)
±
√

Re
(
Γ1

1(ω)
)2−1= e±2πiθ ∈ S1,

whereθ ∈ [0,1). By the Floquet theorem for linear systems of o.d.e with periodic
coefficients (cfr. [1]) it follows thatG is a periodic solution of (21) if and only if

θ = p/q∈ [0,1), p,q∈N, gcd(p,q) = 1.

DEFINITION 2. The minimal period of the spin frameG is ℓs = qω and the
minimal periodℓ of the corresponding spherical curveγ = π ◦G can be eitherℓs or
elseℓs/2. In the first case we say thatγ is a spherical curve with spin1 while in the
second case we say thatγ is a spherical curve with spin1/2.

REMARK 8. For a spherical curve of spin 1 the integerq is odd and gives the
order of its symmetry group. For a curve of spin 1/2 the integerq is even and the order
of the symmetry group isq/2.
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4.3. The monodromy of free elasticae inS2

The curvature of a spherical free elastica satisfies

(23) κ′′+
1
2
(κ2+2)κ = 0.

The general periodic solution of (23) is

(24) κ(s,λ) = 2

√
λ

1−2λ
JacobiCN

(
s√

1−2λ
,λ
)

whereλ ∈ (0,1/2) and JacobiCN(z,λ) denotes the Jacobi cn-function with modulus√
λ. The minimal period ofk(s,λ) is given by

(25) ωλ = 4
√

1−2λ EllipticK(λ),

where

EllipticK(λ) =
∫ π/2

0

dθ√
1−λsin2(θ)

.

For eachλ ∈ (0,1/2) we denote by

G : R× (0,1/2)→G(s,λ) ∈ SU(2)

the spin frame field with curvatureκ(−,λ) and initial conditionGλ(0) = 1. We then
define theFloquet map

(26) m : λ ∈ (0,1/2)→m(λ) ∈ S1

by

m(λ) = Re(Γ1
1(ωλ,λ))+

√
Re(Γ1

1(ωλ,λ))2−1= e2πiθ(λ),

whereθ(λ) ∈ (0,1). The Floquet map can be computed in closed form by means of the
Heuman’s Lambda function [19] or with numerical methods. Wenow exhibit the code
of the numerical evaluation of the Floquet map:

Step 1.Defineκ(s,λ), the periodωλ :

K[t_,λ_]:=
√

4∗λ
1−2∗λ JacobiCN

[
t√

(1−2∗λ)
,λ
]

;

ω[λ_]:=
(
4 ∗
√
(1− 2 ∗λ)

)
∗EllipticK[λ];

Step 2.Solve numerically the linear system (20) :

A[1]:={1,0};
A[2]:={0,1};
sol[1][λ_]:=
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NDSolve [{x′[t] == (1/2)(i∗K[t,λ]∗ x[t]+ y[t]),x[0] == A[1][[1]],
y′[t] == (1/2)(−i∗K[t,λ]∗ y[t]− x[t]),y[0]== A[2][[1]]} ,{x,y},
{t,−0.5,ω[λ]}];
sol[2][λ_]:=
NDSolve [{x′[t] == (1/2)(i∗K[t,λ]∗ x[t]+ y[t]),x[0] == A[1][[2]],
y′[t] == (1/2)(−i∗K[t,λ]∗ y[t]− x[t]),y[0]== A[2][[2]]} ,{x,y},
{t,−0.5,ω[λ]}];
S[1][t_,λ_]:={x[t],y[t]}/.sol[1][λ];
S[2][t_,λ_]:={x[t],y[t]}/.sol[2][λ];
M[t_,λ_]:=Transpose[{{S[1][t,λ][[1]][[1]],S[2][t,λ][[1]][[1]]},
{−Conjugate[S[2][t,λ][[1]][[1]]],Conjugate[S[1][t,λ][[1]][[1]]]}}];
Monodromy[λ_]:=M[ω[λ],λ];
µ[λ_]:=Re[S[1][ω[λ],λ][[1]][[1]]]+

√
Re[S[1][ω[λ],λ][[1]][[1]]]∧2− 1;

Step 3.Compute the monodromy and the Floquet map

M[t_,λ_]:=Transpose[{{S[1][t,λ][[1]][[1]],S[2][t,λ][[1]][[1]]},
{−Conjugate[S[2][t,λ][[1]][[1]]],Conjugate[S[1][t,λ][[1]][[1]]]}}];
Monodromy[λ_]:=M[ω[λ],λ];
µ[λ_]:=Re[S[1][ω[λ],λ][[1]][[1]]]+

√
Re[S[1][ω[λ],λ][[1]][[1]]]∧2− 1;

Step 4.Plot and visualize the image of the Floquet map and the graph of its real part

α[λ_]:={Re[µ[λ]], Im[µ[λ]]};
FLOQUET:=Show[Graphics[{GrayLevel[0.8],Disk[{0,0}]}],
ParametricPlot[α[λ],{λ,0,0.499},Background→ GrayLevel[0.8],
PlotStyle→{{Thickness[0.02],Black}},
PlotRange→{{−1.2,1.2},{−1.2,1.2}},PlotPoints→ 200,
AspectRatio→ Automatic,Axes→ False]];

Figure 4: The Floquet map and its real part

Plotting the image of the Floquet map and the graph of its realpart (Figure 4) we infer
thatm is a bijection of(0,1/2) ontoS1

+ = {eit : t ∈ (0,π)}. We set

(27) φ : τ ∈ (0,1/2)→m−1(e2πiτ) ∈ (0,1/2)
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and, for everyτ ∈ (0,1/2) we let γτ be the free elastica with parameterλ = φ(τ).
Summarizing the discussion, we have

PROPOSITION1. The curveγτ is a closed free elastica if and only ifτ = p/q,
where p,q∈ N, gcd(p,q) = 1 and0< p/q< 1/2.

To evaluateφ(p/q) we proceed as follows : first we note thatφ(p/q) is the unique zero
of the function

Φp/q : λ ∈ (0,1/2)→‖m(λ)−e2πi p
q ‖2 ∈ R+.

Plotting the graph ofΦp/q we have a first rough estimate of the location ofφ(p/q)
(Figure 5).

Figure 5: The graphs ofΦ1/6 andΦ1/3

We then choose an initial valueλ1 ∈ (0,1/2) sufficiently near toφ(p/q) and we start
to search the minimumλ2 of Φp/q inside the interval[λ1− δ,λ1+ δ], among a finite
setD1 of k elements. We repeat the procedure by takingλ2 as a new initial value and
searching for the minimum ofΦp/q in the interval[λ2− δ/2,λ2+ δ/2] among a finite
setD2 of 2k elements. Proceeding recursively we find, aftern steps, a valueλn which
approximatesφ(p/q) with the desired precision. In practice, a good approximation of
φ(p/q) is given by anyλn such thatΦp/q(λn)< 10−h, with h≥ 8.

Step 1.ComputeΦp/q

Ψ[λ_,p_,q_]:=Abs
[
µ[λ]−Exp

[
2 ∗Pi∗ i∗ p

q

]]
∧2;

and visualize its graph

DISTRIBUTION:=Plot[Ψ[λ,p,q],{λ,−3,3},
PlotStyle→{{Thickness[0.01],Black}},PlotRange→ All,
PlotPoints→ 200,AspectRatio→ 1/2,Axes→ True, ImageSize→ {400,250},
Background→ GrayLevel[0.8],PlotRange→{{−3,3},{0,4}}]

Step 2.Search of the approximated values of min(Φp/q) :
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p:=1;q:=4;τ1:=0.4;
internalparameter[1]:=1/12;
internalparameter[2]:=20;
steps:=8;
Q[y_,δ_,k_]:=First[Sort[Table[{Ψ[λ,p,q],λ},{λ,y− δ,y+ δ,1/k}]]];
S[1,y_,δ_,k_]:=Q[y,δ,k];
S[m_,y_,δ_,k_]:=S

[
m− 1,S[m− 1,y,δ,k][[2]],δ

/(
2m−1

)
,k ∗

(
2m−1

)]
;

S[steps,τ1, internalparameter[1], internalparameter[2]];

4.4. Examples

The approximated values ofφ(1/2h), for h= 2, ...,7 are given by

φ(1/4)≈ 0.219105, φ(1/6)≈ 0.347017, φ(1/8)≈ 0.406183,

and by

φ(1/10)≈ 0.437212, φ(1/12)≈ 0.455251, φ(1/14)≈ 0.466582.

The corresponding free elasticæ are reproduced in Figures 6and 7. All these curves
are simple, with symmetry groupsZh and subdivideS2 into two congruent pieces.

Figure 6: The free elasticaγ1/2h, h= 2,3,4
.

The first approximated values ofφ(p/7) are

φ(1/7)≈ 0.381729, φ(2/7)≈ 0.166961, φ(3/7)≈ 0.0201934.

The associated free elasticæ are closed, with symmetry groupZ7 and with 7, 21 and 35
points of self-intersection, respectively. The curves arereproduced in Figure 8.

The first three approximated values ofφ(p/16) are

φ(3/16)≈ 0.315366, φ(5/16)≈ 0.130811, φ(7/16)≈ 0.0015496.

The associated free elasticæ are closed, with symmetry groupZ8 and with 8, 32 and 58
points of self-intersection, respectively. The curves arereproduced in Figure 9.
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Figure 7: The free elasticaγ1/2h, h= 5,6,7
.

Figure 8: The free elasticaγp/7, p= 1,2,3
.

4.5. Conclusions

The examples above and the evidence of other numerical experiments suggest the fol-
lowing geometrical facts∗.

PROPOSITION2. Let γp/q be a closed free elastica in S2 with p,q∈ N, p/q∈
(0,1/2) andgcd(p,q) = 1, then

• if q is even (q= 2q′) the elasticaγp/2q′ has spin1/2, symmetry groupZq′ and
possesses(p−1)q′ points of self-intersection;

• if q is odd (q= 2q′+1), the elasticaγp/(2q′+1) has spin1, symmetry groupZ2q′+1
and possesses(2p−1)q points of self-intersection;

• γp/q is a simple curve if and only if p= 1 and q∈ 2N.

∗See ref. [18] for similar results in the case of free elasticæin the Poincaré disk.
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Figure 9: The free elasticaγp/16, p= 3,5,7
.

4.6. Embedded Pinkall’s tori

If G : I → SU(2) is a spin frame field of a unit-speed spherical curveγ : I → S2 with
curvatureκ hen the map

f : (s,ϑ) ∈ I ×R→ e
i
2 (ϑ−

∫
κ(u)du)G(s) ∈ S3⊂ C2

is a flat immersion into the unit 3-sphere which is called theHopf immersionassociated
to γ. The first and second fundamental forms off are

I =
1
4
(ds2+dϑ2), II =

1
2
(κds2−dsdϑ).

Thus,κ gives the mean curvatureH of the corresponding Hopf immersion. Therefore,
if γ is a Goldstein–Petrich curve the mean curvature of the Hopf immersion satisfies

(28) △(H)+2
(

H2+
a
b
−K

)
H = p,

where△ is the Laplace-Beltrami operator of the induced Riemannianmetric anda,b, p
are constants. Immersions satisfying (28) are the criticalpoints of the Hooke’s energy

E( f ) =
∫
(bH2+a)dA.

They are known aselastic surfaces[13]. Physically,a is the surface tension,b the
bending energy andp is the pressure. The casea= b= 1 andp= 0 has a particular ge-
ometrical interest; the curveγ is a free elastica andf parameterizes aWillmore surface.
One of the key features of Willmore immersions is their invariance with respect to the
group of Möbius (conformal) transformations ofS3. Using this construction and the
results of Langer–Singer [17], U.Pinkall [26] discovered the first examples of embed-
ded Willmore tori which are not Möbius equivalent to any minimal surface inS3. The
stereographic projections of these surfaces are calledPinkall’s tori of R3. Our exper-
iments show that Pinkall tori are associated to the free elastic curvesγ1/2n, n∈ N and
n> 2. If we choose appropriately the pole of the stereographic projection, the Pinkall
surface defined byγ1/2n has a symmetry group isomorphic toZn (see Figure 10).
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Figure 10: Pinkall’s tori with symmetry groupsZ2, Z3 andZ4

.
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GRASSMANN BUNDLES AND HARMONIC MAPS ∗

Introduction

The “classical” Gauss mapϒ associates to any pointx of an oriented surfaceM, im-
mersed inR3, the unit normal vectorNx applied at a pointO in R3, and so determines a
mapping fromM to the unit sphereS2. It is therefore called thespherical representation
of M.

This representation enables one to obtain plenty of information on various ge-
ometrical aspects of the surface. In particular, it provides an “extrinsic” interpretation
of the Gaussian curvature ofM. A classical result is expressed by the following:

THEOREM 1. The Gauss mapϒ : M→ S2 is conformal if and only if

1. M is a minimal surface, or

2. M is contained in a sphere.

In both cases,ϒ is a harmonic map. The analysis of Gauss maps, extended in a suit-
able way, is the focal point of many interesting research topics. Particular attention is
dedicated to the conditions under which those maps are conformal or harmonic.

In his article [19], R. Osserman provides an excellent overview on the evolution
of the concept of Gauss map and the information regarding thegeometry of submani-
folds that can be deduced from it.

Building on the classical concept of Gauss map, it is possibile to define the
“generalized” one, which associates to each pointx of an m-dimensional manifold
isometrically immersed inRn, the subspace ofRn parallel toTxM, i.e.,

ϒ : M→Gm(n),

whereGm(n) is the Grassmannian ofm-planes inRn, having a well-known structure of
a homogeneous (indeed, symmetric) Riemannian space.

Subsequently, M. Obata constructed in [18] a Gauss map for anm-dimensional
Riemannian manifoldM isometrically immersed in a simply connected spaceN with
constant sectional curvature. Such a construction of a Gauss map is based on the map-
ping of x∈M to them-dimensional totally geodesic submanifold ofN tangent toM at
x and leads to several particularly significant results regarding conformality conditions.

The more recent theory of harmonic maps (see for example the extensive reports
of J. Eells–L. Lemaire [8, 9]) immediately reveals remarkable points in contact with
the theory of Gauss maps. We mainly refer to those results (see [7]) generalizing the
theorem cited above (see [4]):

∗Translation of aRapporto Interno, Politecnico di Torino, 1988.
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THEOREM 2 (Chern [2]). Consider an isometric immersion f of an orientable
surface M insideRn. Then f is harmonic (i.e., minimal) if and only if the Gauss map
from M to G̃2(n) is anti-holomorphic, wherẽG2(n) is the Grassmannian of oriented
2-planes inRn which can be identified with the complex quadric Qn−2 in CPn−1.

THEOREM3 (Ruh–Vilms [21]). A submanifold M ofRn has parallel mean cur-
vature vector if and only if the Gauss mapϒ : M→Gm(n) is harmonic.

More recently, C.M. Wood [24] and G.R. Jensen–M. Rigoli [11], considering
a submanifoldM of a generic Riemannian manifoldN, define the Gauss map as the
map fromM to the Grassmann bundleGm(TN) of m-planes tangent toN endowed
with a suitable metric. They analyse several aspects of the harmonic and conformal
conditions, extending the previous results.

From another point of view, S.S. Chern and R.K. Lashof [6], considering a sub-
manifoldM isometrically immersed inRn, define the “spherical” Gauss map (another
extension of the classical concept) as the correspondenceν : M→ Sn−1 that associates
to each unit vectorv, normal toM in a pointx∈M, a point inSn−1 obtained by parallel
transport ofv to the origin ofRn.

In the article cited above, Jensen and Rigoli study the analogous problem in the
case of a manifoldM isometrically immersed in a generic Riemannian manifoldN,
associating to any unit vector normal toM the same element in the unit tangent bundle
T1N of N. They analyse also several problems related to the harmonicity of the map.

The present report aims also to expose some recent proper achievements regard-
ing the subject and is divided in three parts.

The first part, entitled “Grassmann bundles and distributions”, can be summa-
rized as follows. Section 1 describes the construction of the Riemannian metric on
the Grassmann bundleGp(TM) of p-planes tangent to a a manifoldM. This is due to
Jensen–Rigoli, and has been already applied by E. Musso–F. Tricerri [17] in the case
of unit tangent bundles. The fibres of the Riemannian submersion Gp(TM)→ M are
totally geodesic and isometric to the GrassmannianGp(m) endowed with the standard
metric.

Section 2 analyses some aspects related to the curvature ofGp(TM).

Any givenp-dimensional distribution overM singles out a sectionφ of Gp(TM),
and in Section 3 we determine the conditions under whichφ is harmonic. Section 4
contains some examples of such a situation in the case in which M is the sphereS3, the
Heisenberg group or another Lie group admitting a left-invariant metric.

In the second part “Isometric immersions and maps between Grassman bundles”
we analyse (starting in Section 5) the mapF from Gp(TM) to Gp(TN) induced by an
isometric immersionf of M insideN. If p = dimM thenGp(TM) can be identified
with M andF coincides with the Gauss mapϒ.

Then in Section 6 we define the tension field ofF and the conditions under
which it is harmonic. We exhibit a significant example of a minimal surfaceM of the
Heisenberg groupH for which the Gauss map is conformal but not harmonic.
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Section 7 develops a detailed analysis of the harmonic properties of F under
the hypothesis thatN has constant sectional curvature. The results are completely
analogous to those obtained by the author (see [22]) in the case of the map induced
between the unit tangent bundles by a Riemannian immersion of M to N. Furthermore,
whenF coincides with the Gauss map, the results we achieve are compared to those of
E. Ruh–J. Vilms and T. Ishihara described in [10].

The third part is dedicated to the “Spherical Gauss map”. In Section 8 we intro-
duce the Riemannian metric on the unit normal bundleT⊥1 M of a manifoldM isomet-
rically immersed inN. Later, in Section 9, we study the harmonicity of the spherical
Gauss mapν : T⊥1 M→ T⊥1 N applying a technique analogous to the one adopted in the
Second part (ν has already been analysed by Jensen–Rigoli with another method). In
Section 10, we add some remarks and examples in the case in which N has a constant
sectional curvature.

The present report contains two appendices:

– Appendix A, in which we recall several facts regarding the bundle of Darboux frames
and the classical conditions (Gauss, Codazzi, Ricci) on thecurvature tensors on a man-
ifold.

– Appendix B, which describes the computation of the tensionfield of a map be-
tween Riemannian manifolds in terms of orthonormal coframes, following the method
adopted by S.S. Chern–S.I. Goldberg [5].

I. GRASSMANN BUNDLES AND DISTRIBUTIONS

1. The Grassmann bundle of a Riemannian manifold

Let (M,g) be a Riemannian manifold of dimensionm. The bundle of orthogonal frames
of M, which has the orthogonal groupO(m) as a structure group, is characterized by the
Rm-valued canonical formθ = (θi) and theo(m)-valued 1-formω = (ωi

j) determined
by the Levi-Civita connection.

Denoting byRa right translation onO(m) determined by an elementa of O(m),
we have

(R∗aθ)i = (a−1)i
hθh,(1)

(R∗aω)i
j = (a−1)i

hωh
kak

j .(2)

Furthermore

dθi =−ωi
j ∧θ j (ωi

j +ω j
i = 0),(3)

dωi
j =−ωi

k∧ωk
j +

1
2

RM
i jhkθh∧θk,(4)
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whereRM
i jhk are the curvature functions onO(M) associated to the Riemannian curva-

ture tensorRM of g; i.e.,

(5) RM
i jhk(u) = RM(ui ,u j ,uh,uk) = ((∇[ui ,u j ]−∇ui ∇u j +∇u j ∇ui )uh,uk),

u= (x,u1, . . .um) is an element ofO(M).

DEFINITION 1. The Grassmann bundle of p-planes in the tangent spaces of M
is the bundle on M associated to O(M) with fibre the Grassmannian of p-planes inRm:

Gp(m) =
O(m)

O(p)×O(m− p)
.

In other words,

(6) Gp(TM) = O(M)×O(M) Gp(m).

The bundleGp(TM) can be defined in the following equivalent way (we refer
the reader to [13, vol. I, Prop. 5.5, p. 57]):

(7) Gp(TM) =
O(M)

O(p)×O(m− p)
,

whereO(M) is a principal bundle overGp(TM) with structure groupO(p)×O(m− p)
identified with a subgroup ofO(m) as follows:

(a1,a2) ∈O(p)×O(m− p) 7→
(

a1 0
0 a2

)
∈ O(m).

From now on, we shall exploit the representation ofGp(TM) defined by (6).

The canonical projectionψ : O(M)→Gp(TM) is given by

ψ(u) = [u1, . . . ,up]x

whereu= (x,u1, . . . ,up,up+1, . . . ,um) ∈ O(M) and[u1, . . . ,up]x denotes the subspace
of TxM generated by the orthonormal vectorsu1, . . . ,up.

Consider onO(M) the quadratic semidefinite positive form

(8) Q= ∑(θi)2+λ2∑(ωa
r )

2

with r = 1, . . . , p, a= p+1, . . . ,m, andλ an arbitrary real positive constant. The fol-
lowing facts are well known:

(i) The quadratic formQ is O(p)×O(m− p)-invariant: this follows directly from (1)
and (2) witha= (a1,a2) ∈O(p)×O(m− p).

(ii) The bilinear form onM associated toQ, i.e.,

Q(X,Y) = ∑θi(X)θi(Y)+λ2∑ωa
r (X)ωa

r (Y),

vanishes if and only ifX or Y are tangent to the fibres of the submersionψ : O(M)→
Gp(TM).
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For this reason (see also [17]), as the rank of the formQ is m+ p(m− p) and
equals to the dimension ofGp(TM), there exists a unique Riemannian metricds2

λ on
Gp(TM) such that:

ψ∗ds2
λ = Q.

In a sequel to this article, we shall considerGp(TM) endowed with the Riemannian
matricds2

λ defined by Jensen–Rigoli in [11].

Observe that if we consider onO(M) the Riemannian metric

g̃= ∑(θi)2+
1
2

λ2∑(ωi
j)

2,

one has thatψ is a Riemannian submersion with totally geodesic fibres of(O(M), g̃)
over(Gp(TM), ds2

λ).

Let U denote an open set ofGp(TM) and σ : U → O(M) a local section of

the bundleO(M)
ψ−→ Gp(TM). Thusσ associates to eachp-dimensional subspace

[π]⊂ TxM an orthonormal basis inx∈M such that its firstp vectors belong to[π].
Them+ p(m− p) 1-forms

(9) ρi = σ∗θi , ρar = λσ∗ωa
r

yield an orthonormal coframe onU with respect to the metricds2
λ. The forms associated

to the Levi-Civita connection with respect to the frame in question are determined by
the conditions:

dρi = −ρi
j ∧ρ j−ρi

ar∧ρar,

dρar = −ρar
j ∧ρ j −ρar

bs∧ρbs,

imposing also skew-symmetry.

A standard computation using (3) and (4), leads to

(10)





ρi
j =−ρ j

i = σ∗{ωi
j +

1
2λ2RM

ar ji ωa
r }

ρi
ar =−ρar

i = σ∗{ 1
2λRM

ar ji θ j}

ρar
bs=−ρbs

ar = σ∗{δa
bωr

s+ δr
sωa

b}.

Equation (8) implies also that the natural projectionΓ : (Gp(TM), ds2
λ)→ (M,g) is a

Riemannian submersionwith totally geodesic fibres.

This property can be verified directly using (10). Indeed, let us denote by
{Ei ,Ear} the dual basis of the orthonormal coframe (9), so{Ear} is the basis of the
vertical distributionV tangent to the fibres and{Ei} the basis of the horizontal oneH.
We have:

(∇EbsEar,Ei) = ρi
ar(Ebs) = 0.

In the next sections the horizontal and the vertical component of a vector fieldX, tan-
gent toGp(TM), will be denoted respectively byXH andXV , so

X = XH +XV .
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Finally, with a suitable choice of the constants, each fibre of Gp(TM) is isometric to
Gp(m) endowed with the canonical metric (we refer the reader to [13, vol. II, p. 272]).
Indeed, if we consider

Gp(m) =
O(m)

H
, H = O(p)×O(m− p),

and the decomposition of the Lie algebra

o= h+m

with

m=

(
0 −XT

X 0

)
X ∈M(m− p, p,R),

one has thatAd(H)m⊂m. The scalar product onm obtained by restriction tom of the
inner product

(11) (A,B) =−1
2

λ2Tr(AB)

on o(m) defines a metricds̄2
λ on Gp(m), invariant under the left action ofO(m) on

Gp(m). The choice of the same arbitrary positive constantλ in (8) and (11) implies
that the isometry betweenRm andTxM, determined by an orthonormal frame inx∈M,
extends to an isometry from(Gp(m), ds̄2

λ ) to Gp(TxM) (the fibre of(Gp(TM), ds2
λ)

corresponding tox).

In particular, we have aRiemannian product:

(12) (Gp(TR
m), ds2

λ)
∼= Rm× (Gp(m), ds̄2

λ ).

Recall that byVilms’ Theorem[1, (9.59), p. 249],ds2
λ is the unique Riemannian metric

on Gp(TM) for which the projectionΓ : (Gp(TM), ds2
λ)→ (M,g) is a Riemannian

submersion with completely geodesic fibres isometric to(Gp(m), ds̄2
λ ) and a horizontal

distribution associated to the Levi-Civita connection.

REMARKS 1. The canonical map ofGp(TM) to Gm−p(TM) which associates
to eachp-plane inTxM the orthogonal(m− p)-plane is an isometry (with the same
choice of the constantλ). This follows from (8) exchanging the indicesa andr.

2. The unit tangent bundleT1M of M can be identified (see [17]) with

T1M =
O(M)

O(m−1)
.

Its metric is determined by (8) withp = 1 and coincides with the Sasaki metric if
we assumeλ = 1. Let us denote byG1(TM) the quotient ofT1M with respect to the
equivalence relation identifying opposite unit vectors.

3. ObviouslyM can be identified withGm(TM), and from (8) it follows that this
identification is an isometry.
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2. The curvature of a Grassmann bundle

We denote byρX = (ρi ,ρar) the forms belonging to the orthonormal coframe (9) of
Gp(TM), with EX = (Ei ,Ear) the dual basis and withρX

Y the forms associated to the
Levi-Civita connection ofGp(TM) determined by (10).

Starting from the structure equations

(13) dρX
Y +ρX

Z ∧ρZ
Y =

1
2

RG
XYZTρZ∧ρT

by an elementary computation one can determine the components of the curvature ten-
sorRG of Gp(TM):

RG
i jhk(π) = {RM

i jhk +
1
2λ2RM

ar jiR
M
arhk− 1

4λ2RM
arhiR

M
ark j +

1
4λ2RM

arkiR
M
arh j}(σ[π]),

RG
i jh(ar)(π) =

1
2λ{∇hRM

ar ji}(σ[π]),

RG
i j (ar)(bs)(π) = {RM

rs jiδab−RM
ab jiδrs+

1
4λ2RM

arkiR
M
bs jk− 1

4λ2RM
bskiR

M
ar jk}(σ[π]),

RG
i(ar)h(bs)(π) = {

1
2λRM

srhiδab− 1
2λRM

abhiδrs− 1
4λ2RM

bs jiR
M
arh j}(σ[π]),

RG
i(ar)(bs)(ct)(π) = 0,

RG
(ar)(bs)(ct)(du)(π) =

1
λ2{δabδcd(δrt δsu− δruδst)+ δrsδtu(δacδbd− δadδbc)}(σ[π]).

From these expressions we obtain the components of the Riccitensor RicG of Gp(TM):

RicG
ih(π) =

{
RicM

ih +
1
2

λ2RM
ar ji R

M
arh j

}
(σ[π]),(14)

RicG
i(ar)(π) = −1

2
λ∇ jR

M
jiar (σ[π]),(15)

RicG
(ar)(bs)(π) =

{
m−2

λ2 δabδrs+
1
4

λ2RM
ar ji R

M
bs ji

}
(σ[π]),(16)

where the notation(ar) etc. is used only to separate the indices.

From (15) follows that the horizontal and the vertical distribution are orthogonal
with respect to RicG and thusH is a Yang–Mills distribution (see [1, p. 243–244]) ifM
has harmonic curvature.

In the sequel, we shall assume thatM has constant sectional curvaturec, i.e.,

RM
i jhk = c(δihδ jk− δikδ jh),

and we will examine the conditions under whichGp(TM) is Einstein. From (14) and
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(16) follows that the non-zero components of the tensor RicG are:

RicG
st = {c(m−1)− 1

2λ2c2(m− p)}δst,

RicG
ab = {c(m−1)− 1

2λ2c2p}δab,

RicG
(ar)(bs) = {m−2

λ2 + 1
2λ2c2}δabδrs.

These last equations imply immediately thatGp(TM) is Einstein if and only if

m= 2p,(17)

c2λ4(p+1)−2cλ2(2p−1)+4p−4= 0.(18)

Equation (18) is consistent if and only ifp= 1 and eithercλ2 = 0 or cλ2 = 1. So we
have:

PROPOSITION1. If M is a Riemannian manifold with constant sectional cur-
vature, its Grassmann bundle Gp(TM) is Einstein if and only if M is a quotient of the
plane or the sphere S2 and p= 1.

On the other hand, it is well-known (see [12]) thatT1(S2), of which G1(S2) is
obviously a quotient, is isometric toRP3.

3. Sections of the Grassmann bundle

A distributionD of rankp onM determines a sectionφ of the Grassmann bundle

Gp(TM)
Γ−→M

in a natural way. It therefore appears reasonable to seek a relationship between geomet-
rical properties of the distributionD, and those of the mapφ between the Riemannian
manifolds(M,g) and(Gp(TM), ds2

λ).

Afterwards, we will determine the conditions under whichφ is harmonic.

Let us consider, as in Section 1, a sectionσ of the bundleO(M)
ψ−→ Gp(TM).

The distributionD determines a section

σ ·φ : M→O(M),

which means
(σ ·φ)(x) = (x, ē1, . . . , ēm)

where(ē1, . . . , ēm) is an orthonormal frame ofTxM in which the firstp elements belong
to Dx⊂ TxM.

In relation to the orthonormal coframe (9) ofGp(TM), we have

φ∗ρi = φ∗σ∗θi = ω̄i ,(19)

φ∗ρar = λφ∗σ∗ωa
r = λΓ̄a

jr ω̄ j .(20)
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(i = 1, . . . ,m, r = 1, . . . , p, a= p+1, . . . ,m), where(ω̄i) is the coframe dual to(ēi), and
Γ̄i

jk are the components of the Levi-Civita connection with respect to (ēi), i.e.,

Γ̄i
jk = (∇M

ēj
ēk, ēi).

From (19) and (20), it immediately follows that

φ∗(ds2
λ) = ∑(ω̄i)2+λ2∑(Γ̄a

jr ω̄ j)2.

Thusφ is an isometric immersion if and only if

Γ̄a
jr = 0,

or in other words∇M
X mapsD into D for all X ∈ TM. Then we set

ρX = (ρi ,ρar), φ∗(ρX) = aX
j ω̄ j

and (19) and (20) directly imply that

ai
j = δi

j , aar
j = λΓ̄a

jr .

We indicate the tension field ofφ by

τ(φ) = τi(φ)Ei + τar(φ)Ear,

with
τH(φ) = τi(φ)Ei , τV = τar(φ)Ear;

its components are determined following the method described in Appendix B, exploit-
ing in particular (10). A simple computation leads to

τi(φ) = λ2RM
ar ji Γ̄a

jr ,(21)

τar(φ) = λ{ēj(Γ̄a
jr )− Γ̄a

hrΓ̄
h
j j − Γ̄a

jsΓ̄s
jr + Γ̄a

jbΓ̄b
jr}.(22)

From these relations we observe that ifΓ̄a
jr = 0, i.e., ∇M

X D ⊆ D. The mapφ, being
isometric, is also harmonic and thus minimal.

The following section will give several examples of harmonic maps fromM into
Gp(TM) which are non-trivial in the sense that they correspond to distributions that are
not parallel. It is important to keep in mind:

PROPOSITION2. If the mapφ : M→Gp(TM) determines a harmonic distribu-
tion D, then the mapφ⊥ : M→ Gm−p(TM) determined by the distribution D⊥ is also
harmonic.

This result follows directly from (21) and (22) exchanging the role of the indicesa,b=
p+1, . . . ,m with r,s= 1, . . . , p.
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The conditionτar(φ) = 0 on its own characterizes thevertically harmonic dis-
tributionsstudied by C.M. Wood [25]. With a simple computation one can prove that
the vanishing of (22) is equivalent (see [25], Theorem 1.11)to

∇̄∗∇̄d⊥|D = 0 (= ∇̄∗∇̄d|D⊥),

whered andd⊥ are respectively the projections onD andD⊥, and∇̄ is the connection
determined over the vector bundlesD andD⊥ by the Levi-Civita connection onM, i.e.,

∇̄Xv=





d(∇M
X v) if v∈ D,

d⊥(∇M
X v) if v∈ D⊥.

4. Examples of distributions with harmonic map into the Grassmann bundle

Example 1. The sphere S3.

Consider the sphereS3 in R4 given by

x2
1+ x2

2+ x2
3+ x2

4 = 1,

and the orthonormal basis ofS3 formed by the vectors

e1 = (−x2,x1,x4,−x3), e2 = (−x3,−x4,x1,x2), e3 = (−x4,x3,−x2,x1).

Denoting by(ω1,ω2,ω3) the dual basis, and by(ωi
j) the matrix of the Levi-Civita

connection, we easily obtain

ω2
1 = ω3, ω3

1 =−ω2, ω3
2 = ω1,

exploiting mainly the fact that

[e1,e2] = 2e3, [e3,e1] = 2e2, [e2,e3] = 2e1.

Referring to (21) and (22), we have:

– the one-dimensional distributions determined bye1,e2,e3 respectively are (non-tri-
vial) harmonic sections ofG1(TS3);

– the two-dimensional distributions{e1,e2}, {e1,e3}, {e2,e3} determine harmonic sec-
tions ofG2(TS3), in accordance with Proposition 2.

As S3 can be identified with the groupSp(1) of unit quaternions, it is easy to prove that
e1,e2,e3 form a basis of left-invariant vector fields. The metric ofS3 is bi-invariant and
the Levi-Civita connection is given by

∇XY =
1
2
[X,Y],

whereX andY are left-invariant vector fields. Furthermore, it is easy toprove that every
unit left-invariant vector fieldu, and so the two-dimensional distribution orthogonal to
u, determines a harmonic section ofG1(TS3) and one ofG2(TS3).
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Example 2. The three-dimensional Heisenberg group.

Let us consider the Heisenberg group (we refer the reader to [23, p. 72–74] for
example), i.e., the subgroup ofGL(3,R) formed by the matrices

(23)




1 x y
0 1 z
0 0 1


 ,

endowed with the left-invariant metric

(24) g= dx2+dz2+(dy− xdz)2.

Considering the orthonormal coframe

(25) ω1 = dx, ω2 = dz, ω3 = dy− xdz

with dual frame

(26) e1 =
∂

∂X
, e2 =

∂
∂Z

+X
∂

∂Y
, e3 =

∂
∂Y

we easily obtain:
[e1,e2] = e3, [e2,e3] = [e3,e1] = 0.

The connection forms of the Levi-Civita connection are

ω2
1 =−

1
2

ω3, ω3
1 =−

1
2

ω2, ω3
2 =

1
2

ω1

and the non-vanishing components of the curvature tensor are

(27) R1212=−
3
4
, R1313= R2323=

1
4
.

Comparing with (21) and (22) we can prove that

– the one-dimensional distributions determined bye1,e2,e3 and their orthogonal com-
plements induce harmonic maps fromH to G1(TH) andG2(TH);

– (with some computations) the only left-invariant unit vector fields that determine
harmonic sections ofG1(TH) are±e3 and all the unit vectors of the plane{e1,e2} (a
situation quite different from the case ofS3).

Observe that{e1,e2} describes a contact distribution onH that has been extensively
studied for its remarkable geometric properties (we refer the reader to [15] and [20]).

Example 3. Three-dimensional unimodular Lie groups.

The groupsS3 andH are examples of three-dimensional unimodular Lie groups.
The classification of these groups has been provided by J. Milnor [16]. For such a group
G there exists a basis of left-invariant vector fields{e1,e2,e3} such that:

[e2,e3] = λ1e1, [e3,e1] = λ2e2, [e1,e2] = λ3e3.
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Considering onG a left-invariant metric with respect to which{e1,e2,e3} is an or-
thonormal basis and denoting by{ω1,ω3,ω3} the dual basis, it is easy to prove that the
Levi-Civita connection forms are

ω2
1 =

1
2(λ1+λ2−λ3)ω3,

ω3
1 =

1
2(−λ1+λ2−λ3)ω2,

ω3
2 =

1
2(λ2+λ3−λ1)ω1 .

Some computations determine the non-zero components of thecurvature tensor

Ri ji j =
1
4
{λ2

i +λ2
j −3λ2

k+2λiλk+2λ jλk−2λiλ j},

wherei 6= j 6= k assume the values 1,2,3.

Referring to (21) and (22), it is easy to prove thate1, e2, e3 (and the corresponding
orthogonal distributions) determine harmonic maps fromG to G1(TG) andG2(TG).

Example 4.Certainly the three-dimensional unimodular Lie groups do not exhaust the
examples of groups with left-invariant metrics admitting harmonic distributions.

This is the case of a four-dimensional group with orthonormal left-invariant
basise1, e3, e3, e4 such that

[e1,e3] = e4, [e1,e4] =−e3

and all other commutators vanishing. It is easy to prove thatthis group is flat (R= 0)
and the unique non-zero connection form isω4

3 = ω1. We can verify for example
that the two-dimensional distribution determined by{e1,e3} is a non-parallel harmonic
section ofG2(TG).

II. ISOMETRIC IMMERSIONS, MAPS BETWEEN GRASSMANN BUNDLES

5. The map induced by an isometry between Grassmann bundles

A Riemannian immersionf : M→ N induces in a natural way an immersion

F : Gp(TM)→Gp(TN)

which associates to eachp-plane tangent toM in a pointx its image inTf (x)N via the
differential of f . In the special case in whichp = m= dimM, F coincides with the
Gauss mapϒ : M→Gm(TN).

We can define onGp(TN) (with p≤ dimM) a metricds̃2
λ in a way that is com-

pletely analogous to the one described in Section 1 in the case ofGp(TM). The choice
for the metric onGp(TN) with the same constantλ as onGp(TM) corresponds to
rendering an isometry the inclusion of the fibre ofGp(TM) into the fibre ofGp(TN)
relative to the same pointx∈M. Recalling the discussion at the end of Section 1, this
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means that the immersion ofGp(m) into Gp(n) induced by the natural immersion of
Rm in Rn, namelyRm→ (Rm,O)⊂ Rn, is isometric.

Let us denote bỹθ = (θ̃A) and ω̃ = (ω̃A
B) the Rn-valued canonical form and

theo(n)-valued form associated to the Levi-Civita connection defined onO(N). Let σ̃
denote a section of the bundle

O(N)
ψ̃−→Gp(TN).

The Riemannian metricds̃2
λ onGp(TN) is determined by the orthonormal coframe

(28) ρ̃A = σ̃∗θ̃A, ρ̃ar = λσ̃∗ω̃a
r , ρ̃αr = λσ̃∗ω̃α

r .

The indices involved in the previous equations for the entire second part of the present
report will vary as follows:

A,B, . . .= 1, . . . ,n, i, j, . . . = 1, . . . ,m, r,s, . . . = 1, . . . , p,

a,b, . . .= p+1, . . . ,m, α,β, . . .= m+1, . . . ,n.

In analogy to equation (10), the Levi-Civita connection forms for (Gp(TN), ds̃2
λ) are

given by:

(29)





ρ̃A
B =−ρ̃B

A = σ̃∗(ω̃A
B+

1
2λ2RN

arBAω̃a
r +

1
2λ2RN

αrBAω̃α
r )

ρ̃A
ar =−ρ̃ar

A = σ̃∗(1
2λRN

arBAθ̃B)

ρ̃A
αr =−ρ̃αr

A = σ̃∗(1
2λRN

αrBAθ̃B)

ρ̃ar
bs=−ρ̃bs

ar = σ̃∗(δa
bω̃r

s+ δr
sω̃a

b)

ρ̃ar
βs =−ρ̃βs

ar = σ̃∗(δr
sω̃a

β)

ρ̃αr
βs =−ρ̃βs

αr = σ̃∗(δα
β ω̃r

s+ δr
sω̃α

β).

Since we wish to explore the geometrical implications of an Riemannian immersion
f : M → N, we need to exploit the bundle of Darboux framesO(N,M) along f (for
more details see Appendix A).
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It will be helpful to keep in mind the following diagram:

Here,η = ψ◦s is the submersion which associates to each adapted orthonormal frame
u= (x,u1, . . . ,up,up+1, . . . ,um,um+1, . . . ,un) the subspace[u1, . . . ,up]⊂ TxM.

Let χ be a local section of the bundle

O(N,M)
η−→Gp(TM)

defined on an open subsetU of Gp(TM); it determines a local sectionσ of

O(M)
ψ−→Gp(TM)

such that

(30) σ = s◦χ;

let thenσ̃ denote a local section ofO(N)
ψ̃−→Gp(TN) such that

(31) σ̃◦F = k◦χ.

Consider
ρ̃Σ = (ρ̃A, ρ̃ar, ρ̃αr), ρX = (ρi ,ρar),

the 1-forms corresponding to the orthonormal coframes ofGp(TN) andGp(TM) as in
(28) and (9), and set

(32) F∗ρ̃Σ = aΣ
XρX.

In the sequel we will denote bȳθA andω̄A
B the forms induced onO(N,M) by the forms

θ̃A andω̃A
B defined onO(N) via the injectionk, i.e.,

(33) θ̄A = k∗θ̃A, ω̄A
B = k∗ω̃A

B.

Using equation (31) we obtain for example

χ∗θ̄i = χ∗k∗θ̃i = F∗σ̃∗θ̃i = F∗ρ̃i ,
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and from (30) we obtain
χ∗θ̄i = χ∗s∗θi = σ∗θi = ρi ,

which implies
F∗ρ̃i = ρi .

Analogously

F∗ρ̃α = 0, F∗ρ̃ar = ρar, F∗ρ̃αr = λχ∗(hα
r j θ̄ j) = λ(χ∗hα

r j ρ j),

where the functions

(34) χ∗hα
r j = hα

r j ·χ

evaluated on an element[π] ∈Gp(TM), are the components of the second fundamental
form of the immersionf with respect to the adapted frameχ([π]).

It follows that the coefficientsaΣ
X in (32) are given by

(35)





ai
j = δi

j , ai
ar = 0

aα
j = 0, aα

ar = 0

aar
j , aar

bs= δa
bδr

s

aαr
j = λχ∗(hα

r j ), aαr
bs = 0.

Equations (35) imply that

(36) F∗ds̃2
λ = ∑(ρi)2+∑(ρar)2+λ2(∑hα

ri h
α
r j ·χ)ρiρ j .

Since the metric onGp(TM) is given by

(37) ds2
λ = ∑(ρi)2+∑(ρar)2,

the mapF is anisometric immersionof (Gp(TM), ds2
λ) in (Gp(TN), ds̃2

λ) if and only
if f is totally geodesic(i.e.,h= 0).

Furthermore, ifp < m, the forms (36) and (37) are proportional if and only if
they coincide and this occurs only in the caseh= 0.

If p= m, from (36) and (37) (in which the formsρar do not appear any more)
occurs that thatF = ϒ is conformalif and only if there exists a functionℓ on M such
that

m

∑
k=1

hα
ikkα

jk = ℓ2δi j

so, setting

(38) L(X,Y) =
m

∑
k=1

(h(uk,X),h(uk,Y)), X,Y ∈ TM,

we have

(39) L(X,Y) = ℓ2g(X,Y).
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Observe that equation (39) is independent from the frame andequivalent to:

(40) L(X,Y) = 0, X⊥Y.

Keeping in mind the Gauss equations (see (100)) we obtain

(41) RN(uk,ui ,uk,u j) = RicM(ui ,u j)+L(ui,u j)−mH·h(ui,u j).

The bilinear formQ̃λ associated toϒ∗ds̃2
λ is therefore given by:

(42) Q̃λ(X,Y) = (X,Y)+λ2{mH·h(X,Y)−RicM(X,Y)+RN(uk,X,uk,Y)},

with X,Y ∈ TM.

Equation (42), and the conditions implying that the Gauss map ϒ is conformal,
are developed in the article of Jensen–Rigoli that we have already cited and also in
[24]. Hence we get an extension of the results obtained by Obata in [18] expressed by

THEOREM 4 (Obata).Assume that N has constant sectional curvature and

1. ϒ is conformal,

2. M is Einstein,

3. M is pseudo-umbilical, i.e., h(X,Y) ·H = h(X,Y)|H|2;

then two of the above conditions imply the third.

In the case in whichM is a surface inR3 (and thus RicM(X,Y) = Kg(X,Y) whereK is
the Gaussian curvature) we obtain the classical result, as observed in the Introduction
of this report:

The Gauss map M→ S2 is conformal if either M is a minimal surface, or M
is contained in a sphere. In fact, these conditions are equivalent to being pseudo-
umbilical in the case of surfaces inR3.

6. Tension field of the map induced between Grassmann bundles

For the computation of the tension field ofF , we exploit the method described in
Appendix B, and we set

DaΣ
X ≡ daΣ

X−aΣ
YρY

X +aΩ
XF∗ρ̃Σ

Ω = aΣ
XYρY,

whereaΣ
X, ρY

X and ρ̃Σ
Ω are given by (35), (10) and (29), respectively. Recalling (10),

(30), (33), we obtain

(43)





ρi
j = χ∗

{
ω̄i

j +
1
2λ2RM

ar ji ω̄a
r

}

ρi
ar = χ∗

{
1
2λRM

ar ji θ̄ j
}

ρar
bs= χ∗

{
δa

bω̄r
s+ δr

sω̄a
b

}
.
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Then (29), (31), (33) imply

(44)






F∗ρ̃A
B = χ∗{ω̄A

B+
1
2λ2RN

arBAω̄a
r +

1
2λ2RN

αrBAω̄α
r }

F∗ρ̃A
ar = χ∗{ 1

2λRN
ar jAθ̄ j}

F∗ρ̃A
αr = χ∗{ 1

2λRN
αr jA θ̄ j}

F∗ρ̃ar
bs= χ∗{δa

bω̄r
s+ δr

sω̄a
b}

F∗ρ̃ar
βs = χ∗{δr

sω̄α
β}

F∗ρ̃αr
βs = χ∗{δr

sω̄α
β + δα

βω̄r
s}.

The components of the tension fieldτ(F) with respect to the orthonormal basis
ẼΣ = {Ẽi, Ẽα, ẼarẼαr} dual of the basis (28) ofGp(TN) are given by

τΣ(F) = aΣ
XX

and so, using equations (35), (43) and (44) we get

τi(F) = λ2χ∗(RN
αr ji h

α
r j )(45)

τα(F) = χ∗(hα
j j +λ2RN

βr j αhβ
r j )(46)

τar(F) = −λχ∗(hα
r j h

α
a j)(47)

ταr(F) = (hα
r j j ).(48)

The computations leading to the previous equations are simple except for case (48),
which we display explicitly:

(49)

Daαr
j = daαr

j −aαr
i ρi

j +ai
jF
∗ρ̃αr

i +aβs
j F∗ρ̃αr

βs

= λχ∗(dhα
r j )−λχ∗(hα

ri )χ∗(ω̄i
j +

1
2λ2RM

ar ji ω̄a
r )− 1

2λχ∗(RN
αrk j θ̄

k)

+λχ∗(hβ
s j)χ∗(δr

sω̄α
β + δα

βω̄r
s)

= aαr
jk ρk+aαr

j(bs)ρbs.

(50)

Daαr
bs = daαr

bs−aαr
j ρ j

bs+act
bsF
∗ρ̃αr

ct

= −λχ∗(hα
r j )χ∗(

1
2λRM

bsk jθ̄
k)+χ∗(δr

sh
α
bkθ̄

k)

= aαr
(bs)kρk+aαr

(bs)(ct)ρ
ct.

From (50), we obtain

aαr
(bs)(ct) = 0, aαr

(bs)k = χ∗(hα
bkδ

r
s−

1
2

λ2RM
bsk jh

α
r j ).
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Since
aαr
(bs)k = aαr

k(bs),

substituting in (49) yields

λχ∗(dhα
r j )−λχ∗(hα

ri ω̄i
j)− 1

2λχ∗(RN
αrk j θ̄

k)+λχ∗(hβ
r j ω̄α

β −hα
s jω̄s

r)

= aαr
jk χ∗(θ̄k)+χ∗(hα

β j)δ
r
sχ∗(λω̄b

s),

from which we get

aαr
jk χ∗(θ̄k) = λχ∗

{
dhα

r j −hα
ri ω̄

i
j −hα

i j ω̄
i
r +hβ

r j ω̄
α
β −

1
2

RN
αrk j θ̄

k
}
.

From equation (103), it follows that

aαr
jk = λχ∗

{
hα

r jk −
1
2

RN
αrk j θ̄

k
}
,

taking the trace of which we obtain equation (48).

With particular attention to (109), we also have

(51) ταr(F) = λχ∗(m∇⊥r Hα−RN
jr j α).

The vanishing of all the components ofτ(F) corresponds to the fact thatF is har-
monic. On the other hand, the vanishing ofτar(F) andταr(F) is equivalent to beingF
vertically harmonic.

We postpone the analysis of these conditions in the relevantcase in whichN has
constant sectional curvature to the following section. Here we provide an example of a
Gauss map (p= m) which highlights the role of the curvature ofN.

From equations (44) – (48) it follows naturally that, ifM is a totally geodesic
submanifold ofN, the mapF is harmonic irrespective of the curvature ofN. For this
reason, we will not consider this trivial case in the sequel.

Example.

In the three-dimensional Heisenberg groupG (recall Section 4,2), we consider
the isometrically immersed surface defined by the equationy= 0. In other words, this
is the submanifold consisting of matrices of the type




1 x 0
0 1 z
0 0 1


=




1 0 0
0 1 z
0 0 1






1 x 0
0 1 0
0 0 1


 ,

which is therefore generated by the product of two one-parameter subgroups ofH.

We will show thatS is aminimal surfacein H whoseGauss mapϒ is conformal
but neither harmonic nor vertically harmonic.
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Adopting the same notation as in Section 4, we consider the orthonormal basis
u= {u1,u2,u3} of H defined as

u1 = e1, u2 =
1√

1+ x2
(e2− xe3), u3 =

1√
1+ x2

(xe2+e3).

It is easy to prove that the restrictionu|S yields a Darboux frame withu3 unit normal
vector.

Denoting byh the second quadratic form ofS in H, we get

h(u1,u1) ·u3 = 0, h(u1,u2) ·u3 =
x2−1

2(x2+1)
, h(u2,u2) ·u3 = 0,

which implies thatS is a minimal surfacenot totally geodesic ofH.

The components of the curvature tensorR with respect to the frameu are

R1212=
x2−3

4(x2+1)
, R1213=−

x
1+ x2 , R1223= 0,

R1313=
1−3x2

4(1+ x2)
, R1323= 0, R2323=

1
4
,

whereR1212= R(u1,u2,u1,u2) etc. Bearing in mind (45), (46) and (48), for the tension
field of the Gauss map ofS in G2(TH) we have

τ1(ϒ) = λ2 x(1− x2)

2(1+ x2)2 , τ2(ϒ) = 0, τ3(ϒ) = 0,

τ3,1(ϒ) = 0, τ3,2(ϒ) = λ
x

1+ x2 ,

which implies thatϒ is neither harmonic nor vertically harmonic.

7. Harmonicity of the map between Grassmann bundles

We examine the different cases that can occur for the harmonicity of the map

F : (Gp(TM), ds2
λ)→Gp(TN), ds̄2

λ )

induced by a Riemannian immersionf of M in N. We will distinguish the casep< m
from p= m, and we will discuss with particular attention the case of constant sectional
curvature onN.

Case 1. p< m= dimM.

The vanishing of the componentsτar(F) given in (47) corresponds to the fact
that, for each couple of orthogonal vectorsX,Y tangent toM, we have

(52) L(X,Y) = ∑h(u j ,X) ·h(u j ,Y) = 0, (X ⊥Y) .
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This condition is equivalent (via (40)) to the fact that the Gauss mapϒ : M→Gp(TN)
is harmonic.

Suppose thatN has constant sectional curvaturec, and let us distinguish further
the casec= 0 fromc 6= 0.

Subcase 1.1. p< m, RN = 0.

We still obtainτi(F) = 0; the conditionτα(F) = 0 is equivalent toH = 0, i.e.,
that f is a minimal immersion. Under such hypothesis we have alsoτar = 0. Observe
that if H = 0 andRN = 0, equation (41) implies that

(53) RicM =−L

and for this reason the conditionτar = 0 can be expressed by one of the following
equivalent conditions:

– M is Einstein;

– the Gauss mapϒ : M→Gm(TN) is conformal (and thus recalling (53), homothetic).

This fact motivates the following:

PROPOSITION3. If N is a flat space, the map F: Gp(TM)→ Gp(TN) with
p< dimM is harmonic if and only if the following conditions are satisfied:

– f is a minimal immersion;

– M is Einstein or (equivalently) the Gauss mapϒ : M→ Gm(TN) is con-
formal (homothetic ifdimM > 2).

Under the same hypothesis, F is vertically conformal if and only if

– the mean curvature vector is parallel;

– the Gauss map is conformal.

Subcase 1.2. p< m, N has constant sectional curvaturec 6= 0.

In this case the conditionτi(F) = 0 is still identically satisfied, but we have

τα(F) = mHα− cλ2
p

∑
r=1

hα
rr .

For this reason, the conditionτα = 0 is satisfied (independently of the choice of frame)
if and only if for each vectorX tangent toM we have that

h(X,X) =
m

cpλ2H.

Thus

λ2 =
m
pc

(54)

h(X,X) = H, ∀X, |X|= 1,(55)



Grassmann bundles and harmonic maps 447

conditions leading toc> 0 and then

(56) h(X,Y) = g(X,Y)H, X,Y ∈ TM.

Equation (56) means thatM should be atotally umbilical submanifoldof N. The con-
ditionsτar(F) = 0 andταr(F) = 0 are then identically satisfied (indeedM has constant
curvature and∇⊥X H = 0, see for example [3, p. 50–51]).

Obviously a choice ofλ different from (54) implies thatF is harmonic only if
h= 0, which means thatM is a totally geodesic submanifold ofN.

In conclusion,

PROPOSITION4. If N is a manifold with constant positive sectional curvature,
the map F: Gp(TM)→Gp(TN) (with p< dimM) is harmonic if either M is a totally
geodesic submanifold of N, or the following conditions hold:

– M is a totally umbilical submanifold of N;

– the choice of the constantλ for the metric of Gp(TN) is the same as in(54).

As in the case in whichN is flat, the map F is vertically conformal if and only if:

– the Gauss map is conformal;

– the mean curvature vector H is parallel.

REMARK 1. The results we have obtained are substantially independent of the
rank p < dimM of the Grassmannian bundles (except for the choice of the constant
λ according to equation (54)). In this way we obtain results completely analogous to
those proved in [22] for the case of unit tangent bundles.

Case 2. p= mand thusF = ϒ.

In such a case, there is no componentτar(F). Assuming thatN has constant
sectional curvature, we distinguish the following subcases:

Subcase 2.1. p= m, RN = 0.

We get alwaysτi(F) = 0 andτα(F) = 0 only if M is minimal, from which
follows alsoταr(F) = 0. From these considerations we deduce

PROPOSITION5. If N is flat, the Gauss mapϒ : M→ Gm(TN) is harmonic if
and only if M is a minimal submanifold of N.

REMARK 2. If N = Rn it turns out that

(Gm(TN,ds̃2
λ))
∼= Rn× (Gm(n), ds̄2

λ ),

(recall from Section 1), whereF = ϒ = ( f , ϒ̄) andϒ̄ : M→ Gm(n) is the generalized
Gauss map. Thevertical harmonicity ofϒ coincides with the harmonicity of̄ϒ and
may be expressed (recall (48)) by the condition∇⊥H = 0. In such a way we recover
the result of Ruh–Vilms presented in [21].
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Subcase 2.2. p= m, N has constant sectional curvaturec 6= 0.

The conditionτi(F) = 0 is always satisfied, and (46) implies that

τα(F) = m(1−λ2c)Hα

so eitherH = 0 and consequentlyταr = 0, or

(57) λ2 =
1
c
, ∇⊥H = 0.

In conclusion,

PROPOSITION 6. If N has non-zero constant sectional curvature, the Gauss
mapϒ : M→Gm(TN) is harmonic if one of the following conditions holds:

– M is a minimal submanifold of N;

– M has parallel mean curvature vector, N has positive curvature c and the
metric of Gm(TN) is obtained by settingλ2 = 1/c.

Furthermoreϒ is vertically harmonic if the mean curvature vector is parallel.

REMARK 3. WhenN is a sphereSn(r) (and soc = 1/r2), besides the Gauss
mapϒ : M→Gm(TSn(r)), T. Ishihara in [10] and M. Obata in [18] analyse other types
of Gauss mappings related to the immersion of ofSn(r) in Rn+1. We can therefore
consider the following mappings:

(i) ϒ1 : M→Gm(n+1),

which associates to each pointx∈M them-dimensional subspace ofRn parallel to the
tangent space ofTxM;

(ii) ϒ2 : M→Gm+1(n+1),

which associates tox∈M the subspace ofRn+1 singled out by the space tangent toM
and the unit vectorX/r; this is exactly the Gauss map introduced by Obata.

Regarding the harmonicity of these maps we have

(i)′ ϒ1 is harmonic if and only if the mean curvature vectorH∗ of M in Rn+1 is parallel,
in accordance with the Ruh–Vilms Theorem. Since the mean curvatureH of M in Sn(r)
is determined by:

H = H∗+
x
r2 ,

H∗ parallel is equivalent toH parallel and thusϒ1 harmonic is equivalent toϒ verti-
cally harmonic.

(ii) ′ The mapϒ2 is harmonic if and only ifM is a minimal submanifold ofSn(r) (see
Theorem 4.8 in [10] where theϒ1 is denoted byg3). In conclusion,ϒ2 harmonic
implies thatϒ is harmonic.
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III. THE SPHERICAL GAUSS MAP

A Riemannian immersionf : M→ N induces a mapν : T⊥1 M→ T1N between the unit
normal bundle ofM and the unit tangent bundle ofN, defined by

ν(x,v) = ( f (x),v).

Jensen and Rigoli (see [11]) examine in particular the conditions under whichν is har-
monic, exploiting a method analogous to the one adopted in [22] for the map induced
by f on the unit tangent bundles.

In this part of the report, the analysis of the harmonic properties ofν will be de-
veloped using therepère mobile(moving frame) method that we have already adopted
in the previous sections.

If N = Rn, thenT1N ∼= Rn×Sn−1 and the map fromT⊥1 M to Sn−1 coincides
with the map defined by Chern–Lashof in [6] for the study of thetotal curvature.

8. Riemannian structure of the normal unit bundle of a submanifold

Our aim is to examine the spherical Gauss mapν : T⊥1 M→ T1N,

(58) ν(x,v) = ( f (x),v),

induced by the isometric immersionf of an m-dimensional submanifoldM in an n-
dimensional manifoldN, so first of all we specify the metrics onT⊥1 M andT1N.

Since

T1N =
O(N)

O(n−1)
,

its metric is the one already introduced in Section 5 forGp(TN) with p= 1, which we
re-propose with a slight variation of the notation.

Let ψn : O(N)→ T1N denote the canonical submersion

(59) ψn(y,u1, . . . ,un) = (y,un),

and define onT1N the metricds̃2
λ so that

(60) ψ∗ns̃2
λ = ∑(θ̃A)2+λ2∑(ω̃a

n)
2,

whereA= 1, . . . ,n, a= 1, . . . ,n−1, and(θ̃A), (ω̃A
B) denote as usual the canonical form

and the Levi-Civita connection form onO(N).

Given a local sectioñσ of the bundleO(N)
ψn−→ T1N, the 1-forms

(61) ρA = σ̃∗θ̃A, ρ̃an = λσ̃∗ω̃a
n
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give an orthonormal coframe ofT1N. The forms associated to the Levi-Civita connec-
tion of (T1N,ds̃2

λ) computed with respect to this coframe are:

(62)





ρ̃A
B =−ρ̃B

A = σ̃∗{ω̃A
B+

1
2λ2RN

anBAω̃
a
n}

ρ̃A
an =−ρ̃an

A = σ̃∗{ 1
2λRN

anBAθ̃
B}

ρ̃an
bn =−ρ̃bn

an= σ̃∗(ω̃a
b) .

To determine the metric onT⊥1 M, we consider the submersionπn of the bundle of
Darboux framesO(N,M) onT⊥1 M defined by

(63) πn(x,u1, . . . ,um,um+1, . . . ,un) = (x,un) .

Observe that the fibres ofπn are diffeomorphic toO(m)×O(n−m−1) immersed in
O(n) as follows:

(64) (a′,a′′) 7→ a=




a′ 0 0
0 a′′ 0
0 0 1



, a′ = (ai
k)∈O(m), a′′ = (aα

β)∈O(n−m−1),

with i,k= 1, . . . ,m andα,β = m+1, . . . ,n−1.

Therefore

T⊥1 M =
O(N,M)

O(m)×O(n−m−1)
.

Denoting byκ the canonical immersionO(N,M)→O(N) and setting

θ̄A = κ∗θ̃A, ω̄A
B = κ∗ω̃A

B,

we consider onO(N,M) the quadratic form

(65) Q̄= ∑(θ̄i)2+λ2∑(ω̄α
n)

2.

For eacha∈O(m)×O(n−m) of type (64), we have

(66) Ra ·κ = κ ·Ra.

If a is of the form specified by (64) then

R∗aθ̄i = (a−1)i
kθ̄k, R∗aω̄α

n = (a−1)α
β ω̄β

n,

and hence

(i) Q̄ is invariant under the right action ofO(m)×O(n−m−1) onO(N,M).

(ii) Q̄ is a semidefinite positive form onO(N,M) of rank equal ton−1, the dimension
of T⊥1 M.

(iii) The bilinear form associated tōQ annihilates the vertical vector fields of the sub-
mersionπn.
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For this reason, there exists unique Riemannian metricds2
λ onT⊥1 M such that

π∗nds2
λ = Q̄,

and this is the metric onT⊥1 M that we will refer to in the sequel of the section. Given

a local sectionχ of O(N,M)
πn−→ T1M, i.e.,

χ(x,v) = (x,u1, . . . ,um,um+1, . . . ,un−1,v),

the 1-forms

(67) ρi = χ∗θ̄i , ραn = λχ∗ω̄α
n

constitute an orthonormal basis ofT⊥1 M. Since we have

(68) ω̄α
i = κ∗ω̃α

i = hα
i j θ̄

j , ω̄n
i = hn

i j θ̄
j ,

a standard computation leads to the following expression ofthe Levi-Civita connection
forms on(T⊥M,ds2

λ) with respect to the orthonormal frame (67):

(69)






ρi
j =−ρ j

i = χ∗{ω̄i
j +

1
2λ2(RN

αn ji +hα
k jh

n
ki−hα

kih
n
k j)ω̄

α
n}

ρi
αn =−ραn

i = 1
2λχ∗{(RN

αn ji +hα
k jh

n
ki−hα

kih
n
k j)θ̄

j}

ραn
βn =−ρβn

αn = χ∗(ω̄α
β).

Also, considering the normal curvature tensorR⊥, and referring to (101),

(70)





ρi
j =−ρ j

i = χ∗{ω̄i
j +

1
2λ2R⊥αn jiω̄α

n}

ρi
αn =−ραn

i = χ∗{ 1
2λR⊥αn jiθ̄ j}

ραn
βn =−ρβn

αn = χ∗(ω̄α
β).

REMARK 4. If M is a hypersurface ofN, equations (67) imply directly thatT1M
is isometric toM.

9. The tension field of the spherical Gauss map

Assume that the sectioñσ of O(N)
ψn−→ T1N is chosen in a way that

(71) σ̃◦ν = κ◦ν

and so we are in the situation described by the following diagram:
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O(N,M)
κ−→ O(N)

πn

y
xχ σ̃

x
yψn

T⊥1 M
ν−→ T1N

y
y

M
f−→ N.

Considering (71), the orthonormal coframes ofT1N andT⊥M defined by (61) and (67)
satisfy

(72)

ν∗ρ̃i = ρi , ν∗ρ̃α = 0, ν∗ρ̃n = 0,

ν∗ρ̃in =−λχ∗ω̄n
i = λχ∗(hn

i j )ρ j ,

ν∗ρ̃i = λχ∗ω̄α
n = ραn.

In other words, denoting the coframes ofT1N andT⊥M by ρ̃Σ = (ρ̃i , ρ̃α, ρ̃n, ρ̃in, ρ̃αn)
andρX = (ρi ,ραn), we set

(73) ν∗ρ̃Σ = aΣ
XρX.

It follows that

(74)






ai
j = δi

j , ai
αn = 0

aα
j = 0, aα

βn = 0

an
j = 0, an

αn = 0

ain
j =−λχ∗(hn

i j ), ain
αn = 0

aαn
j = 0 ain

αn = δα
β .

From the above relations, we deduce that

(75) ν∗ds̃2
λ = ∑(ρi)2+∑(ραn)2+λ2∑(hn

i j h
n
ik ·χ)ρ jρk.

Sinceds2
λ = ∑(ρi)2+∑(ραn)2 is the metric onT⊥1 M, it follows that:

(i) ν is an isometry only ifh= 0, i.e.,M is a totally geodesic submanifold ofN;

(ii) if dim N− dimM ≥ 2 and if h 6= 0 the metricν∗ds̃2
λ cannot be conformal or in

particular homothetic tods2
λ;

(iii) if M is a hypersurface (in such a case we should not consider the formsραn) the
metricsν∗ds̃2

λ andds2
λ are mutually conformal if and only if onM there exists a function

ℓ such that

(76) hn
i j h

n
ik = ℓ2δ jk,
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which is the same condition as (39).

Equation (76) is equivalent to asserting that the absolute values of the principal
curvatures ofM are equal. This can be easily proved using an orthonormal frame onM
diagonalising the matrix(hn

i j ).

The tension field of the mapν is determined as usual following the method
described in Appendix B, by setting

(77) DaΣ
X ≡ daΣ

X−aΣ
YρY

X +aΩ
Xν∗(ρ̃Σ

Ω) = aΣ
XYρY.

Thus

(78) τΣ(ν) = aΣ
XX,

where the coefficientsaΣ
X are given by (74),ρY

X are the coefficients of the Levi-Civita
connection onT⊥M (see (69)) and the formsν∗(ρ̃Σ

Ω) can be computed starting from
(62) and using (71), (72).

Simple computations lead to

τi(ν) =−λ2χ∗(RN
kn jih

n
k j)(79)

τα(ν) = χ∗(hα
j j −λ2RN

in jαhn
i j )(80)

τn(ν) = χ∗(hn
j j −λ2RN

in jnhn
i j )(81)

τin(ν) =−λχ∗(hn
i j j ) =−λχ∗(m∇⊥i Hn−RN

ji jn )(82)

ταn(ν) =−λχ∗(hn
i j h

α
i j ).(83)

The computation of the components ofτ(ν) is simple. The only slightly more compli-
cated case is (82), which is treated in a manner analogous to (48).

10. Harmonicity of the spherical Gauss map

We now examine the conditions under which the spherical Gauss mapν is harmonic,
devoting particular attention to the case in whichN has constant sectional curvature.

With the intention of interpreting the vanishing of the componentsταn(ν) given
by (83) (which makes sense only ifn−m≥ 2), we consider for each elementv∈ T⊥M
the symmetric 2-form

hv = h ·v,
or better

(84) hv(X,Y) = h(X,Y) ·v.

We then obtainταn(ν) = 0 if and only if

(85) hv ·hw = ∑hv(ui ,u j) ·hw(ui ,u j) = 0, ∀v,w∈ T⊥1 M, v⊥w,
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for any orthonormal frame{ui} on M. There should therefore exist a functionµ on M
such that

(86) hv ·hw = µ2(v,w), ∀v,w∈ T⊥1 M,

which implies in particular that

‖h‖2 = ∑hvα ·hvα = (n−m)µ2,

where{vα} is an orthonormal basis ofT⊥1 M. In the language introduced in [11], equa-
tion (86) means thatthe second fundamental form is conformal.

Assuming thatN has constant sectional curvaturec, then the tangential compo-
nentτi(ν) always vanishes, while

(87) τα(ν) = mHα, τn(ν) = m(1−λ2c)Hn,

so both these expressions should be zero in order forν to be harmonic. For this reason
if n−m≥ 2, thenH = 0, from which it follows thatταn(ν) = 0. In conclusion:

PROPOSITION7. Let N be a manifold with constant sectional curvature. The
spherical Gauss mapν : T⊥1 M→ T1N induced by the isometric immersion f of M in
N, withdimN−dimM ≥ 2, is harmonic if and only the following conditions hold:

1. f is minimal;

2. the second fundamental form is conformal.

Example.

If M is a minimal surface inN, with dimN≥ 4, an orthonormal frame ofM can
be chosen in a way thathα

i j = 0 for α > 4. The minimality conditions reduce to

h3
11+h3

22= 0, h4
11+h4

22= 0,

and with a suitable choice of an orthonormal basis ofM we can assumeh3
12 = 0. The

condition that the second fundamental form is conformal leads to

h4
11 = h4

22 = 0, (h3
11)

2 = (h4
12)

2.

This implies thatM should be aminimal isotropic surface, i.e., |h(X,X)| = constant
for |X|= 1.

Otherwise, ifM is ahypersurfaceinside the manifoldN with constant curvature
c, the components ofτ(ν) are determined by (79), (81) and (82). The components not
identically zero are:

τ(ν) = m(1−λ2c)Hn, τin(ν) =−λm∇⊥i Hn,

and so the spherical Gauss mapν is harmonic if and only if

(88) (1−λ2c)H = 0, ∇⊥i H = 0.

We conclude that:
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1. eitherN is flat andM is a minimal hypersurface; or

2. N is not flat,

c> 0, λ2 =
1
c
, ∇⊥i H = 0,

and soM is a hypersurface with mean curvature vector with constant norm, a condition
equivalent in such a case to∇⊥i H = 0.

REMARK 5. The spherical Gauss mapν associated to the Riemannian submer-
sionT1N→N, is calledvertically harmonicif the vertical component ofτ(ν) vanishes,
i.e.,

τin(ν) = 0, ταn(ν) = 0.

Equations (82) and (83) imply therefore that under the hypothesis thatN has constant
sectional curvature,ν is vertically harmonic if the following conditions are satisfied:

1. the mean curvature vector is parallel;

2. the second fundamental form is conformal.

If M is a hypersurface, the only condition is|H|= constant.

Appendix A. Darboux frames

Consider a Riemannian immersionf of anm-dimensional manifoldM in ann-dimen-
sional manifoldN. We denote byO(M) andO(N) the principal bundles of orthonormal
frames onM andN, with structure groupsO(m), O(n).

We denote byθ = (θi) andω = (ωi
j) (i, j = 1, . . . ,m) the canonicalRm-valued

form onO(M) and theo(m)-valued form associated to the Levi-Civita connection on
M respectively. Theñθ = (θ̃i) andω̃ = (ω̃i

j), (A,B = 1, . . . ,n) denote the analogous
forms onO(N). Hence,

dθi =−ωi
j ∧θ j (ωi

j +ω j
i = 0),(89)

dωi
j =−ωi

k∧ωk
j +

1
2RM

i jhkθhθk.(90)

Given an orthonormal frameu= (x,u1, . . . ,um) of O(M), we have

(91) RM
i jhk(u) = RM(ui ,u j ,uh,uk) = ((∇M

[ui ,u j ]
−∇M

ui
∇M

u j
+∇M

u j
∇M

ui
)uh,uk).

Similarly,

dθ̃A =−ω̃A
B∧ θ̃B, (ω̃A

B+ ω̃B
A = 0),(92)

dω̃A
B =−ω̃A

C∧ ω̃B
C+ 1

2RN
ABCDθ̃C∧ θ̃D.(93)

IdentifyingM with its imagef (M) in N, the bundle of Darboux framesO(N,M) along
f is the bundle onM defined as follows. An element

u= (x,u1, . . . ,um,um+1, . . . ,un), x= δ(u),
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of O(N,M) (whereδ is the canonical projection ofO(N,M) onM) is such that

u′ = (x,u1, . . .um), u′′ = (x,um+1, . . . ,un)

are orthonormal frames of respectivelyTxM andTxM⊥ (the subspace ofTxN orthogonal
to TxM with respect to the metric ofTxN).

The structure groupO(m)×O(n−m) of O(N,M) is naturally immersed inO(n)
as follows:

(a′,a′′) ∈O(m)×O(n−m) 7→
(

a′ 0
0 a′′

)
∈ O(n).

Let s : O(N,M) → O(M) and κ : O(N,M) → O(N) denote the submersion and the
natural immersion defined by the diagram

O(M)
s←− O(N,M)

κ−→ N
yπ

yδ
yπ̃

M ←− M = f (M) −→ N

Observe that (we refer the reader to [13, vol. II, p. 3–4]):

κ∗θ̃i = s∗θi = θ̄i , i = 1, . . . ,m,(94)

κ∗θ̃α = 0, α = m+1, . . . ,n.(95)

If we set
κ∗(ω̃A

B) = ω̄A
B,

then differentiating (94), we obtain

ω̄i
j = κ∗ω̃i

j = s∗ωi
j .

The forms(ω′,ω′′) = (ω̄i
j , ω̄α

β), representing theo(m) and theo(n−m) components of
κ∗ω̃, define a connection onO(N,M). Given a local sectionχ of

O(N,M)
δ→M,

i.e., a local field of frames

(96) χ(x) = (x,e1, . . . ,em,em+1, . . . ,en)

adapted along the immersionf , it obviously follows that

(χ∗ω̄i
j)(X) = (∇N

Xej ,ei) = (∇M
X ej ,ei)

(χ∗ω̄α
β)(X) = (∇N

Xeβ,eα) = (∇⊥X eβ,eα),

where∇⊥ is the connection onT⊥M singled out byω′′ = (ω̄α
β).



Grassmann bundles and harmonic maps 457

Differentiating equation (95) we have

0= κ∗(dθ̃α) =−κ∗ω̃α
i ∧κ∗θ̃i = ω̄α

i ∧ θ̄i ,

from whichCartan’s Lemmaimplies that

ω̄α
i = hα

i j θ̄
j , hα

i j = hα
ji ,

wherehα
i j are the components of the second fundamental formh of the immersionf of

M in N, i.e.,
hα

i j (u) = (∇N
ui

u j ,uα).

Differentiating the equations

κ∗ω̃i
j = ω̄i

j(97)

κ∗ω̃α
β = ω̄α

β(98)

κ∗ω̃α
i = hα

i j θ̄
j ,(99)

we obtain theequations of Gauss, Ricci, Codazzi. Indeed

κ∗dω̃i
j = κ∗(−ω̃i

k∧ ω̃k
j − ω̃i

α∧ ω̃α
j +

1
2RN

i jABθ̃A∧ θ̃B)

= −ω̄i
k∧ ω̄k

j +hα
ihhα

jkθ̄h∧ θ̄k+ 1
2RN

i jhkθ̄h∧ θ̄k.

From another point of view,

κ∗dω̃i
j = s∗dω̄i

j = s∗(−ωi
k∧ωk

j +
1
2RN

i jhkθh∧θk)

= −ω̄i
k∧ ω̄k

j +
1
2RN

i jhkθ̄h∧ θ̄k.

Comparing the last expressions we obtain the following (Gauss equations):

(100) RM
i jhk = RN

i jhk +hα
ihhα

jk−hα
ikhα

jh.

Similarly, from (98), we have

κ∗dω̃α
β = κ∗(−ω̃α

i ∧ ω̃i
β− ω̃α

γ ∧ ω̃γ
β +

1
2RN

αβABθ̃A∧ θ̃B)

= hα
ihhβ

jkθ̄h∧ θ̄k− ω̄α
γ ∧ ω̄γ

β +
1
2RN

αβhkθ̄
h∧ θ̄k.

Then setting

dω̄α
β =−ω̄α

γ ∧ ω̄γ
β +

1
2

R⊥αβhkθ̄
h∧ θ̄k,

whereR⊥ is the curvature tensor of the connection∇⊥ onT⊥M→M, we find the Ricci
equations

(101) R⊥αβhk = RN
αβhk+hα

ihhβ
ik−hα

ikhβ
ih.
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Finally, differentiating equation (99), we have

κ∗dω̃α
i = κ∗(−ω̃α

h ∧ ω̃h
i − ω̃α

β ∧ ω̃β
i +

1
2RN

αiABθ̃A∧ θ̃B)

= −hα
hkθ̄

k∧ ω̄h
i −hβ

ikω̄α
β ∧ θ̄k+ 1

2RN
αi jk θ̄h∧ θ̄k.

From another point of view, we have

d(hα
i j θ̄ j) = dhα

i j ∧ θ̄ j −hα
ihω̄h

j ∧ θ̄ j .

Comparing the last equations we obtain:

(dhα
ik−hα

ikω̄h
k−hα

hkω̄
h
i +hβ

ikω̄α
β −

1
2

RN
αihkθ̄h)∧ θ̄k = 0.

Cartan’s Lemma implies

dhα
ik−hα

ikω̄h
k−hα

hkω̄
h
i +hβ

ikω̄α
β −

1
2

RN
αihkθ̄h = Aα

ik j θ̄
j ,

(102) Aα
ik j = Aα

i jk .

If we set

(103) dhα
ik−hα

ikω̄h
k−hα

hkω̄
h
i +hβ

ikω̄α
β = hα

ik j θ̄
j ,

with hα
ik j = hα

ki j then, because of the symmetry of the second fundamental form, we
have

(104) hα
ik j = Aα

ik j +
1
2

RN
αi jk .

The relations expressed by (102) and (104) lead to theCodazzi equations

(105) hα
ik j = hα

i jk +RN
αi jk .

In fact, the first term of (103) gives an expression of the covariant differential of the
second fundamental formh, since (given a frameu∈O(N,M)), (103) implies that

(106)
hα

ik j(u) = (∇⊥u j
(h(ui ,uk))−h(∇M

u j
ui ,uk)−h(ui,∇M

u j
uk), uα)

= ((∇̄u j h)(ui ,uk), uα).

The mean curvature vectorH of the Riemannian immersionf is given by

(107) H =
1
m

h(ui,ui) =
1
m

hα
ii uα,

and together with equation (106), we obtain

hα
ii j = m(∇⊥u j

H,uα) = m∇⊥u j
Hα.
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It follows thatH is parallel (in the normal bundle) if and only if

(108) hα
ii j = 0.

Equation (105), upon settingk= i and summing overi, implies that

(109) hα
ii j = hα

i ji +RN
αi ji = hα

jii +RN
αi ji .

For this reason,if N has constant sectional curvature, the conditions

(110) hα
ii j = 0, hα

jii = 0, ∇⊥H = 0

are equivalent.

Appendix B. The tension field of a map

Let (M,g) and (N,h) be Riemannian manifolds of respective dimensionsm,n. Let
{ei} and{eA} be local orthonormal local frames onM andN, and let{θi}, {θA} be
the corresponding dual coframes and{ωi

j}, {ωA
B} the local forms reppresenting the

Levi-Civita connections with respect to these local frames. We therefore have

(111)
dθi =−ωi

j ∧θ j , (ωi
j +ω j

i ) = 0,

θi(Z) = (X,ei), ωi
j(X) = (∇N

Xei ,ej).

Similarly,

(112)
dθA =−ωA

B∧θB, (ωA
B+ωB

A) = 0,

θA(Z) = (Z,eA), ωA
B(Z) = (∇N

Z eB,eA).

Consider a smooth mapf : M→ N. Its differentiald f can be viewed either as
a map fromTM to TN determined by

d f(x,X) = ( f (x),d fx(X)), X ∈ TxM,

or as af−1(TN)-valued 1-form onM.

Setting

(113) d f(ei) = aA
i eA,

it turns out that

(114) f ∗θA = aA
i θi .

Differentiating equations (114) we have

f ∗(−ωA
B∧θB) = daA

j ∧θ j −aA
j ωi

j ∧θ j .
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Equivalently,
(daA

j −aA
i ωi

j +aB
j f ∗ωA

B)∧θ j = 0,

from which byCartan’s Lemmawe obtain

(115) DaA
j ≡ daA

j −aA
i ωi

j +aB
j f ∗ωA

B = aA
jkθk,

with
aA

jk = aA
k j.

The functionsaA
jk are the components of the covariant differentialDd f , also called the

second fundamental quadratic form of the mapf ; the differentialDd f may also be
introduced as thef−1(TN)-valued symmetric 2-form defined by

(116) Dd f(X,Y) = (DYd f)X = DY(d f X)−d f∇M
Y X,

whereD is a metric connection onf−1(TN)→M induced by the Levi-Civita connec-
tion onN.

It is easy to see that equations (115) and (116) are actually equivalent; indeed
(116) implies

Dd f(ej ,ek) = Dek(a
A
j eA)−d f(ωi

j(ek)ei)

= ek(aA
j )eA+aB

j ωA
B(d f ek)eA−ωi

j(ek)aA
i eA

= (daA
j +aB

j f ∗ωA
B−aA

i ωi
j)(ek)eA = aA

jkeA,

with the same coefficientsaA
jk as in equation (115). It is obvious that the computation of

the covariant differentialDd f according to (115) (put in evidence by Chern–Goldberg
[5]), is particulary useful when orthonormal coframes on the manifolds are chosen.

The mapf : M→N is calledtotally geodesicif Dd f = 0, equivalently ifaA
jk = 0.

The tension fieldτ f is the trace ofDd f , i.e., the f−1(TN)-valued field onM
defined by

(117) τ( f ) = Dd f(ej ,ej) = aA
j j eA.

Furthermore the mapf is calledharmonicif τ f = 0, i.e.,aA
j j = 0.
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