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PERIODIC SOLUTIONSFOR A NONLINEAR PARABOLIC

EQUATION WITH NONLINEAR BOUNDARY CONDITIONS

Abstract. In this paper we prove the existence of weak periodic solutions for a nonlinear
parabolic equations with the Robin periodic boundary condition. The aim will be achieved
by reformulating the problem in abstract form and applying some results of the maximal
monotone mapping theory joint with theSchauder fixed point theorem.

1. Introduction

Let Ω be abounded open set of Rn (n> 1) with smooth boundary ∂Ω andtheoutward
unit normal vector ν at points of ∂Ω. For given ω > 0, we set Q := Ω×P and Σ :=
∂Ω×P where P := R/ωZ denotes the period interval [0,ω], so the functions defined
in Q and Σ are automatically ω-time periodic. We consider the quasili near parabolic
problem in divergenceform

(1) ut −diva(x, t,u,∇u)+ f (x, t,u) = h(x, t) in Q.

The formulation of problem iscompleted specifying theperiodic condition

(2) u(x, t +ω) = u(x, t) in Q, ω > 0,

and thenonlinear Robin periodic boundary condition

(3) −a(x, t,u,∇u) ·ν =β(x, t)u+g(x, t,u) on Σ.

In this model, the quasili near operator a is assumed to satisfy the standard conditions
of Leray–Lionstype. Thepurposeof thepaper is to present a result onthe existenceof
at least oneweak periodic solutionto problem (1)–(3) under quitegeneral assumptions
on thenonlinearities.

Wewill study our problem, making thefollowingstructural assumptionsonthe
data

H1) a : Ω×R×R
n →R

n isaCaratheodory functioni.e. a( · , · ,s,ζ) ismeasurable in
(x, t) for any (s,ζ) ∈ R×R

n andcontinuousin (s,ζ) for a.e. (x, t) ∈ Q;

H2) there existsa constant α > 0 such that

(a(x, t,s,ζ)−a(x, t,s,ξ),ζ− ξ)> α|ζ− ξ|2

for all s∈R, ζ, ξ ∈R
n with ζ 6= ξ andfor a.e. (x, t) ∈ Q. Here, ( · , ·) denotesthe

inner product inR
n;
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H3) a(x, t,s,0) = 0;

H4) there exist a positive functionb∈ L2(Q) anda constant γ > 0 such that

|a(x, t,s,ζ)|6 b(x, t)+ γ(|s|+ |ζ|)

∀s∈R, ζ ∈ R
n anda.e. (x, t) ∈ Q;

H5) f is a Caratheodory functionsuch that

| f (x, t,ξ)| 6C

for a.e. (x, t) ∈ Q;

H6) β is a positive continuousand bounded functionsuch that

0< β1 6 β(x, t)6 β2, ∀(x, t) ∈ Σ;

H7) g : Σ×R→R isaCaratheodory functionsuch that for a.e. (x, t)∈Σ, themapping
ξ 7→ g(x, t,ξ) is nondecreasingand

|g(x, t,ξ)|6C1(d(x, t)+ |ξ|)

ξg(x, t,ξ)>C2|ξ|2− c3(x, t)

whered ∈ L2(Σ) andc3 ∈ L1(Σ);

H8) h∈ L2(Q).

Problem (1)–(3) can be regarded as a mathematical model for many chemi-
cal, physical, biological and ecological phenomena. In order to describe our results
and relate them to others in the early literature, we mention that many researchers
have studied the existence of periodic solutions for coupled systems, semili near and
quasili near parabolic equations under either Dirichlet or Neumann boundary condi-
tions using lower and upper solutions (see[1], [5] and references given there). The
lower and upper solutions associated with monotone iterations is also used to treat a
classof coupled systems of semili near parabolic equations with nonlinear boundary
conditions in [9]. In [4] is studied the existence of at least one periodic solution for
a quasili near parabolic problem in divergenceform with Dirichlet boundary data, uti-
lizing the method of lower solutionand upper solution. These authorsassociate to the
problem under considerationan auxili ary variational inequality solved byapplyingthe
penalty method. Our approach to theperiodicity shall be to seek theperiodic solutions
in an appropriate spaceof ω-periodic functions rather then look for fixed points for
the Poincaré periodic map. Mathematically, it is worth mentioning that the starting
point relies on the followingTheorem 1 for maximal monotonemappings joint with a
suitablefixed point argument.

THEOREM 1 ([2, 3, 7]). Let L bea linear closed, densely defined operator from
the reflexivespaceV to V∗, L maximal monotoneandlet A be a bounded hemicontin-
uous monotone mapping from V to V∗, then L+A is maximal monotone in V ×V∗.
Moreover, if L+A is coercive, then Range(L+A) =V∗.



Periodic solutions for a nonlinear parabolic equation 343

Theremaining part of thepaper isorganized asfollows. In Section 2we choose
the functional framework where the periodic solutions are sought and give the notion
of weak periodic solution. In Section 3 we use Theorem 1 to prove the existence
and uniquenessof periodic solutions for an abstract problem formulated by means of
maximal monotonemappings. Finally, Section 4 is devoted to obtainingsome crucial
estimates and convergenceswhich allow to apply the Schauder fixed point theorem to
a nonlinear operator equation and to show the existenceof at least one weak periodic
solution for problem (1)–(3).

2. Functional framework and definitions

Let usintroducethefunctional spacefor theperiodicsolutionsof problem. We consider
the Hilbert space

V := L2(P;W1,2(Ω))

endowed with the equivalent norm

‖v‖V :=

(∫
Q
|∇v(x, t)|2dxdt +

∫
Σ

β(x, t)|ṽ(x, t)|2dσdt

)1/2

where ṽ stands for the traceof v ∈ V. It is known that for a regular domain Ω, ev-
ery v∈ W1,2(Ω) has a traceṽ∈ W1/2(∂Ω) and in view of the traceSobolev theorem,
W1/2(∂Ω) →֒ L2(∂Ω) compactly.

Thetopological dual spaceof V is

V∗ := L2(P;(W1,2(Ω))∗)

with ‖.‖∗ norm. The duality pairing between V andV∗ will be written as 〈 · , · 〉. The
notion of weak solutionmay be introduced as follows.

DEFINITION 1. A function uis said to be a weak periodic solution of problem
(1)–(3) if

u∈V with ut ∈V∗

and

∫
Q

utηdxdt +
∫

Q
(a(x, t,u,∇u),∇η)dxdt +

∫
Σ

β(x, t)ũ(x, t)η̃(x, t)dσdt

+

∫
Σ

g(x, t, ũ)η̃(x, t)dσdt +
∫

Q
f (x, t,u)η(x, t)dxdt

=
∫

Q
h(x, t)η(x, t)dxdt, ∀η ∈V.

(4)
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Havingfixed w∈ L2(Q), we consider theproblem
∫

Q
utηdxdt +

∫
Q
(a(x, t,w,∇u),∇η)dxdt

+

∫
Σ

β(x, t)ũ(x, t)η̃(x, t)dσdt +
∫

Σ
g(x, t, ũ)η̃(x, t)dσdt

+

∫
Q

f (x, t,w)η(x, t)dxdt =
∫

Q
h(x, t)η(x, t)dxdt, ∀η ∈V.

3. Existenceand uniquenessof periodic solutions

In order to useTheorem 1, we must define two mappingsL andA. Theset

D := {u∈V : ut ∈V∗}

is dense in V becauseof thedensity of C∞(Q)⊂ D in V. Let

L : D →V∗

be the linear operator given by

〈Lu,η〉 :=
∫

Q
utηdxdt, ∀η ∈V.

Thisoperator isclosed, skew-adjoint (i.e. L=−L∗) andmaximal monotone(see
[7, Lemma1.1, p. 313]).

Given w∈ L2(Q) wedefine

A : V →V∗

by setting

〈A(u),η〉 :=
∫

Q
(a(x, t,w,∇u),∇η)dxdt +

∫
Σ

β(x, t)ũ(x, t)η̃(x, t)dσdt

+

∫
Σ

g(x, t, ũ)η̃(x, t)dσdt, ∀η ∈V.

Thenext result summarizesthepropertiesof theoperator A.

PROPOSITION 1. If the assumptions H1)–H4) andH6), H7) are fulfilled, then
the mappingA is:

i) hemicontinuous;

ii ) monotone;

iii ) coercive.
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Proof. i) Thehemicontinuity follows from theHölder inequality. In fact,

| 〈A(u),η〉 | 6
[
‖b‖L2(Q)+ γ‖w‖L2(Q)+(γ+1+

C1

β1
)‖u‖V +

C1√
β1

‖d‖L2(Σ))

]
‖η‖V

by which

‖A(u)‖∗ 6

[
‖b‖L2(Q)+ γ‖w‖L2(Q)+(γ+1+

C1

β1
)‖u‖V +

C1√
β1

‖d‖L2(Σ))

]
.

Theproof of i) is completed byapplying[6, Theorems2.1. and 2.3].

ii ) Themonotonicity isa consequenceof

〈A(u)−A(v), u− v〉=
∫

Q
(a(x, t,w,∇u)−a(x, t,w,∇v),∇(u− v))dxdt

+

∫
Σ

β(x, t)|ũ(x, t)− ṽ(x, t)|2dσdt

+

∫
Σ
(g(x, t, ũ)−g(x, t, ṽ))(ũ(x, t)− ṽ(x, t))dσdt > 0.

iii ) Coercivity. Onehas

〈A(u),u〉 =
∫

Q(a(x, t,w,∇u),∇u)dxdt +
∫

Σ β(x, t)|ũ(x, t)|2dσdt

+
∫

Σ g(x, t, ũ)ũ(x, t)dσdt

> α
∫

Q |∇u(x, t)|2dxdt +
∫

Σ β(x, t)|ũ(x, t)|2dσdt

+C2
β2

∫
Σ β(x, t)|ũ(x, t)|2dσdt −

∫
Σ c3(x, t)dσdt

> min(α,1+ C2
β2
)‖u‖2

V −
∫

Σ c3(x, t)dσdt.

Thus,

〈A(u),u〉
‖u‖V

> min(α,1+
C2

β2
)‖u‖V −

∫
Σ c3(x, t)dσdt

‖u‖V
→ +∞ as ‖u‖V →+∞.

Besides, let G∈V∗ be the linear functional defined as

〈G,η〉 :=−

∫
Q

f (x, t,w)η(x, t)dxdt +
∫

Q
h(x, t)η(x, t)dxdt, ∀η ∈V

then, problem (4) can bereformulated in the followingabstract form:

(5) Lu+A(u) = G.

Now, westate themain result of the section.
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PROPOSITION 2. Let w∈ L2(Q) be given and assuming H1)–H7), the problem
(5) hasa uniqueweak periodic solution.

Proof. The existenceof weak periodic solutions descends from Theorem 1. Unique-
nessisa consequenceof thestrict monotonicity.

4. Fixed points

The existence of weak periodic solutions to (1)–(3) will be based on the research of
fixed points for thenonlinear mapping

Φ : L2(Q)→ L2(Q)

defined by
Φ(w) = u

whereu is theuniqueweak periodic solution of (3.1) correspondingto w∈ L2(Q). The
mapping Φ is well -defined. To show its continuity we will provesome very important
estimatesandconvergencesneeded to apply theSchauder fixed point theorem.

Let wn ∈ L2(Q) be asequence convergent strongly to w in L2(Q). Moreover, let
un denote theweak periodic solution of theproblem

(6)
∫

Q
unt(x, t)η(x, t)dxdt +

∫
Q
(a(x, t,wn,∇un),∇η)dxdt

+

∫
Σ

β(x, t)ũn(x, t)η̃(x, t)dσdt +
∫

Σ
g(x, t, ũn)η̃(x, t)dσdt

+

∫
Q

f (x, t,wn)η(x, t)dxdt =
∫

Q
h(x, t)η(x, t)dxdt.

Setting η = un asa test function in (6), wehave

(7)
∫

Q
unt(x, t)un(x, t)dxdt +

∫
Q
(a(x, t,wn,∇un),∇un)dxdt

+

∫
Σ

β(x, t)|ũn(x, t)|
2dσdt +

∫
Σ

g(x, t, ũn)ũn(x, t)dσdt

+

∫
Q

f (x, t,wn)un(x, t)dxdt =
∫

Q
h(x, t)un(x, t)dxdt.

ConditionsH2), H3), H7), theperiodicity and the Younginequality giveus

α
∫

Q
|∇un(x, t)|

2dxdt +
∫

Σ
β(x, t)|ũn(x, t)|

2dσdt

+
C2

β2

∫
Σ

β(x, t)|ũn(x, t)|
2dσdt −

∫
Σ

c3(x, t)dσdt

6
1
2ε

∫
Q
| f (x, t,wn)|

2dxdt + ε
∫

Q
|un(x, t)|

2dxdt +
1
2ε

∫
Q
|h(x, t)|2dxdt
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and taking into account the equivalenceof the normsin V, wehave
(

min(α,1+
C2

β2
)−Hε

)(∫
Q
|∇un(x, t)|

2dxdt +
∫

Σ
β(x, t)|ũn(x, t)|

2dσdt

)

6
1
2ε

∫
Q
| f (x, t,wn)|

2dxdt +
∫

Σ
|c3(x, t)|dσdt +

1
2ε

∫
Q
|h(x, t)|2dxdt 6 C′.

Thispermitsus to obtain the classical energy estimate

(8)
∫

Q
|∇un(x, t)|

2dxdt +
∫

Σ
β(x, t)|ũn(x, t)|

2dσdt 6 C′′

where the positive constant C′′ is independent of n. From (6) and the energy estimate
(8) we get that unt is bounded in theV∗ norm. Thisprovided the boundednessof un in
the norm of the set D i.e.

‖un‖D 6 L, ∀n∈ N.

Thus, we can select a subsequence, still denoted byun such that

un ⇀ u inD asn→+∞.

By a result in [5, Theorem 5.1], thesequenceun is precompact in L2(Q) therefore,

un → u in L2(Q) anda.e. in Q.

Furthermore, accordingto the tracetheorem (see[8, Theorem 3.4.1]) onehas

ũn → ũ in L2(P;L2(∂Ω)).

LEMM A 1. Thesequence∇un converges strongly to ∇u in L2(P;(L2(Ω))n).

Proof. By (8), H4) and the strong convergence of wn to w in L2(Q), we have that
a(x, t,wn,∇un) is bounded in L2(Q), that is

a(x, t,wn,∇un)⇀ µ in L2(P;(L2(Ω))n).

Lettingn→+∞ in (7) weobtain

lim
n

∫
Q
(a(x, t,wn,∇un),∇un)dxdt =−

∫
Σ

β(x, t)|ũ(x, t)|2dσdt

−

∫
Σ

g(x, t, ũ)ũ(x, t)dσdt −
∫

Q
f (x, t,w)u(x, t)dxdt +

∫
Q

h(x, t)u(x, t)dxdt.

Moreover,
∫

Q
unt(x, t)u(x, t)dxdt +

∫
Q
(a(x, t,wn,∇un),∇u)dxdt

+

∫
Σ

β(x, t)ũn(x, t)ũ(x, t)dσdt +
∫

Σ
g(x, t, ũn)ũ(x, t)dσdt

+
∫

Q
f (x, t,wn)u(x, t)dxdt =

∫
Q

h(x, t)u(x, t)dxdt.
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Taking the limit onn→+∞, we infer that

lim
n

∫
Q
(a(x, t,wn,∇un),∇u)dxdt =−

∫
Σ

β(x, t)|ũ(x, t)|2dσdt

−

∫
Σ

g(x, t, ũ)ũ(x, t)dσdt −
∫

Q
f (x, t,w)u(x, t)dxdt +

∫
Q

h(x, t)u(x, t)dxdt.

Since

α
∫

Q
|∇(un(x, t)−u(x, t))|2dxdt

6

∫
Q
(a(x, t,wn,∇un)− (a(x, t,wn,∇u),∇(un(x, t)−u(x, t))dxdt

=
∫

Q
(a(x, t,wn,∇un),∇un)dxdt −

∫
Q
(a(x, t,wn,∇un),∇u)dxdt

−

∫
Q
(a(x, t,wn,∇u),∇(un(x, t)−u(x, t)))dxdt,

passing to the limit in n given the assumption H1) and ∇un ⇀ ∇u in L2(P;(L2(Ω))n),
oneprovesthat

lim
n

∫
Q
|∇(un(x, t)−u(x, t))|2dxdt = 0

i.e.
∇un → ∇u in L2(P;(L2(Ω))n) anda.e. in Q.

Hence,
a(x, t,w,∇u) = µ a.e. in Q

so that
a(x, t,wn,∇un)⇀ a(x, t,w,∇u) in L2(P;(L2(Ω))n).

LEMM A 2. ThemappingΦ is continuous.

Proof. The above convergences

wn → w in L2(Q)

un → u in L2(Q) anda.e. in Q

∇un → ∇u in L2(P;(L2(Ω))n) anda.e. in Q

ũn → ũ in L2(P;L2(∂Ω))

a(x, t,wn,∇un)⇀ a(x, t,w,∇u) in L2(P;(L2(Ω))n)

enableus to concludethat Φ(wn) = un converges stongly to Φ(w) = u in L2(Q).

LEMM A 3. There existsa constant R> 0 such that

‖Φ(w)‖L2(Q) 6 R, ∀w∈ L2(Q).
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Proof. Lettingn→+∞ in (8), the assertion of the lemmaisproved.

Since Φ(L2(Q) ⊂ L2(Q) and the embedding D →֒ L2(Q) is compact, Φ is a
compact operator from L2(Q) to itself.

Finally, we state the main result of thepaper.

THEOREM 2. Under the assumptions H1)–H7), there exists at least one fixed
point of Φ.

Proof. Lemmas 2 and 3 imply that the mapping Φ is both continuous and compact,
then by the Schauder fixed point theorem there exists at least one fixed point for the
mappingΦ which is aweak periodic solution to (1)–(3).
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