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PERIODIC SOLUTIONSFOR A NONLINEAR PARABOLIC
EQUATION WITH NONLINEAR BOUNDARY CONDITIONS

Abstract. In this paper we prove the eistence of wee periodic solutions for a nonlinea
parabalic equations with the Robin periodic boundxry condtion. The am will be adieved
by reformulating the problem in abstrad form and applying some results of the maximal
mondaone mapping theory joint with the Schauder fixed pant theorem.

1. Introduction

Let Q be abounded open set of R (n > 1) with smooth boundry dQ and the outward
unit normal vedor v at points of Q. For givenw >0, weset Q:=Q x P and :=
0Q x P where P := R/wZ denctes the period interval [0, w)], so the functions defined
in Q and X are automaticdly w-time periodic. We consider the quasili nea parabalic
problem in divergenceform

(1) u — diva(x,t,u, 0u) + f(xt,u) = h(x;t) inQ.

The formulation o problem is completed spedfying the periodic condtion
2 u(x,t+w) =u(xt) inQ, w>0,

and the norlinea Robin periodic boundry condtion

(3) —a(x,t,u,0u) -v =B(x,t)u+g(x,t,u) onZ.

In this model, the quasili nea operator a is assumed to satisfy the standard condtions
of Leray—Lionstype. The purpose of the paper isto present aresult onthe existence of
at least one week periodic solutionto problem (1)—(3) under quite general assuumptions
onthe norlineaities.

We will study ou problem, making the foll owing structural assumptions onthe
data

Hi) a: QxR xR"— R"isaCaratheodary functioni.e. a(-, -,s,{) ismeasurablein
(x,t) for any (s,¢) € R x R" and continuowsin (s,{) for ae. (x,t) € Q;

H) there existsa constant a > 0 such that
(a(x7tasaZ) - a(thaSaE.)l _E) 2 G|Z _Elz

foral se R, {, & € R"with { # & andfor ae. (x,t) € Q. Here, (-, -) denotesthe
inner product in R™;
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Hs) a(xt,s,0)=0;
Hg4) there exist apasitive functionb € L?(Q) and a constant y > 0 such that
la(x;t,s,.0)| < b(x,t) +y(|s| +[<])

Vse R, eR"andae. (x,t) € Q;

Hs) f isaCaratheodary function such that
[f(xt,&)] <C

forae (xt) € Q;

Hs) Bisapasitive cmntinuowsand bouned function such that

0 < B1 < B(xt) < P2, V(xt)eZ;

H7) g:Z xR — RisaCaratheoday functionsuchthat for a.e. (x,t) € Z, themapping
& — g(x,t,&) isnonceaeasingand

91, &) < Ca(d(x,t) + [€])

Eg(x7taz) 2 C2|E|2 - C3(Xat)
whered € L%(Z) andcz € LY(Z);

Hg) he L?(Q).

Problem (1)—«(3) can be regarded as a mathematicd model for many chemi-
cd, physicd, biologicd and exlogicd phenomena. In order to describe our results
and relate them to others in the ealy literature, we mention that many reseachers
have studied the existence of periodic solutions for couped systems, semilinea and
quasilinea parabolic equations uncder either Dirichlet or Neumann boundry cond-
tions using lower and upper solutions (see[1], [5] and references given there). The
lower and upper solutions associated with monaone iterations is al'so used to tred a
class of couped systems of semilinea parabolic equations with norinea boundry
condtionsin [9]. In[4] is dudied the existence of at least one periodic solution for
a quasili nea parabalic problem in divergenceform with Dirichlet boundary data, uti-
lizing the method d lower solution and upper solution. These authors asociate to the
problem under consideration an auxili ary variational i nequality solved by applyingthe
penalty method Our approad to the periodicity shall be to seek the periodic solutions
in an appropriate spaceof w-periodic functions rather then look for fixed pants for
the Poincaré periodic map. Mathematicdly, it is worth mentioning that the starting
point relies on the following Theorem 1 for maxima monaone mappingsjoint with a
suitable fixed pant argument.

THEOREM 1([2,3,7]). LetL bealinear closed, densely defined operator from
the reflexve spaceV to V*, L maximal monaone andlet A be a bounad hemicontin-
uous monaone mapping fromV to V*, then L 4+ A is maximal monaone in V x V*,
Moreover, if L+ Ais coercive then Range(L + A) =V*.
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Theremaining part of the paper is organized asfollows. In Sedion 2we chocse
the functional framework where the periodic solutions are sougit and gve the nation
of we&k periodic solution. In Sedion 3 we use Theorem 1 to prove the existence
and uriquenessof periodic solutions for an abstrad problem formulated by means of
maximal monaone mappings. Finaly, Sedion 4is devoted to ohtaining some aucial
estimates and convergences which all ow to apply the Schauder fixed pant theorem to
anorlinea operator equation and to show the existence of at least one we&k periodic
solution for problem (1)—(3).

2. Functional framework and definitions

Let usintroducethe functional spacefor the periodic solutionsof problem. We consider
the Hil bert space

V= L2(P,Wh2(Q))

endowed with the equivalent norm

1/2
Vv = (/Q|Dv(x,t)|2dxdt+/ZB(x,t)|\7(x,t)|2d0dt>

where V stands for the traceof v € V. It is known that for a regular domain Q, ev-
ery ve WL2(Q) has atraceV € WY/2(0Q) and in view of the traceSobdev theorem,
WY2(9Q) — L2(0Q) compadly.

Thetopdogicd dua spaceof V is

V= L2(P; (W2(Q))Y)

with |||l norm. The duality pairing between V andV* will be writtenas (-, -). The
nation o wedg solution may be introduced as foll ows.

DErINITION 1. Afunction uis said to be a weak periodic solution o problem
D)) if
ueV wthueV*

and
/utr]dxdt+/(a(x,t,u,Du),Dr])dxdt+/B(x,t)ﬁ(x,t)ﬁ(x,t)dodt
s
4 +/g t,0)n(xt) dodt+/ f(x,t,u)n(x,t)dxdt

:/ h(x,t)n(x,t)dxdt, ¥n e V.
Q
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Having fixed w € L?(Q), we consider the problem
/utr]dxdt+/(a(x,t,w,Du),Dr])dxdt
Q Q
+ [ B tux O dodt + [ glxt, B (x tdodt
s s

+/ f(x,t,w)r](x,t)dxdt:/ h(x,t)n(x,t)dxdt, ¥n e V.
Q Q

3. Existenceand uniquenessof periodic solutions

In order to use Theorem 1, we must define two mappingsL and A. The set
D:={ueV:uw eV}
isdenseinV becaise of the density of C*(Q) C » inV. Let
L:p —=V*

be the linea operator given by
(Lu,n) ::/ wndxdt, vn e V.
Q

Thisoperator isclosed, skew-adjoint (i.e. L = —L*) andmaximal monaone (see
[7,Lemmal.l, p. 313).
Givenw € L?(Q) we define

AV V*

by setting

Aw.n) = |

(a(x,t,w, Du),Dn)dxdt+/B(x,t)ﬁ(x,t)ﬁ(x,t)dodt
Q z

+/g(x,t,0’)ﬁ(x,t)d0dt, vnev.
>
The next result summarizes the properties of the operator A.

ProPOSITION 1. If the assumptions H1)—H4) andHg), H7) are fulfilled, then
themappngAis:

i) hemicontinuots;
i) monaone;

i) coercive
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Prodf. i) The hemicontinuity foll ows from the Holder inequality. In fad,

|<A<u>,n>|<[|b|Lz(Q>+v|w||Lz<Q>+<y+1+ Yl + fHdHLz ]Inlv
by which
||A<u>|*<[|b|Lz<Q>+v||w|Lz 1 2l + fndan }

The proof of i) is completed by applying[6, Theorems 2.1. and 2.3].
i) The monaonicity is a ansequence of

(A(u)—A(v),u—v):/Q(a(x,t,w,Du)—a(x,t,W, 0Ov), O(u—v))dxdt
—|—/B(x,t)|U(x,t)—V(x,t)|2d0dt
s
+/Z(g(x,t,0“)—g(x,t,V))(G(x,t)—V(x,t))dcdt > 0.
i) Coercivity. One has
(A(u),u) = fQ(a(x,t,w, Du),Du)dxdt+sz(x,t)|U(x,t)|2d0dt

+ 5 9(x,t, 0)U(x,t)dodt
a fo|Du(x,t)[2dxdt + f; B(x,t)]T(x,t)|2dodt

WV

+82 5 BOG)|T(x, 1) [2dadt — f; ca(x,t)dadt
> min(a,1+$ )||u||V Js ca(x,t)dadt.

Thus,
(A(u),u)

[[ullv

J5 ca(x,t)dodt

C
> min(a,14+ — Il
v

5 =) lullv —

— 400 as ||ully — Foo.
Besides, let G € V* bethelinea functional defined as
/ f(x,t,w)n xt)dxdt+/ h(x,t)n(x,t)dxdt, Vn eV
Q
then, problem (4) can be reformulated in the foll owing abstraa form:
(5) Lu+A(u) =G.

Now, we state the main result of the sedion.
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PROPOSITION 2. Let w € L?(Q) be given and assuming Hy)-H7), the problem
(5) has a unique weak periodic solution.

Proof. The existence of week periodic solutions descends from Theorem 1. Unique-
nessis a onsequenceof the strict monatonicity. O

4. Fixed points

The existence of wedk periodic solutions to (1)—(3) will be based onthe reseach of
fixed pantsfor the norlinea mapping

®:L%(Q) — LA(Q)

defined by
d(w)=u

where u isthe unique weak periodic solution of (3.1) correspondngtow € L?(Q). The
mapping ® is well-defined. To show its continuity we will prove some very important
estimates and convergences needed to apply the Schauder fixed pant theorem.

Let wy € L?(Q) be asequence onvergent strongy tow in L?(Q). Moreover, let
U denote the wedk periodic solution o the problem

() /Qum(x,t)r](x,t)dxdt+/Q(a(x,t,wn,Dun),Dr])dxdt
+ /z B(X, ) (X, V)i (x,t)dodt -+ /z g(x.t, T (x,t)dodt
+/Qf(x,t,wn)r](x,t)dxdt:/Qh(x,t)r](x,t)dxdt.
Settingn = u, asatest functionin (6), we have
(7 /Qum(x,t)un(x,t)dxdt+/Q(a(x,t,wn,Dun),Dun)dxdt
+ /z B(x,t)[n(x,t)[2dadt + /z g(X.t, Gn)Tn(x, t)dodt
+/Qf(x,t,wn)un(x,t)dxdt:/Qh(x,t)un(x,t)dxdt.
CondtionsHy), Hs), H7), the periodicity and the Younginequality give us
G/Q|Dun(x,t)|2dxdt+/Z[3(x,t)|ﬁn(x,t)|2d0dt
+%/zﬁ(x,t)mn(x,tﬂzdcdt—/203(x,t)d0dt

< i/|f(x,t,wn)|2dxdt+s/|un(x,t)|2dxdt+i/|h(x,t)|2dxdt
2¢ Jo Q 2¢ Jo
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andtaking into acoun the equivalenceof the normsinV, we have

(min(a,l—i—%)—Hs) (/ |Dun(x,t)|2dxdt+/B(x,t)|Un(x,t)|2d0dt)
2 Q z
i/ |f(x,t,wn)|2dxdt+/|c3(x,t)|dodt+i/ Ih(xt)2dxdt < C.
2¢ Jo z 28 Jq
This permits usto oltain the dasscd energy estimate
®) / |Clun(x,) 2dxdlt + / B(x,t)[Tn(x )[2dodt < C”
Q b3

where the positive constant C” is independent of n. From (6) and the energy estimate
(8) we get that up; is bounded in the V* norm. This provided the boundednessof u,, in
thenormof theset » i.e.

[lunllp <L, ¥YneN.

Thus, we can seled a subsequence, till denated by up, such that
Up—Uu inD asn— +oo,
By aresult in [5, Theorem 5.1], the sequenceuy, is precompad in L2(Q) therefore,
up— U inL%(Q) andae.inQ.
Furthermore, acordingto the tracetheorem (see[8, Theorem 3.4.1]) one has
Uh— 0 inL%(P;L%(0Q)).
LEMMA 1. The sequence Dun converges grongdy to Ou in L2(P; (L2(Q))™).

Proof. By (8), H4) and the strong convergence of w, to w in L2(Q), we have that
a(x,t,wn, Oun) isboundedin L2(Q), that is

a(x,t,Wn, Oup) — pin L2(P; (L2(Q))").
Lettingn — +o in (7) we obtain

I|m/ (X,t,Wn, Oun), Oug)dxdt = — /B (x,t)]U(x,t)[2dodt
/g ”)uxtdodtf/fxtw xtdxdt+/hxt (x,t)dxdt.
Moreover,
/Qunt(x,t)u(x,t)dxdt+/Q(a(x,t,wn,Dun),Du)dxdt
+/ZB(x,t)Un(x,t)U(x,t)dcdt+/zg(x,t,ﬁn)ﬁ(x,t)dcdt

+/ f(x,t,wn)u(x,t)dxdt:/h(x,t)u(x,t)dxdt.
Q Q
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Taking the limit onn — oo, weinfer that
Ilm/ £, Wn, Oup), Ou)dxdt = — /th U(x,t)|?dodt
/g ”)uxtdodtf/fxtw xtdxdt+/hxt (x,t)dxdt.
Since
G/Q|D(un(x,t)—u(x,t))|2dxdt
< /Q (@(%,t, Wh, Otn) — (A(Xt, Wn, 0U), O(Un(%,t) — u(x,t))dxdt

:/(a(x,t,wn,Dun),Dun)dxdt—/(a(x,t,wn,Dun),Du)dxdt
Q Q

_ /Q(a(x,t,wn, Ou), O(Un(x,t) — u(x.t)))dxdt,

passng to the limit in n given the assumption Hy) and Oup, — Ouin L2(P; (L2(Q))"),
one proves that

|ir|§n/Q I0(Un(%t) — u(x,t))[2cxct = 0

i.e
Oup — Ou inL2(P;(L2(Q))") andae.in Q.
Hence,
a(x,t,w,0Ju) = aeinQ
so that

a(x,t,Wn, Oup) — a(x,t,w,0u) in L2(P; (L2(Q))").

LEMMA 2. Themappng® iscontinuots.

Proof. The above mnvergences
Wh — W inL?(Q)
up— U inL%(Q) andae.inQ
Oun — Ou inL2(P; (L?(Q))") andae.inQ
Un — U inL2(P;L%(3Q))
a(x,t,Wn, Ouy) — a(x,t,w, 0u) in L2(P; (L2(Q))™)
enable usto conclude that ®(wy,) = u, converges gondy to ®(w) =u inL2(Q). O

LEMMA 3. There exstsa constant R > 0 such that
|PW)| 2 <R Ywe L(Q).
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Proof. Lettingn — + in (8), the assertion o thelemmais proved. O

Since ®(L%(Q) C L?(Q) and the embedding » — L?(Q) is compad, ® is a
compad operator from L?(Q) to itself.
Finally, we state the main result of the paper.

THEOREM 2. Under the assumptions H1)—H7), there exsts at least one fixed
point of ®.

Proof. Lemmas 2 and 3imply that the mapping @ is both continuows and compad,
then by the Schauder fixed pant theorem there exists at least one fixed pant for the
mapping ® which is awegk periodic solutionto (1)—3). O
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