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Lp(R) BOUNDEDNESSAND COMPACTNESSOF

LOCALIZATION OPERATORSASSOCIATED WITH

THE STOCKWELL T RANSFORM

Dedicated to Professor Luigi Rodino ontheoccasion of his60th birthday

Abstract. In this article, we prove the boundednessand compactnessof localization opera-
tors associated with Stockwell t ransforms, which depend ona symbol and two windows, on
Lp(R), 1≤ p≤ ∞.

1. Introduction

1.1. The Stockwell transform

TheStockwell t ransform, which wasdefined in [13], isahybrid of theGabor transform
and the wavelet transform. For a signal f ∈ L2(R), the Stockwell t ransform Sϕ f with
respect to thewindow ϕ ∈ L1(R)∩L2(R) is given by

(1) Sϕ f (b,ξ) = (2π)−1/2|ξ|
∫ ∞

−∞
e−ixξ f (x)ϕ(ξ(x−b))dx, b∈R, ξ ∈ R.

Moreprecisely,
Sϕ f (b,ξ) = ( f ,ϕb,ξ),

where

(2) ϕb,ξ = (2π)−1/2|ξ|eixξϕ(ξ(x−b)),

or
ϕb,ξ = (2π)−1/2MξT−bDξϕ,

and ( , ) is the inner product in L2(R). Here, Mξ, T−b and Dξ are the modulation
operator, the translation operator and thedilation operator, defined by

(Mξh)(x) = eixξh(x),

(T−bh)(x) = h(x−b),

(Dξh)(x) = |ξ|h(ξx),

for all x∈ R andall measurable functionh onR.
∗This research has been supported by the Natural Sciences and Engineering Research Council of
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A great amount of articles use the Stockwell t ransform to study applied prob-
lems, coveringareasasgeophysics, engineering or biomedicine(seethereferenceslist
in thepapers[9] and [14]). Somemathematical aspectsof such atransform arestudied
or expanded in thepapers [2, 8, 9, 10, 11, 14].

1.2. Reconstruction formula

In an attempt to reconstruct a signal f from its Stockwell spectrum {Sϕ f (b,ξ) : b,ξ ∈
R}, we havethe followingresult in [8].

THEOREM 1. Let ϕ ∈ L2(R) besuch that ‖ϕ‖L2(R) = 1 and

(3)
∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ < ∞.

Then for all signals f and gin L2(R),

(4) ( f ,g)L2(R) =
1
cϕ

∫ ∞

−∞

∫ ∞

−∞
Sϕ f (b,ξ)Sϕg(b,ξ)

dbdξ
|ξ| ,

where

(5) cϕ =

∫ ∞

−∞

|ϕ̂(ξ−1)|2
|ξ| dξ,

and ˆ denotesthe Fourier transformdefined by

F̂(ζ) = (2π)−N/2
∫
RN

e−ix·ζF(x)dx

for all F in L1(RN).

REMARK 1. Theorem 1 is known as the Plancherel formula or the resolution
of the identity formula for theone-dimensional Stockwell t ransform. The integrabilit y
condition (3) is the admissibilit y condition for a function ϕ in L2(R) to be awindow.
An important corollary of Theorem 1 is that every signal f can be reconstructed from
its Stockwell spectrum by meansof the inversionformula

(6) f =
1
cϕ

∫ ∞

−∞

∫ ∞

−∞
( f ,ϕb,ξ)L2(R)ϕ

b,ξ dbdξ
|ξ| .

That the admissibilit y condition (3) is a necessary condition for the inversion formula
for the Stockwell t ransform can be seen by letting f = g = ϕ in (4). Details can be
foundin [7].
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1.3. Localization operators

Let ϕ,ψ be measurable functions onR, σ be measurable function onR2, then for all
functions f ∈ Lp(R), wedefine the localization operator Lσ,ϕ,ψ f , by

Lσ,ϕ,ψ f =

∫
R

∫
R

σ(b,ξ)(Sϕ f )(b,ξ)ψb,ξ dbdξ
|ξ|(7)

=
∫
R2

σ(b,ξ)( f ,ϕb,ξ)ψb,ξ dbdξ
|ξ| .

REMARK 2. The symbol can be understoodas a filter of the Stockwell spec-
trum. Formula (6) reconstructs the signal using the Stockwell spectrum {Sϕ f (b,ξ) :
b,ξ ∈ R} with respect to the window component ϕb,ξ. The localization operator using
the filtered Stockwell spectrum {σ(b,ξ)Sϕ f (b,ξ) : b,ξ ∈R} may bedefined by

Tσ,ϕ f = f =
1
cϕ

∫ ∞

−∞

∫ ∞

−∞
σ(b,ξ)( f ,ϕb,ξ)L2(R)ϕ

b,ξ dbdξ
|ξ| .

However, in order to allow some linearity properties with respect to the windows, we
consider the localization operator designed in the original way (7).

In accordancewith thedifferent choicesot thesymbolsσ(b,ξ) andthedifferent
continuitiesrequired, weneed to imposedifferent conditionsonϕ andψ. Andthen we
obtain an operator onLp(R).

In the paper [15] by Wong, the Lp-boundednessof localization operatorsasso-
ciated to left regular representations is studied for 1 ≤ p ≤ ∞. Lp-boundednessand
Lp-compactnessof two-wavelet localization operators on the Weyl-Heisenberg group
can be foundin the papers [4] by Boggiatto and Wong, and [3] by Boggiatto, Oliaro
andWong. The aim of thispaper isto give another set of resultsontheLp-boundedness
andalso Lp-compactnessof the localization operatorsdefined by (7).

In Section 2, we prove that the localization operator associated with the Stock-
well t ransform, with symbols in L1(R) and windows ϕ ∈ Lp′(R) and ψ ∈ Lp(R) are
bounded linear operatorson Lp(R), 1≤ p≤ ∞. Herein, p′ is the conjugateof p, such
that

(8)
1
p
+

1
p′

= 1.

If thesymbolsarein Lr(R2), 1≤ r ≤ 2, andthe admissiblewindowsϕ,ψ arein L1(R)∩
L∞(R), then the localization operators are proved in Section 3 to be bounded linear
operators on Lp(R), r ≤ p≤ r ′. Section 4 deals with the compactnessfor symbols in
L1(R2). The last section treats the localization operatorsassociated to the generalized
Stockwell t ransform defined in [10] and [11]. Due to the close relation between the
Stockwell t ransform and generalizedStockwell t ransform, all our conclusionsobtained
in Section 2, Section 3andSection 4can be applied to these localization operators.
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2. Symbols in L1(Rn)

For 1≤ p≤ ∞, let σ ∈ L1(R2), ϕ ∈ Lp′(R) andψ ∈ Lp(R). We aregoing to show that
Lσ,ϕ,ψ is abounded linear operator onLp(R).

Let us start with the followingestimates:

PROPOSITION 1. For 1≤ p≤ ∞, let ψ ∈ Lp(R) and f ∈ Lp′(R), where p′ is the
conjugateof p. Then

(9) ‖ψb,ξ‖p = (2π)−1/2|ξ|1/p′‖ψ‖p,

and

(10) |Sψ f (b,ξ)| ≤ (2π)−1/2|ξ|1/p′‖ψ‖p‖ f‖p′ .

Proof. For p= ∞, thefirst equality is trivial. For p 6= ∞, by Fubini’s theorem, wehave

‖ψb,ξ‖p =

{∫
∣

∣(2π)−1/2|ξ|eixξψ(ξ(x−b))
∣

∣

p
dx

}1/p

= (2π)−1/2|ξ|
{∫

|ψ(ξ(x−b))|p dx

}1/p

= (2π)−1/2|ξ|1/p′‖ψ‖p.

ApplyingHölder’s inequality and (9), we have

|Sψ f (b,ξ)| = |( f ,ψbξ)| ≤ ‖ f‖p′‖ψb,ξ‖p = (2π)−1/2|ξ|1/p′‖ f‖p′‖ψ‖p.

In the following we denote with ‖ · ‖B(Lp(R)) the operator norm in the Banach
spaceB(Lp) of bounded linear operatorsonLp,1≤ p≤ ∞.

We start with the result about theboundednessof Lσ,ϕ,ψ onL1(R).

PROPOSITION 2. Let σ ∈ L1(R2) and ϕ ∈ L∞(R),ψ ∈ L1(R). Then Lσ,ϕ,ψ :
L1(R)→ L1(R) is a bounded linear operator and

‖Lσ,ϕ,ψ‖B(L1(R)) ≤
1
2π

‖σ‖1‖ϕ‖∞‖ψ‖1.
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Proof. For any f ∈ L1(R), by (7), (2), and(10), we have

‖Lσ,ϕ,ψ f‖1 =

∫
∣

∣

∣

∫∫
σ(b,ξ)Sϕ f (b,ξ)ψb,ξ(x)

dbdξ
|ξ|

∣

∣

∣
dx

≤
∫∫∫

|σ(b,ξ)|
(

(2π)−1/2|ξ|‖ f‖1‖ϕ‖∞

)(

(2π)−1/2|ξ||ψ(ξ(x−b))|
)

dbdξ
|ξ| dx

≤ 1
2π

‖ f‖1‖ϕ‖∞

∫∫∫
|σ(b,ξ)||ψ(ξ(x−b))||ξ|dbdξdx

=
1
2π

‖ f‖1‖ϕ‖∞

∫∫
|σ(b,ξ)|

(∫
|ξ||ψ(ξ(x−b))|dx

)

dbdξ

=
( 1

2π
‖ϕ‖∞‖σ‖1‖ψ‖1

)

‖ f‖1,

which completesour proof.

For p 6= 1, wehave the followingconclusionabout theboundednessof Lσ,ϕ,ψ.

PROPOSITION 3. Let σ ∈ L1(R2), ϕ ∈ Lp′(R) and ψ ∈ Lp(R). Then Lσ,ϕ,ψ :
Lp(R)→ Lp(R) is a bounded linear operator for 1≤ p< ∞ and

‖Lσ,ϕ,ψ‖B(Lp(R)) ≤
1
2π

‖σ‖1‖ϕ‖p′‖ψ‖p.

Proof. For any f ∈ Lp(R), consider the linear functional

Tf : Lp′(R)→ C, g 7→ (g,Lσ,ϕ,ψ f ).

By (7), we have

|(g,Lσ,ϕ,ψ f )| = |(Lσ,ϕ,ψ f ,g)|

=
∣

∣

∣

∫
σ(b,ξ)Sϕ f (b,ξ)Sψg(b,ξ)

dbdξ
|ξ|

∣

∣

∣

=

∫
|σ||Sϕ f (b,ξ)||Sψg(b,ξ)|dbdξ

|ξ| .

ApplyingProposition 1, we have

|(g,Lσ,ϕ,ψ f )|

≤
∫

|σ(b,ξ)|
(

(2π)−1/2|ξ|1/p‖ f‖p‖ϕ‖p′
)(

(2π)−1/2|ξ|1/p′‖g‖p′‖ψ‖p

)dbdξ
|ξ|

=

(

1
2π

‖σ(b,ξ)‖1‖ϕ‖p′‖ψ‖p‖ f‖p

)

‖g‖p′

which implies that Tf is a continuous linear functional on Lp′(R), and the operator
norm

‖Tf ‖B(Lp′ (R)) ≤
1
2π

‖σ‖1‖ϕ‖p′‖ψ‖p‖ f‖p.
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SinceTf g= (g,Lσ,ϕ,ψ f ), by theRiesz representationtheorem, wehave

‖Lσ,ϕ,ψ f‖p = ‖Tf ‖B(Lp′ (R) ≤
1
2π

‖σ‖1‖ϕ‖p′‖ψ‖p‖ f‖p,

which establishes the proposition.

To sum up the two propositionsabove, we havethe following theorem.

THEOREM 2. Let σ ∈ L1(R2), ϕ ∈ Lp′(R), ψ ∈ Lp(R). Then Lσ,ϕ,ψ : Lp(R)→
Lp(R) is bounded linear operator for 1≤ p≤ ∞ and

‖Lσ,ϕ,ψ‖B(Lp(R)) ≤
1
2π

‖σ‖1‖ϕ‖p′‖ψ‖p.

3. Symbols in Lr(R), 1≤ r ≤ 2

In this section, we study the localization operators Lσ,ϕ,ψ for symbols σ ∈ Lr(R),
1≤ r ≤ 2.

PROPOSITION 4. Let ψ and ϕ be admissible windows, ψ ∈ L2(R) and ϕ ∈
L2(R), σ ∈ L2(R2). Then Lσ,ϕ,ψ : L2(R)→ L2(R) is a bounded linear operator and

‖Lσ,ϕ,ψ‖B(L2(R)) ≤
(√

cϕcψ

2π
‖ϕ‖2‖ψ‖2

)1/2

‖σ‖2.

To provetheproposition, let us start with the followinglemma.

LEMM A 1. Let ψ and ϕ be admissible windows, ψ ∈ L2(R) and ϕ ∈ L2(R),
σ ∈ L∞(R2). Then Lσ,ϕ,ψ : L2(R)→ L2(R) is a bounded linear operator and

‖Lσ,ϕ,ψ‖B(L2(R)) ≤
√

cϕcψ ‖σ‖∞.

Proof. For any f , g∈ L2(R), by (7) andHölder’s inequality, we have

|(Lσ,ϕ,ψ f ,g)| =

∣

∣

∣

∣

∫
R2

σ(b,ξ)Sϕ f (b,ξ)Sψg(b,ξ)
dbdξ
|ξ|

∣

∣

∣

∣

≤ ‖σ‖∞

∫
R2

|Sϕ f (b,ξ)||Sψg(b,ξ)|dbdξ
|ξ|

≤ ‖σ‖∞

(∫
R2

|Sϕ f (b,ξ)|2 dbdξ
|ξ|

)1/2(∫
R2

|Sψg(b,ξ)|2dbdξ
|ξ|

)1/2

.

By Theorem 1, we have

|(Lσ,ϕ,ψ f ,g)| ≤ ‖σ‖∞(cϕ)
1/2(cψ)

1/2‖ f‖2‖g‖2

=
√

cϕcψ ‖σ‖∞‖ f‖2‖g‖2,

which completesthe proof.
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Proof of Proposition 4. For any fixed f ∈ L2(R), admissible windows ϕ, ψ ∈ L2(R),
we define alinear map from L1(R2)∩L∞(R2) to L2(R) by

T(σ) = Lσ,ϕ,ψ f .

From the above lemmawe have

(11) ‖T(σ)‖2 ≤
√

cϕcψ‖ f‖2‖σ‖∞,

and let p= 2 in Theorem 2, we have

(12) ‖T(σ)‖2 ≤
(

1
2π

‖ f‖2‖ϕ‖2‖ψ‖2

)

‖σ‖1.

Applying interpolationtheory, see[1] for instance, wehave

‖T(σ)‖2 ≤ (
√

cϕcψ‖ f‖2)
1/2

(

1
2π

‖ f‖2‖ϕ‖2‖ψ‖2

)1/2

‖σ‖2

=

(√
cϕcψ

2π
‖ϕ‖2‖ψ‖2

)1/2

‖ f‖2‖σ‖2.

By thedefinition of T(σ), wehave

‖Lσ,ϕ,ψ f‖2 ≤
(√

cϕcψ

2π
‖ϕ‖2‖ψ‖2

)1/2

‖ f‖2‖σ‖2.

Thus theproof is complete.

THEOREM 3. Let ψ and ϕ be admissible windows, ψ ∈ L1(R)∩ L∞(R) and
ϕ ∈ L1(R)∩L∞(R). Let σ ∈ Lr(R2) ,1 ≤ r ≤ 2. Then there exists a unique bounded
linear operator Lσ,ϕ,ψ : Lp(R)→ Lp(R) for all p∈ [r, r ′] such that

(13) ‖Lσ,ϕ,ψ‖B(Lp(R)) ≤ M1−θ
1 Mθ

2‖σ‖p,

where

M1 =
( 1

2π
‖ϕ‖∞‖ψ‖1

)
2
r −1(

√
cϕcψ

2π
‖ϕ‖2‖ψ‖2

)
1
r′ ,

M2 =
( 1

2π
‖ϕ‖1‖ψ‖∞

)
2
r −1(

√
cϕcψ

2π
‖ϕ‖2‖ψ‖2

)
1
r′ .

Proof. Let T be the bili near mapping from {L1(R2)∩L2(R2)}×{L1(R)∩L2(R)} to
L1(R)∩L2(R), defined by

T(σ, f ) = Lσ,ϕ,ψ f .(14)

By Proposition 2andPropostion 3.1, we have

‖T(σ, f )‖1 ≤
1
2π

‖ϕ‖∞‖ψ‖1‖σ‖1‖ f‖1,

‖T(σ, f )‖2 ≤
√

cϕcψ

2π
‖ϕ‖2‖ψ‖2‖σ‖2‖ f‖2.
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By themulti -linear interpolationtheory, seeSection 10.1 in [5] for reference, we get a
uniquebounded linear operator T(σ, f ) : Lr(R2)×Lr(R)→ Lr(R) such that

‖T(σ, f )‖r ≤ M1‖σ‖r‖ f‖r ,(15)

where

M1 =
( 1

2π
‖ϕ‖∞‖ψ‖1

)1−α(√cϕcψ

2π
‖ϕ‖2‖ψ‖2

)α/2
,

with
1−α

1
+

α
2
=

1
r

or α = 2− 2
r
.

By thedefinition of T in (14), wehave

‖Lσ,ϕ,ψ‖B(Lr (R)) ≤
( 1

2π
‖ϕ‖∞‖ψ‖1

)
2
r −1(

√
cϕcψ

2π
‖ϕ‖2‖ψ‖2

)
1
r′ ‖σ‖r .(16)

Sincethe adjoint of Lσ,ϕ,ψ is Lσ,ψ,ϕ, so Lσ,ϕ,ψ is a bounded linear map onLr ′(R), with
its operator norm

‖Lσ,ϕ,ψ‖B(Lr′ (R)) = ‖Lσ,ψ,ϕ‖B(Lr (R))

≤
( 1

2π
‖ϕ‖1‖ψ‖∞

)
2
r −1(

√
cϕcψ

2π
‖ϕ‖2‖ψ‖2

)
1
r′ ‖σ‖r .(17)

Usingan interpolation of (16) and(17), we havethat, for any p∈ [r, r ′],

‖Lσ,ϕ,ψ‖B(Lp(R)) ≤ M1−θ
1 Mθ

2‖σ‖p,

with
1−θ

r
+

θ
r ′

=
1
p

or θ =

(

1
r
− 1

p

)

/

(

1
r
− 1

r ′

)

.

4. Compact operators

In this section, westudythe compactnessof thelocalization operatorsLσ,ϕ,ψ : Lp(R)→
Lp(R). We start with asimple case:

LEMM A 2. For 1 ≤ p < ∞, let ϕ ∈ Lp′(R), σ and ψ be compactly supported
andcontinuous. Then Lσ,ϕ,ψ : Lp(R)→ Lp(R) is compact.

Proof. To prove that Lσ,ϕ,ψ is compact, it is enoughto show that the image of any
bounded sequencehas a convergent subsequence. Let { f j}∞

j=1 be asequenceof func-
tions in Lp(R) such that

‖ f j‖p ≤ 1, j = 1,2, . . . .

Because σ is compactly supported, we may assumethat

σ(b,ξ) = 0, for all (b,ξ) such that (|b|2+ |ξ|2)1/2 > M.
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From Proposition 1and the fact that ψ is continuous, we have

|ψb,ξ(x)| ≤ (2π)−1/2|ξ|‖ψ‖∞,

|(Sϕ f j )(b,ξ)| ≤ (2π)−1/2‖ f j‖p‖|ξ|1/p‖ϕ‖p′ ≤ (2π)−1/2|ξ|1/p‖ϕ‖p′ .

Therefore

|Lσ,ϕ,ψ f j(x)|

=

∣

∣

∣

∣

∫∫
R2

σ(b,ξ)(Sϕ f j)(b,ξ)ψb,ξ(x)
dbdξ
|ξ|

∣

∣

∣

∣

≤
∫∫

b∈R
|ξ|≤M

|σ(b,ξ)|((2π)−1/2|ξ|1/p‖ϕ‖p′)((2π)−1/2|ξ|‖ψ‖∞)
dbdξ
|ξ|

≤ 1
2π

‖ϕ‖p′‖ψ‖∞

∫∫
b∈R
|ξ|≤M

|σ(b,ξ)||ξ|1/pdbdξ

≤ 1
2π

M1/p‖ϕ‖p′‖ψ‖∞‖σ‖1,

for all j = 1,2, . . . . Thusthe sequence{Lσ,ϕ,ψ f j}∞
j=1 is uniformly bounded.

Let ε be any positive number. Sinceψ is compactly supported and continuous,
it is thereforeuniformly continuous. So there existsδ1 > 0, such that

|ψ(x)−ψ(y)| ≤ ε, for any |x− y|< δ1.

Let δ = min
{

δ1
1+M , ε

1+M

}

. Then for any |x− y|< δ, |ξ| ≤ M,

|ψb,ξ(x)−ψb,ξ(y)|

= (2π)−1/2|ξ|
∣

∣eixξψ(ξ(x−b))−eiyξψ(ξ(y−b))
∣

∣

≤ (2π)−1/2|ξ|
(

|eixξ|
∣

∣ψ(ξ(x−b))−ψ(ξ(y−b))
∣

∣+
∣

∣eixξ −eiyξ∣
∣|ψ(ξ(y−b))|

)

≤ (2π)−1/2|ξ|(|ψ(ξ(x−b))−ψ(ξ(y−b))|+ |x−y||ξ|‖ψ‖∞)

≤ (2π)−1/2|ξ|(ε+ ‖ψ‖∞ε),

and thus for any x,y∈R such that |x− y|< δ,

|(Lσ,ϕ,ψ f j)(x)− (Lσ,ϕ,ψ f j)(y)|

≤ 1
cϕ,ψ

∫∫
b∈R
|ξ|≤M

|σ(b,ξ)||(Sϕ f j)(b,ξ)|
∣

∣ψb,ξ(x)−ψb,ξ(y)
∣

∣

dbdξ
|ξ|

≤ 1
cϕ,ψ

∫∫
b∈R|
ξ|≤M

|σ(b,ξ)|
(

(2π)−1/2|ξ|1/p‖ϕ‖p′

)(

(2π)−1/2|ξ|(ε+ ‖ψ‖∞ε)
)

dbdξ
|ξ|

≤ 1
2πcϕ,ψ

‖σ‖1‖ϕ‖p′M
1/p(1+ ‖ψ‖∞)ε.
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So {Lσ,ϕ,ψ f j}∞
j=1 is equicontinuous on R. Therefore for every compact subset K of

R, the Ascoli–Arzelà theorem ensures that {Lσ,ϕ,ψ f j}∞
j=1 has a subsequencethat con-

verges uniformly on K. Thus by the Cantor diagonal procedure, we can find a subse-
quence{Lσ,ϕ,ψ f jk}∞

k=1 converging pointwise to a functiong onR. By (7) and (2), and
the inequality (10), we have

|(Lσ,ϕ,ψ f j)(x)|p ≤ ((2π)−1‖ϕ‖p′)
p
(∫∫

|σ(b,ξ)||ξ|1/p|ψ(ξ(x−b))| dbdξ
)p

.

Denote the function onthe left hand side of the above inequality by h. By Hölder’s
inequality, wehave
∫

|h(x)|dx

= C
∫

(

∫∫
|σ(b,ξ)||ξ|1/p|ψ(ξ(x−b))| dbdξ

)p
dx

= C
∫

(

∫∫

|b|2+|ξ|2≤M2

|σ(b,ξ)||ξ|1/p|ψ(ξ(x−b))| dbdξ
)p

dx

≤ C
∫

(

∫∫
(

|σ(b,ξ)||ξ|1/p|ψ(ξ(x−b))|
)p

dbdξ
)

·
(

∫∫

|b|2+|ξ|2≤M2

1p′ dbdξ
)p/p′

dx

= C(2πM2)p/p′(‖σ(b,ξ)‖p‖ψ‖p)
p < ∞,

where C is the constant ((2π)−1‖ϕ‖p′)
p. So by Lebesgue’s dominated convergence

theorem, the sequence {|Lσ,ϕ,ψ f jk |p}∞
k=1 converges to |g|p in L1(R) as k → ∞. And

thus,
|Lσ,ϕ,ψ f jk(x)−g(x)|p ≤ 2p(|Lσ,ϕ,ψ f jk(x)|p+ |g(x)|p)≤ 2p+1h(x),

and |Lσ,ϕ,ψ f jk − g|p converges to 0 pointwise, so by the Lebesgue’s dominated con-
vergencetheorem,

∫ |Lσ,ϕ,ψ f jk(x)−g(x)|pdx convergesto 0. Thus{Lσ,ϕ,ψ f jk}∞
k=1 con-

vergesto g in Lp(R). ThereforeLσ,ϕ,ψ is compact.

PROPOSITION 5. For 1≤ p < ∞, let σ ∈ L1(R2) andψ ∈ Lp(R),ϕ ∈ Lp′(R).
Then Lσ,ϕ,ψ : Lp(R)→ Lp(R) is compact.

Proof. For any σ,τ ∈ L1(R2), ϕ ∈ Lp′(R) andψ,φ ∈ Lp(R), by (7) andTheorem 2, we
have

‖Lσ,ϕ,ψ −Lτ,ϕ,ψ‖B(Lp(R)) = ‖Lσ−τ,ϕ,ψ‖B(Lp(R))

≤ (2π)−1‖σ− τ‖1|‖ϕ‖p′‖ψ‖p,

and

‖Lσ,ϕ,ψ −Lσ,ϕ,φ‖B(Lp(R)) = ‖Lσ,ϕ,ψ−φ‖B(Lp(R))

≤ (2π)−1‖σ‖1|‖ϕ‖p′‖ψ−φ‖p.



Localization operators associated with the Stockwell t ransform 213

By the above lemma, and the fact that C0(R
2) is dense in L1(R2), andC0(R) is dense

in Lp(R) for 1 ≤ p < ∞, and the fact that the set of compact operators is closed in
B(Lp(R)), theproposition holds.

THEOREM 4. Under thesamehypothesesonσ,ϕ,ψ asTheorem2, thebounded
linear operator Lσ,ϕ,ψ : Lp(R)→ Lp(R) is compact for 1≤ p≤ ∞.

Proof. From thepreviousproposition, weonly need to show that the conclusion holds
for p = ∞. In fact, the operator Lσ,ϕ,ψ : L∞(R) → L∞(R) is the adjoint of the opera-
tor Lσ̄,ψ̄,ϕ̄ : L1(R) → L1(R), which is compact by Proposition 5. Thus by the duality
property, Lσ,ϕ,ψ : L∞(R)→ L∞(R) is compact.

5. Localization operatorsassociated with themodified Stockwell transform

In thepapers [10, 11], themodified Stockwell t ransform isdefined by

(Ss
ϕ f )(b,ξ) = (2π)−1

∫
f (x) e−ixξ|ξ|1/sϕ(ξ(x−b))dx

= ( f ,ϕb,ξ
s ),(18)

where
ϕb,ξ

s (x) = eixξ|ξ|1/sϕ(ξ(x−b)) = |ξ|1/s−1ϕb,ξ(b,ξ)(x).

The connection between themodified Stockwell t ransform andStockwell t ransform is

Ss
ϕ f = |ξ|1/s−1Sϕ f (b,ξ).

Andso thelocalization operatorsassociated with themodified Stockwell t ransformcan
be expressed by

Ls
σ,ϕ,ψ f =

∫
R

∫
R

σ(b,ξ)(Ss
ϕ f )(b,ξ)ϕb,ξ

s
dbdξ

|ξ|(2/s)−1

=

∫∫
R2

σ(b,ξ)(|ξ|1/s−1Sϕ f (b,ξ)(|ξ|1/s−1ϕb,ξ)
dbdξ

|ξ|(2/s)−1

=

∫∫
σ(b,ξ)Sϕ f (b,ξ)ψb,ξ dbdξ

|ξ|
= Lσ,ϕ,ψ f .

So our results in this paper can be extended to the localization operators associated
with themodified Stockwell t ransform.
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