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EVOLUTION FOR OVERDETERMINED SYSTEMS

IN (SMALL ) GEVREY CLASSES

Dedicated to Professor Luigi Rodino ontheoccasion of his60th birthday

Abstract. Given a system of linear partial differential operators with constant coefficients
whose affine algebraic varieties V(℘̌) have dimension 1, we establish in which classes of
(small ) Gevrey functions the associated Cauchy problem admitsat least onesolution, looking
at thePuiseux series expansions on thebranches at infinity of the algebraic curvesV(℘̌). We
focus, in particular, on the case of two variables, giving some examples.

1. Introduction and main theorems

Let A0(D) be an a1 × a0 matrix of linear partial differential operators with constant
coefficients in theN indeterminatesz1, . . . ,zN.

To allow different scales of regularity in the time-variables t and in the space-
variablesx, wesplit RN

z ≃Rk
t ×Rn

x andconsider then thespacesof (ultra-)differentiable
functionsof Beurling type

E ω(R
N) = { f ∈ E (RN) : ∀K ⊂⊂R

N ∀ε > 0 ∃c> 0 :

sup
K

|Dβ
t Dγ

x f (t,x)| ≤ cε|γ|+|β|(β!)1/α1(γ!)1/α2 ∀γ ∈N
n
0,β ∈ N

k
0},

whereN0 = N∪{0} and 0≤ α j < 1. If α1 = α2 = 1/swith s> 1 this space coincides
with the spaceof (small ) Gevrey functions of order s. If α1 = α2 = 0 it is identified
with the spaceE (RN) of smooth functions. We assume in the following that α1 = 0
if α2 = 0, so that we allow ultradifferentiabilit y in all variables or only in the space-
variables, but not only in the time-variables.

We want to consider theCauchy problem for A0(D) in these classes of (ultra-)
differentiable functions with initial data on {(t,x) ∈ Rk ×Rn : t = 0}. In order to
avoid the problem of formal coherence of the initial data, which can be particularly
intricate if the system is overdetermined, we allow Whitney functions as initial data,
which means that we give functions with all their normal derivatives on {t = 0}. By
Whitney’sextensiontheorem it isnot restrictiveto give zero initial-data, so that we are
concerned with the following(overdetermined) Cauchy problem:



















given f ∈ E ω(R
N)a1

find ϕ ∈ E ω(R
N)a0 such that

A0(D)ϕ = f

Dα
t ϕ(0,x) = 0 ∀α ∈N

k
0,∀x∈ R

n.

(1)
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Let θ = (τ,ζ) ∈ Ck ×Cn be the dual coordinates of z= (t,x) and denote by
P =C[θ1, . . . ,θN] thering of complex polynomials in theN indeterminatesθ1, . . . ,θN.
By the formal substitution θ j ↔ D j =

1
i

∂
∂zj

we can associate to the operator A0(D)

the P -homomorphism A0(θ) and insert it into a Hilbert resolution of the P -module
M = coker tA0(θ):

0→ P ad
tAd−1(θ)−→ P ad−1 −→ . . . −→P a2

tA1(θ)−→ P a1
tA0(θ)−→ P a0 −→M → 0.

When themap A1(θ) isnot trivial thesystem (1) isoverdeterminedandin order
to besolvable f must satisfy the compatibilit y conditions

{

A1(D) f = 0

Dα
t f (0,x) = 0 ∀α ∈ Nk

0, ∀x∈ Rn.
(2)

We say that the pair (Rn
x,R

k
t ×Rn

x) is of evolution for A0(D) (or for M ) in the
classE ω if the Cauchy problem (1) admits at least one solution ϕ for each datum f
satisfying the compatibilit y conditions(2).

Let usdenotebyV =V(℘̌), for ℘∈ Ass(M ), the algebraic variety

V(℘̌) = {θ ∈ C
N : p(−θ) = 0 ∀p∈℘}.

It was proved in [3], [4] that evolution is equivalent to the validity of the following
Phragmén-Lindelöf principle for every V =V(℘̌) with℘∈ Ass(M ):

PL(ω)































∃A> 0 such that ∀v∈ PSH(V) satisfying, for someαv > 0,
{

(α) v(τ,ζ) ≤ | Imτ|+ | Imζ|+ω(τ,ζ) ∀(τ,ζ) ∈V

(β) v(τ,ζ)≤ αv(| Imζ|+ω(τ,ζ)+1) ∀(τ,ζ) ∈V

then v must also satisfy

(γ) v(τ,ζ) ≤ A(| Imζ|+ω(τ,ζ)+1) ∀(τ,ζ) ∈V,

where PSH(V) is the set of plurisubharmonic functions on V (cf. [2]), and ω(τ,ζ) =
σα1(|τ|)+σα2(|ζ|) is theweight functiondefined, for 0≤ α1,α2 < 1 and t ≥ 0, by

σα(t) =

{

tα if 0< α < 1

log(1+ t) if α = 0.

When the algebraic variety V has dimension one, i.e. is an algebraic curve, we
can describeitsbranchesat infinity by meansof Puiseux seriesexpansions. It turnsout
that theordersα1,α2 for whichV satisfiesPL(ω) arestrictly related to the coefficients
and the exponents of the Puiseux series expansions on its branches at infinity. This
seems particularly useful sincePuiseux series expansionscan be computed by several
programs, such asMAPLE, for instance.

Given an algebraic curveV ⊂C
N ≃ C

k
τ ×C

n
ζ with coneof limiting directions

Vh =
ℓ⋃

j=1

Vj =
ℓ⋃

j=1

C ·v j
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for v j = (τo
j ,ζo

j ) ∈ (Ck ×Cn) \ {(0,0)}, there are two kinds of Puiseux series expan-
sions on the branches of V near infinity, depending onwhether their cone of limiting
directionsVj is contained in Ck×{0} or not. Moreprecisely (cf. Lemma3.6 of [2]):

1) If Vj 6⊂ Ck×{0} and, for instance, thefirst component of ζo
j is not zero, then on

thebranchesW of V with coneof limiting directionsVj wehave aPuiseux series
expansion of the form

(τ,ζ1,ζ′) = (τo
j ,1,a)ζ1+

κ

∑
ν=−∞

(Dν,0,Eν)ζ
ν/m
1 , |ζ1| ≫ 1(3)

whereζ′ = (ζ2, . . . ,ζn), m∈N, κ ∈ Z∪{−∞}, κ < m, Dν ∈Ck, a,Eν ∈Cn−1 for
all ν ≤ κ.

2) If Vj ⊂ (Ck \ {0})×{0} and, for instance, the first component of τo
j is not zero,

then on the branches W of V with cone of limiting directions Vj we have a
Puiseux seriesexpansion of the form

(τ1,τ′,ζ) = (1,0,0)τ1+
p′

∑
ν=−∞

(0,Fν,Gν)τ
ν/q
1 , |τ1| ≫ 1(4)

where τ′ = (τ2, . . . ,τk), q∈ N, p′ ∈ Z∪{−∞}, p′ < q, Fν ∈ Ck−1, Gν ∈ Cn for
all ν ≤ p′.

Note that all the indices and the coefficients in (3) and (4) depend onthe branchesW
(cf. [2]), so that weshould writeκ = κ(W), p′ = p′(W), etc.

Moreover, we can multiply the coefficients Dν,Eν in (3) by ων
m and the coeffi-

cients Fν,Gν in (4) by ων
q (where ωm and ωq are, respectively, any m-th root and any

q-th root of unity), obtainingan equivalent representation of W.

On each of these branches we have several necessary and/or sufficient condi-
tions for PL(ω) to bevalid (cf. [2]). In the case of one time-variable(and oneor more
space-variables) thesenecessary andsufficient conditionsperfectly fit, so that we have
a complete characterization of systems which are of evolution in E ω. In this case the
Puiseux seriesexpansion(3) isof the form



















τ(ζ1) = τo
j ζ1+

s

∑
ν=−∞

Dνζν/m
1

ζ′(ζ1) = aζ1+
t

∑
ν=−∞

Eνζν/m
1

|ζ1| ≫ 1(5)

where s= max{ν ≤ κ : Dν 6= 0}, t = max{ν ≤ κ : Eν 6= 0} (and the maximum of the
empty set isdefined, here and in the following, as−∞).

ThePuiseux expansion(4) isof the form

ζ(τ) =
p

∑
ν=−∞

Gντν/q, |τ| ≫ 1(6)
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with p= max{ν ≤ p′ : Gν 6= 0}. If Gp ∈ CRn then we can assume, up to a real li near
changeof variables, that Gp = (Gp,1,0, . . . ,0) and henceobtain from (6) (cf. [1], [2]):

τ(ζ1) =
q

∑
ν=−∞

Aνζν/p
1 =

q

∑
ν=−∞

Aνζaν/r
1 , |ζ1| ≫ 1, Aq =





1

G1/p
p,1





q

(7)

and, for n≥ 2,

ζ′(ζ1) =
P

∑
ν=−∞

Bνζν/Q
1 =

P

∑
ν=−∞

Bνζbν/r
1 |ζ1| ≫ 1

for P∈ Z, Q∈ N, P< Q, r = ap= bQ the least commonmultiple of p and Q (r := p
if n= 1).

Let us define, for ζo ∈ {−1,1}, for any branch fm of the m-th root and for any
branch fr of the r-th root:

u(ζo, fm) = max{ν ≤ t : Im(Eν fm(ζo)
ν) 6= 0}

w(ζo, fm) = max{ν ≤ s : Im(Dν fm(ζo)
ν) 6= 0}

w0 = max{w(ζo, fm) : ζo ∈ {−1,1}, fm a branch of them-th root,
w(ζo, fm)> max{0,u(ζo, fm)}}

µ(ζo, fr) = max{ν < q : Im(Aν fr(ζo)
aν) 6= 0}

µ∗ = max

{

µ(ζo, fr) : ζo ∈ {−1,1}, fr a branch of the r-th root,

µ(ζo, fr)> q− p, and

Im(Bν fr(ζo)
bν) = 0 ∀ν ≥ Q

(

1− q−µ(ζo, fr )
p

)}

,

wherewemean, in thedefinition of µ∗, that wedo not place any requirement ontheBν
if n= 1. Here again everything depends on the branch W of V that hasVj as cone of
limiting directions(cf. [2]), so that weshould write w0 = w0(W), µ∗ = µ∗(W), etc.

We can then state the followingtheorem (cf. Theorem 5.16 of [2]):

THEOREM 1. Let V be an algebraic curve in Cτ ×Cn
ζ with cone of limiting

directions

Vh =
ℓ⋃

j=1

Vj =
ℓ⋃

j=1

C ·v j

for v j = (τo
j ,ζo

j ) ∈ (C×Cn)\{(0,0)}, andlet ω(τ,ζ) = σα1(|τ|)+σα2(|ζ|) bea given
weight function. Then the followingconditionsare equivalent:

(1) V satisfiesPL(ω).

(2) For each j ∈ {1, . . . , ℓ} andfor each branch W of V with cone of limiting direc-
tionsVj , one of the followingconditionsholds (where we write p,q, etc. instead
of p(W),q(W), etc.):
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(i) ζo
j /∈ CRn;

(ii ) v j = (τo
j ,ζo

j ) ∈ (R\ {0})× (Rn\ {0}) and

max{α1,α2} ≥ w0/m;

(iii ) v j = (0,ζo
j ) ∈ {0}× (Rn\ {0}) and

max
{ s

m
α1,α2

}

≥ w0

m
;

(iv) v j = (τo
j ,0) ∈ (R\ {0})×{0}, p≤ 0 or Gp /∈ CR

n;

(v) v j = (τo
j ,0) ∈ (R\{0})×{0}, p> 0, Gp ∈ λRn for someλ ∈ C, q/p /∈ N,

α1 ≥ p/q;

(vi) v j =(τo
j ,0)∈ (R\{0})×{0}, p> 0, Gp ∈ λRn, q/p∈N, λ/|λ| /∈ {eikπp/q :

k∈ Z}, α1 ≥ p/q;

(vii ) v j =(τo
j ,0)∈ (R\{0})×{0}, p> 0, Gp ∈ λRn, q/p∈N, λ/|λ| ∈ {eikπp/q :

k∈ Z},

max

{

q
p

α1,α2

}

≥ 1− q−µ∗

p
.

We now want to find a more explicit formulation of this theorem in the case of
two variables, i.e. k= n= 1. In thiscasethere existsapolynomial P∈C[τ,ζ] of degree
m′ > 0 such that

V =V(P) = {(τ,ζ) ∈ C
2 : P(τ,ζ) = 0},

Vh =V(Pm′) = {(τ,ζ) ∈ C
2 : Pm′(τ,ζ) = 0},

wherePm′ is theprincipal part of P and isof the form

Pm′(τ,ζ) = bτνζµ
σ

∏
j=1

(τ−a jζ)mj , (τ,ζ) ∈ C
2

for someµ,ν,σ ∈N0, b∈C\ {0}, andmj ∈ N0, a j ∈ C\ {0} for 1≤ j ≤ σ.

ThereforethePuiseux seriesexpansions(5) reduceto

τ(ζ) = Aζ+
s

∑
ν=−∞

Dνζν/m, |ζ| ≫ 1,(8)

with A= 0 or A= a j for some j ∈ {1, . . . ,σ}.

Theseriesexpansions(6) and (7) are of the form:

ζ(τ) =
p

∑
ν=−∞

Gντν/q, |τ| ≫ 1,(9)

τ(ζ) =
q

∑
ν=−∞

Aνζν/p, |ζ| ≫ 1,(10)
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for Gν ∈ C andAq = (1/G1/p
p )q.

Now we check what this specialization means for the conditions (i)− (vii) in
(2) of Theorem 1. Obviously, the condition (i) is empty when n= 1.

Let us look at the conditions (2)(ii ) and (2)(iii ) for n= 1. We first prove that if
s> 0 then w0 = s. To this aim we choose the branch g(ρeiϕ) = ρ1/mexp(iϕ/m) of the
m-th root. Then, for Ds = reiψ, we have that

Dsg(1)s = reiψ ∈ R iff ψ = hπ, h∈ Z;

in thiscase

Dsg(−1)s= rei(ψ+πs/m) = rei(hπ+πs/m) =±rei s
mπ /∈ R

sinces/m /∈ Z for 0< s< m. This means that we can find ζo ∈ {−1,1} and a branch
fm = g of the m-th root such that w(ζo, fm) = s> 0. Sincen= 1 we have u(ζo, fm) =
−∞ and hencew0 = s. Therefore the conditions (2)(ii ) and (2)(iii ) of Theorem 1 be-
come, respectively:

(ii )′ v j = (τo
j ,ζo

j ) ∈ (R\ {0})× (R\ {0}) and

max{α1,α2} ≥ s/m;

(iii )′ v j = (0,ζo
j ) ∈ {0}× (R\ {0}) andα2 ≥ s/m.

If , on the contrary, s≤ 0, then w0 = −∞ and the conditions (2)(ii ) and (2)(ii )’ , (2)(iii )
and (2)(iii )’ are empty, and hence coincide again.

In case of (2)(iv) we have only the condition p ≤ 0, sinceGp ∈ CR is always
satisfied.

Let us now take p= 1 and look at the conditions (2)(v)–(vii ). We have q/p=
q∈ N (hencethe condition (2)(v) is empty) and

G1

|G1|
:= eiφ ∈ {eik p

q π : k∈ Z}= {ei kπ
q : k∈ Z}

if and only if φq= kπ for somek∈ Z, i.e. if and only if Gq
1 ∈ R. In this caseµ∗ =−∞,

sincethe condition

q−1= q− p< µ(ζo, fp)< q

cannot be satisfied for any integer µ(ζo, fp). Thereforethe condition (2)(vii ) is empty.

If , on the contrary, Gq
1 /∈ R then wehave the conditionα1 ≥ p/q from (2)(vi).

Let us now take p = 2. If q is odd then q/p /∈ N and we have the condition
α1 ≥ p/q from (2)(v).

If q is even then q/p∈ N and

G2

|G2|
:= eiφ ∈ {eikπ p

q : k∈ Z} = {ei 2kπ
q : k∈ Z}
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if and only if φq= 2kπ for somek∈Z, i.e. if and only if Gq
2 > 0. Let usnow investigate

µ∗ in thiscase. If Aq−1 6= 0, then there exist ζo ∈ {−1,1} andabranch f2 of thesquare
root such that

Im(Aq−1 f2(ζo)
q−1) 6= 0

sinceq−1 is odd. In this case µ∗ = q−1> q−2= q− p, and the condition (2)(vii )
becomes

max
{q

2
α1,α2

}

≥ 1− q− (q−1)
2

=
1
2
.

If , on the contrary, Aq−1 = 0 then for any ζo ∈ {−1,1} andany branch f2 of thesquare
root wehave that µ(ζo, f2)< q−1 and henceµ∗ =−∞, becausethe condition

q−2= q− p< µ(ζo, f2)< q−1

cannot be satisfied for any integer µ(ζo, f2). In this case the condition (2)(vii ) is there-
fore empty.

If we assume that Gq
2 ∈C\R or Gq

2 < 0 then G2/|G2| /∈ {ei 2kπ
q : k∈ Z}. In this

case we havethe conditionα1 ≥ p/q from (2)(vi).

Let us finally remark that if V(P) satisfies PL(ω), then also V(Pm′) satisfies
PL(ω) because of Theorem 5.3 of [2]. Vice versa, if V(Pm′) = V1∪ . . .∪Vℓ satisfies
PL(ω), then every Vj , for j ∈ {1, . . . , ℓ}, admitsareal generator v j = (τo

j ,ζo
j )∈R2\{0}

by Theorem 3.3 of [2].

All the above considerations allow us to reformulate Theorem 1 in the case of
two variablesas follows:

THEOREM 2. For P∈C[τ,ζ]\C with principal part Pm′ and aweight function
ω(τ,ζ) = σα1(|τ|) +σα2(|ζ|) the algebraic curveV(P) satisfies PL(ω) if and only if
the following two conditionsare satisfied:

(1) V(Pm′) satisfiesPL(ω).

(2) For each j ∈ {1, . . . , ℓ} andfor each branch W of V with cone of limiting direc-
tionsVj , oneof the followingconditionsholds:

(i) v j = (τo
j ,ζo

j ) ∈ R× (R\ {0}) and

{

max{α1,α2} ≥ s
m if τo

j 6= 0

α2 ≥ s
m if τo

j = 0;

(ii ) v j = (τo
j ,0) ∈ (R \ {0})×{0}, p ≤ 0, or p = 1 and Gq

1 ∈ R, or p = 2,
Gq

2 > 0, q iseven andAq−1 = 0;
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(iii ) v j = (τo
j ,0) ∈ (R\ {0})×{0}, p> 0 and



























































































































α1 ≥ p
q if p∈ {1,2} andGq

p ∈ C\R
or if p= 2 andGq

2 < 0

or if p= 2, Gq
2 > 0, q odd

or if p≥ 3 and q
p /∈N

or if p≥ 3, q
p ∈ N, and

Gp
|Gp| /∈

{

eikπ p
q : k∈ Z

}

max
{q

2α1,α2
}

≥ 1
2 if p= 2, Gq

2 > 0,

q even, andAq−1 6= 0

max
{

q
pα1,α2

}

≥ 1− q−µ∗
p if p≥ 3, q

p ∈N, and
Gp
|Gp| ∈

{

eikπ p
q : k∈ Z

}

.

REMARK 1. Theorem 2 corrects [1], Theorem 4.16, which is not correct, due
to amistake in theproof of part (1) of Lemma4.10 in [1]. However, the argumentsfor
this part of Lemma4.10are right whenever (p,q) = 1. ThereforeTheorem 2 concides
with Theorem 4.16 of [1] if (p,q) = 1 on every branch W of V(P). Note that [1],
Theorem 4.16, isalso correct if V(P) hasno branchesW for which p≥ 3, q/p∈N and

Gp/|Gp| ∈ {eikπ p
q : k∈ Z}.

2. Examples

EXA MPLE 1. Let usconsider the algebraic curve

V={(τ,ζ) ∈ C
2 : P(τ,ζ) = ζ6+3ζ2τ2+ τ2−3ζ4τ−6ζτ2−2ζ3τ− τ3 = 0}.

Sincetheprincipal part P6 of P isP6(τ,ζ) = ζ6, it follows that

V(P6) = {(τ,ζ) ∈C
2 : ζ = 0}.

It is therefore trivial that V(P6) satisfies PL(ω) for each weight function ω, by Propo-
sition 4.3 of [1]. It iseasy to check that

V = {(λ6,λ3+λ2) : λ ∈C}.

From this it followsthat V hasonly one irreduciblebranch near infinity that admits the
Puiseux seriesexpansion

ζ(τ) = τ3/6+ τ2/6, |τ| ≫ 1,
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which converts into the expansion

τ(ζ) = ζ2−2ζ5/3+
4

∑
ν=−∞

Aνζν/3, |ζ| ≫ 1.

Since p= 3, q= 6 andG3 = 1= eikπ/2 for k= 0, we are in the last case of Theorem 2
hencewe must compute µ∗. SinceA5 = −2 and there exists a third root f3 of 1 such
that Im(A5 f3(1)5) 6= 0, we have µ(1, f3) = 5. Since5> 3= q− p we also have µ∗ =
5. Consequently, Theorem 2 implies that V satisfies PL(ω), for ω(τ,ζ) = σα1(|τ|)+
σα2(|ζ|) if and only if

max{2α1,α2} ≥ 1− 6−5
3

=
2
3
.

Let usnow prove alemmathat isuseful in thestudy of examples.

LEMM A 1. For p,q∈N, q> p, and a∈ C\ {0} let P∈ C[τ,ζ] bedefined as

P(τ,ζ) := τp−aζq+
p−1

∑
j=0

b jτ j −
q−1

∑
j=0

a jζ j .

Assumethat for h,s, t ∈Nwehavep=hs, q= ht, and(s, t) =1and denoteby β1, . . . ,βh

theh different h-th rootsof a. Then V(P) := {(τ,ζ) ∈C2 : P(τ,ζ) = 0} hash branches
near infinity andfor each such branchW there exists j ∈ {1, . . . ,h} such that W admits

a Puiseux series expansionwhich hasβ−1/t
j τs/t as leading term.

Proof. Since p= hsandq= ht we have

F(τ,ζ) := τp−aζq = τsh−aζth =
h

∏
j=1

(τs−β jζt).

Because of (s, t) = 1, this shows that V(F) is the union of h irreducible curves, which
have thePuiseux seriesexpansions

ζ j(τ) =
( 1

β j

)1/t
τs/t , |τ|> 0, 1≤ j ≤ h.

For 1≤ j ≤ h, 1≤ k ≤ t, and τ ∈ C with |τ| > 0 denote by ζ j ,k(τ) the q= ht different
rootsof F(τ, ·). Then it iseasy to check that there existsδ > 0 such that

min{|ζi,k(τ)− ζ j ,m(τ)| : 1≤ i, j ≤ h, 1≤ k, m≤ t,(i,k) 6= ( j,m)} ≥ δ|τ|s/t .

Furthermore, there existsη > 0 such that

min

{

|1− βν

β j
| : 1≤ j, ν ≤ h, j 6= ν

}

≥ 2η.
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Then wehave for λ ∈ C with |λ|= ε|τ|s/t :

(11) |F(τ,ζ j ,k(τ)+λ)|= |τs−β j(ζ j ,k(τ)+λ)t |
h

∏
ν=1
ν6= j

|τs−βν(ζ j ,k(τ)+λ)t |.

Now note that ζ j ,k(τ)t = τs/β j and the choiceof η imply the existenceof 0< ε1 < δ
such that for each ε with 0< ε ≤ ε1 we have

(12) |τs−βν(ζ j ,k(τ)+λ)t |= |τ|s
∣

∣

∣1− βν

β j

(

1+β1/t
j

λ
τs/t

)t ∣
∣

∣≥ η|τ|s.

Similary, we get

τs−β j(ζ j ,k(τ)+λ)t = τs−β j

t

∑
l=1

(

t
l

)

ζ j ,k(τ)t−l λl .

This showsthat we can chooseε1 > 0 so small that for each ε with 0< ε < ε1 wehave

(13) |τs−β j(ζ j ,k(τ)+λ)t | ≥ |β j |1/tt
ε
2
|τ|s.

From (11), (12), and(13) we now get

(14) |F(τ,ζ j ,k(τ)+λ)| ≥ ηh−1|β j |1/tt
ε
2
|τ|sh, |λ|= ε|τ|s/t .

To apply theTheorem of Rouché to F andP on the circles ∂B(ζ j ,k(τ),ε|τ|s/t ), we note
that there existsC> 1 such that

|P(τ,ζ)−F(τ,ζ)| ≤C(|τ|p−1+ |ζ|q−1), |τ| ≥ 1.

Sincefor λ ∈ C with |λ|= ε|τ|s/t we have

|(ζ j ,k(τ)+λ)q−1| ≤ |τ|s(q−1)/t





∣

∣

∣

∣

∣

∣

1

β1/t
j

∣

∣

∣

∣

∣

∣

+ ε





q−1

,

andsince p< q there existsD > 1 such that, for |λ|= ε|τ|s/t ,

(15) |P(τ,ζ j ,k(τ)+λ)−F(τ,ζ j ,k(τ)+λ)| ≤CD|τ|s(q−1)/t =CD|τ|sh−s/t .

From (14) and (15) we now get that for each 0< ε < ε1 there exists τ0 > 1 such that
for each τ ∈C with |τ| ≥ τ0 we have

|F(τ,ζ j ,k(τ)+λ)−P(τ,ζ j ,k(τ)+λ)|< |F(τ,ζ j ,k(τ)+λ)|, |λ|= ε|τ|s/t .

By the Theorem of Rouché, it follows that for each τ ∈ C, |τ| ≥ τ0, the function ζ 7→
P(τ,ζ) has a zero ξ j ,k(τ) which satisfies |ξ j ,k(τ)− ζ j ,k(τ)| ≤ ε|τ|s/t for each ε with
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0< ε < ε1. By the choiceof ε1, the disks B(ζ j ,k(τ),ε|τ|s/t ), 1≤ j ≤ h, 1≤ k ≤ t, are
pairwise disjoint. Since each branch W of V(P) near infinity admits a Puiseux series
expansion of the form

ζ(τ) =
w

∑
ν=−∞

Aντν/r

it now follows that the leading term of such an expansion has thegiven form.

In the following example we use Lemma 1 and Theorem 2 to give a correct
proof of [1], Example5.3. The proof that was given in [1] is based onthat part of [1],
Theorem 4.16, in which we have aflaw. Nevertheless, the assertions of [1], Example
5.3, are right, as thenew proof shows.

EXA MPLE 2. For p,q∈ N, p,q,≥ 2, anda∈ C\ {0} let P∈ C[τ,ζ] bedefined
as

P(τ,ζ) := τp−aζq+
p−1

∑
j=0

b jτ j −
q−1

∑
j=0

a jζ j .

Then for ω(τ,ζ) := σα1(|τ|)+σα2(|ζ|) the followingassertionshold for

V =V(P) = {(τ,ζ) ∈C×C : P(τ,ζ) = 0}.

(1) If p> q≥ 2 then V satisfies PL(ω) if and only if α2 ≥ q/p.

(2) If q> p≥ 3 then V satisfies PL(ω) if and only if α1 ≥ p/q.

(3) If q> p= 2 with a∈ C\R or a< 0 or a> 0 andq odd, then V satisfies PL(ω)
if and only if α1 ≥ p/q.

(4) If q> p= 2, a∈R, q evenanda>0 thenV satisfiesPL(ω) for all 0≤α1,α2 <1.

(5) If p= q≥ 3 or p= q= 2 and a∈ C \ [0,∞[ then V does not satisfy PL(ω) for
any (α1,α2) ∈ [0,1[× [0,1[.

(6) If p= q= 2, a∈ R anda> 0 then V satisfies PL(ω) for all 0≤ α1,α2 < 1.

To provethese assertionswe argue as follows.

(1) In thiscasetheprincipal part Pp of P isgiven byPp(τ,ζ) = τp. HenceV(Pp)
satisfies PL(κ) for each weight functionκ by [1], Proposition 4.3. Now fix any branch
W of V near infinity. By [1], Lemma 4.4, W admits a Puiseux series expansion of the
form (8). Thepresent hypothesisq< p impliesA= 0 so that (8) gives

τ(ζ) =
s

∑
ν=−∞

Dνζν/m.

SinceP(τ(ζ),ζ) = 0, wehaveDp
sζsp/m−aζq = 0 andconsequently s/m= q/p. Hence

we get from Theorem 2, part (2)(i) that PL(ω) holds onW if and only if α2 ≥ s/m=
q/p. SinceW wasan arbitrary branch of V theproof of (1) is complete.
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(2) In this case the principal part Pq of P is given by Pq(τ,ζ) = −aζq. Hence
V(Pq) satisfies PL(κ) for each weight functionκ by [1], Proposition 4.3. Next assume
that there are h,s, t ∈ N with p= hs, q= ht, and (s, t) = 1. If we denote by β1, . . . ,βh

the h different rootsof a, then we get from Lemma1 that for each branchW of V near
infinity, there exists 1 ≤ j ≤ h such that W admits a Puiseux series expansion of the
form

ζ(τ) =
1

β1/t
j

(τs)1/t + l .o.t.

This showsthat Gt
s = 1/β j . Now wedistinguish the followingcases:

(i) s= 1.
Thismeansthat p= h andq/p∈N. Sinceh= p≥ 3 bythepresent hypotheses, at least
one of the numbers β1, . . . ,βp is not real. If β j ∈ C \R then Gt

s ∈ C \R. Therefore,
it follows from Theorem 2 (2)(iii ) (and Theorem 2 (2)(ii) for β j ∈ R) that V satisfies
PL(ω) if and only if α1 ≥ p/q.
(ii ) s≥ 2, h= 1.
Then s= p≥ 3 and (p,q) = 1. Hencep/q 6∈ N and it follows from Theorem 2 (2)(iii )
that V satisfies PL(ω) if and only if α1 ≥ p/q.
(iii ) s= 2, h≥ 2.
Then (s, t) = 1 implies that t must be odd. Hence it follows from Theorem 2 (2)(iii )
that, no matter whether 1

β j
∈ C \R or 1

β j
∈ R \ {0}, V satisfies PL(ω) if and only if

α1 ≥ s/t = p/q.
(iv) s≥ 3, h≥ 2.
Then s/t 6∈N together with Theorem 2 (2)(iii ) impliesalso in this case that V satisfies
PL(ω) if and only if α1 ≥ s/t = p/q.

(3) As in part (2) weget that V(Pq) satisfies PL(κ) for each weight functionκ.
If p = 2, a > 0, and q is odd then τ2− aζq is irreducible and henceV has a Puiseux

seriesexpansion of the form ζ(τ) =
(

τ2

a

)1/q
+ l .o.t. This showsthat G2 =

(

1
a

)1/q
and

henceGq
2 =

1
a > 0. Therefore, it followsfrom Theorem 2 (2)(iii ) that V satisfiesPL(ω)

if and only if α1 ≥ p/q.
If p = 2 and q is odd the same argument as above shows that Gq

2 = 1
a is negative if

a< 0 or is not real i f a is not real. Hencewe get thesame conclusionasbefore.
If p= 2 andq iseven, then q= 2mandτp−aζq factorsas (τ−√

aζm)(τ+
√

aζm). By
Lemma1, the two branchesof V near infinity are then given by

ζ(τ) =
(±1√

a

)1/m
+ l .o.t.

HenceGm
1 = ±1√

a. This number is not real i f a∈ C\ [0,∞[. Therefore, it follows from

Theorem 2 (2)(iii ) that (3) holds.

(4) The same arguments as in (3) show that now Gm
1 = ±1√

a is real sincea> 0.

Hence(4) followsfrom Theorem 2 (2)(ii).

(5) In both cases the principal part of P is given by Pp(τ,ζ) = τp−aζp and we
can find α ∈ C\R such that αp = a. HencePp admitsa factor τ−αζ with α ∈ C\R,
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which implies that V(Pp) does not satisfy PL(ω) for any weight function ω because
of [1], Proposition 4.3. By [1], Corollary 4.9, also V(P) cannot satisfy PL(ω) for any
weight functionω. Hence(5) holds.

(6) In this case the principal part P2 of P is given by P2(τ,ζ) = τ2−aζ2 = (τ−√
aζ)(τ+

√
aζ). Since a is positive by the present hypothesis, V(P2) satisfies PL(κ)

for each weight function κ, by [1], Proposition 4.3. SinceV(P2) has two irreducible
components, it follows similarly as in the proof of Lemma 1 that V has two branches
near infinity and that these can bedescribed as

τ =−b1

2
±
√

aζ
(

1+
a1

a
1
ζ
+

a′0
a

1
ζ2

)1/2
.

This implies the existenceof C> 0 such that

| Imτ| ≤C| Imζ|+C, (τ,ζ) ∈V.

Hence condition (γ) of PL(ω) follows from condition (α) of PL(ω) for each weight
functionω.
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