Rend. Sem. Mat. Univ. Pol. Torino
Vol. 67, 2 (2009, 165 — 177
Sewnd Conf. Pseudo-Differential Operators

C. Boiti and R. Meise

EVOLUTION FOR OVERDETERMINED SYSTEMS
IN (SMALL ) GEVREY CLASES

Dedicated to Profesor Luigi Rodino onthe occasion o his 60th birthday

Abstract. Given a system of linea partial differential operators with constant coefficients
whose dfine dgebraic varieties V() have dimension 1, we establish in which classes of
(small) Gevrey functions the asociated Cauchy problem admits at least one solution, looking
at the Puiseux series expansions on the branches at infinity of the dgebraic curvesV (). We
focus, in particular, onthe case of two variables, giving some examples.

1. Introduction and main theorems

Let Ag(D) be an a1 x ag matrix of linea partial differential operators with constant
coefficientsin the N indeterminates zy, . . ., zy.

To alow different scdes of regularity in the time-variablest and in the space
variablesx, we split RY ~ R¥ x R} and consider then the spaces of (ultra-)diff erentiable
functions of Beurlingtype

Eu(RY) = {fc£@®RY): vK cc RN ve>03c>0:
sup|DEDY (1 )] < ceIPI(BL) s (1)1 Wy € NG, B € NG},

whereNg =NU{0} and 0< o < 1. If oy = 0 = 1/swith s> 1 this ace oincides
with the spaceof (small) Gevrey functions of order s. If a3 = ap = 0 it isidentified
with the space (RN) of smooth functions. We assume in the foll owing that o3 = 0
if a2 =0, so that we dlow ultradifferentiability in all variables or only in the space
variables, but nat only in the time-variables.

We want to consider the Cauchy problem for Ag(D) in these dasses of (ultra-)
diff erentiable functions with initial data on {(t,x) € RK xR": t = 0}. In order to
avoid the problem of formal coherence of the initial data, which can be particularly
intricete if the system is overdetermined, we dlow Whitney functions as initial data,
which means that we give functions with all their normal derivatives on {t = 0}. By
Whitney’s extensiontheoremit is not restrictive to give zeo initial-data, so that we ae
concerned with the foll owing (overdetermined) Cauchy problem:

given f € £ o(RV)2

find¢ € £ ,(RV)% such that
Ao(D)¢ = f

Df(0,x) =0 Va € NE,¥x e R".
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Let 8 = (1,) € CX x C" be the dual coordinates of z = (t,x) and dencte by
? =C[64,...,6N] thering o complex palynomiasin the N indeterminates 84, ..., Oy.
By the formal substitution 8; <+ Dj = Tl% we can asciate to the operator Ag(D)
the 2-homomorphism Ag(8) and insert it into a Hilbert resolution o the 2-modue
M = coker'Ag(B):

tAg_1(0 'A1(8) 4 "Ao(®
LR EIC LR BN P TR Ll P N VN )

When the map A1(8) isnot trivial the system (1) is overdetermined andin order
to be solvable f must satisfy the compatibilit y condtions

{Al(D)f =0

2
@) DYf(0,x) =0 Va e N, vxc R".

We say that the pair (RR, RE x RP) is of ewolution for Ag(D) (or for o) in the
class £, if the Cauchy problem (1) admits at least one solution ¢ for ead datum f
satisfying the compatibility condtions (2).
Let usdenatebyV =V (O), for 0 € Asg a1 ), the dgebraic variety
V()={eecCN: p(—8)=0vpeO}.
It was proved in [3], [4] that evolution is equivalent to the validity of the following
Phragmén-Lindelf principlefor every V =V (O0) with 0 € Asga/ ):
3A > O such that W € PH(V) satisfying, for some ay > 0,
() v(t,Q) <|Imt|+|Im{|+w(t,{) V(1,0 €V
PL(w) B) v(t,0) <ay(|im{+w(r,{)+1) Y(,{)eV
then v must also satisfy
(v) V(1,0 <A(Im{+w(T,)+1) VY(1,{) €V,

where PH(V) is the set of plurisubharmonic functionsonV (cf. [2]), and w(1,{) =
Oq, (|T]) + 0a,(|¢]) isthe weight function defined, for 0 < ay,02 < 1 andt > 0, by

td if0<a<1
log(1+t) ifa=0.

When the dgebraic variety V has dimension org, i.e. isan algebraic curve, we
can describeits branchesat infinity by means of Puiseux series expansions. It turnsout
that the orders a1,y for which V satisfies PL(w) are strictly related to the coefficients
and the exporents of the Puiseux series expansions on its branches at infinity. This
seams particularly useful since Puiseux series expansions can be computed by several
programs, such as MAPLE, for instance

Given an algebraic curveV ¢ CN ~ CK x (CE‘ with cone of limiting dredions

l L
Vh=JVvj=JCv
j=1 j=1
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for vj = (19,¢9) € (Ckx €M)\ {(0,0)}, there are two kinds of Puiseux series expan-
sions on the branches of V nea infinity, depending onwhether their cone of limiting
diredionsV; is contained in CX x {0} or nat. More predsely (cf. Lemma 3.6 of [2]):

1) 1f Vj ¢ CK x {0} and, for instance, the first comporent of ¢ isnat zero, then on
the branchesW of V with cone of limiting dredionsV; we have aPuiseux series
expansion o the form

@ () =01aha+ T (Dn0.EN™  [Gl>1

V=—00

wherel = ({o,...,{n), meN, kK € ZU{—w},k <m, D, € CX a,E, € C"for
al v <k.

2) If Vj  (CK\ {0}) x {0} and, for instance, the first comporent of 1 isnat zero,
then on the branches W of V with cone of limiting dredions V; we have a
Puiseux series expansion o the form

/

p
(4) (Tllevz) = (17070)T1+ Z (07 FV;GV)T\i/qa |T1| > 1

V=—00

where U = (12,..., ), €N, p € ZU{—w}, p' < q, R, € C¥ 1, G, € C" for
dlv<p.

Note that all the indices and the coefficientsin (3) and (4) depend onthe branches W
(cf. [2]), so that we shoud write k = K(W), p’ = p'(W), etc.

Moreover, we can multiply the coefficients Dy, E, in (3) by wy}, and the coeffi-
cients iy, Gy in (4) by wy (where wm and wyq are, respedively, any mrth root and any
g-th root of unity), obtaining an equivalent representation o W.

On ead of these branches we have several necessary and/or sufficient cond-
tionsfor PL(w) to bevalid (cf. [2]). In the case of one time-variable (and ore or more
spacevariables) these necessary and sufficient condtions perfedly fit, so that we have
a complete charaderization o systems which are of evolutionin £, In this case the
Puiseux series expansion (3) is of the form

S
Q) =1+ Y Dgy/"
(5) Vo |1 >1
@) =ati+ 5 BGM
V=—o0o
wheres=max{v <k : Dy # 0},t = max{v <k : E, # 0} (andthe maximum of the
empty set is defined, here and in the following, as —c).

The Puiseux expansion (4) is of theform

p
(6) (=3 &%, fi>1

V=—o00
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with p=max{v < p': G, # 0}. If G, € CR" then we can assume, upto ared linea
change of variables, that G, = (Gp1,0,...,0) and henceobtain from (6) (cf. [1], [2]):

M Q)

V=—00 V=—00 p,l

q
J v/p J av/r 1
Z A\)Zl = Z A\)Zl ) |Zl| > 1, Aq = Gl/p

and, forn> 2,

P P
(@)=Y BG%= 3 BT >

V=—o00

forPeZ,QeN,P<Q,r=ap=bQ theleast commonmultipleof pandQ (r :=p
if n=1).

Let us define, for {, € {—1,1}, for any branch fy, of the m-th roct and for any
branch f; of ther-th roaot:
U(Co, fm) = max{v <t: Im(E, fm(Zo)") # 0}
W(lo, fm) = max{v <'s: Im(Dy fn(Zo)") # 0}
wo = max{w(lo, fm) : Lo € {—1,1}, fm abranch of the m-th roat,
W(Co, fm) > max{0,u(Lo, fm)}}
U(Zo, fr) = max{v < q: Im(A, f;(L0)®) # 0}

W= max{u((o, fr): (o € {-1,1}, f; abranch of ther-th roat,

H(Zo, fr) > q—p,and
Im(By fr(Go)™) =0 W > Q(l— Lé”) }

where we mean, in the definition of p*, that we do nd place ay requirement onthe B,

if n= 1. Here ggain everything depends on the branch W of V that hasV; as cone of

limiting dredions (cf. [2]), so that we shoud write wp = wp(W), ¥ = pu* (W), etc.
We can then state the foll owing theorem (cf. Theorem 5.16 of [2]):

THEOREM 1. Let V be an dgebraic curvein C; x (CE‘ with cone of limiting
diredions

14 l
V= JVvi=JCy
j=1 j=1

for vj = (17,2§) € (Cx C")\ {(0,0)}, andlet w(T,{) = Oq, (|T]) + 0q, (||) be a given
weight function. Then the following condtionsare equivalent:

(1) V satisfies PL(w).

(2) Foreachj € {1,...,¢} andfor each branch W of VV with cone of limiting drec
tions Vj, one of the following condti ons hads (where we write p, g, etc. instead
of p(W),q(W), etc.):
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(i) 29 ¢ CR™
(i) vi = (19,29 € (R\ {0}) x (R™ {0}) and

max{a1,02} > wo/m;
(ii}) v = (0,29 € {0} x (R"\ {0}) and

(iv) vj = (19,0) € (R\ {0}) x {0}, p< Oor Gy ¢ CR™;
(v) vj=(17,0) € (R\ {0}) x {0}, p> 0, Gp € AR" for someA € C, q/p ¢ N,
o1 > p/a;
(Vi) vj=(19,0) € (R\{0}) x {0}, p>0,Gp € AR", q/pe N, A/|A| & {&kP/a:
keZ} a1 >p/q;
(vii) vj = (19,0) € (R\{0}) x {0}, p>0,Gp € AR", q/pe N, A/|A| € {ekrm/a:
keZ},

q—u
p

We now want to find a more explicit formulation o this theorem in the case of
two variables, i.e. k=n=1. Inthiscase there existsapaynomial P € C[t, (] of degree
m' > 0 such that

max{gpal,cxz} >1-—

V =V(P)={(1,0) € C?: P(1,0) =0},
V=V (Py) = {(1,0) € C?: Py(1,0) =0},
where Py isthe principa part of P andis of the form

)

P (1,0) = btZ* [ (1 — &)™, (1,0) € C2
T ,D i

for some,v,0 € Ng,be C\ {0},andm; € Ng,aj e C\ {0} for1 < j < o.
Therefore the Puiseux series expansions (5) reduceto

(8) Q) =A+ 5 D™ [T,

V=—00

withA=0or A=a; forsome j € {1,...,0}.
The series expansions (6) and (7) are of the form:

p
) =3 G/,  il>1,

V=—00

q
(10 Q=3 AP 1>

V=—o00
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for G, € C and Aq = (1/Gy P)0.
Now we chedk what this edalizaion means for the condtions (i) — (vii) in
(2) of Theorem 1. Obviously, the condtion (i) is empty whenn = 1.

Let uslookat the condtions (2)(ii) and (2)(iii ) for n = 1. We first prove that if
s> 0thenwp = s. To thisaim we choose the branch 9(p€?) = p/™exp(ip,/m) of the
mth root. Then, for Ds = ré¥, we have that

Dg(1)*=rd¥cR iff Y=hmhez;
inthiscase
Dsg(*l)s — rdWtms/m) _ d(hretms/m) j:rein%" ¢ R

sinces/m¢ Z for 0 < s< m. Thismeansthat we can find {, € {—1,1} and abranch
fm = g of the m-th root such that w({o, fm) = s> 0. Sincen = 1 we have u({o, fm) =
—oo and hencewp = s. Therefore the condtions (2)(ii) and (2)(iii ) of Theorem 1 be-
come, respedively:

(i)' vj = (17,¢§) € (R\{0}) x (R\ {0}) and

max{az,02} > s/m;

(i) vj = (0,2§) € {0} x (R\ {0}) and a2 > s/m.

If, onthe contrary, s < 0, then wp = —o0 and the condtions (2)(ii) and (2)(ii)’, (2)(iii)
and (2)(iii )’ are empty, and hence mincide again.

In case of (2)(iv) we have only the condtion p < 0, since Gy € CR is dways
satisfied.

Let us now take p = 1 and look at the conditions (2)(v)—vii). We haveg/p =
g € N (hencethe mondtion (2)(v) is empty) and

G 10 ¢ {eik’ﬁ)": keZ}= {ei%T tkez}

|Gy
if and orly if ¢q = krtfor somek € Z, i.e. if and orly if Gf € R. Inthis case p* = —oo,
sincethe condtion

q-1=qg-p<uo fp) <q

canna be satisfied for any integer p({o, fp). Thereforethe condtion (2)(vii) is empty.
If, onthe contrary, G{ ¢ R then we have the condtionay > p/d from (2)(vi).
Let us now take p= 2. If gisoddthen q/p ¢ N and we have the condtion
a1 > p/qfrom (2)(v).
If giseventhenq/pe N and
Gy

o —d®c (G kez) = {7 ke )
2
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if and only if @g= 2krtfor somek € Z, i.e. if and only if Gg > 0. Let usnow investigate
K" inthiscese. If Aq—1 # 0, then there exist {, € {—1,1} andabranch f, of the square
roct such that

Im(Aq-1f2(Z0)% 1) #0

sinceq—1isodd Inthiscase p* =q— 1> qg—2=q— p, and the condition (2)(vii)
becomes

max{gorl,az} > 17# = %

If, onthe contrary, Aq—1 = O then for any {, € {—1, 1} andany branch f, of the square
root we have that p({o, f2) < g— 1 and hencep* = —oo, because the cndtion

g-2=q-p<Hlo f2) <gq-1

canna be satisfied for any integer ({o, f2). In this case the condtion (2)(vii) is there-
fore empty.
2k

If we ssaumethat GJ € C\ R or GJ < 0then G,/|G;| ¢ {€ @ : k€ Z}. Inthis
case we have the condtionas > p/q from (2)(vi).

Let us finally remark that if V(P) satisfies PL(w), then also V(Pyy) satisfies
PL(w) becaise of Theorem 5.3 of [2]. Viceversa, if V(Py) =ViU... UV, satisfies
PL(w), thenevery Vj, for j € {1,..., ¢}, admitsared generator vj = (19,(f) € R?\ {0}
by Theorem 3.3 of [2].

All the aove mnsiderations allow us to reformulate Theorem 1 in the case of
two variables as foll ows:

THEOREM 2. For P € C[1,(]\ C with principal part Py and aweight function

W(T,{) = 0q, (|T]) + 0a,(]C]) the algebraic curve V (P) satisfies PL(w) if and ony if
the foll owing two condtions are satisfied:

(1) V(Py) satisfies PL(w).

(2) Foreachje{1,...,¢} andfor each branch W of V with cone of limiting drec
tionsVj, one of the foll owing condtions holds:

(i) vj = (1,89 € R x (R\ {0}) and

max{ay, 0z} > 5 f19#0
a> S if 19 = 0;

(ii) vj = (19,0) € (R\{0}) x {0}, p< 0, 0or p=1andG] € R, or p=2,
Gy > 0, qisever andAq_1 = 0;
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(iii) vj=(19,0) € (R\ {0}) x {0}, p>0Oand

a >

Qoo

if pe {1,2} andGy € C\R
orif p=2andGj <0

orif p=2,Gj >0, q odd
orif p>3andj ¢ N
0rifp23,%€N,and

¢ {dmikez)

max { Jog, 00} >3 if p=2,Gj >0,
geven, andAq_1 #0

max{ﬂul,az} >1-9H jfp>3, % €N, and
S e {e”("g : keZ}
IGpl ’ )

REMARK 1. Theorem 2 correds [1], Theorem 4.16, which is not corred, due
to amistakein the proof of part (1) of Lemma4.10in [1]. However, the agumentsfor
this part of Lemma4.10 are right whenever (p,q) = 1. Therefore Theorem 2 concides
with Theorem 4.16 o [1] if (p,q) = 1 onevery branch W of V(P). Note that [1],
Theorem 4.16, isalso corred if V (P) hasno branchesW for which p> 3, q/p € N and

Gp/|Gpl € (€474 : ke 7).

2. Examples

EXAMPLE 1. Let usconsider the dgebraic curve
V={(1,0) € C2: P(1,0) = {8+ 3¢%1?+ 1?— 31— 601%— 21— = 0}.
Sincethe principal part Ps of P isPs(T,{) = 5, it follows that
V(Ps) ={(1,0) € C?: T=0}.

It isthereforetrivial that V (Ps) satisfies PL(w) for ead weight function w, by Propo-
sition 43 of [1]. It iseasy to chedk that

V={(A5A3+A?): reC}.

From thisit followsthat VV has only one irreducible branch nea infinity that admitsthe
Puiseux series expansion

(1) =18 4+1%8, 1| >1,
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which convertsinto the expansion
4
Q) =0-2053+ > A3, 17> 1.
V=—00

Sincep=3,q=6andGz = 1= €*V2for k=0, we aein thelast case of Theorem 2
hence we must compute p*. Since As; = —2 and there exists athird root f3 of 1 such
that Im(Asf3(1)®) # 0, we have (1, f3) = 5. Since5 > 3 =g — p we dso have pi* =
5. Consequently, Theorem 2 implies that V satisfies PL(w), for w(T,{) = 0q, (|T]) +
Oa,(|¢]) if and orly if

6-5 2
>1— — = —.
max{2a1,02} > 1 3 3

Let usnow prove alemmathat is useful in the study of examples.
LEMMA 1. For p,qe N, g> p,and ac C\ {0} let P € C[t,{] be defined as
p q = i = j
P(1,0) :=1tP—ag +J;bj'[ —J;)ajz.
Asaumethat for h,s;t € Nwehavep=hs, q=ht,and(s,t) = 1and cenoteby By, ..., Bn

the h different h-th roats of a. ThenV (P) := {(1,{) € C?: P(1,{) = 0} hash branches
near infinity andfor each such branchW there exsts j € {1,...,h} such that W admits

a Puiseux series exparsion which has B;l/trs/t asleadingterm.

Proof. Since p=hsandq= ht we have
h
F(,0) =1 —al9=1"-al"= rI](TSfBth).
=

Because of (s,t) = 1, this howsthat V(F) isthe union o hirreducible arves, which
have the Puiseux series expansions

18\ 1t .
j(n) = (B_J) ™ 1]>0,1<j<h

For1<j<h,1<k<t, andt e Cwith|t| > 0 denote by {; (1) the q = ht different
rootsof F(T,-). Thenitiseasy to chedk that there exists 6 > 0 such that

min{|Gi k(1) —{jm(T)| 1 1<i, j<h, 1<k m<t,(i,k) # (j,m} > 5|T|S/t.

Furthermore, there existsn > 0 such that

min{|1—% : 1§j,v§h,j7év}22r].
i
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Then we have for A € C with |A| = g[t]¥:

h
1Y) [FOGKE N == B + M) [ 1T Bu(@jx(®) +N)'].

J?j
Now note that ; «(T)' = 1°/Bj and the chaice of nj imply the existenceof 0 < &1 < &
such that for ead € with 0< € < €1 we have

1- @(H B}/‘%)t\ > .

(12) |TS—BV(Zj,k(T)+)‘)t| = |.[|s Bj

Simil ary, we get

S t ] : t t—Iy |
C-BQuN =B 5 (|2 N

=1

This showsthat we can choase €1 > 0 so small that for ead € with 0 < € < €1 we have
€

(13 15— Bj k(1) +A)| > Ilel/‘tEITIS-

From (11), (12), and (13) we now get

_ €
(14) IF (Tt +A)[ =n" lIlel/ttEITISh, A=t

To apply the Theorem of Rouché to F and P onthe drcles 0B(Z; «(1),€[t%'!), we note
that there existsC > 1 such that

P(t.O) ~F(L <C(TP 474, 1 > 1.

q-1

andsince p < q there exists D > 1 such that, for |A| = g[t|%/t,

Sincefor A € C with |A| = g[t|¥/! we have

1

L/t
Bj

(T k(1) +N)97L] < [gjs(a- D (

(15) IP(T,¢ k(1) +A) — F(1,{j k(1) + )| < CD[t[a-D/t = CDIr[s"—9/.

From (14) and (15) we now get that for eat 0 < € < €; there exists 1o > 1 such that
for ead 1 € C with [1] > 10 we have

IF(1,25.k(1) +2) = P(LG K0 + )| < [F(T.Lx(T) + )], [A] = ltf*".

By the Theorem of Rouché, it follows that for each T € C, [1] > To, the function{ —
P(1,2) has a zeo &; k(1) which satisfies [€; k(1) — {;(T)| < €[1[¥ for eadh € with
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0 < £ < €. By the dhoiceof &1, the disks B(Zj k(1),€[1]¥!), 1< j <h, 1<k <t, are
pairwise digoint. Since eab branch W of V(P) nea infinity admits a Puiseux series
expansion o the form

1) = % AT

V=—00

it now foll ows that the leading term of such an expansion has the given form. O

In the following example we use Lemma 1 and Theorem 2 to give a ®rred
proof of [1], Example 5.3. The proof that was given in [1] is based onthat part of [ 1],
Theorem 4.16, in which we have aflaw. Nevertheless the assertions of [ 1], Example
5.3, areright, as the new proof shows.

ExXAMPLE 2. For p,qe N, p,g,> 2,andac C\ {0} let P € C[t,{] be defined
SR S Sy
P(1,0) :=1°P-ag +Zobjt —JZOaJZ.
Then for w(t1,{) := 0q, (|T]) + 04, (|¢]) the following assertionshold for
V=V(P)={(1,) e CxC: P(1,0) =0}.
(1) If p>qg>2thenV satisfies PL(w) if and orly if a2 > q/p.
(2) If > p>3thenV satisfies PL(w) if and orly if a; > p/q.

(3) Ifg>p=2withac C\Rora<0ora>0andqodd thenV satisfies PL(w)
if and oy if a1 > p/q.

(4) Ifq>p=2,acR,gevenanda> OthenV satisfiesPL(w) foral 0< aj,0, < 1.

(5) If p=g>3op=g=2andac C\ [0,c[ thenV doesnat satisfy PL(w) for
any (ay,a2) € [0,1] x [0,1].

(6) If p=g=2,ac Randa> 0thenV satisfies PL(w) foral 0 < aj,02 < 1.

To prove these sssertions we ague asfollows.

(1) Inthis casethe principal part P, of P isgiven by Py(1,{) = tP. HenceV (Pp)
satisfies PL(K) for eadh weight functionk by [1], Propasition 4.3. Now fix any branch
W of V nea infinity. By [1], Lemma 4.4, W admits a Puiseux series expansion d the
form (8). The present hypahesisq < pimplies A= 0 so that (8) gives

S
Q=5 D™
V=—o00
SinceP(1(¢),{) = 0, we have DEZSP/™ — aZ% = 0 and consequently s/m= g/ p. Hence
we get from Theorem 2, part (2)(i) that PL(w) haldsonW if and orly if oz > s/m=
g/ p. SinceW was an arbitrary branch of V the proof of (1) is complete.
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(2) In this cese the principal part Py of P is given by Py(1,{) = —af". Hence
V (Py) satisfies PL(k) for ead weight functionk by [1], Propasition 43. Next assume
that there ae h,s,t € Nwith p=hs, g=ht, and (s,t) = 1. If we denate by B1,...,Bn
the h different roats of a, then we get from Lemma 1 that for ead branch W of V nea
infinity, there exists 1 < j < h such that W admits a Puiseux series expansion o the
form 1

1) = T/t(ts)l/t + lot.
i

This showsthat G% = 1/B;. Now we distinguish the foll owing cases:
(i)s=1
Thismeansthat p=handg/p € N. Sinceh = p > 3 bythe present hypaheses, at least
one of the numbers By,...,Bp isnat red. If B; € C\ R then G} € C\ R. Therefore,
it follows from Theorem 2 (2)(iii ) (and Theorem 2 (2)(ii) for B; € R) that V satisfies
PL(w) if and oy if a1 > p/q.
(i)s>2,h=1.
Thens= p>3and(p,q) = 1. Hencep/q ¢ N andit foll ows from Theorem 2 (2)(iii )
that V satisfies PL(w) if and oy if a1 > p/q.
(iii)s=2,h>2.
Then (s,t) = 1 impliesthat t must be odd Henceit foll ows from Theorem 2 (2)(iii )
that, no matter whether 8_1, € C\Ror B_lJ € R\ {0}, V satisfies PL(w) if and orly if
o1 > s/t=p/q.
(iv)s>3,h>2.
Then s/t ¢ N together with Theorem 2 (2)(iii ) implies also in this case that V satisfies
PL(w) if and orly if a1 > s/t = p/q.

(3) Asin part (2) we get that V (Py) satisfies PL(k) for ead weight functionk.
If p=2,a>0, andqisoddthen 12— al%isirreducible and henceV has a Puiseux
series expansion o theform (1) = (%) 1/q+ I.o.t. This showsthat Gy = (%) v and
henceGJ = 1 > 0. Therefore, it foll owsfrom Theorem 2 (2)(iii ) that V satisfies PL ()
if and orly if a1 > p/q.
If p=2 andqis oddthe same agument as above shows that GJ = % is negative if
a<Oorisnatredif aisnotred. Hencewe get the same conclusion as before.
If p=2andqiseven,then g=2mandtP — a9 fadorsas (1 — /al™)(1++/al™M). By
Lemma 1, the two branches of V nea infinity are then given by

{(v) = (j—;)l/"ﬁ lot.

Hence Gl = % Thisnumber isnot red if ae C\ [0,o[. Therefore, it foll ows from
Theorem 2 (2)(iii ) that (3) holds.

(4) The same aguments as in (3) show that now G' = \i/—%l isred sincea> 0.
Hence (4) follows from Theorem 2 (2)(ii).

(5) In bath cases the principal part of P is given by Py(t,{) = t° —afP andwe
canfinda € C\ R such that aP = a. Hence P, admitsafador t —a witha € C\ R,
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which implies that V (Pp) does not satisfy PL(w) for any weight function w because
of [1], Propasition 4.3. By [1], Corollary 4.9, aso V(P) canna satisfy PL(w) for any
weight function w. Hence (5) holds.

(6) In this case the principal part P, of P isgiven by Py(1,) = 1?2 —al? = (1 —
val)(1++/af). Sincea is pasitive by the present hypahesis, V (P,) satisfies PL(k)
for ead weight function k, by [1], Propasition 43. SinceV(P,) has two irreducible
comporents, it follows dmilarly as in the proof of Lemma 1 that V has two branches
nea infinity and that these can be described as

. bl a1l 36 1\1/2
Tffzi\/ﬁ1<l+az a ) )

Thisimpliesthe existence of C > 0 such that
[Imt| < C|Im{| +C, (1,0) e V.

Hence @ndtion (y) of PL(w) follows from condtion (o) of PL(w) for ead weight
function w.
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