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GEVREY SOLUTIONSFOR

A VIBRATING BEAM EQUATION

Dedicated to Professor Luigi Rodino ontheoccasion of his60th birthday

Abstract. We consider theCauchy problem for theEuler-Bernoulli equation of thevibrating
beam and solve it in Gevrey classes under appropriate Levi conditions on the lower order
terms.

1. Introduction and main result

Let usconsider the Cauchy problem in [0,T]×Rx

(1)

{

Lu= 0

u(0,x) = u0, ∂tu(0,x) = u1

for theoperator

(2) L := D2
t −a4(t)D

4
x +

3

∑
k=0

ak(t,x)D
k
x,

where D = −i∂ for the sake of the Fourier transform and a4(t) is a real non-negative
function. A motivation to investigate such a problem comes from the Euler-Bernoulli
model of thevibrating beam. We admit zeroesof finiteorder k for a4(t), andso assume
there existsk∈ N, k≥ 2 such that

(3)
k

∑
j=0

|a( j)
4 (t)| 6= 0, t ∈ [0,T].

We assumefor the coefficientsof L the followingregularity conditions:

(4) a4 ∈ Ck([0,T];R+), a3 ∈ C1([0,T];γs(R)), a2,a1,a0 ∈ C([0,T];γs(R)),

where R+ = [0,+∞), and γs(R) is the Gevrey classof index s≥ 1 onR, that is the
spaceof all smooth functions f such that

| f (α)(x)| ≤CAαα!s, C,A> 0, α ∈ N.

One can consider L as an anisotropic hyperbolic operator where each derivative with
respect to the time variable t has the same weight of two derivatives with respect the
spacevariable x. After that, the two factors τ±

√

a4(t)ξ2 of the principal symbol
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correspondto Schrödinger operators. From the theory of hyperbolic equations, one
expects Levi conditions are needed on the lower order terms at the points where the
leading coefficient a4(t) vanishes. On the other hand, from the Schrödinger side, also
somedecay assumptionsasx→ ∞ should be taken into account for the imaginary part
of these terms, see[4].

Herewe assumethat the imaginary part of a3 satisfies theLevi condition

(5) |ℑa3(t,x)| ≤C0a4(t)〈x〉
−σ, σ > 1,

〈x〉= (1+x2)1/2. Besidesthedecay ratefor x→∞, (5) saysthat theorder of vanishing
of ℑa3 is at least the same of a4. For the full coefficient a3, including its real part, for
the derivative∂ta3, and for the coefficientsa2 and a1, we require lower orders of zero
and not any decay, precisely

|∂β
xa3(t,x)| ≤CAββ!sa4(t)

η1,(6)

|∂β
x∂ta3(t,x)| ≤CAββ!sa4(t)

η2,(7)

|∂β
xa2(t,x)| ≤CAββ!sa4(t)

η3,(8)

|∂β
xa1(t,x)| ≤CAββ!sa4(t)

η4,(9)

with C,A> 0 and ηi to be specified herebelow.

Weproved in [1] that theproblem (1), (2) iswell posed in H∞ = ∩µ∈RHµ under
the assumptions(3), (5) with σ≥ 1 and

(10)











































|∂β
xa3(t,x)| ≤ Cβa4(t)η1, η1≥ 3/4−1/(2k),

|∂β
x∂ta3(t,x)| ≤ Cβa4(t)η2, η2≥ 3/4−3/(2k),

|∂β
xa2(t,x)| ≤ Cβa4(t)η3, η3≥ 1/2−1/k,

|∂β
xa1(t,x)| ≤ Cβa4(t)η4, η4≥ 1/4−3/(2k).

(Hµ denotes the spaceof functions f such that ξ 7→ 〈ξ〉µ f̂ (ξ) is in L2 where ˆ is the
Fourier transform.) Otherwise, H∞ well posednesscannot hold; here we are going to
prove aresult of well posednessin Gevrey classes for (1) in this secondcase. Themain
result of thispaper is the following:

THEOREM 1. Let usconsider the Cauchy problem(1) for the operator L in (2)
under assumptions (3), (4). If the Levi conditions (5)–(9) are fulfilled (but (10) is not
necessarily satisfied), then problem(1) iswell posed in γs for 1< s< s0, where
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•















1/2 ≤ η1 < 3/4−1/(2k)
η2 ≥ 3η1−3/2
η3 ≥ 2η1−1
η4 ≥ 3η1−2

=⇒ s0 =
1−η1

2[3/4−1/(2k)−η1]
,

•















η2 < 3/4−3/(2k)
η1 ≥ η2/3+1/2
η3 ≥ 2η2/3
η4 ≥ η2−1/2

=⇒ s0 =
3/2−η2

2[3/4−3/(2k)−η2]
,

•















η3 < 1/2−1/k
η1 ≥ η3/2+1/2
η2 ≥ 3η3/2
η4 ≥ 3η3/2−1/2

=⇒ s0 =
1−η3

2[1/2−η3−1/k]
,

•















η4 < 1/4−3/(2k)
η1 ≥ η4/3+2/3
η2 ≥ η4+1/2
η3 ≥ 2η4/3+1/3

=⇒ s0 =
1−η4

2[1/4−3/(2k)−η4]
.

In proving Theorem 1 we need to assume σ > 1; for a precise explanation of
this fact seethefinal Remark 1.

2. Preliminary resultsand Schrödinger equations

In what follows, we are going to use pseudo-differential operators p(x,Dx) of order m
onR with symbols p(x,ξ) in the standard classSm which is the spaceof all symbols
a(x,ξ) satisfying, for any α,β ∈ Z+,

|∂α
ξ ∂β

xa(x,ξ)| ≤Cα,β,h〈ξ〉
m−|α|
h , 〈ξ〉h :=

√

h2+ ξ2,h≥ 1;

this is the limit space as ℓ→ ∞ of the Banach spacesSmℓ of all symbols such that

|a|m,ℓ := sup
x,ξ

sup
α+β≤ℓ

|∂α
ξ ∂β

xa(x,ξ)|〈ξ〉−m+|α|
h <+∞.

Operatorswith symbol in Sm arebounded operators from Hµ+m into Hµ for any µ. We
shall write 〈ξ〉 instead of 〈ξ〉1.

We are also goingto use, given s≥ 1, Gevrey-typesymbolsof classSm,s, where
Sm,s denotesthespaceof all symbolsa(x,ξ) satisfying

(11) |∂α
ξ ∂β

xa(x,ξ)| ≤Cα,hAββ!s〈ξ〉m−|α|h ,

which is the limit space

Sm,s := lim
←

ℓ→+∞
Sm,s
ℓ , Sm,s

ℓ := lim
→

A→+∞
Sm,s
ℓ,A
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of theBanach spacesSm,s
ℓ,A of all symbols such that

|a|m,s,A,ℓ := sup
α≤ℓ,β∈Z+

sup
x,ξ
|∂α

ξ ∂β
xa(x,ξ)|A−ββ!−s〈ξ〉−m+|α|

h <+∞.

Given µ∈R, ε > 0, s≥ 1, we deal with the Sobolev–Gevrey spaces

Hµ
ε,s(R) = e−ε〈Dx〉

1/s
Hµ(R),

where thenorm isdefined by

‖u‖µ,ε,s= ‖e
ε〈Dx〉

1/s
u‖µ.

Operatorswith symbol in Sm,s arebounded from Hµ+m
ε,s to Hµ

ε,s for |ε|< ε0, see[3].

In thepresent section, following[4], westatesomepreliminary resultsconcern-
ingSchrödinger equationsof the form Su(t,x) = 0,

(12) S= Dt +b2(t)D
2
x +b1(t,x,Dx)+b0(t,x,Dx),

where the functionb2(t) is real valued and doesnot changesign, say

(13) b2 ∈C([0,T];R+),

the lower order termsare complex valued andsuch that

(14) b j ∈C([0,T];Sj), j = 0,1.

Let usconsider the Cauchy problem

(15)

{

Su= 0

u(0,x) = u0.

We say that problem (15) is well posed in Hµ if for any u0 ∈ Hµ there is a unique
solutionu∈ ∩1

j=0C
j([0,T];Hµ−2 j). We have the following:

THEOREM 2. Consider the Cauchy problem (15), (12) under the assumptions
(13) and(14), and assumemoreover that

(16) |ℑb1(t,x,ξ)| ≤M0b2(t)〈x〉
−σ|ξ|, |ξ| ≥ R, σ > 1.

Then (15) iswell posed in Hµ.

Proof. We define

(17) Λ(x,ξ) = M1ω(ξ/h)
∫ x

0
〈y〉−σdy,
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whereM1 isa large constant, ω(y) asmooth functionwith ω(y) = 0 for |y| ≤ 1, ω(y) =
|y|/y for |y| ≥ 2. For every α,β ∈ Z+ we have

(18) |∂α
ξ ∂β

xΛ(x,ξ)| ≤ δα,β〈ξ〉−α
h ,

with constantsδα,β independent on theparameter h≥ 1.

Let usnow consider thepseudodifferential operatorse±Λ with symbolse±Λ(x,ξ),
and perform the compositioneΛe−Λ. We have:

eΛe−Λ = I − r(x,Dx),

where theprincipal symbol of r is given by

(19) r−1(x,ξ) = DxΛ(x,ξ)∂ξΛ(x,ξ).

By (18),

|r(α)(β) (x,ξ)| ≤Cα,β〈ξ〉−1−α
h ≤Cα,βh−1〈ξ〉−α

h ,

with Cα,β independent of h. From this, we can fix a largeh in order to have abounded
operator r(x,Dx) on Hµ with norm ‖r(x,Dx)‖ < 1. The operator I − r(x,Dx) is invert-
ible by Neumannseriesand its inverseoperator isgiven by

I + p(x,Dx), p=
∞

∑
j=1

r j .

Thisprovesthat theoperator e−Λ(I + p) is theright inverseof eΛ. By similar arguments
oneprovesthe existenceof aleft inverse. Thus, theoperator eΛ is invertible, theinverse
operator isgiven by

(20)
(

eΛ
)−1

= e−Λ(I + p), p(x,ξ) ∈ S−1,

and p(x,ξ) has theprincipal part (19).

To obtain the well posednessin Hµ of problem (15), we perform the changeof
variablev= (eΛ)−1u andweshow that theCauchy problem

(21)

{

SΛv= 0

v(0,x) = (eΛ)−1u0

for theoperator SΛ := (eΛ)−1SeΛ iswell posed in Hµ. We have

iS= ∂t + iK(t,x,Dx),

where
K(t,x,Dx) = b2(t)D

2
x +b1(t,x,Dx)+b0(t,x,Dx),

and
iSΛ = ∂t + iKΛ, KΛ = (eΛ)−1KeΛ.
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Differentiatingwith respect to time and takingµ= 0, we have

d
dt
||v(t)||20 = 2ℜ〈v′(t),v(t)〉0 =−2ℜ〈iKΛv,v〉0.

We write iK as thesum

iK = HK +AK, HK = (iK +(iK)∗)/2, AK = (iK− (iK)∗)/2

of itshermitian andanti-hermitian parts. Theprincipal symbol of HK is given by

H0
K(t,x,ξ) =−ℑb1(t,x,ξ).

Thehermitian part HKΛ of iKΛ is then

HKΛ(t,x,ξ) = 2M1b2(t)|ξ|〈x〉−σ−ℑb1(t,x,ξ)+Q0(t,x,ξ),

with Q0(t,x,ξ) ∈C([0,T];S0). From (16), takingM1 = M0/2, wehave apositiveprin-
cipal part for HKΛ(t,x,ξ); hence, an application of thesharp Gårding inequality gives

(22) 2ℜ
(

iKΛu,u
)

≥−C‖u‖2, u∈H2.

From this, the energy method gives well posednessin L2 of the Cauchy problem for
SΛ. Well posednessin Hµ immediately follows, since, for any µ, the principal symbol
of thehermitian part of 〈Dx〉

µiKΛ〈Dx〉
−µ is thesameof HKΛ . �

3. Proof of themain result

We approximatethe characteristic roots±
√

a4(t)ξ2 of L by defining

(23) λ̃2(t,ξ) =
√

a4(t)+ 〈ξ〉−M ξ2 = b̃2(t,ξ)ξ2,

with 0≤M ≤ 1/(1−η1) to be chosen later on. We immediately noticethat

(24) b̃2−b2 ∈C([0,T];S−M/2), b2 =
√

a4(t).

Then, we define

(25) b̃1(t,x,ξ) =−a3(t,x)ξ/(2b̃2(t,ξ)),

and by(6) with η1≥ 1/2 we have

(26) b̃1 ∈C([0,T];S1,s).

Again, we define theoperators

(27) S̃± = Dt ± b̃2D
2
x± b̃1,



Gevrey solutions for a vibrating beam equation 157

andcompute

S̃−S̃+ = L−a2D2
x−a1Dx−a0−〈Dx〉

−MD4
x

− op

(

i
dξ〈ξ〉−M∂xa3

4b̃2
2

ξ3+ i∂xa3ξ2+ · · ·

)

− i
a′4
2

b̃−1
2 D2

x

− i
∂ta3

2
b̃−1

2 Dx+ i
a′4a3

4
b̃−3

2 Dx

+ op

(

−
(a3

2
b̃−1

2 ξ
)2
−

a3∂xa3

4
b̃−2

2 ξ+
a3∂xa3dξ〈ξ〉−M

8
b̃−4

2 ξ2+ · · ·

)

,

where we denoteby op(p(x,ξ)) the pseudodifferential operator of symbol p(x,ξ). We
have:

LEMM A 1. Let us consider the operator L given by (2) under the assumptions
of Theorem1 andtakeS̃± as in (27). Then:

(28) L = S̃−S̃+− (d0ω+e0ω0+ f0ω1+g0ω2+h0ω3+ l0ω4+m0) b̃2〈Dx〉
2,

where e0,d0, f0,g0,h0, l0,m0 ∈C([0,T];S0,s),ω = op(ω(t,ξ)) and ωi = op (ωi(t,ξ)),
i = 0, . . . ,4, with:

ω(t,ξ) =
〈ξ〉2−M

(a4(t)+ 〈ξ〉−M)1/2
,(29)

ω0(t,ξ) =
a′4(t)

a4(t)+ 〈ξ〉−M ,(30)

ω1(t,ξ) =
1

(a4(t)+ 〈ξ〉−M)3/2−2η1
,(31)

ω2(t,ξ) =
〈ξ〉−1

(a4(t)+ 〈ξ〉−M)1−η2
,(32)

ω3(t,ξ) =
1

(a4(t)+ 〈ξ〉−M)1/2−η3
,(33)

ω4(t,ξ) =
〈ξ〉−1

(a4(t)+ 〈ξ〉−M)1/2−η4
.(34)

Proof. • i
a′4
2

b̃−1
2 D2

x(b̃2〈Dx〉
2)−1 clearly becomesd0ω0.

• 〈Dx〉
−MD4

x(b̃2〈Dx〉
2)−1 clearly becomese0ω.

• op

(

(a3

2
b̃−1

2 ξ
)2
)

(b̃2〈Dx〉
2)−1 becomes f0ω1 by theLevi condition(6).
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• i
∂ta3

2
b̃−1

2 Dx(b̃2〈Dx〉
2)−1 becomesg0ω2 by theLevi condition(7).

• a2D2
x(b̃2〈Dx〉

2)−1 becomesh0ω3 by theLevi condition(8).

• a1Dx(b̃2〈Dx〉
2)−1 becomes l0ω4 by the Levi condition(9).

• op

(

i
dξ〈ξ〉−M∂xa3

4b̃2
2

ξ3
)

(b̃2〈Dx〉
2)−1 and op(i∂xa3ξ2)(b̃2〈Dx〉

2)−1 have symbols

in C([0,T];S0,s) by theLevi condition(6) with η1 ≥ 1/2.

• a0(b̃2D2
x)
−1 ∈C([0,T];S0,s).

• op

(

a3∂xa3

4
b̃−2

2 ξ+
a3∂xa3dξ〈ξ〉−M

8
b̃−4

2 ξ2

)

(b̃2〈Dx〉
2)−1 has principal symbol

p0(t,x,ξ)〈ξ〉−1ω1, with p0(t,x,ξ) ∈C([0,T];S0,s), by (6).

• from (6), the principal symbol of −a′4a3b̃−3
2 Dx(b̃2〈Dx〉

2)−1 is dominated by
ω0〈ξ〉−1(a4+ 〈ξ〉−M)−(1−η1), and 〈ξ〉−1(a4+ 〈ξ〉−M)−(1−η1)∈C([0,T];S0,s) be-
causewe aregoing to chooseM ≤ 1/(1−η1).

LEMM A 2. Thesymbolsdefined by (29)–(34) satisfy:
∣

∣

∣

∣

∂α
ξ

∫ T

0
|ω0(t,ξ)|dt

∣

∣

∣

∣

≤ δα〈ξ〉−α(1+ log〈ξ〉),(35)

∣

∣

∣

∣

∂α
ξ

∫ T

0
|ω(t,ξ)|dt

∣

∣

∣

∣

≤ δα〈ξ〉2−M(1/2+1/k)−α,(36)

∣

∣

∣

∣

∂α
ξ ∂β

x

∫ T

0
|ω1(t,x,ξ)|dt

∣

∣

∣

∣

≤







δα,β〈ξ〉−α(1+ log〈ξ〉) if η1≥ 3/4−1/(2k)

δα,β〈ξ〉M(3/2−1/k−2η1)−α if η1 < 3/4−1/(2k) ,
(37)

∣

∣

∣

∣

∂α
ξ ∂β

x

∫ T

0
|ω2(t,x,ξ)|dt

∣

∣

∣

∣

≤







δα,β〈ξ〉−α if η2≥ 1−1/k

δα,β〈ξ〉−1+M(1−1/k−η2)−α if η2 < 1−1/k,
(38)

∣

∣

∣

∣

∂α
ξ ∂β

x

∫ T

0
|ω3(t,x,ξ)|dt

∣

∣

∣

∣

≤







δα,β〈ξ〉−α(1+ log〈ξ〉) if η3≥ 1/2−1/k

δα,β〈ξ〉M(1/2−1/k−η3)−α if η3 < 1/2−1/k,
(39)

∣

∣

∣

∣

∂α
ξ ∂β

x

∫ T

0
|ω4(t,x,ξ)|dt

∣

∣

∣

∣

≤







δα,β〈ξ〉−α if η4≥ 1/2−1/k

δα,β〈ξ〉−1+M(1/2−1/k−η4)−α if η4 < 1/2−1/k.
(40)
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Proof. Theproof is asimple application of Lemma1 andLemma2 of [2].

Thenext step of theproof is to reduceL to afirst order system of asuitableform
by using factorization(28).

LEMM A 3. Let usconsider theoperator L in (2) under theassumptionsof The-
orem 1. Let usdenote

(41) K̃1 = b̃2D2
x + b̃1 = b2D2

x +b1, b1 = b̃1+(b̃2−b2)D
2
x

where b1 ∈C([0,T];S1,s) and, in view of (24) and(26), ℑb1 = ℑb̃1. Then, the scalar
equationLu= 0 is equivalent to the 2×2 systemW U = 0,

(42) W = Dt + K̃+D0ω+E0ω0+F0ω1+G0ω2+H0ω3+L0ω4+M0,

where

(43) K̃ =

(

K̃1 0
0 −K̃1

)

,

D0, . . . ,M0 ∈C([0,T];S0,s), ω,ωi (i = 0, . . . ,4) as in (29)–(34).

Proof. For ascalar unknown u wedefine thevector U0 =
t(u0,u1) by

{

u0 = b̃2〈Dx〉
2u

u1 = S̃+u

so that, from (28), the scalar equation Lu = 0 is equivalent to the system W 0U0 = 0
with

(44)

W 0 = Dt +

(

K̃1 −b̃2〈Dx〉
2

0 −K̃1

)

+

(

−iω0/2 0

d0ω+e0ω0+ f0ω1+g0ω2+h0ω3+ l0ω4 0

)

+

(

[

b̃2〈Dx〉
2, K̃1

](

b̃2〈Dx〉
2
)−1

0

m0 0

)

,

where we use (∂t b̃2)〈Dx〉
2u = (ω0/2)u0. The term

[

b̃2〈Dx〉
2, K̃1

]

·
(

b̃2〈Dx〉
2
)−1

is of
order 0 because b̃2 doesnot depend onx and ∂α

ξ b̃2 = p−αb̃2 with p−α of order−α.

We begin to diagonalizethematrix

(

K̃1 −b̃2〈ξ〉2
0 −K̃1

)
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by meansof

(45) D 0(ξ) =
(

1 〈ξ〉2/2ξ2

0 1

)

, |ξ| ≥ R> 0,

which is in S0. At theoperator level, for thesystemW 0 in (44) we have

D
−1
0 W 0D 0 =W 1

withW 1 equal toW in (42) modulo a term of the form
(

0 z̃1

0 0

)

,

where
z̃1(t,x,ξ) = 〈ξ〉2ξ−2b̃1(t,x,ξ), |ξ| ≥ R> 0.

We perform asecondstep of diagonalization bymeansof the operator with symbol

(46) D 1 =

(

1 d̃1

0 1

)

, d̃1 =−z̃1/2b̃2(t)ξ2, |ξ| ≥ R.

By (6), we have

d̃1 ∈C([0,T];S−1+M(1−η1),s)⊆C([0,T];S0,s).

Moreover, from (6) and (7),

∂t d̃1 = p0ω0+q0ω1+ r0ω2, p0,q0, r0 ∈C([0,T];S0,s).

Thus, D −1
1 W 1D 1 =W , withW in (42). �

Proof of Theorem 1. To prove the well posedness in Gevrey classes of the Cauchy
problem (1) for the scalar operator L, we are going to prove the well posedness in
Sobolev–Gevrey spacesof the equivalent problem

(47)

{

W U(t,x) = 0

U(0,x) = G(x),

for thesystemW in (42). Wenoticethat under the assumptionsof Theorem1, recalli ng
also (41), (25) and the Levi condition (5), the diagonal part Dt + K̃ of W satisfies the
hypotheses of Theorem 2. Thus we can apply Theorem 2 to Dt + K̃. We take the
operator Λ in (17) andconsider the transformed system

(48) W
Λ :=

(

eΛ 0
0 e−Λ

)−1

W

(

eΛ 0
0 e−Λ

)

.

We know that, takingsufficiently largeC0 in (5) andh in (17), we have

iWΛ = ∂t + iK̃Λ +D1ω+E1ω0+F1ω1+G1ω2+H1ω3+L1ω4+M1,
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where
2ℜ
(

iK̃ΛU,U
)

≥−C‖U‖2, U ∈H2;

moreover, sinceboth the transformationseΛ,(eΛ)−1 areof order zero, and

∂α
ξ ω(t,ξ) = q−α(t,ξ)ω(t,ξ), q−α ∈C([0,T];S−α),

∂α
ξ ω j(t,ξ) = q−α, j(t,ξ)ω j(t,ξ), q−α, j ∈C([0,T];S−α), j = 0, . . . ,4,

we have

i(D0ω+E0ω0+F0ω1+G0ω2+H0ω3+L0ω4+M0)
Λ

= D1ω+E1ω0+F1ω1+G1ω2+H1ω3+L1ω4+M1

with
D1,E1,F1,G1,H1,L1,M1 ∈C([0,T];S0,s).

The next step in the proof consists in the transformationalso of D1ω+E1ω0+
F1ω1 +G1ω2 +H1ω3 + L1ω4 +M1 into a positive operator, modulo a remainder of
order zero. There alossof derivativeswill appear. We perform the changeof variable
given byeφ(t,Dx), where

φ(t,ξ) =C
∫ t

0

(

|ω0(τ,ξ)|+ω(τ,ξ)+
4

∑
i=1

ωi(τ,ξ)
)

dτ,

C a large enoughconstant to be chosen. The change of variable carries a loss, see
Lemma2; the lossbecomesgreater as theorder ord(φ) of thesymbol φ(t,ξ) increases.
Thus we choose the parameter M that minimizes ord(φ), which is the maximum be-
tween theordersof

∫ t
0 ω(τ)dτ,

∫ t
0 |ω0(τ,ξ)|dτ,

∫ t
0 ωi(τ,ξ)dτ, i = 1, . . . ,4. In a compari-

son between (35)–(40), we noticethat the followingcasescan occur:

•















1/2≤ η1 < 3/4−1/(2k)
η2≥ 3η1−3/2
η3≥ 2η1−1
η4≥ 3η1−2

=⇒
M = 1/(1−η1),

ord(φ) =
2[3/4−1/(2k)−η1]

1−η1
,

•















η2 < 3/4−3/(2k)
η1≥ η2/3+1/2
η3≥ 2η2/3
η4≥ η2−1/2

=⇒
M = 3/(3/2−η2),

ord(φ) =
2[3/4−3/(2k)−η2]

3/2−η2
,

•















η3 < 1/2−1/k
η1≥ η3/2+1/2
η2≥ 3η3/2
η4≥ 3η3/2−1/2

=⇒
M = 2/(1−η3),

ord(φ) =
2[1/2−η3−1/k]

1−η3
,
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•















η4 < 1/4−3/(2k)
η1≥ η4/3+2/3
η2≥ η4+1/2
η3≥ 2η4/3+1/3

=⇒
M = 3/(1−η4),

ord(φ) =
2[1/4−3/(2k)−η4]

1−η4
.

In each case, we have that ord(φ) = 1/s0, s0 as in the statement of Theorem 1;
in what followsweuse thenotation

φ ∈C([0,T];S1/s0)

which coversall thefour casesthat can occur. The changeof variable can be considered
only if φ(t,ξ)〈ξ〉−1/s is small enough(see[3]), and it is

iW Λ,φ := e−φiW Λeφ

= ∂t + ∂tφ(t,Dx)I + iK̃Λ +R(t,x,Dx)

+D2ω+E2ω0+F2ω1+G2ω2+H2ω3+L2ω4+M2

= ∂t + iK̃Λ +(D2ω+CωI )+ (E2ω0+C|ω0|I )+ (F2ω1+Cω1I )

+ (G2ω2+Cω2I )+ (H2ω3+Cω3I )+ (L2ω4+Cω4I )

+M2+R(t,x,Dx) ,

(49)

where I is the2×2 identity matrix,

D2,E2,F2,G2,H2,L2,M2 ∈C([0,T];S0,s),

andR∈C([0,T];S1/s,s).

Taking now C sufficiently large, from the sharp Gårding inequality for ma-
trix operators, see[5, Theorem 4.4, page 134], we immediately get that D2ω+CωI ,
E2ω0+C|ω0|I , F2ω1+Cω1I , G2ω2+Cω2I , H2ω3+Cω3I andL2ω4+Cω4I in (49)
arepositivemodulo termswith symbol in C([0,T];S0,s).

It only remains to make R a positive operator. To this aim, we take µ= 0 and,
for afunctionr(t) ∈C1[0,T] to be chosen, weperform thelast changeof variablegiven

by er(t)〈Dx〉
1/s−ε〈Dx〉

1/s
, ε > 0, andconsider thefinal operator

(50) iW̃ := e−(φ(t,Dx)+r(t)〈Dx〉
1/s−ε〈Dx〉

1/s)iW Λeφ(t,Dx)+r(t)〈Dx〉
1/s−ε〈Dx〉

1/s
.

By [3] weknow that there existsan ε0 > 0 such that if

φ(x,Dx)+ r(t)〈Dx〉
1/s≤ ε〈Dx〉

1/s, 0≤ ε≤ ε0,

then

iW̃ = ∂t + iK̃Λ +(D2ω+CωI )+ (E2ω0+C|ω0|I )+ (F2ω1+Cω1I )

+ (G2ω2+Cω2I )+ (H2ω3+Cω3I )+ (L2ω4+Cω4I )

+M2+ R̃(t,x,Dx)+ r ′(t)〈Dx〉
1/s
I ,

(51)
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where R̃∈C([0,T];S1/s) has seminorms such that |R̃(t)|ℓ ≤ rℓ(t) for some functions
rℓ ∈C[0,T] not depending onr(t). An application of Caldéron–Vaill ancourt’sTheorem
to the operator R̃ gives the existence of a positive constant ℓ0 only depending onthe
spacedimensionn such that

|〈R̃v,v〉L2| ≤ rℓ0(t)〈〈Dx〉
1/sv,v〉L2.

Thus, taking r(t) such that r ′(t) = rℓ0(t), we have that also R̃(t,x,Dx)+ r ′(t)〈Dx〉
1/s
I

becomes a positive operator modulo terms of order zero. So, from (51), we obtain by
Gronwall ’smethod

‖U(t)‖20≤C0‖U(0)‖20.

Thisprocedure can begeneralized to the case µ 6= 0, sincefor each µ we have

〈Dx〉
µ(iW̃

)

〈Dx〉
−µ = iW̃ +Rµ,

with Rµ of order zero. From this, the energy method gives well posednessin Hµ of

the Cauchy problem for iW̃ , which corresponds to well posedness of (47) in Hµ
ε,s,

0< ε≤ ε0. �

REMARK 1. If , with the assumptions of Theorem 2, we take σ = 1 or σ ∈
(0,1), then the Cauchy problem (15) is not well posed in Hµ, but it is well posed
respectively in H∞ or in γs for s< 1/(1− σ), see [4]. This is because the symbol
Λ in (17) has positive order under a decay at infinity condition of type ℑb1 ∼ 〈x〉−σ

with σ ∈ (0,1]. Regarding second order equations, in the statement of Theorem 1 we
only admit σ > 1, see(5). This is because in the proof of Theorem 1 we need Λ of
order zero; otherwise, the transformation(48) carries a lossof derivatives, and as now
we cannot simultaneously control the two losses coming from the decay condition at
infinity (transformation(48)) and from the Levi conditions (transformation(50)). The
problem of givingan analogueof Theorem 1 in the case σ ∈ (0,1] is still open.
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