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A VIBRATING BEAM EQUATION
Dedicated to Profesor Luigi Rodino onthe occasion d his 60th birthday

Abstract. We monsider the Cauchy problem for the Euler-Bernouli equation o the vibrating
beam and solve it in Gevrey classes under appropriate Levi condtions on the lower order
terms.

1. Introduction and main result

Let us consider the Cauchy problemin [0, T] x Ry

(1) {Lu:o

u(0,x) =up, 6tu(0,x) =uyg

for the operator
3
2 L= th_a4(t)D§+ zak(taX)D)ia
k=0
where D = —id for the sake of the Fourier transform and as(t) is a red non-negative

function. A motivation to investigate such a problem comes from the Euler-Bernouli
model of thevibrating beam. We admit zeroes of finite order k for a4(t), and so assume
there xistsk € N, k > 2 such that

k .
3 () #£0, te[o,T].
J; ¢

We ssaume for the aoefficients of L the foll owing regularity condtions:

(4) a € C([0,T|;Ry), as € CY[0,TL;V¥(R)), az,ai,a € C([0,Ty(R)),

where R, = [0,+), and y*(R) is the Gevrey classof index s> 1 onR, that is the
spaceof all smooth functions f such that

@ (x)| <CA%alS, C,A>0, aeN.

One can consider L as an anisotropic hyperbalic operator where eab derivative with
resped to the time variablet has the same weight of two derivatives with resped the
spacevariable x. After that, the two fadors T4 \/as(t)€? of the principal symbol
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correspondto Schrodinger operators. From the theory of hyperbadlic equations, one
expeds Levi condtions are nealed onthe lower order terms at the points where the
leading coefficient a4(t) vanishes. On the other hand, from the Schrédinger side, also
some decay asaimptionsas x — co shoud be taken into acourt for the imaginary part
of these terms, see[4].

Here we asaume that the imaginary part of ag satisfies the Levi condtion

(5) |Oag(t,x)| < Coau(t)(x) %, o> 1,

(x) = (14x2)1/2. Besidesthe decay ratefor x — oo, (5) saysthat the order of vanishing
of Oag is at least the same of a4. For the full coefficient ag, includingitsred part, for
the derivative d;a3, and for the coefficients a, and a1, we require lower orders of zero
and na any decy, predsely

(6) |08as(t,X)| < CAPBISay ()™,
(7) |080aa(t,x)| < CAPBISau(t)2,
8) |0faz(t,x)| < CAPB!%aq(t)"™,
©) |08y (t,X)| < CAPBISay(t)™,

with C,A > 0 andn; to be spedfied here below.
We proved in [1] that the problem (1), (2) iswell posed in H* = NyerHM under
the assumptions (3), (5) witho > 1 and

Raa(t.x)] < Cpas(®)™, na>3/4—1/(2K),
0%0ias(t, X)) < Cpaa(t)™2, nz>3/4—3/(2K),

(10
Raz(t.x)] < Cpa()®, ng>1/2-1/k,

Ras(tx)] < Cpaa()™, na>1/4-3/(2K).

(H" denoctes the spaceof functions f such that & — (E)“f({) isin L2 where ~ isthe
Fourier transform.) Otherwise, H* well posednesscanna hold; here we ae going to
prove aresult of well posednessin Gevrey clasesfor (1) in this mndcase. Themain
result of this paper is the following:

THEOREM 1. Let usconsider the Cauchy problem (1) for the operator L in (2)
under assumptions (3), (4). If the Levi condtions (5)—9) are fulfilled (but (10) is not
necessarily satisfied), then problem (1) iswell posed in y® for 1 < s< s, where
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1/2 < ni<3/4—1/(2K)

n2 > 3n11-3/2 _ 1-m
*Yns > -1 0T R nd

Na = 3Mm—-2

N < 3/4-3/(2K)

N > Nn2/3+1/2 B 3/2-n2
*Yne > M3 T T 2Ea-3/@) 0

Nna > n2—1/2

ns < 1/2—-1/k

ni > ns/2+1/2 _ 1-ns
*Yne > 32 T XTI - 1N

na > 3ns/2-1/2

Ne < 1/4—3/(2K)

ni > n4/3+2/3 _ 1-n4
Y2 > nat12 T TR/ -nd

ns > 2n4/3+1/3

In proving Theorem 1 we need to assume o > 1; for a predse explanation of
thisfad seethe final Remark 1.

2. Preliminary resultsand Schrédinger equations

In what foll ows, we ae goingto use pseudo-diff erential operators p(x,Dx) of order m
on R with symbals p(x,&) in the standard class S™ which is the spaceof al symbals
a(x, &) satisfying, forany o, € Z,

0%08a(x. )] < Capn®n @, (E)ni=\/R+Eh>1;
thisisthe limit space &/ — « of the Banach spaces S™/ of al symbals uch that

|a|me :=sup sup |a§a§a(x,a)|<a>r;m+\ﬂ\ < too,

X& a+p<l

Operators with symbal in S™ are boundkd operators from HH ™M into HH for any P We
shall write (§) instead of (&);.

We ae dso gaingto use, givens> 1, Gevrey-type symbolsof classS™S, where
S™S denatesthe spaceof all symbalsa(x,§) satisfying

(11) 0gaka(x,&)| < Cq nAPBIsE)N 1,
which isthe limit space

LS. i ,S LS. | .S
s"ei= lim §*,  §":= lim §'%
] A—+oo
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of the Banach spaces S, of all symbals such that

Amsaci=sup  supldgafalx &)|A PRI (E), ™% < foo.
a<lBEZs X

Givenpe R, € > 0, s> 1, we ded with the Sobdev—Gevrey spaces
HES(R) = =00 HI(R),
where the norm is defined by
Julle:s = 11627 Ul

Operators with symbol in S™ are bounded from HEs™ to HEs for [e| < €, see[3].

In the present sedion, following[4], we state some preliminary results concern-
ing Schrddinger equations of the form Su(t,x) =0,

(12) S= Dy + by(t)D2 + by (t, X, Dx) + bo(t,x, D),
where the function by(t) isred valued and dces not change sign, say
(13 b, € C([0, T;R..),

the lower order terms are complex valued and such that

(14) b; €C([0,T];S}), j=0.1.

L et us consider the Cauchy problem

19 {SUO

u(0,Xx) = uo.

We say that problem (15) is well posed in H" if for any up € HH there is a unique
solutionu € ﬁjl:OCJ ([0, T]; HH2)). We have the foll owing:

THEOREM 2. Consider the Cauchy problem (15), (12) under the assumptions
(13) and(14), and asume moreover that

(16) |Oba (t,%,€)] < Mob2(t)(x) °[€], €] =R 0>1.
Then (15) iswell posed in HH.
Proof. We define

X
0

a7 AE) = MaaE/h) [ () oay,
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where M; isalarge constant, w(y) a smooth functionwith w(y) = 0for |y| < 1, w(y) =
ly|/y for |y| > 2. For every o, € Z we have

(18) |080BA(X, )| < 8o p(E),

with constants 8, g independent on the parameter h > 1.
L et usnow consider the pseudod fferential operatorse™ with symbolse™\(%%),
and perform the compositione e . We have:
e N =1—r(x,Dy),
where the principal symbal of r is given by
(29 r-1(%,&) = Dx/A(X,&)0: A (X, §).
By (18),
Irie) (68| < Capl®)n ™ < Caph™ (&),

with Cy g independent of h. From this, we can fix alarge hiin order to have abounced
operator r(x,Dx) on H* with nam ||r (x,Dy)|| < 1. The operator | —r(x, Dx) isinvert-
ible by Neumann series and its inverse operator is given by

0

I+p(xDy), p=Yrl.
=1

This provesthat the operator e (1 + p) istheright inverse of €\. By simil ar arguments
one provesthe existenceof aleft inverse. Thus, the operator €\ isinvertible, theinverse
operator is given by

20 (¢) "=eMi+p) pxEes?

and p(x,§) hasthe principa part (19).
To oltain the well posednessin H* of problem (15), we perform the change of
variable v = (€")~1u and we show that the Cauchy problem

S\v=0
2D {V(O, x) = (M) ~tup

for the operator S" := (¢')1Se" iswell posed in HX. We have
iS=d; +iK(t,x, Dy),

where
K(t,x, Dx) = bp(t)D2 + by (t, X, Dy) + bo(t, X, Dy),

and

it =a +iK", KM= (") ke
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Differentiating with resped to time and taking = 0, we have
IV I3 = 200/ 0) vit))o = 200K o,
We writeiK asthe sum
iK=Hk+Ac, Hx=(K+(iK)*)/2 Ax=(K-(iK)")/2
of its hermitian and anti-hermitian parts. The principal symbal of Hk is given by
HR (t,%,&) = —Oby(t,X,&).
The hermitian part Hya of iK” is then
Hyna (t,%,&) = 2M1ba(1)|€](X) 7% — Obx(t, X, &) + Qo(t, %, &),

with Qo(t, x,&) € C([0,T];S°). From (16), taking M1 = Mo/ 2, we have apasitive prin-
cipal part for Hea(t,x,€); hence an applicaion o the sharp Gardinginequality gives

22) 20 (iK"u,u) > ~CJul%, ue H2.
From this, the energy method gves well posednessin L2 of the Cauchy problem for

S\. Well pasednessin HH immediately foll ows, since, for any p, the principal wmbol
of the hermitian part of (Dy)*iK”\(Dy) " isthe same of Hyn.

3. Proof of themain result

We goproximatethe charaderistic roots -+/a4(t)&2 of L by defining

(23 Ao(t,€) = \/au(t) + (€) ME? = ba(t,€)82,

with0< M < 1/(1—n1) to be chosen later on. We immediately noticethat
(24) by — by € C([0,T]; S M), by = \/au(t).

Then, we define

(25) b (t,x,§) = —aa(t, x)&/(2ba(t,£)),

and by (6) withny > 1/2 we have

(26) by € C([0, T];S"9).

Again, we define the operators

(27) §* = Dy +boD2 + by,
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and compute

S St = L—aD?—a;Dy—ag— (Dy) " MD?

dg (8) M0 ”
—OIO(i s —Xag53+iaxa3£2+"') _i%bilDi

403
Oragy_ ajag~_
—|Tb21DX+|"'Tb23DX

~ 2 Oy a3 ~ Oyazd M
R Y L)

where we denote by op(p(x,§)) the pseudodfferential operator of symbad p(x,§). We
have:

LEMMA 1. Let us consider the operator L given by (2) under the assumptions
of Theorem 1 andtake S* asin (27). Then:

(28  L=55"— (dow+ eowo~+ fowr + o + hows + lows + Mo) b2 (Dy)?,

where &, do, fo, o, ho, lo, Mo € C([0,T];S”%), 00 = op(w(t,&)) and w = op (wi(t,)),
i=0,...,4,with:

29 o8 = — &
’ (aa(t) + (&)~M)1/2’
_ &
9 S G
1
(32) wy(t,8) = (a0 1 (&) Mjazan;
_ &1
42 @0 = G+ @ e
1
(33 (.8 = o
_ &1
(34) wy(t,&) = (Ba(l) 1 (&) M)ns
. ay

Proof. e |5651D)2((52<DX)2)*1 clealy beames dowy.
o (Dy)"MD4(b2(Dy)?) ! clealy becomes eyw.

~ 2 ~
. op((%bzlz) ) (b2(Dx)?)~* becomes fowy by the Levi condition (6).
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.Oraz

. |Tb51DX(BZ<DX>2)*1 bewmes gowx, by the Levi condtion (7).

(35

(36)

(37)

(39)

(39

(40)

a;D2(b2(Dy)?2) ! becomes hows by the Levi condition (8).

a1Dx(b2(Dx)2) 1 beaomeslows by the Levi condition (9).

M

0p<id£<€>4$23) (b2(Dy)?) ™! and op(idxast?)(b2(Dy)2) 1 have symboals
2

inC([0,T];S"S) by the Levi condtion (6) withny > 1/2.

ag(boD2)~1 e C([0, T]; "9).

4 8
Po(t, X, &) (€)~wy, with po(t, x,&) € C([0,T};S>9), by (6).
from (6), the principal symbol of —ajagh,Dx(b2(Dx)?)~* is dominated by

wo (&) "Y(ay+ (&)™), and (€) (as + (§) ™M)~ ("M e C([0, T]; %) be-
cause we aegoingto chooseM < 1/(1-n3).

" Oxagdg (€)™ . -
0p<aeaxasb22§ +Mb24gz> (B2(Dy)2)~! has principal symbal

O

LEMMA 2. The symbals defined by (29)—(34) satisfy:

.
o [ lon(t§)le| < 8o (6) (1-+109E).

T
ag/o |m(t,E)|dt‘ < 8y <E>2*M(1/2+1/k)7a,

T 8up(E) " (1+log(®)) if N1 > 3/4—1/(2K)
0g [ on(t. )| <
d

O p(€) " ifn2>1-1/k

p(EIME/2-/k=2n1)—a if n, < 3/4-1/(2K),

=

]
020 [ lwaltx B)lct| <

S B<E>—1+M(1—l/k—r|2)—ox if N2 < 1—1/k,

=

]
080§ [ lanltx B)lct] <

B (€)M N if ng < 1/2-1/k,

Q

B0 p(8) % if na>1/2—1/k

)
aga&/o laa(t, x,&)|dt| <

{ Oup(€) " (1+l0g(€)) ifn3>1/2—1/k

50(’3<E‘>71+M(1/271/k7r]4)70( if Na < 1/2_ 1/|(.
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Proof. The proof isasimple gpplicaion o Lemmal andLemma?2 of [2]. O

The next step of the proof isto reducel to afirst order system of asuitableform
by using fadorization (28).

LEMMA 3. Let usconsider the operator L in (2) under the assumptions of The-
orem 1. Let us denote

(47 Kl = E)zDi + E)l = sz)z( +b1, by = 61 + (E)z — bz)Di

where by € C([0,T];Sb$) and, in view of (24) and (26), by = [by. Then, the scalar
equaionLu = 0isequivalenttothe 2 x 2 system w U =0,

(42 W = D¢+ K+ Dow-+ Egwy + Fows + Gowy + Hotds + Lot + Mo,

where
& = %)
Do,...,Mo € C([0,T];SS), w,w (i =0,...,4) asin (29)~34).

Proof. For ascdar unknovn u we define the vedor Ug = t(up,u;) by

Up = §2<Dx>zu
up =Stu

so that, from (28), the scdar equation Lu = 0 is equivalent to the system woUp = 0
with

K1 —bz(Dy)?
Woth-i-( 10—y x>>

0 —K3

—iwp/2 0
(44) +
dow + €ptp + fowr + gow + hotz + lowys O

1

N [b2(Dx)2,K1] (02(Dx)?) "~ 0
Mo 0)

where we use (9¢02)(Dx)?u = (0x/2)up. The term [b(Dy)?, Ky] - (|52<Dx>2)7l is of
order 0 becaise b, does not depend onx and dgb, = p-qb with p_q of order —a.
We begin to diagonali zethe matrix

(5 %)
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by means of
2 /9z2
@9 wo)= (5 %) Ezr=o0

whichisin S°. At the operator level, for the system w/q in (44) we have
Q)al‘Woﬂ)o =W

with w4 equal to w in (42) moduo aterm of the form
0 %
0 0/

21(t,x,8) = ()% bu(t,x.€), [§|>R>0.
We perform a secondstep of diagoreli zaion by means of the operator with symbal

where

(46) Dy = ( é dll ) di = —2/2by(1)E2, || > R
By (6), we have
di € C([0,T]; S HMA-N8) € c([0,T]; 9).
Moreover, from (6) and (7),
drdy = powo + Gowr + o2, Po, G, To € C([0, T]; S>S).
Thus, D w11 = W, with w in (42). O
Proaof of Theorem 1. To prove the well posednessin Gevrey classes of the Cauchy

problem (1) for the scdar operator L, we ae going to prove the well posednessin
Sobdev-Gevrey spaces of the equivalent problem

{wu@mo

47 U (0,x) = G(x),

for thesystem ' in (42). We naticethat under the sssumptionsof Theorem 1, recdling
aso (41), (25) and the Levi condition (5), the diagorel part Dy + K of w satisfies the
hypaheses of Theorem 2. Thus we can apply Theorem 2 to D; + K. We take the
operator A in (17) and consider the transformed system

(48) W= ( e(;\ e9’\ )lw ( e(;\ e?,\ )

We know that, taking sufficiently large Cop in (5) and hin (17), we have

iW" = 0 + iKn + D1w+ E16 + Fron + Giayp + Hioz + L1y + My,
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where
20 (iKaU,U) > —C|lU |2, U € H?

moreover, since both the transformations €, (") ~* are of order zero, and

agw(tvz) = q*d(taz)w(tvz)a qfd EC([O,T],§G)7
0f wj(t,€) = 0-a,j(t,§)wj(t,&), G-a,j€C(O,T}S ™), j=0,....4,

we have

i(Dow -+ Egwo + Fowy + G + Hows 4 Lowy 4 Mo)™
= D1w+ Ejp + F1og + G1uy + Hiws + L1y + Mg

with
D1,E1,F1,G1,Hy, L1, My € C([0,T]; S%9).

The next step in the proof consists in the transformation also of D1w+ Ejwo +
Fron + Giwp + Hiws + Liwy + My into a positive operator, moduo a remainder of
order zero. There alossof derivativeswill appea. We perform the change of variable
given by e®t:0x) where

ot5)=C [ (lonfr8) +w(r,a>+_im(r,a>> dr.

C alarge enoughconstant to be chosen. The change of variable caries a loss see
Lemma2; the losshemmes greaer as the order ord(@) of the symbal @(t,&) increases.
Thus we chocse the parameter M that minimizes ord(¢g), which is the maximum be-
tween the orders of fé w(1)dr, fé |oo(T,8&)|dT, fémi(T,E)dr, i=1,...,4 Ina ommpari-
son between (35)—(40), we naticethat the foll owing cases can occur:

1/2<ny < 3/4-1/(2k)

M=1/(1-n),
N2>3n1—3/2 3 -
*\ ns>2m-1 " ord(g) = 2[3/4 11/(2k) ﬂ1]7
N4 >3N1—2 —Mm

N2 < 3/4—3/(2k)

n1>nz/3+1/2 M =3/(3/2—n2),

¢ 2[3/4—3/(2k) —n2]
N3 >2n2/3 = ord(q) = 7
anﬂzz—l/Z 3/2—n2
Na<1/2—1/k V2
n1>ns/2+1/2 = na),

* ﬂ; > 3;3/2 — ord(g) = 2[1/2—n3— 1/"]7

N4 >3n3/2—-1/2 1-ns
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Na < 1/4—3/(2K)

M =3/(1-na),
N1>n4/3+2/3 S 3oy
*\ n2>nav1/2 " ord(g) = [1/ 1/( ) N4
N3 >2n4/3+1/3 —nN4

In eath case, we have that ord(¢) = 1/, So asin the statement of Theorem 1;
in what foll ows we use the notation

@e C([0,T]; SY%)

which coversall thefour casesthat can occur. The change of variable can be considered
only if @(t,&)(£)~Sis snall enough(see[3)]), anditis
iw N = e ¥ Ne®

= 0y + 0, @(t, Dy) 1 +iK" +R(t,x,Dy)

49 + Dow+ Extg + Fow + Gowy + Howz + Lots + M2

= 0t +iK" + (D204 Coor ) + (Etp + Clodo| 1) + (Fowy 4 Coog 1)
+ (Gaup + Cuxpl ) + (Hawsz + Cwar ) + (Lows +Cuwgal )
+ M2+ R(t,X, DX) 5
where I isthe 2 x 2 identity matrix,

D2,Ez,F2,Gp,Ha, L2, M2 € C([0,T]; 9,

andR e C([0, T];SY/s9).

Taking nav C sufficiently large, from the sharp Gérding inequality for ma-
trix operators, see[5, Theorem 4.4, page 134], we immediately get that Dow+ Cwr,
Ezwo + Clop| 1, Fotn + Cun 1, Goop + Cup 1, Howz +Cuxl and Lows + Coa ! in (49)
are positive moduo terms with symbol in C([0, T]; S%3).

It only remains to make R a pasitive operator. To this aim, we take p= 0 and,
for afunctionr(t) € C1[0, T to be dhosen, we perform the last change of variable given

by & ©Px)Y*-D0* ¢ - 0 and consider the final operator
(50)  iw = e (ALDNHODY-e(D05) gy AL (1) (D)7 o-e(D0) M
By [3] we know that there exists an gp > 0 such that if
@(x,Dy) 41 (1) (D)5 < (Dy) S, 0< e < ¢y,

then

iw =0 +iKN+ (D2w+ Cwr ) + (Exwo + Clox| 1) + (Foty +Coog 1)
(51) + (Gotdp + Cop! ) + (Hawz + CuxaT ) + (Lo + Cun1)

+ M+ R(t,x,Dy) + (1) (Dy) 51,
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where R € C([0,T]; S¥%) has sminorms such that |R(t)|, < r,(t) for some functions
re € C[0, T] not depending onr (t). An applicaion o Caldéron-Vaill ancourt’sTheorem
to the operator R gives the existence of a positive cnstant /o only depending onthe
spacedimension n such that

(R V) 2] < g (£) (D) /W) 2.

Thus, taking r(t) such that r'(t) = ry,(t), we have that also R(t,x, Dx) +r'(t)(Dx)Y/°1
beoomes a positive operator modu o terms of order zero. So, from (51), we obtain by
Gronwall’s method

IV (1)1 < Collu (0)]13-

This procedure can be generalized to the case L # 0, sincefor eat L we have
(DM ) (D) =i + Ry,

with R, of order zero. From this, the energy method gves well posednessin H of

the Cauchy problem for ifﬂ/, which corresponds to well posedness of (47) in Hg‘fs,
O0<e<eg. O

REMARK 1. If, with the ssaimptions of Theorem 2, wetakeo =1 or 0 €
(0,1), then the Cauchy problem (15) is not well posed in HH, but it is well posed
respedively in H* or in y® for s< 1/(1— o), see[4]. This is because the symbal
A in (17) has positive order under a decey at infinity condtion o type Oby ~ (x)~°
with o € (0,1]. Regarding second ader equations, in the statement of Theorem 1 we
only admit o > 1, see(5). Thisis becaise in the proof of Theorem 1 we need A of
order zero; otherwise, the transformation (48) carries alossof derivatives, and as now
we caina simultaneously control the two losses coming from the decay condtion at
infinity (transformation (48)) and from the Levi conditions (transformation (50)). The
problem of givingan analogue of Theorem 1 inthe case o € (0, 1] is ill open.
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