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ON THE FINITENESS OF LOCAL HOMOLOGY MODULES

Abstract. Let (R,m) be a commutative Noetherian complete local ring,a an ideal ofR, and
A an ArtinianR-module with N-dimA = d. We prove that ifd > 0, then Cosupp(Ha

d−1(A))
is finite and ifd ≤ 3, then the set Coass(Ha

i (A)) is finite for all i. Moreover, if eitherd ≤
2 or the cohomological dimension cd(a) = 1 thenHa

i (A) is a-coartinian for alli; that is,
TorRj (R/a,Ha

i (A)) is Artinian for all i, j. We also show that ifHa
i (A) is a-coartinian for all

i < n, then TorRj (R/a,Ha
n (A)) is Artinian for j = 0,1. In particular, the set Coass(Ha

n (A)) is
finite.

1. Introduction

Throughout this paper, we assume that(R,m) is a commutative Noetherian local ring,
a an ideal ofR, andA an ArtinianR-module. In [3] Cuong and Nam defined the local
homology modulesHa

i (A) of A with respect toa by

Ha

i (A) = lim←−
n

TorRi (R/an,A).

This definition is dual to Grothendieck’s definition of localcohomology modules (cf.
[1]). Also, this definition of local homology modules coincides with the definition of
Greenlees and May [7].
The theory of coassociated prime ideals, which is dual to thetheory of associated prime
ideals, was studied by Macdonald [10], Chambless [2], Zöschinger [18] and Yassemi
[17]. In [17] it is shown that, for Noetherian rings, these definitions are equivalent.
The concept of cofinite modules introduced by Hartshorne [8]has been proved to be an
important tool in the study of modules over a commutative Noetherian ring. Recently,
Nam [13] defined the notion of coartinian modules which is in some sense dual to the
concept of cofinite modules. There are not many results concerning the finiteness of
coassociated primes and coartinianness of local homology modules (cf. [12, 5]). The
main aim of this paper is to show some properties about coassociated primes anda-
coartinianness of local homology modules.

2. Preliminaries

We begin by recalling the concept of Noetherian dimension ofanR-moduleM denoted
by N-dimM. Note that the Noetherian dimension is introduced by Roberts [14] with
the terminologyKrull dimension. Later, Kirby [9] changed the terminology of Roberts
and referred to Noetherian dimension to avoid confusion with the well-known Krull
dimension for finitely generated modules. LetM be anR-module. WhenM = 0 we put
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N-dimM = −1. Then by induction, for any ordinalα, we put N-dimM = α when (i)
N-dimM < α is false, and (ii) for any ascending chainM0⊆M1⊆ . . . of submodules of
M, there exists a positive integerm0 such that N-dim(Mm+1/Mm) < α for all m> m0.
Thus, M is non-zero and Noetherian if and only if N-dimM = 0. In caseM is an
Artinian module, N-dimM < ∞ (see [14]). Also, ifM is anR-module with N-dimM =
d > 0 andx∈ Rsuch thatxM = M, then N-dim(0 :M x) = d−1 (see [4] and [6]).
We now briefly recall some basic properties of local homologymodules.

LEMMA 1. ([3]) Let 0−→Ṁ−→ M −→M̈−→ 0 be a short exact sequence of
Artinian modules. Then we have a long exact sequence of localhomology modules
. . .−→Ha

i (Ṁ)−→Ha
i (M)−→ Ha

i (M̈)−→ . . .
−→Ha

0 (Ṁ)−→Ha
0 (M)−→ Ha

0 (M̈)−→ 0.

LEMMA 2. ([3]) Let M be an Artinian R-module. Then the following holds:
If i > 0, then Ha

i (∩n>0a
nM)∼= Ha

i (M) and Ha
i (∩n>0a

nM) = 0 whenever i= 0.

LEMMA 3. ([7]) Let M be an R-module and that the local cohomology module
H i

a(R) = 0 for all i > n. Then the local homology module Ha
i (M) = 0 for all i > n.

LEMMA 4. ([3]) Let M be an Artinian R-module withN-dimM = d. Then
Ha

i (M) = 0 for all i > d.

LEMMA 5. ([4]) Let M be an Artinian R-module. Then Ha

0 (M) = 0 if and only
if xM = M for some x∈ a.

DEFINITION 1. ([7]) An R-module M is called cocyclic if it is a submodule of
E(R/m). A prime idealp is called coassociated to a non-zero R-module N if there is a
cocyclic homomorphic image T of N withp = Ann(T). The set of coassociated primes
of N is denoted byCoassR(N) (or simplyCoass(N) if there is no ambiguity about the
under ring). Note thatCoass(N) = /0 if and only if N= 0.

Recall that the Krull dimension ofM, denoted by dimM, is the Krull dimension
of the Noetherian ringR/Ann(M). For convenient, we stipulate that dimM = −1 if
M = 0. Note that ifM is Artinian then the set of minimal prime ideals of Ann(M)
is just the set of minimal elements of Coass(M) (cf. [17]). Therefore dimM is the
supremum of dimR/p, wherep runs over Coass(M).

DEFINITION 2. ([17]) Let N be an R-module. The cosupport of N, written
Cosupp(N), is the set of prime idealsp such that there exists a cocyclic homomorphic
image T of N withp⊇ Ann(T).

Let S be a multiplicative set inR andN anR-module. In [11] Melkersson and
Schenzel called the moduleSN = HomR(RS,N) the co-localization ofN with respect
to Sand Cos(N) = {p ∈ Spec(R) : pN 6= 0} the cosupport ofN. Yassemi [17] proved
that Cos(N) = Cosupp(N) in caseN is an ArtinianR-module. However, the equality is
in general not true, but we always have Cos(N) ⊆ Cosupp(N).
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LEMMA 6. ([6]) If M is an Artinian R-module, then it has a natural structure
as anR̂-module andN-dimRM = N-dimR̂M = dimR̂M.

LEMMA 7. ([17]) Let 0−→Ṁ−→ M −→M̈−→ 0 be an exact sequence of R-
modules. Then the following statements hold:
(i) Coass(M̈)⊆ Coass(M)⊆ Coass(Ṁ)∪Coass(M̈);
(ii) Cosupp(M) = Cosupp(Ṁ)∪Cosupp(M̈).

LEMMA 8. ([5]) Let M be an R-module. Then, for all i,Cos(Ha
i (M)) ⊆V(a).

COROLLARY 1. Let M be an Artinian R-module. Then, for all i,Cosupp(Ha
i (M))

= Cos(Ha
i (M)). In particular,Cosupp(Ha

i (M))⊆V(a).

Proof. This is immediate by [4] (Proposition 3.3) and [13] (Theorem3.8).

LEMMA 9. ([17]) Let M be an R-module. Then the following statements hold:
(i) Coass(M)⊆ Cosupp(M);
(ii) Every minimal element of the setCosupp(M) belongs toCoass(M);
(iii) Coass(M⊗RN) = Coass(M)∩Supp(N) if N is a finitely generated R-module;
(iv) If M is finitely generated, thenCosupp(M)⊆ {m}.

3. The results

In this section, we first recall the definition of coartinian modules which is in some
sense dual to the concept of cofinite modules.

DEFINITION 3. An R-module M is said to bea-coartinian ifCosupp(M)⊆V(a)
andTorRi (R/a,M) is an Artinian R-module for each i.

It is clear that ifM is of finite length, thenM is a-coartinian for all idealsa of R.

PROPOSITION1. Let t be a non-negative integer such that Ha
i (A) isa-coartinian

for all i 6= t. Then Ha
i (A) is a-coartinian for all i.

Proof. By using [15] (Theorem 11.39), [3] (Lemma 4.3) and [16] (Corollary 2.4) there
is a Grothendieck spectral sequence

E2
p,q := TorRp(R/a,Ha

q (A)) =⇒
p

TorRp+q(R/a,A).

For eachr ≥ 2, we consider the exact sequence

(1) 0−→ kerdr
p,t −→ Er

p,t −→ Er
p−r,t+r−1.

It follows from the hypotheses that theR-moduleEr
p−r,t+r−1 is Artinian. Note thatEr

p,q

is a subquotient ofE2
p,q for all p,q∈N0. There is an integerssuch thatE∞

p,q
∼= Er

p,q for
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all r ≥ s. Also, for eachn∈ N0 there is a bounded filtration

0 = φ−1Hn⊆ φ0Hn⊆ . . .⊆ φn−1Hn⊆ φnHn = Hn

for the moduleHn = TorRn(R/a,A) such thatE∞
p,n−q

∼= φpHn/φp−1Hn for p= 0,1, . . . ,n.

ThusE∞
p,q is Artinian for all p,q. SinceEs

p,t = kerds−1
p,t /imds−1

p+s−1,t−s+2, it follows that

kerds−1
p,t is Artinian. Hence by using the exact sequence (1) forr = s−1, we deduce that

Es−1
p,t is Artinian. By continuing this argument repeatedly for integerss−1,s−2, . . . ,3

instead ofs, we obtain thatE2
p,t is Artinian for all p≥ 0. This completes the proof.

COROLLARY 2. Let a be an ideal of R withcd(a) = 1. Then Ha
i (A) is a-

coartinian for all i.

Proof. This is immediate by Proposition 1 and Lemma 3.

COROLLARY 3. Let A be an Artinian R-module withN-dimA = n. If n≤ 2,
then Ha

i (A) is a-coartinian for all i.

Proof. By [13] (Corollary 4.15)Ha

2 (A) is a-coartinian. On the other handHa

0 (A) is
Artinian and hence by Proposition 1 and Lemma 4 the result follows.

LEMMA 10. Let x∈ a. Then the following statements hold:
(i) Coass(Ha

i (A)) = Coass(Ha
i (A)/xHa

i (A));
(ii) Cosupp(Ha

i (A)) = Cosupp(Ha
i (A)/xHa

i (A)).

Proof. (i) This is immediate by Corollary 1 and Lemma 9.
(ii) This is clear by Lemmas 7 and 9.

THEOREM 1. Let (R,m) be a complete local ring and that A be an Artinian
R-module withN-dimA = n. Then the following statements hold:
(i) Cosupp(Ha

n (A))⊆ {m};
(ii) Cosupp(Ha

n−1(A)) is finite.

Proof. The proof of cases (i) and (ii) are similar. Hence we only to prove (ii). We
proceed by induction onn. Whenn = 1, Cosupp(Ha

0 (A))⊆V(Ann(A)) and hence the
result in this case is true. So letn > 1 and suppose that the claim is true forn−1. By
Lemma 2.2 we can replaceA by ∩n>0a

nA and note that N-dimA≥ N-dim(∩n>0a
nA).

The last module is just equal toanA for some enough largen. Therefore we may assume
thataA = A. SinceA is Artinian, there is an elementx∈ a such thatxA= A. Thus the
exact sequence

0−→ (0 :A x)−→ A
x−→ A−→ 0

gives rise by Lemma 2.1 to an exact sequence

0−→Ha

n−1(A)/xHa

n−1(A)−→Ha

n−2(0 :A x).

Since N-dim(0 :A x) = n−1, Cosupp(Ha
n−2(0 :A x)) is finite by induction hypothesis.
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Hence, Cosupp(Ha
n−1(A)/xHa

n−1(A)) is finite and so by Lemma 3.5 the result follows.

THEOREM 2. Let (R,m) be a local ring and that n be a non-negative integer
such that Ha

i (A) is a-coartinian for all i < n. ThenTorRi (R/a,Ha
n (A)) is Artinian for

i = 0,1. In particular,Coass(Ha
n (A)) is finite.

Proof. By [15] (Theorem 11.39), [3] (Lemma 4.3) and [16] (Corollary2.4) there is a
Grothendieck spectral sequence

E2
p,q := TorRp(R/a,Ha

q (A)) =⇒
p

TorRp+q(R/a,A).

SinceEi
p,q is a submodule ofE2

p,q for all i ≥ 2, our hypothesis give us thatEi
p,q is

Artinian for all i ≥ 2,p≥ 0, andq < n. For eachi ≥ 2 andp = 0,1, we consider the
exact sequence

(2) 0−→ imdi
p+i,n−i+1−→ kerdi

p,n−→ Ei+1
p,n −→ 0

where imdi
p+i,n−i+1 = im(Ei

p+i,n−i+1−→Ei
p,n) and kerdi

p,n = ker(Ei
p,n−→Ei

p−i,n+i−1).

Now imdi
p+i,n−i+1 is Artinian for all i ≥ 2, E∞

p,n is isomorphic to a subquotient of

TorRp+n(R/a,A) and thus is Artinian for allp. SinceEi
p,n = E∞

p,n for i sufficiently large
andEi

p,n = kerdi
p,n for all i ≥ 2 andp = 0,1, we have thatEi

p,n and kerdi
p,n are Artinian

for p = 0,1 and all largei. Fix i and supposeEi+1
p,n is Artinian for p = 0,1. From the

exact sequence (2) with conjunction kerdi
p,n = Ei

p,n for p = 0,1 we obtain thatEi
p,n is

Artinian for p = 0,1. Continuing in this fashion we see thatEi
p,n is Artinian for all

i ≥ 2 andp = 0,1. In particular, TorRi (R/a,Ha
n (A)) is Artinian for for i = 0,1 and also

by Lemma 3.5 the set Coass(Ha
n (A)) is finite.

COROLLARY 4. Let (R,m) be a complete local ring and that A be an Artinian
R-module of Noetherian dimension at most three. ThenCoass(Ha

i (A)) is finite for all i
and all ideala.

Proof. This is immediate by Theorem 1, Lemma 4 and Theorem 2.
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