
Rend. Sem. Mat. Univ. Pol. Torino - Vol. 66, 3 (2008)
Lezioni Lagrangiane 2007–2008

M. Tomassini

GAMES, EVOLUTION, AND SOCIETY

Abstract. Classical game theory has been conceived to model strategicsituations in which
individuals’ decision making depends on the actions chosenby others. The theory has been
extremely successful in several economic, social and technological contexts. However, many
empirical results tend to indicate that the explanatory power of the theory is not completely
satisfactory. Here we describe how the evolutionary interpretation of the theory is able to
address some of the theory’s deficiencies. In particular, wedescribe extensions that try to take
into account the agents’ population structure, based on empirical data about social networks.
We find that, at the expense of sacrificing some mathematical rigor, these models give results
that are closer to the observed behavior of finite populations of interacting socio-economic
agents.

1. Introduction

Many interactions between people or other entities in society such as firms and gov-
ernments take the form of mutually outcome-dependent decision making. Multi-party
decision making often leads to conflicting situations that have profound consequences
for the participating entities and for society as a whole. For example, whether to pay
taxes or not, how to best exploit a common good, or how to bargain in a market-based
economy are all familiar expressions of this kind of socio-economic phenomena. It is
thus not surprising that researchers have been searching for models and theories that
can describe these situations and, possibly, dictate solutions or at least methods for
investigating and ranking the different possibilities that arise. Game theory has been
the most successful attempt in this direction so far. It was founded by von Neumann
and Morgenstern with the publication of their book in 1944 [27], although early results
had been obtained previously by von Neumann himself and byÉmile Borel. In this
article, which should hopefully be self-contained to a large extent, I shall first describe
the basic ideas of game theory, both the classical theory as well as a more recent exten-
sion calledevolutionary game theorywhich is particularly suited for the description of
game-theoretical interactions in large populations. After this introductory material, we
shall see how the main ideas can be applied to socio-economically relevant problems,
with particular emphasis on the influence of the structure ofthe participating groups.
This will lead us to the idea of a social network and to the usage of evolutionary game
theory in a setting that takes these network structures intoaccount. Since the latter
case does not yet enjoy a complete and rigorous mathematicalformalization, I shall
show how numerical simulation can help us to understand the complex phenomena
that emerge when many entities interact in a non-linear manner. In the interest of read-
ability, and in the spirit of the Lagrangian Lectures, I shall often sacrifice rigor in favor
of a more qualitative presentation which should make the article accessible to a wide
audience.
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2. The basics of game theory

According to Myerson, a well known game theorist and a recentNobel prize winner,
game theory is the study of decision making under interacting, and often conflicting
situations [13, 26]. Such situations are common in everydaylife: when we are driving
our cars to work in the morning, when we pay our taxes, when twofirms bid in an
auction for a market, when two countries are deciding whether they should declare
war to each other or not, are all playing a game. But of course game theory cannot
analyze these situations in all their complexities. For example, when you take a bus
and have to decide whether to pay the ticket or take a free ride, assuming that there
is no control, game theory conclusion is that on rational grounds you shouldn’t buy
the ticket, independent of your detailed state of mind and psychological propensities.
Rationality is the key word here and is to be understood in thehomo economicussense.
The concept goes back to von Neumann, Morgenstern and Savage[27, 21], among
others, and it is the cornerstone of much economic theory. Weshall only briefly recall
the main ideas here, the interested reader will find completeaccounts in [13] among
many other references. The agents that the theory assumes are intelligentandrational
in the following sense:

• an agent knows what are the possible choices in a given situation

• given a choice, an agent is able to associate a value, calledutility, to the conse-
quence of that choice

• rationality principle: each agent takes the decision thatmaximizesits utility

• the fact that agents are intelligent and rational is common knowledge

The numerical ordering of preferences is a binary relation that must satisfy a
number of axioms (see [13]). It is represented in the theory by a real function called
utility, or payoff, that assigns a numerical value to each possible outcome if everything
is known with certainty. In case there is uncertainty, i.e. there is more than one pos-
sible consequence to a given action, a rational player maximizes itsexpected utility.
The most important thing to remember is that more is better for a player and that any
affine transformation leaves the preference ordering invariant. This means that the ac-
tual numerical values used don’t matter much; the only thingthat really matters is their
order. In this article we shall use small integer values to represent utilities in games. It
goes without saying that such a characterization of an agenthas been criticized many
times and that other models of players have been proposed where agent’s rationality
is “bounded” in a way or another. However, although full rationality is clearly unreal-
istic in practice, it has at least the merit of being exactly formalizable. This allows a
complete and rigorous theory to be developed which we shall call here conventionally
standard game theoryto distinguish it from more recent advances. On the other hand,
there is a vast literature on how people take their decisionsin laboratory experiments in
the framework of what is calledbehavioraleconomics. These experiments more often
than not reveal a picture that doesn’t match the prescriptions of the theory and this is
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a subject of heated debate. The interested reader may wish toconsult [3, 6] for recent
accounts where different interpretations and explanations are offered for the behavior
of real players.

The part of game theory that will be made use of here is calledNon-Cooperative
Game Theory, to distinguish it fromCooperative Game Theory. The difference is sim-
ply that players are assumed to be selfish utility maximizersin the non-cooperative
theory, while they can form binding coalitions in the cooperative form. However, co-
operation as an individual strategy may emerge in non-cooperative games, as we shall
see in the following.

Another useful distinction is between games that will be played only once, so
to speak, and those in which the game will be played repeatedly by the same players.
The first kind is calledone-shot, to emphasize the fact that, even if the same players
are chosen to play against each other one more time, the new interaction happens as
if they had never met before, i.e. they don’t have a memory of the past. In contrast,
in repeatedor iteratedgames, the same players may meet again and again and have
a representation of the past encounters. This enables agents to develop much more
complicated strategies. Both iterated and one-shot game situations are common in
society. Iterated games are probably more socially relevant since social ties do not
change so often and thus people are led to interact with each other repeatedly. However,
it would be incorrect to conclude that iterated games are allthat count: the increased
mobility and pervasive information structure of modern society allow people to engage
often in one-shot games too. Just to give an example, think ofauctions taking place on
e-bay. For reasons of space, we shall only deal with the easier one-shot scenario here
which is sufficient to expose the main ideas simply and concretely. The reader wishing
to know more about repeated games may start with ref. [2] and,at a more advanced
level, with [13, 26].

2.1. Representations of a game

Before showing more formal definitions, it is useful to describe some simple games in
an informal manner to get used to the meaning of symbols. Finite games contemplate
a finite number of playersN, and a finite set ofstrategies S. In the common case
of two-person games, all the possibilities that may arise can be represented with a
two-dimensional array which is called the game’spayoff matrix. Let’s consider, for
instance, the following child “toy” game sometimes called “matching pennies”. In this
game, each of two players hides a coin in her hand and both showtheir side of the coin
simultaneously to each other. One player wins if they are both the same, otherwise the
other player wins. This gives rise to the following payoff matrix:

C

R
heads tails

heads 1,−1 −1,1
tails −1,1 1,−1
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The two players will conventionally be calledRandC, whereRstands for “row player”,
andC stands for “column player”∗. Each player has two strategies at her disposal:
S= {heads, tails}. A given element of the double matrix represents the utilities of
each player when this particular pair of strategies is played, the first number being
the utility of the row player. For example, ifR playsheadsandC playstails, thenR
gets an utility of−1 andC obtains 1. This particular game is called azero-sumgame
because the payoffs in each cell add up to 0. Many important games are not zero-
sum, as we will see in the following. The above representation of a game is called
thenormalor strategicform for the two-person game; it ignores all timing issues and
treats the players as if they choose their strategies simultaneously. The normal form
is the one that we shall use in the rest of the article. However, it should be noted that
there is another, more complete representation of a game which is called theextensive
form. In this representation individuals play one at a time and the sequence of moves
is explicitly shown as a tree. For the “matching pennies” game we would have the
situation depicted in Fig. 1.

Figure 1: theMatching Penniesgame in extended form.

This will remind many readers of the game of chess, in which one could in
principle draw such a game tree, except that tree sizes grow exponentially and any pair
of sensible strategies would give rise to enormous trees, which can only be partially
enumerated by the fastest electronic computers. Of course,given this representation in
whichRmoves first, one would say thatC will always win by just playing the opposite
strategy. But we would reach exactly the opposite conclusion if C were to move first.
The point is that, although the representation implies sequentiality, according to the
rules of the game, when it is time for the second player to choose her strategy, she
shouldn’t know whether the game is at the first node or at the second node, i.e. whether
R has playedheadsor tails. We formalize this fact by drawing a vertical dashed line

∗We shall adopt this convention in the following in a tacit manner, without explicitly writingRandC.
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between the two nodes of the tree and we say that theinformation setof C, when it
is her turn to move, comprises both states, i.e. she is uncertain as to whetherR has
playedheadsor tails. Thus, she could also randomize her choice and chooseheadsor
tails with probability 1/2. This is perfectly possible but it’s another story that we shall
comment upon later. With this interpretation, the two formsof the game are perfectly
equivalent.

Let us now go back to the general definition of a game. A finite gameΓ with
complete information can be formally specified in normal form as follows:

Γ = (N,Si ,ui), ∀i ∈ N,

whereN is the finite set of players,Si is the finite ensemble of strategies available
to playeri, andui : × j∈N Sj → R is the utility of playeri. Games with incomplete
information, also calledBayesian gameswill not be treated here but useful information
can be found in [13].

2.2. Nash’s solution

Once one has a gameΓ defined as above, what does it mean to find a solution of the
game? Historically, people have found several ways in whichit is possible to come
up with an answer. Von Neumann and Morgenstern were the first to give a solution
concept for the class of games of the zero-sum type through von Neumann’s famous
minimax theorem [27]. Other approaches use the concept ofdominanceof a strategy
with respect to another and, in some cases, may lead to a solution [13]. However, the
work of J. Nash at the end of the forties and beginning of the fifties is the most elegant
and commonly used solution concept, although it is not uncontroversial nowadays.
Nash’s solution is conceptually very simple but it needs thenotion of amixed strategy
to be defined first.

Mixed Strategies. A randomized(or mixed) strategyσi for playeri is a probability
distribution∆(Si) over the set of “pure” strategiesSi . Since the setSi for each player
is finite, any mixed strategyσi for playeri can be seen as a vector inR

mi , wheremi is
the number of strategies available to playeri. Any strategysi ∈ Si must be chosen with
nonnegative probability and they must sum up to one:

∑
si∈Si

σ(si) = 1.

Thus the vectorσi ∈ R
mi belongs to the unitsimplexwhich, for a number of pure

strategiesmi = 2 andmi = 3, is represented in Fig. 2. In general the mixed strategy
simplex of playeri has dimensionmi −1. It is also evident that a pure strategysk is a
particular case of a mixed strategy in whichσ(sk) = 1 andσ(sj ) = 0,∀ j 6= k. In other
words, the pure strategies are represented by the corner points of the simplex, i.e. all
the points of the typee1 = (1,0, . . . ,0) , . . . ,emi = (0,0, . . . ,1) where theei are unit
vectors inR

mi .
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(a) (b)

Figure 2: representation of the unit simplex for two (a) and three strategies (b).

Let us now define the concept of arandomized strategy profile. A randomized
strategy profileσ = (σ1, . . . ,σn), σ ∈ ×i∈N ∆(Si), is a vector where each component
σi ∈ R

mi is a mixed strategy for playeri ∈ N wheren is the cardinality of the setN.
Let us callui(σ) the expected payoff that playeri would get when the players choose
their strategies independently according to the strategy profile σ, and let us denote by
(σ−i ,τi) a randomized strategy profile equal toσ except for the i-th componentτi , i.e.
in which playeri deviates fromσ by choosing another strategy profileτi .

Nash Equilibrium. A Nash Equilibrium(NE) is a randomized strategy profileσ∗

such that:
ui(σ∗) ≥ ui(σ−i ,τi), ∀i ∈ N, ∀τi ∈ ∆(Si)

In other words, a randomized strategy profileσ∗ is a Nash equilibrium if and only if no
player could increase her expected payoff by unilaterally deviating from this strategy
profile. J. Nash was able to show that such an equilibrium always exists for a finite
gameΓ:

THEOREM1. Every finite gameΓ in strategic form has at least one equilibrium
in mixed strategies.

Here I report this existence result without proof. For a formal proof of Nash’s
theorem, which makes use of Kakutani’s fixed point theorem, the reader may wish to
consult, for example, ref. [13].
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Some Simple Games

In order to make these concepts more concrete, now it’s time to illustrate them on
a few simple two-person games that will be used throughout the rest of the article.
These games will all have the general normal form shown in thefollowing Table 1,
which is symmetric, and in which each player has the same two possible strategies,
conventionally called s1 and s2.

s1 s2
s1 u1,u1 u2,u3

s2 u3,u2 u4,u4

Table 1: a generic payoff bi-matrix for two-person, two-strategies, symmetric games.

Prisoner’s Dilemma. Let’s start with the celebrated Prisoner’s Dilemma (hereafter
PD) on which there exist a vast literature (for an entertaining introduction, see [2]).
This game has been designed to model many common situations in society which lead
to a tension between personal profit and social welfare. It stipulates that, in situations
where individuals may either cooperate or defect, they willrationally choose the latter.
However, cooperation would be the preferred outcome when global welfare is con-
sidered. We shall write C for s1 (C stands for “Cooperate”) and D for s2 (D means
“Defect”). From the point of view of Table 1 a game is a PD if thepayoffs are ordered
as follows:u3 > u1 > u4 > u2. To make things more concrete, let us consider the fol-
lowing payoff table 2 in which the actual numerical values used are consistent with the
above ordering:

C D
C 3,3 0,4
D 4,0 1,1

Table 2: the Prisoner’s Dilemma game.

The game is usually introduced as an illustration in which there are two per-
sons that are caught by the police after committing a crime and interrogated separately.
However, it is just as easy, and perhaps more useful, to consider other naturally oc-
curring examples which essentially take the form of a PD. Forexample, consider the
public goodsandfree ridingproblem. In economics public goods are those that do not
belong to a particular entity but are rather the property of all the society’s members
since nobody can be excluded from enjoying them. For example, the army or the po-
lice are public goods; street lighting or public radio and television broadcasts are also
public goods. The reader can surely spot several others. Suppose now that, to preserve
the air quality, which can be considered a public good, people are encouraged to install
a filter in their cars which can reduce emissions significantly. The car owner bears the
cost of the conversion but, if a large number of people do the conversion, the benefits
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in terms of air’s quality are considered to be well worth the investment from the single
citizen’s point of view, as well as for society as a whole, of course. Suppose now that
the conversion is advantageous if more than, say, P people doit; otherwise the cost
overcomes the benefit for the single contributor. This situation could be represented
by the above PD payoff table if we identify the row player witha single contributor
which can either convert (C) or not (D). The column player represents the rest of the
possible adopters. Column strategy C means that “more than Pothers install the filter”,
while D stands for “less than P others adopt the filter”. Cast in this way, this public
good provision problem is nothing else than a PD. However, strictly speaking, this is
just for the illustration: a true public goods problem should be expressed in terms of an
n-person PD game.

Looking at the PD payoff table, a Nash equilibrium can be found easily. A
Nash equilibrium is such that the strategies that define it are best responses to each
other. This can be determined by first putting oneself in the shoes of the row player and
then in those of the column player. If the column player were to play C then the best
response of the row player is D, since he gets a payoff of four by playing D rather than
three by playing C. We correspondingly mark the four in bold.If the column player
were to play D then the best response of the row player is D since he would obtain a
utility of one instead of zero. We thus mark the one. Now, fromthe point of view of
the column player, if the row player were to play C it is best for her to play D, and we
mark the four in bold. If, on the other hand, the row player were to play D, her best
response is D and we mark the one. We see that the only pair of strategies where both
payoffs are marked is (D,D) which is thus the only Nash equilibrium of the game.

Because playing C gives the strictly worst payoff, a rational individual will
choose D and hence will not convert to the air-preserving system. Since all players
are rational and have complete common knowledge of the game,nobody will convert.
Should someone install the filter, perhaps because he is unconditionally cooperative
and does not act as a strict profit maximizer, he will bear a cost. However, he will ripe
a benefit only if more than P people act similarly. The rest will free-ride on those, i.e.
they will benefit from the improved air quality without paying anything. In conclusion,
cooperation on public goods problems and many similar situations is not possible if
the problem is cast as a PD game and the players are rational utility maximizers. Since
we actually observe that cooperation is achieved in many such cases, either in society
or in experiments, there must be other considerations playing a role in the issue. For
example, state enforcement or taxes may do the trick by changing the utility values and
thus the game itself. Another possibility is that people mayhave other-regarding pref-
erences and are not completely selfish. These issues are a matter of many discussions
today but we cannot devote more space to them here. The interested reader is referred
to [3, 6, 7] for the state of the art of the subject.

Matching Pennies. This simple game was presented in section 2.1 and its payoff
matrix is repeated here for the sake of simplicity. The game does not belong to the
symmetrical class defined above, but this does not have any negative implication here.
We study it because it is a simple example in which an equilibrium in mixed strategies
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appears naturally. If we proceed in the same way as we did for the PD we find that
there is no pair of strategies that are best responses to eachother as can be observed
below. Thus, there is no Nash equilibrium in pure strategies. However, according to

H T
H 1,-1 -1,1
T −1, 1 1,−1

Nash’s theorem there must be an equilibrium in mixed strategies. It can be found in the
following way. Suppose that the column player plays strategy H with probabilityp and
strategy T with probability 1− p. In this case the expected payoff of the row player if
he plays H is:

Er [H] = p− (1− p) = 2p−1

and if he plays T his expected payoff will be:

Er [T] = −p+1− p= 1−2p

The row player will be indifferent between playing H or T whenp is such thatEr [H] =
Er [T], which implies 2p−1 = 1−2p =⇒ p = 1/2. Assuming now that the row player
plays H with probabilityq andT with probability 1−q, one similarly concludes that
q = p = 1/2 at the equilibrium. There is thus a Nash equilibrium in mixed strategies
σ∗ = (1/2,1/2) in which each strategy is played with probability 1/2.

Hawks and Doves. This well known game is a metaphor for conflict that appears
to capture some important features of social and geopolitical interactions. There are
two possible strategies (behaviors): either a player is cautious (dove or D), or it is
bold and aggressive (hawk or H). If two doves meet they fly awayand each gets a
certain payoff. If two hawks meet instead, they fight and get injured obtaining the
worst possible payoff each. When a hawk is confronted with a dove the hawk gets the
highest payoff of all, while the dove is punished but not as much as a hawk fighting
against another hawk. A possible payoff bi-matrix for the game is represented by
Table 3: each player would prefer to play hawk given that the other one plays dove,

H D
H −2,−2 2,0
D 0,2 1,1

Table 3: the Hawks-Doves game.

but if both play hawk they get the worst possible outcome. This game, which is also
known under the names of “Chicken” or “Snowdrift”, may modelmany situations in
which “parading”, “retreating”, and “escalating” are common. One striking example
of a situation that has been thought to lead to a Hawks-Doves dilemma is the Cuban
missile crisis in 1962 [19]. Territorial threats at the border between nations are another
case in point as well as bullying in teenage gangs. Other wellknown applications are
found in the animal kingdom during ritualized fights [12].
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In contrast to the Prisoner’s Dilemma which has a unique Nashequilibrium that
corresponds to both players defecting, the strategy pairs (H,D) and (D,H) are both Nash
equilibria of the Hawks-Doves game in pure strategies, so the game isantagonistic,
and there is a third equilibrium in mixed strategies in whichstrategy H is played with
probability p, and strategy D with probability 1− p, where 0< p < 1 depends on the
actual utility values (the reader can easily check thatp = 1/3 for the above payoff
matrix by following the same line of reasoning that was used for the Matching Pennies
game).

Stag Hunt. The origin of this game is attributed to a story told by the philosopher J.
J. Rousseau in his ‘A discourse of inequality”. The story (with some variation with re-
spect to the original) goes like this. Two hunters go out to hunt a stag which, if caught,
could feed many people in the village. However, to successfully hunt a stag they need
to coordinate and collaborate, given that a hunter cannot catch a stag alone. On the
other hand, a hunter may easily catch a rabbit, say, that happens to pass within reach,
without help by the other hunter. If these are the choices that are offered to the hunters,
represented in the following payoff matrix by S (hunt the stag) and R (hunt the rabbit)
respectively, what would be the rational choice? In the StagHunt (SH) mutual coop-

R S
R 1,1 2,0
S 0,2 3,3

Table 4: the Stag-Hunt game.

eration (S,S) is the best outcome, and a Nash equilibrium, asit can be easily checked
by looking at the game’s payoff matrix 4. However, there is a second equilibrium in
which both players defect by going for a rabbit (R,R) and which is somewhat “infe-
rior” to the previous one, although perfectly equivalent from a Nash theoretical point
of view. The (R,R) equilibrium is less satisfactory yet “risk-dominant” since playing it
“safe” by choosing strategy R guarantees at least a payoff of1, while playing S might
expose a player to a R response by her opponent, with the ensuing minimum payoff
0. Here the dilemma is represented by the fact that the socially preferable coordinated
equilibrium (S,S) might be missed for “fear” that the other player will play R instead.
There is a third mixed-strategy Nash equilibrium in the game, but it is commonly dis-
missed because of its inefficiency and also because it is not evolutionarily stable (see
next section).

Games of the SH type are ubiquitous in society. The followingexample is
adapted from [11]. Suppose that there is a group of workers ina firm and that each
worker can contribute either a high effort to a common task, or a low effort (but not
as low as to be fired). Effort is privately costly but the firm’soutput and a worker’s
wage are proportional to the effort contributed by the majority of workers. Clearly, if
most workers contribute a low effort, there is no point for a single worker to put in high
effort, as he will work extra hours without getting any reward. On the other hand, if he
decides to put in low effort, it might perhaps happen that most other workers contribute
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high effort; in this case the lazy worker would enjoy the general positive result to which
he did not contribute. Clearly, the best outcome is for the workers to all make an effort
towards the common goal; however, there is a strong incentive to defect. The game is
thus a Stag-Hunt and the above payoff table could be interpreted in the following way:

Minimum effort of the rest of the workers
low high

low 1,1 2,0

high 0,2 3,3

w
o

rk
er

’s
ef

fo
rt

Although the PD has received much more attention in the literature than the SH,
the latter is also very useful as a metaphor of coordinated social behavior for mutual
benefit. These aspects are nicely explained in [23].

Pure Coordination Games. We end this section with a description of a class of
games that model many commonly occurring situations: thepure coordination games.
A pure coordination game has the general normal form depicted in Table 5,

1 2 . . . k
1 u1,u1 0,0 . . . 0,0
2 0,0 u2,u2 . . . 0,0
. . . . . . . . . . . . . . .
k 0,0 . . . . . . uk,uk

Table 5: a general payoff matrix of a two-person pure coordination game.

with ui ,ui > 0, andui ,u j = 0,0, i 6= j,∀i, j ∈ [1,k], wherek is the number of
strategies available.
A simple coordination game is thedriving game. In some countries people drive on
the right side of the road, while in others they drive on the left side. This can be repre-
sented by the pure coordination game of Table 6. There are twoNash equilibria in pure

right left
right 1,1 0,0
left 0,0 1,1

Table 6: the driving game.

strategies: (right, right) and (left, left) and obviously there is no reason, in principle, to
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prefer one over the other, i.e. the two equilibria are equivalent. However, while some
countries have got accustomed to drive on the left such as theUK, Australia, and Japan,
others have done the opposite such as most European countries and the USA.

Suchnormsor conventionshave stabilized in time and are the product of social
evolution. We shall have more to say on this later; for the time being, however, please
note that such a norm may not be the product of historical accidents, it can just be
“ordered”, as Sweden did in 1967 switching from left to rightovernight (of course the
switch had been prepared long in advance). The reader can easily check that there is a
third equilibrium in mixed strategies in the driving game which consists in playing left
and right with probability 1/2 each. I wouldn’t advise to play the game in this way on
a real road though!
Coordination games type situations are very common and important in society and it
is obviously of collective interest to be able to solve this kind of problems success-
fully. For example, when I’m driving in the UK, it is of the utmost importance (for me
and for the car passengers I happen to meet on the road) that I be able to immediately
coordinate on the prevailing convention. Bargaining problems like selling and buying
goods can also be seen as coordination problems to some extent, although there are
conflicting interests. In conclusion, being able to coordinate on the “right” equilibrium
is beneficial for all parties. But standard game theory doesn’t help here, as the dif-
ferent strategies are simply labels devoid of any particular meaning. Indeed, looking
back to the general two-person finite coordination game (Table 5), one sees that all the
diagonal entries of the bi-matrix are Nash equilibria. Purecoordination games thus
make it apparent that there may be several equivalent Nash equilibria in a game, a phe-
nomenon that we already met in the Hawks-Doves and Stag-Huntgames. How to pick
up one of those is called theequilibrium selection problem. This problem has plagued
game theory for decades and it is not close to be solved. In fact, it might well be that
this degeneracy is absolutely natural and unavoidable to some extent. Many devices
have been proposed to refine and select an equilibrium such asthe notions of saliency,
trembles, and perfect and proper equilibria among others, but no solution concept has
proven really conclusive. The concept of “saliency” is particularly easy to grasp: it
simply appears that some “extra game” consideration, probably of psychological or
cultural order, plays an important role in the strategy choice. For example, T. Schelling
showed early on that if two New Yorkers are asked to meet in town at a certain time but
without specifying the place, most will choose Grand Central Station (two foreigners
would have probably coordinated on the Empire State Building instead). This implicit
consensus is called a “focal point” [22].
The literature on equilibrium refinement and equilibrium selection is very rich. We
cannot go into the details here; the interested reader can consult Myerson’s book [13]
for an introduction to the main ideas and a summary of the issues.

This section has tried to offer, in a simplified and intuitiveway, an introduction
to the main concepts of standard game theory and a number of illustrations of how
simple games may model many commonly occurring important social interactions. We
have seen that an important idea in game theory is that of the Nash equilibrium. The NE
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theory rests on a number of assumptions such as intelligenceand rationality of agents,
and common knowledge of the latter that, while mathematically formalizable, may not
fully correspond to the way in which actual socio-economic agents take their decisions.
The NE theory has thusnormativevalue, but its explanatory power is limited, as can
be concluded from the innumerable experiments that have been conducted. As I said
before, the extent to which game theory can be applied to the real world is still an
open question and a matter of debate. Apart from these philosophical questions, we
have seen that, technically, often there is more than one equilibrium in a game, a fact
that requires to be taken care of. In the next section I shall present another way of
approaching interactive decision-making which does offeran answer to some of the
open questions but not to all of them, and which also raises new questions of its own.

3. Evolutionary game theory

An idea which is conspicuously absent from what has been saidso far is the concept
of dynamics. In the real-world, however, interactions do not have the “instantaneous”
character that the theory seems to attribute to them. Real agents do observe their own
behavior and the behavior of other agents, and they probablyadapt their strategies over
time as they learn more about the game and about the environment. Assuming that
such a dynamical view of the players is a reasonable one, where does it lead us? Do
the dynamics converge to some stable state or not? And if yes,to what state or states?
The fundamental ideas ofEvolutionary Game Theory(EGT) have been inspired by the
population dynamics view of biological evolution and indeed, among the founders of
the field one finds mainly theoretical evolutionary biologists. Biological evolution,in
nuce, works with the following ideas:

• A population of individuals

• A source of variation that provides diversity through, say,recombination and
mutation of genetic material

• A selection mechanism that favors fitter variants over others that are less adapted
to the current environment

When translated into the language of game theory, these ideas correspond to the fol-
lowing analogy:

• There is a very large population of players each one of which plays a fixed strat-
egy in a given two-person game

• There is no need for the players to be rational in the sense explained in the previ-
ous section; players just do what they have been “hard-wired” to do, so to speak

• Members of the population are anonymously matched in pairs at random to play
the game and each one receives its corresponding payoff



242 M. Tomassini

• There is a selection mechanism that causes the proportion ofthose strategies
that get a larger payoff in the population to increase. Conversely, the share of
individuals using less successful strategies tends to decrease

The previous intuitive ideas have been formalized in what iscalledReplicator
Dynamics[25, 29] to be explained in the next section.

3.1. Replicator dynamics

In replicator dynamicsan infinite population is considered for mathematical conve-
nience. A populationstateat time t is a distribution ofn pure strategies given by a
vector of population frequenciesx(t) = (x1(t),x2(t), . . . ,xn(t)) wherexi(t) represents
the fraction of the population using strategyi. Alternatively, thispolymorphicpopu-
lation state can also be seen as the whole population playingthe corresponding mixed
strategy. This equivalence will be useful when examining the relationships between
Nash equilibrium and the stable states of the dynamics. As said above, individuals
are randomly drawn in pairs from the population and play the given game. Let’s call
u(ei ,x) the expected utility (payoff) of the pure strategyi in statex, and letu(x,x) be
the populationaverage payoffdefined as:

u(x,x) =
n

∑
i=1

xiu(ei,x).

Now suppose that payoffs are analogous to fitness in biology in the sense that they
measure the amount of offspring that inherit the same trait,i.e. the “reproduction”
capabilities of the corresponding strategies. With this analogy in mind, the rate of
frequency change of any strategy in the population will be proportional to the relative
difference between its average payoff and the population average payoff. Therefore,
we can write:

(1)
dxi

dt
= ẋi = xi [u(ei ,x)−u(x,x)] = xi(ui − ū),

where I have written ¯u for the average population fitness, and I have simplifiedu(ei ,x)
to ui. Although I have suppressed a number of details in the interest of simplicity, this
system of linear differential equations essentially represents the replicator dynamics.
The reader will find a full account in [29]. One readily sees from the above equation
that strategies that do better than the average will tend to increase their share in the
population, while those that do worse will tend to decline. However, it is also easy to
see that no strategy that is present at some timet with a frequencyxi > 0 can totally
disappear at a some future time. Conversely, and more important, also note that the
model is such that no strategy that was not already present atthe beginning can appear
during evolution since the dynamics does not have an elementof innovation such as
a concept of mutation. Thus, replicator dynamics highlights the role of selection. We
shall see that the concept of variation is also essential to fully characterize an evolving
population of strategies.
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In the above pseudo-biological interpretation strategies“reproduce” in propor-
tion to their relative payoffs. Indeed, evolutionary game theory has been conceived
for biological contexts in which Darwinian selection has a well established meaning.
However, it is difficult to translate these ideas in terms of social behavior. Social agents
in their lifetime use additional mechanisms such as imitation, trial and error, and all
forms of learning. Let’s consider imitation, which is probably the most primitive type
of learning. The good news are that if we endow agents with thepossibility of imitat-
ing more successful strategies, the equations that result turn out to be indistinguishable
from standard replicator dynamics equations. Replicator dynamics can thus be seen in
social terms as the population strategy dynamics induced bythe progressive adoption
of the more successful strategies by agents using imitation. Although this view is ex-
tremely limited with respect to reality, it has at least the advantage of being socially
realistic, and mathematically fully formalizable.
Now, given this simple dynamics, the next question is: what are its stable states, and,
is there a relationship whatsoever between the latter and the previous static concept
of Nash equilibrium? Before discussing these issues we shall present an alternative
evolutionary view of game equilibrium: the notion of an evolutionarily stable strategy.

3.2. Evolutionarily stable strategies

The concept of anevolutionarily stable strategy(ESS) was introduced by Maynard-
Smith and Price in 1973 [9, 12]. It is a very simple and elegantidea and it has a close
connections with the NE concept, which establishes a clear link between the standard
and the evolutionary approaches. The key idea of an evolutionary stable strategy can
be expressed simply: a strategy is an ESS in a population if itcannot be displaced
(invaded) by a sufficiently small number of individuals playing an alternative game
strategy. The notion can be easily put in mathematical form in the usual large popula-
tion setting in which pairs of individuals are repeatedly drawn at random and play the
given game.
Assume that all the individuals in the population play (mixed or pure) strategyx and
call y∈∆(Si) the strategy played by the “mutant” individuals, which are few in number.
The payoff to strategyx∈ ∆(Si) when played against strategyy is u(x,y).
Let ε ∈ (0,1) be the share of mutants in the population. Given that pairs ofplayers are
drawn from the population with uniform probability to play the game, the probability
that a player will playy is ε, while the probability of playingx is 1−ε; this is equivalent
to playing the mixed strategyw = ε y+(1−ε) x. The payoff of the “established” strat-
egyx againstw is thusu(x,w) and that of the “mutant” strategyy is u(y,w). Strategyx
will be evolutionarily stable if

u[x,εy+(1− ε)x] > u[y,εy+(1− ε)x],

∀y∈ ∆(Ci),y 6= x, and granted that the share of mutantsε is “sufficiently small”.
There is an alternative formulation of evolutionary stability that highlights its relation-
ships with Nash equilibrium. It can be stated through the following two conditions:
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(2) u(x,x) ≥ u(y,x) ∀y,

(3) u(x,x) = u(y,x) ⇒ u(x,y) > u(y,y) ∀y 6= x

This can be read as:x is evolutionarily stable if eitherx is a strict best reply to anyy,
or it is as good against itself as any other mutant, andx is a better reply to any mutant
y thany is to itself.
The first condition is equivalent to the NE equilibrium for the underlying bilateral
game. However, the second condition states that, in addition, an ESSx must also be a
best reply to anyy 6= x thany to itself. In conclusion, the concept of an ESS can be seen
as a refinement of NE and∆ESS⊂ ∆NE, which means that some Nash equilibrium may
not be an ESS, a result that promises to alleviate somewhat the equilibrium selection
problem.

An example should be useful at this point to illustrate the meaning of what has
been said. We shall take the Hawks-Dove game again (sect.2.2), of which we report
the payoff matrix below for convenience. Let’s assume that the population is entirely

H D
H −2,−2 2,0
D 0,2 1,1

constituted by individuals playing “dove” (D) at the beginning. Now imagine that for
some reason one or a few players switch their strategy from D to “hawk” (H). This can
occur because of an error, or a “mutation”, if we want to keep the biological analogy.
Now, while almost all encounters will be between two doves (each earning a payoff
of 1), from time to time a mutated hawk will be selected to playa dove; in this case
the hawk’s payoff will be 2 and the dove’s 0. Of course, hawk-hawk encounters are
very unlikely if the fractionε of hawks is low enough. Thus, the few hawks will be
more successful on the average than the doves and, by virtue of proportional reproduc-
tion, their number in the population will start to grow. Thisis because the condition
u(H,D) ≤ u(D,D) is not satisfied since 2> 1. Consequently, outcome(D,D) is not
evolutionarily stable.
The same considerations apply to a population of pure hawks.Invasion by a few doves
is possible for the same reason: two hawks will earn−2 each, while a mutant dove
against a hawk will earn 0. Thus the number of doves in the population will increase.
Consequently, outcome(H,H) is also evolutionary unstable. This leads us to the first
important result namely, that of the three NE of the game, thetwo in pure strategies are
not ESS which, at least for this game, solves the equilibriumselection problem. The
second consideration is the following: if neither a population of pure doves nor one
of pure hawks is evolutionarily stable, when will it become stable? If we callp the
proportion of doves in the population, the answer is that thepopulation will be evolu-
tionarily stable whenp is equal to the probability with which strategyD is played in
the corresponding Nash equilibrium.
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So, the set of ESS is a proper subset of the set of NE; however, there are simple
games in which this subset is empty, i.e. the game in questiondoes not have any ESS.
Consider, for example, the following children game, which is commonly called the
rock-scissors-papergame (see, e.g. [29, 26]). In this game, Rock (R) beats scissors
(S), S beats paper (P), and P beats R. We assume that beating the opponent gets a
payoff of 1 from him, while nothing happens if both players choose the same action
and the utility is 0 in this case, see Table 7. It is easy to see by inspection that there is no

R S P
R 0,0 1,−1 −1,1
S −1,1 0,0 1,−1
P 1,−1 −1,1 0,0

Table 7: the Rock-Scissors-Paper game.

NE equilibrium in pure strategies, as there is no cell in the table where the highlighted
best replies meet. The only NE of the game isx = (1/3,1/3,1/3) in which players
randomize uniformly among their available strategies. Let’s now consider the payoff
matrix M corresponding to the row player:

M =




0 1 −1
−1 0 1
1 −1 0





Since there is only one NE(x,x) in mixed strategies, we can ask whether it is also
an ESS. If we choose, for instance, strategy R as a possible mutant strategyy, that is
y = (1,0,0), then simple matrix multiplication will tell us that

x M x= y M x= 0,

and,

x M y= y M y= 0.

Given thatxM x= u(x,x), yM x= u(y,x), xM y= u(x,y), andyM y= u(y,y), this yields

u(x,x) = u(y,x) = 0,

u(x,y) = u(y,y) = 0.

The first equation satisfies the first condition for a strategyx to be an ESS (Eq. 2), but
the second equation violates the condition expressed by Eq.3 and thereforex cannot
be an ESS.
The possible non-existence of an ESS can obviously be a problem, but we shall see that
the replicator dynamics description offers some alternatives stability concepts that can
rescue the evolutionary approach.
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4. Replicator dynamics and stability

In this section we can only hint at the main results of stability analysis for the replica-
tor dynamics equations and their relationships with the Nash equilibrium concept. The
subject is a vast one, and the interested reader is referred to the books [8, 29, 26] for a
full analysis.
In the first place, note that every NE is a fixed point of the replicator dynamics [29].
Now, since we have seen in the previous section that∆ESS⊂ ∆NE, it follows that all
ESS are among the fixed points of the replicator dynamics. However, the replicator
dynamics equations may have attractors that are not Nash equilibria. A trivial exam-
ple are the vertices of the strategy simplex for which we haveẋi = 0 from Eq. 1 with
xi = (0, . . . ,ej , . . . ,0) and j ∈ [1,mi]. These degenerate monomorphic population strat-
egy profiles are formally fixed points, since the dynamics never actually moves out of
them when the whole populations plays initially the same pure strategy. Of course the
degeneracy arises because most of these pure strategies arenot NE. In addition, it has
been shown [29] that there can also be polymorphic fixed points – i.e. populations with
at least two different strategies – that do not correspond toNE. In summary, rather than
providing a refinement of the set of NE, the replicator dynamics lead to anextension.
However, if one requires additional criteria of robustnessand stability to be obeyed by
the stationary points of the dynamics, then more precise conclusions can be obtained.
The dynamical systems concepts ofasymptoticandLyapunovstability have been used
to provide further characterization (see e.g. [29, 8]).

Asymptotic Stability. Let ẋ= f (x) represent the state of a dynamical system in a set
D ⊂ R, and letx∗ be an equilibrium point, i.e.f (x∗) = 0.

• An equilibrium pointx∗ is said to be Lyapunov stable if, given a neighborhood
V1 of x∗,∃V2 : ∀x(.), if x(0) ∈V2,=⇒ x(t) ∈V1,∀t ≥ 0

• An equilibrium pointx∗ is said to be asymptotically stable if there exists some
neighborhoodV of x∗ such that for any pathx(.), if x(0) ∈V, then lim

t→∞
x(t) = x∗

Thus, asymptotic stability requires Lyapunov stability, which means that any trajectory
that starts sufficiently close to the equilibrium point att = 0 will remain close to the
equilibrium ast increases. But to be asymptotically stable, the equilibrium state must
also meet the second condition, i.e. that any trajectory that starts sufficiently close to
the equilibrium converges to it ast increases without bound.

The concept of asymptotic stability has been found to be useful in reducing the
set of replicator dynamics equilibria. These results are summarized in the following
two theorems (see [29, 8]).

THEOREM 2. If x∗ is an asymptotically stable state of the RD, then the mixed
strategyσ∗ = x∗ is such that the pair(σ∗,σ∗) is a symmetric NE.
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THEOREM3. If σ∗ is an ESS, then the population state vector x∗ = σ∗ is asymp-
totically stable (the converse is not necessarily true, andthus the condition is only suf-
ficient).

These results provide interesting links between the staticNash equilibrium and
ESS approaches, and the dynamical view as expressed by the replicator dynamic. Fur-
thermore, they also provide a restriction on the set of asymptotically stable states.
Thanks to the concept of dynamic stability, it is also possible to sometimes shed some
light in cases where there is no ESS, such as the rock-scissors-paper game of the pre-
vious section, because the existence of an ESS is a sufficientbut not necessary condi-
tion for asymptotic stability. When one applies dynamic stability considerations to the
rock-scissors-paper game, one finds that the unique interior fixed point(1/3,1/3,1/3)
which corresponds to the unique Nash equilibrium of the game, is not asymptotically
stable. However, it is Lyapunov stable, which implies that small perturbations at equi-
librium will only have small effects. Therefore, the state has some of the properties of
an equilibrium state; Fig. 3 provides a graphical illustration of this behavior.

!"#$"#$%&

!"#$%#$"& !%#$"#$"&

Figure 3: replicator dynamics in the rock-scissors-paper game.

5. Replicator dynamics of some simple games

To wrap-up the discussion of evolutionary game theory, thissection presents a quali-
tative discussion of the replicator dynamics of some of the games of section 2.2. The
discussion is inspired by the one appearing in [7]. Let’s consider again symmetric 2×2
games as represented in Table 1.
Assume thatP{s1} = p,P{s2} = 1− p . Thus:

E[s1] = pu1+(1− p)u2, E[s2] = pu3 +(1− p)u4
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Let’s call δ the net gain (or loss) arising from choosing the first strategy s1 over the
seconds2:

δ = E[s1]−E[s2] = pu1 +(1− p)u2− [pu3+(1− p)u4],

which is a straight lineδ = A+Bp, with

(4) A = (u2−u4), B = (u1 +u4)− (u2+u3)

The replicator dynamics will favour the relatively more successful strategy. We thus
study the behavior of∆δ/∆p = f (p). Remark thatδ is positive when the first strategy
is relatively more successful than the second, which means that the first strategy share
increases at the expenses of the second strategy and thusp raises. Whenδ is negative,
the second strategy spreads and the first shrinks and thusp declines. Whenδ = 0 p is
stationary.
For the Prisoner’s Dilemma, strategy s1 is called C, strategy s2 is called D, and we
use the PD payoff numerical values appearing in the game’s table of section 2.2. The
behavior ofδ as a function of the probabilityp of playing D is shown in Fig. 4. We

0! 1!

!!

p*=1! p!

Figure 4: replicator dynamics in the Prisoner’s Dilemma.

easily find thatE[C] = 3p+0× (1− p) = 3p, andE[D] = 4p+1× (1− p) = 3p+1.
Therefore,δ = E[D]−E[C] = 1 for all values ofp. Thus defection always predom-
inates and, at equilibrium,p = p∗ = 1. D is the dominant strategy, the unique Nash
equilibrium, and the unique evolutionary equilibrium.
For the Hawks-Doves game, using the game’s payoff table of section 2.2 and replacing
the appropriate numerical values in Eq. 4 we have:A = u2 − u4 = 2− 1 = 1, B =
(u1 + u4)− (u2 + u3) = (−2+ 1)− (2+ 0) = −3, which givesδ = 1−3p; As a con-
sequence,δ > 0 whenp < 1/3, it is negative whenp > 1/3, andδ = 0 whenp = 1/3.
Therefore, the share of hawks increases with increasingp up to p = 1/3. If one starts
with a share of hawks in the populationp> 1/3, then it decreases, asδ < 0 in this case.
At equilibrium δ = 0 and the population is composed by 1/3 hawks and 2/3 doves,
which is also the Nash equilibrium in mixed strategy for thisgame. In conclusion,
the two pure strategies are unstable (they are not ESS in the language of section 3.2)
and the only evolutionary stable state is the polymorphic population. This eliminates
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two of the three NE of the game. This situation is schematically represented in Fig. 5.
A similar analysis for the Stag-Hunt game (see the payoff table in section 2.2) yields

0! 1!

!!

p*=1/3! p!

Figure 5: replicator dynamics for the Hawks-Doves game.

δ = E[R]−E[S] = 2− p− (3−3p) = −1+2p. This givesδ > 0 whenp > 1/2, δ < 0
whenp < 1/2, andδ = 0 whenp = 1/2. Thus the share of stag hunters (S) increases
with decreasingp whenp < 1/2, and it decreases with increasingp for p > 1/2. The
equilibrium pointp = 1/2 is therefore unstable and the evolutionary equilibrium will
be a monomorphic population of either stag hunters or rabbithunters. This is schemat-
ically depicted in Fig. 6 in which the direction of the arrowsintend to show that the
stable states are the pure strategies. One can also say that when the initial population
composition falls in the basin of attraction of stag hunting, the population will converge
to all stag hunters, while the reverse happens when the population composition is such
that it falls into the basin of attraction of hunting rabbits. With respect to NE, we see
that the evolutionary approach has been able to eliminate the NE in mixed strategies.

0! 1!
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Figure 6: replicator dynamics for the Stag-Hunt game.

We conclude this section with a few general observations concerning the evolu-
tionary approach applied to game theory:

• EGT takes a fresh, dynamical view of game theory
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• EGT partially succeds in the equilibrium selection problem

• EGT does away with rationality and common knowledge problems but the price
to pay is stereotyped behavior

• EGT does not seem to have more explanatory power than standard game theory
does when it comes to observed social phenomena

Beyond the simple symmetric games studied here, evolutionary game theory
has been extended to asymmetric games and multipopulation models [29]. There have
also been studies of the effect of finite populations and other deviations with respect to
the infinite populations of the basic theory [16]. One particularly promising direction is
the inclusion of more realistic forms of learning for the agents, such as reinforcement
learning and fictitious play. In conjunction with the notionof stochastic stability, these
new stochastic dynamics constitute an improvement with respect to the simple imita-
tion learning implicit in the replicator dynamics. We do nothave enough space here
for a decent treatment of these extensions. For an excellentintroduction, the reader
is referred to [26]. However, we shall at least challenge at length one of the main
assumptions of evolutionary game theory: the mixing population assumption. In the
biological jargon, a mixing, orpanmicticpopulation is one in which any member of
the population may meet any other member with equal probability. This assumption
is essential for mathematical reasons to insure that the successive random choices of
individuals that play the game are completely uncorrelated[29]. In the next section,
we shall see that when populations are endowed with a relational or geographical struc-
tures there are important consequences on the evolutionaryequilibria and their basins
of attraction.

6. Evolutionary dynamics in structured populations

Our everyday experience tells us that biological populations, and especially human
ones, cannot be considered to approach the mixing behavior to any remarkable extent.
On the contrary, social and others constraints originate a large amount oflocality in the
interactions between agents belonging to the population. Recognizing this fact, some
early work was done assuming that populations have a two-dimensional structure that
can be modeled by grids, which are a kind of regular graph, such as the one depicted
in Fig. 7.

This diagram is to be interpreted in the following way: each point represents
a player in the population, and a link between two individuals means that there is an
interaction between them. Moreover, to avoid awkward border conditions, it is usually
assumed that the grid wraps around, i.e. it is is actually a torus. The fact that this
kind of spatial structure with only local interactions in a restricted neighborhood favors
cooperation in the PD was first remarked by Axelrod in the iterated case [2], in which
there are however other reciprocity mechanisms that may lead to cooperative behavior.
The idea was used by Nowak and May for the one-shot case in 1992[15]. The one-shot
case is of course harder for cooperation to emerge in the PD since we know that the
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Figure 7: a lattice-structured population. The neighborhood of an individual is consti-
tuted only by the cells directly connected to it. In the figurethis comprises eight cells.

unique NE and the only evolutionary stable state is defection. However, Nowak and
May’s and many other successive studies showed that cooperation may emerge and be
stable. How can a mere change in the population structure sustain cooperation in the
PD? The answer is that, when players’ strategies are randomly assigned to grid points,
statistical fluctuations may cause some cooperator cell to be surrounded by a sizable
number of cooperators. In certain conditions, several of those cooperators only interact
with cooperators and thus accumulate a large payoff. Since strategies are changed
proportionally to the success of neighbors in the grid, it follows that sufficiently large
clusters of cooperators keep their strategies and thus may survive in the long run. Of
course, the frontiers of the clusters do not stay still, theyare rather “liquid” and change
often their shapes; in other words, if the strategy switching rule contains a stochastic
element, these clusters never freeze. A typical “quasi-equilibrium” situation is the one
shown in Fig. 8.

Evolutionary games on grids have been the object of many investigations. The
reader can refer to [17] for a recent overview.

These results were quite remarkable, given the theoreticalimpossibility for co-
operation to survive. However, although regular grids are afirst easy to treat approxi-
mation to structured societies, they are still far from actually observed social networks.
For example, in a real social network there is no reason for all the agents to have the
same number of connections; on the contrary, this number will in general vary from
one individual to the other. Moreover, grids do not show thesmall-worldeffect, which
simply means that the average distance (in the path-length sense) between two arbi-
trary nodes is typically small and grows slowly asO(logN) whereN is the number
of vertices in the network . Researchers have found that manyman-made, biological
and social networks are small-worlds. Indeed, in recent years large complex networks
have been investigated in detail for the first time thanks to the availability of abundant
computer-based data and the existence of new techniques inspired by statistical physics
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Figure 8: cooperator clusters (white) surviving in a sea of defectors (dark gray). Cells
marked in black along the borders of the clusters have just changed strategy.

approaches. The flurry of studies was started by the seminal paper of Watts and Stro-
gatz [28]; for an excellent review of the field, the reader is referred to [14]. In the rest
of this section, I shall present the results of simulations of evolutionary games based
on network-structured societies. Since these networks canbe modeled as graphs, we
first need a minimum of notation and concepts from graph theory.

The network of agents is represented by an undirected graphG(V,E), where the
set of verticesV represents the agents, while the set of edges (or links)E represents
their symmetric interactions. The population sizeN is the cardinality ofV. A neighbor
of an agenti is any other agentj such that there is an edge{i j} ∈ E. The set of
neighbors ofi is calledVi and its cardinality is the degreeki of vertexi ∈V. The average
degree of the network will be called̄k. In general, the graphG is to be understood as
a relational entity. In other words, links between vertices only model a relationship
which is in general independent of a distance defined for an underlying metric space.
Think, for example, of links between web pages or friendshipties.

We shall use a few well-defined graph types to represent societies. The Erdös-
Rény random graph is a model which, in its simplest form, consists ofN vertices joined
by edges that are placed between pairs of vertices uniformlyat random. In other words,
each of the possibleN(N− 1)/2 edges is present with probabilityp and absent with
probability 1− p. The model is often calledGN,p to point out the fact that, rigorously
speaking, there is no such thing as a random graph, but ratheran ensembleGN,p of
equiprobable graphs [4]. The random graph will mainly be used for comparison pur-
poses, as it is not a good model for a social network.

Thedegree distribution function(DDF) p(k) of a graphG represents the prob-
ability that a randomly chosen node has degreek. Random graphs are characterized
by DDF of Poissonian formp(k) = k̄ke−k̄/k!, while social and technological real net-
works often show long tails to the right, i.e. there are nodesthat have an unusually
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large number of neighbors [14]. In some extreme cases the DDFhas a power-law
form p(k) ∝ k−γ; the tail is particularly extended and there is no characteristic degree.
Graphs enjoying this property are calledscale-freeand they have been found in several
fields. For example, the Internet router graph is scale-free, and so are the portions of
the web that have been measured, article citations in scientific publications, as well as
the Wikipedia oriented graph of connected articles [14]. Scale-free graphs are not a
good representation of social networks [1, 14] but they are amuch better approxima-
tion to them than regular graphs such as grids or random graphs. Finally, we shall use
a more realistic model of a social network, and a real measured social network repre-
senting the graph of co-authorship coming from the field of evolutionary computation,
in which vertices represent authors and there is an edge between two vertices if the
corresponding authors have published at least a paper together.

Now the question is, how do agents playing some simple bilateral games behave
on such structured societies? To answer this question, we shall use again the three
classical social dilemmas as examples namely, the PD, the HD, and the SH games. For
the rest of the section, we shall use the following generic payoff table for the three
games:

C D
C R,R S,T
D T,S P,P

The reason is that we shall present cooperation results in a unified way not
only for a fixed set of numerical payoff values, but rather fora whole portion of the
parameter’s space, which will allow us to detect general trends much more easily and
reliably. In the table, strategies C and D are the usual ones for the PD, while they
correspond to hawk and dove for the HD game, and to stag and rabbit for the SH
respectively. In this matrix, R stands for therewardthe two players receive if they both
cooperate (C), P is thepunishmentfor bilateral defection (D), and T is thetemptation,
i.e. the payoff that a player receives if it defects, while the other cooperates. In this case,
the cooperator gets thesucker’s payoffS. In the three games the condition 2R> T +Sis
imposed so that mutual cooperation is preferred over an equal probability of unilateral
cooperation and defection. The relative ordering of the payoffs defines the game at
hand. As we already know, for the PD the payoff values are ordered numerically in the
following way: T > R> P > S. In the HD, the order ofP andS is reversed yielding
T > R> S> P, while for the SH we have:R> T > P > S. For a detailed discussion
of the three games we direct the reader to sections 2.2, 3.2, and 5.

The dynamics is analogous to the replicator dynamics of section 3.1 with two
major differences. First, the pairing of players is restricted to the immediate neighbor-
hoodVi of a playeri, instead of being drawn from the whole population. Second, the
population size is necessarily finite, and usually relatively small with a few thousand
individuals at most. Both changes represent major deviations from the assumptions of
the theory. The consequences are that the model is much closer to reality but the pre-
viously developed mathematical formalism cannot be applied. This is the reason why
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most work in this field has been done by means of numerical simulations.
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Figure 9: level of cooperation at the end of the simulation. From left to right: PD, HD,
SH; from top to bottom: the scale-free case, an artificial social network model, and
the real collaboration network. Results are averaged over 50 runs for each game, each
network structure, and parameter set. Lighter areas are more cooperative.

The following figure 9 shows the average degree of cooperation for the three
games on three different types of networks, for systems having attained a steady-state,
after the transient equilibration period is well over. Initially, an equal amount of coop-
erators and defectors is randomly distributed among the graph vertices. As expected,
the region in which cooperation is possible is much more restricted in the PD than for
the other two games. Cooperation is more widespread for the HD, as mutual defection
is the worst outcome in this game. For the PD and the SH, cooperation is sensitive
to the “punishment” level P, for a given T, with the PD being influenced in a higher
degree. Concerning the HD, one can see that the S parameter has moderate influence
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on cooperation for a given T. We also notice that the transition from cooperation to
defection is much steeper in the PD and SH cases than for the HDwhich is easy to
understand, given that the only evolutionarily stable state is the mixed one for the HD,
while there are two monomorphic stable states for the SH.

Now, interpreting the results in terms of the three different topologies, scale-free
networks are the structures that yield the highest cooperation levels for the three games
(compare the top row with the second and third rows of Figure 9). This is encouraging
but, as we already said, scale-free graphs are not a likely structure for actual social
interaction networks. Nevertheless, the results are good for social networks too (second
and third rows in the figure). Even for the PD, which is the hardest case for cooperation
to emerge, there is a sizable parameter’s region in which cooperation may thrive, while
the theory for mixing populations would lead to all-defecting states for the whole space.
For comparison, a mixing population would be represented bya complete network in
graph terms, and the parameter space would be all black meaning full defection (not
shown here). The same happens when the network is a random graph.

The HD and the SH are more favorable in terms of cooperation than the PD, still,
the cooperation levels that can be reached on social nets areenhanced with respect to
the mixing population case also for these games.

What is the mechanism that allows cooperation to emerge in such structured
populations? We use the PD as an example since it is the hardest case, as we said
above and we refer the reader to [10] for a fuller discussion.The answer is to be found
in the clustering structure of any social networks which is also called itscommunity
structure. A community can be loosely defined as a group of highly connected ver-
tices having few connections with vertices belonging to other communities. There are
several algorithms that can partition the network into a setof disjoint or overlapping
communities. When this community or cluster partition is determined for our social
graphs, the important observation is that, independent of the cooperation level, in most
communities either cooperators or defectors predominate.

In Figure 10 a portion of the evolutionary computation collaboration graph is
depicted distinguishing between cooperators and defectors for the PD. As noted above,
tightly-bound communities are mostly composed of players with the same strategy.
Although only a small portion of the whole network is shown for reasons of clarity, I
could have chosen many other places as the phenomenon is widespread. Cooperators
tend to “protect” themselves by occupying sites with many links toward other coop-
erators. On the other hand, a cooperator like the central onein the largest defecting
community will have a tendency to become a defector since itsneighbors are nearly
all defectors; but when its highly connected “wealthy” cooperator neighbor on the left
of the figure is probabilistically selected to be imitated, then it will certainly become a
cooperator again. So, the rare cooperators that are not tightly clustered with other co-
operators will tend to oscillate between strategies. In fact, It turns out that in all cases a
cooperator is surrounded by a large majority of cooperators, whereas a defector mainly
interacts with other defectors. Thus the mechanism for the emergence and maintenance
of cooperation is qualitatively similar to the one described for regular grids, with the
important differences that now it is the intrinsic cluster structure of the network and
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Figure 10: communities: cooperators are represented by triangles and defectors by
squares.

its degree inhomogeneity that plays an important role, and both phenomena have been
observed in all social networks studied so far.

One question that remains is: given that real social networks do not stay fixed
once and for all, what is the effect of the co-evolution of theplayers’ strategy and of
the underlying network itself? Indeed, in real life new individuals may join or leave the
network at any time, and links may be added or deleted betweenindividuals already in
the network. In our context, depending of the kind of game andits payoffs, individuals
might contemplate dismissing some interactions and establishing new ones. Research
along this line is very recent but there are already promising results showing that the
added degrees of freedom of changing the graph topology on a local or global scale
using social-like decision-making rules tend to provide another mechanism that pro-
motes cooperation. We don’t have space to discuss these interesting extensions here,
the reader is referred to [5, 20, 18] for details.

The main positive message of this section is that, when the actual or likely
structure of a population of players is taken into account, the results of evolutionary
game theory tend to favor cooperation and socially valuablebehavior with respect to
the unstructured mixing population. We conclude by referring the interested reader to
the recent review [24] for a much more detailed description of the state of the art on
evolutionary games on graphs.



Games, evolution, and society 257

7. Conclusions and outlook

In this article I have first presented an overview of the fundamentals of game theory,
followed by an introduction to its evolutionary interpretation. Evolutionary game the-
ory has marked an important progress by doing away with strict instrumental rationality
and introducing simple learning and imitation mechanisms.In spite of its success and
its mathematical elegance, this stance is only partially satisfactory however. The stan-
dard problem of equilibrium selection is mitigated but it doesn’t disappear, and the lack
of rationality does not agree with observed individual’s decision-making criteria in hu-
man societies. Moreover, EGT only applies to populations ofplayers, not to situations
in which there are few players and small groups. This makes iteminently suited for
the study of the emergence of social behaviors such as cooperation and norm establish-
ment. Many causes have been invoked for justifying the emergence of cooperation and
reciprocity among human and even animal populations. Here we have presented one
explanation, which is not mutually exclusive with other propositions, that only uses the
observable fact that such populations possess a recognizable network structure. Using
graph theory and numerical simulations it has been possibleto show that the mere fact
of acting locally in a widely inhomogeneous network environment makes it easier for
the individuals to achieve socially useful global results.Other sources of diversity in
the populations are also surely important and should be studied along with the fact that
societies are dynamical entities.
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[5] EGUÍLUZ V. M., Z IMMERMANN M. G., CELA-CONDE C. J. AND SAN M IGUEL M., Cooperation
and the emergence of role differentiation in the dynamics ofsocial networks, American J. of Sociology
110(4) (2005), 977–1008.

[6] GINTIS H., BOWLES S., BOYD R. T. AND FEHR E., Moral sentiments and material interests, MIT
Press, Cambridge, MA 2005.

[7] HARGREAVESS. P.AND VARUFAKIS Y., Game theory: a critical text, Routledge, London, New York
2004.

[8] HOFBAUER J. AND SIGMUND K., Evolutionary games and population dynamics, Cambridge Univer-
sity Press, Cambridge 1998.

[9] M AYNARD -SMITH J. AND G. R. PRICE, The logic of animal conflict, Nature246(1973), 15–18.

[10] LUTHI L., PESTELACCI E. AND TOMASSINI M., Cooperation and community structure in social
networks, Physica A387(2008), 955–966.



258 M. Tomassini

[11] MAILATH G. J.,Do people play Nash equilibrium? Lessons from evolutionarygame theory, J. of
Economic Literature36 (1998), 1347–1374.

[12] MAYNARD SMITH J., Evolution and the theory of games, Cambridge University Press, Cambridge
1982.

[13] MYERSONR. B.,Game theory: analysis of conflict, Harvard University Press, Cambridge, MA 1991.

[14] NEWMAN M. E. J.,The structure and function of complex networks, SIAM Review45 (2003), 167–
256.

[15] NOWAK M. A. AND MAY R. M.,Evolutionary games and spatial chaos, Nature359(1992), 826–829.

[16] NOWAK M. A., SASAKI A., TAYLOR C. AND FUDENBERGD., Emergence of cooperation and evo-
lutionary stability in finite populations, Nature428(2004), 646–650.

[17] NOWAK M. A. AND SIGMUND K., Games on grids, in: “The geometry of ecological interactions:
simplifying spatial complexity” (Eds. Dieckmann U., Law V.and Metz J. A. J.), Cambridge University
Press, Cambridge, UK 2000, 135–150.

[18] PESTELACCI E., TOMASSINI M. AND LUTHI L., Evolution of cooperation and coordination in a
dynamically networked society, J. of Biological Theory, to appear.

[19] POUNDSTONEW., The prisoner’s dilemma, Doubleday, New York 1992.

[20] SANTOS F. C., PACHECO J. M. AND LENAERTS T., Cooperation prevails when individuals adjust
their social ties, PLOS Comp. Biol.2 (2006), 1284–1291.

[21] SAVAGE L. J.,The foundations of statistics, J. Wiley and Sons, New York 1954.

[22] SCHELLING T., The strategy of conflict, Harvard University Press, Cambridge, MA 1960.

[23] SKYRMS B., The stag hunt and the evolution of social structure, Cambridge University Press, Cam-
bridge, UK 2004.
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