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I. Camperi

GLOBAL HYPOELLIPTICITY AND SOBOLEV ESTIMATES

FOR GENERALIZED SG-PSEUDO-DIFFERENTIAL

OPERATORS

Abstract. We prove global hypoellipticity and maximal Sobolev estimates for a class of
generalized SG-pseudo-differential operators. Applications are given to partial differential
operators with polynomial coefficients inRn.

1. Introduction

In this paper we consider linear partial differential operators or pseudo-differential op-
eratorsP = p(x,D) globally defined inRn, and we study for them the problem of the
global hypoellipticity. Namely, writingS (Rn) for the Schwartz space of the rapidly
decaying functions andS ′(Rn) for its dual, we assume thatP : S (Rn)→ S (Rn) extends
to a mapS ′(Rn) → S ′(Rn). We then recall thatP is globally hypoelliptic if, for any
given f ∈ S (Rn), all the solutionsu∈ S ′(Rn) of the equationPu= f belong toS (Rn).
This definition does not imply the local regularity of the solutions ofP, however it
is natural to limit attention to operatorsP which are already known to be hypoellip-
tic in the Schwartz sense, i.e.Pu∈ C∞(Ω) for u ∈ D ′(Ω) implies u ∈ C∞(Ω), for
everyΩ ⊂ R

n. Relevant classes of globally hypoelliptic operators wereidentified by
Shubin [10], taking as basic example the harmonic oscillator of Quantum Mechanics
P = −∆+ |x|2. A generalization of the classes of Shubin was then given by Boggiatto,
Buzano, Rodino [3]. In a somewhat different direction, Parenti [9] and Cordes [5] in-
troduced the so-calledSG-classes. In the present paper we presentSGm

ρ,δ extensions of
SG-classes, allowing new applications to global hypoellipticity.

Basic example, where to test the previous contributions andour results, is given
by partial differential operators with polynomial coefficients inRn

(1) P = ∑cα,βxαDβ (Dxj = −i∂xj )

where the coefficientscα,β are complex numbers, and in the sumα,β run over a finite
set of indices. Consider the symbol

p(x,ξ) = ∑cα,βxαξβ.

The Newton’s polyhedronN p of the polynomialp(x,ξ) is defined as the convex hull
in R2n of all multi-indices(α,β) ∈ N2n, with cα,β 6= 0, and the origin (see for example
Gindikin, Volevich [7]). We then associate top(x,ξ) the function onR2n

λ(x,ξ) = ∑
(α,β)∈N p

∣∣∣xαξβ
∣∣∣
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and we say thatP, or p(x,ξ), is λ-elliptic if

(2) cλ(x,ξ) ≤ |p(x,ξ)| ≤Cλ(x,ξ)

for positive constantsc andC and large|x|+ |ξ|. Theλ-ellipticity grants the global
ellipticity of P, if N p satisfies suitable geometric properties. As basic example of
polyhedron having a ”good geometry” we have from Shubin [10]the simplex

(3) N p = {(α,β), |α|+ |β| ≤ m}

wherem is a fixed positive integer, and we letα,β run here inR2n. In Boggiatto,
Buzano, Rodino [3], as generalization of (3), the Newton’s polyhedronN p was as-
sumed complete, this means that it does not contain sides parallel to coordinate axes
and the outer normals to the non-coordinate faces have strictly positive components. In
theSG-case of Parenti [9] and Cordes [5] we have

(4) N p = {(α,β), |α| ≤ m2, |β| ≤ m1}

wherem1 ≥ 0, m2 ≥ 0 are fixed integers. Note that the polyhedron in (4) is not com-
plete, since the outer normals to the non-coordinate faces contain zero components.
Hence the results of Boggiatto, Buzano, Rodino [3] cannot beapplied, nevertheless the
correspondingλ-elliptic operators are globally hypoelliptic. In the present paper we
shall go further with respect to theSG-case, considering for a fixedγ, 0< γ < 1:

(5) P = ∑
0≤β≤m1
0≤α≤γβ

cα,βxαDβ

where for simplicity we assumeα∈N, β∈N, i.e. P is an ordinary differential operator.
Let us assumem2 = γm1 is an integer. The corresponding Newton’s polyhedron inR2

(6) N p = {(α,β), 0≤ α ≤ γβ, 0≤ β ≤ m1}

has a face, namely the segment connecting(0,0) and(m2,m1), with outer normal con-
taining a negative component. Theλ-ellipticity condition (2) can be written in a sim-
plified form:

(7) c(1+ |ξm1|+ |xγm1ξm1|) ≤ |p(x,ξ)| ≤C(1+ |ξm1|+ |xγm1ξm1|) .

As an application of our pseudo-differential calculus, we shall obtain thatP in (5) is
globally hypoelliptic, under the assumption (7).

Consider as an example

P =
(
1+x2)D4 +1

with symbol
p(x,ξ) =

(
1+x2)ξ4 +1
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of the form (5) withm1 = 4, γ = 1/2. The condition (7) is obviously satisfied. Our
result cannot be extended to the case whenγ ≥ 1 in (5). As counter-example, consider
the operator

(8) P =
(
1+x2)D2 +2.

The symbolp(x,ξ) =
(
1+x2

)
ξ2 +2 is λ-elliptic with respect to

N p = {(α,β), 0≤ α ≤ β, 0≤ β ≤ 2} ,

that is we are in the case (6), butγ = 1. The corresponding homogeneous equation

Pu= −
(
1+x2)u′′ +2u= 0

admits the solution
u(x) = 1+x2 ∈ S ′(R),

which does not belong toS (R). ThereforeP in (8) is not globally hypoelliptic. Let
us conclude by observing that the characterization of the polyhedronsN p for which
λ-ellipticity grants global hypoellipticity, as well as thegeneral characterization of the
operators with polynomial coefficients (1) which are globally hypoelliptic, are widely
open problems.

The contents of the paper are the following. In the next Section 2 we present
our SGm

ρ,δ-pseudo-differential calculus. It is more general than thecalculus of Cordes
[5] and it does not enter the results of Beals [1]. However, itcan be seen as a particular
case of the so-called Weyl-Hörmander calculus, see Hörmander [6]. For this reason
we omit the proofs, and emphasize only the peculiarities of the construction of the
parametrices.

In the last part of this work, Section 4, we focus our attention to SGSobolev
spacesHs of Cordes [5]: we prove that an operator with symbol inSGm

ρ,δ is continuous

from Hs into Hs−m. Finally, we define a Sobolev spaceH∗ modelled on (5) and we
show a maximal inequality that tie upH∗-norm with L2-norm plus a Sobolev norm.
To prove this assertion, proporties of Newton’s polyhedronare fundamental. As a
consequence of the maximal estimate, we obtain the Fredholmproperty of the map
P : H∗ → L2.

Recently Cappiello, Gramchev, Rodino [4] have proved that,in the case when
the symbols of the pseudo-differential operatorsSGm

ρ,δ satisfy additional analytic bounds,
the regularity inS (Rn) of the solution can be replaced by regularity in Gelfand-Shilov
classes, expressing holomorphic extension and exponential decay. Via our results in
Section 3, it is possible to apply the results of Cappiello, Gramchev, Rodino [4] to the
operators with polynomial coefficients (5).

2. SGm
ρ,δ operators

We introduce some notational conventions. Letm= (m1,m2)∈R2, and letρ1,ρ2,δ1,δ2

be real numbers with 0≤ δ j < ρ j ≤ 1, j = 1,2, and denoteρ = (ρ1,ρ2), δ = (δ1,δ2).
Let e1 = (1,0), e2 = (0,1), e= (1,1).
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We define pseudo-differentialoperators of classSGm
ρ,δ and investigate their basic

properties.

DEFINITION 1. We say that a function p(x,ξ) ∈ C∞(R2n) is a symbol of class
SGm

ρ,δ if there exists a positive constant Cα,β such that

∣∣∣Dα
ξ Dβ

x p(x,ξ)
∣∣∣≤Cα,β〈ξ〉

m1−ρ1|α|+δ1|β|〈x〉m2−ρ2|β|+δ2|α|

for every(x,ξ) ∈ R2n andα,β ∈ Nn, where〈ξ〉 = (1+ |ξ|2)
1/2

and〈x〉 = (1+ |x|2)
1/2

.

Some classes were treated by Cordes [5] under the assumptionδ2 = 0.

We also define

SG−∞ =
\

m∈R2

SGm
ρ,δ = S (R2n), SG∞ =

[

m∈R2

SGm
ρ,δ,

whereS (R2n) is the Schwartz space.

For p(x,ξ) ∈ SGm
ρ,δ we define the semi-normsNα,β(p), by

Nα,β(p) = sup
(x,ξ)∈R2n

〈ξ〉−m1+ρ1|α|−δ1|β|〈x〉−m2+ρ2|β|−δ2|α|
∣∣∣Dα

ξ Dβ
x p(x,ξ)

∣∣∣ .

Then SGm
ρ,δ is a Fréchet space with respect to the topology induced by these semi-

norms.
It is easy to prove that the following relations hold:

1. If mj ≤ m′
j , ρ′

j ≤ ρ j , δ j ≤ δ′j , j = 1,2, thenSGm
ρ,δ ⊆ SGm′

ρ′,δ′ .

2. If p∈ SGm
ρ,δ, thenDα

ξ Dβ
x p(x,ξ) ∈ SGm′′

ρ,δ with

m′′ = m− (ρ1 |α|− δ1 |β|)e1− (ρ2 |β|− δ2 |α|)e2.

Corresponding top(x,ξ)∈SGm
ρ,δ, we define the pseudo-differentialoperatorP= p(x,D)

by the standard formula

(9) Pu(x) = p(x,D)u(x) = (2π)−n
Z

Rn
ei〈x,ξ〉p(x,ξ)û(ξ)dξ, u∈ S (Rn),

whereû is the Fourier transform.
We shall denote byOPSGm

ρ,δ the space of all operators of the form (9), with symbols in
SGm

ρ,δ.

For a symbolp ∈ SGm0

ρ,δ and a sequence of symbolsp j , j ∈ N, p j ∈ SGmj

ρ,δ, mj =

(mj
1,m

j
2), m0

k > m1
k > .. . > mj

k > .. . ,mj
k →−∞, as j → ∞, k = 1,2, we will say thatp
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has the asymptotic expansion
∞

∑
j=0

p j , written asp∼
∞

∑
j=0

p j , if for everyN ∈ N we have

p−
N−1

∑
j=0

p j ∈ SGmN

ρ,δ.

The following theorems can be proved making simple changes to the proofs in
Cordes [5], in Parenti [9] or else by applying the general Weyl-Hörmander calculus in
[6], so we omit the proofs.

THEOREM 1. Given p∈ SGm
ρ,δ, the operator P defined by (9) is linear and

continuous from the Schwartz spaceS into itself. Furthermore, P can be extended to a
linear and continuous map fromS ′ into itself.

THEOREM 2. Let pj ∈ SGmj

ρ,δ, j ∈ N, where mj = (mj
1,m

j
2,), with

m0
k > m1

k > m2
k > .. . , mj

k →−∞, as j→ ∞, k = 1,2.

There exists a symbol p∈ SGm0

ρ,δ such that

p∼
∞

∑
j=0

p j .

THEOREM3. Let P= p(x,D) ∈ OPSGm1

ρ,δ, Q= q(x,D) ∈ OPSGm2

ρ,δ. Then, there

exists a symbol r∈ SGm1+m2

ρ,δ such that q(x,D)p(x,D) = r(x,D). Furthermore

r(x,ξ) ∼ ∑
α

1
α!

∂α
ξ q(x,ξ)Dα

x p(x,ξ).

DEFINITION 2. A symbol p∈ SGm
ρ,δ is said to be hypoelliptic if there exist

R,C0,C0,α,β > 0 and m′ = (m′
1,m

′
2) ∈ R

2 such that

(10) |p(x,ξ)| ≥C0〈ξ〉m′
1〈x〉m′

2

and

(11)
∣∣∣Dα

ξ Dβ
x p(x,ξ)

∣∣∣≤C0,α,β |p(x,ξ)| 〈ξ〉−ρ1|α|+δ1|β|〈x〉−ρ2|β|+δ2|α|

for all α,β ∈ Nn and(x,ξ) ∈ R2n with |x|+ |ξ| > R.

DEFINITION 3. A symbol p∈ SGm
ρ,δ is called elliptic if it satisfies(10) with

m′ = m.

Let us observe that (10) withm′ = m implies (11); therefore an elliptic symbol
is also hypoelliptic.

We say thatQ is a parametrix ofP if we haveQP− I ∈ OPSG−∞ andPQ−
I ∈ OPSG−∞. We speak of a left (right) parametrixQ of P if only the second (first)
condition holds.
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THEOREM4. Let P be an operator with a hypoelliptic symbol p∈ SGm
ρ,δ. Then,

it admits a parametrix Q with symbol q∈ SG−m′

ρ,δ .

Proof. As standard we define a sequence of symbolsq j ( j ≥ 1) inductively by

(12)





q0(x,ξ) =
1

p′(x,ξ)

q j(x,ξ) = −





∑
|γ|= j−k

k< j

1
γ!

∂γ
ξqkD

γ
xp′





q0, j = 1,2, . . . ,

for every(x,ξ) ∈ R2n, wherep′(x,ξ) = p(x,ξ) for |x|+ |ξ| ≥ R, p′(x,ξ) ∈ C∞(R2n)

with p′(x,ξ) 6= 0. It is easy to prove thatq j ∈ SG−m′−(ρ−δ) je
ρ,δ by using (10), (11). Then,

by Theorem 2 there exists an operatorQ = q(x,D) ∈ OPSG−m′

ρ,δ with symbolq(x,ξ) ∼
∞

∑
j=0

q j(x,ξ). Applying Theorem 3 we can easy verify thatQ is a parametrix ofP.

THEOREM 5. Let p be a hypoelliptic symbol in SGm
ρ,δ and let f∈ S . If u ∈ S ′

is a solution of the corresponding equation Pu= f , then u∈ S . That is, P is globally
hypoelliptic.

Proof. By Theorem 4 there exist an operatorQ with symbol inSG−m′

ρ,δ and an operator

R with symbol inSG−∞ = S
(
R2n
)

such that

Q f = QPu= u+Ru.

We have
u = Q f −Ru.

Since a pseudo-differential operator with symbol inS
(
R2n
)

is regularizing, i.e. it maps
S ′
(
R2n
)

into S
(
R2n
)
, thenu∈ S .

EXAMPLE 1. The symbolp(x,ξ) = 〈x〉γξ+ i, with (x,ξ) ∈ R2 is hypoelliptic as

symbol inSG(1,γ)
(1,1),(0,γ) if 0 ≤ γ < 1. In fact, the condition (10) is fulfilled form′ = (1,0).

Moreover,

∣∣Dξ p(x,ξ)
∣∣= 〈x〉γ =

1+ |ξ|
1+ |ξ|

〈x〉γ ≤
|p(x,ξ)|

1+ |ξ|
〈x〉γ ∼ |p(x,ξ)| 〈x〉γ〈ξ〉−1

and

|Dxp(x,ξ)| ∼ |x| 〈x〉γ−2 |ξ| =
|x|

〈x〉2 〈x〉
γ |ξ| ≤

|x|

〈x〉2

(
〈x〉γ |ξ|+1

)

∼
|x|

〈x〉2 |p(x,ξ)| ≤
|x|+1

〈x〉2 |p(x,ξ)| ∼ 〈x〉−1 |p(x,ξ)|
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when|x|+ |ξ| is large. It is easy to verify that also higher order derivatives satisfy (11).

3. Newton’s polyhedron

Consider a polynomial
p(x,ξ) = ∑cα,βxαξβ

in the variable(x,ξ) ∈ R2, with constant complex coefficientscα,β ∈ C.

Let R2
+ be the positive quadrant in the plane:

R
2
+ =

{
(α,β) ∈ R

2,α ≥ 0,β ≥ 0
}

.

DEFINITION 4. Let p(x,ξ) be defined as before and consider the finite set of
points ofR2

+ A =
{
(α,β) ∈ R2

+,cα,β 6= 0
}

. The Newton’s polyhedronN p of the poly-
nomial p(x,ξ) is the convex hull inR2

+ of A∪{0} .

We shall deal with polynomials in two variables of type:

(13) p(x,ξ) = ∑
0≤β≤m1
0≤α≤γβ

cα,βxαξβ

with 0 < γ < 1. We define

λ(x,ξ) = 1+ |ξm1|+ |xγm1ξm1| ∼
√

1+ ξ2m1 +x2γm1ξ2m1 ∼ ∑
0≤β≤m1
0≤α≤γβ

∣∣∣xαξβ
∣∣∣

and we suppose that there exists a constantC > 0 such that

|p(x,ξ)| ≥Cλ(x,ξ).

We then say that the polynomial (13) satisfies the condition of λ-ellipticity. Under these
hypotheses it is obvious that|p(x,ξ)| ∼ λ(x,ξ) andC0,m1 6= 0,Cγm1,m1 6= 0.

Hence the Newton’s polyhedronN p of the polynomial (13), given by (6), is a
right triangle with verticesV p = {(0,0),(0,m1),(γm1,m1)} .

We can prove the following result:

PROPOSITION1. If the symbol(13)is λ-elliptic andγ < 1, then it is hypoelliptic

in SG(m1,γm1)
(1,1),(0,γ).

To prove Proposition 1, we need a preliminary result.

LEMMA 1. Given x∈
(
R

+
0

)k
, a finite subset A⊂

(
R

+
0

)k
and a convex linear

combinationβ = ∑
α∈A

cαα, we have that

xβ ≤ ∑
α∈A

cαxα.
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A proof of this lemma can be found in Boggiatto-Buzano-Rodino [3].

Proof of Proposition 1.It is obvius that the condition (10) is satisfied withm′ = (m1,0).
Now we prove that the polynomial satysfies the condition (11)for the derivative of or-
der one, the others inequalities follow immediately. We have

|Dxp(x,ξ)| =

∣∣∣∣∣∣∣∣
∑

0≤β≤m1
0<α≤γβ

αcα,βxα−1ξβ

∣∣∣∣∣∣∣∣

1+ |x|
1+ |x|

∼ 〈x〉−1

∣∣∣∣∣∣∣∣
∑

0≤β≤m1
0<α≤γβ

αcα,βxα−1ξβ (1+ |x|)

∣∣∣∣∣∣∣∣

≤ 〈x〉−1


 ∑

0≤β≤m1
0<α≤γβ

α
∣∣cα,β

∣∣
∣∣∣xα−1ξβ

∣∣∣+ ∑
0≤β≤m1
0<α≤γβ

α
∣∣cα,β

∣∣
∣∣∣xαξβ

∣∣∣


 .

Every term
∣∣xα−1ξβ∣∣ is such that(α−1,β) ∈ N p. Using Lemma 1 and theλ-

ellipticity of p(x,ξ) we obtain
∣∣∣xα−1ξβ

∣∣∣≤ λ(x,ξ) ≤C|p(x,ξ)| .

Applying the same argument to the terms
∣∣xαξβ∣∣ , we have

∣∣∣xαξβ
∣∣∣≤ λ(x,ξ) ≤ |p(x,ξ)| .

Therefore we can conclude that:

|Dxp(x,ξ)| ≤C|p(x,ξ)| 〈x〉−1.

With analogous reasonings we have

∣∣Dξ p(x,ξ)
∣∣=

∣∣∣∣∣∣∣∣
|x|γ ∑

0<β≤m1
0≤α≤γβ

βcα,βxα|x|−γξβ−1

∣∣∣∣∣∣∣∣

1+ |ξ|
1+ |ξ|

≤
(
1+ |x|γ

)
∑

0<β≤m1
0≤α≤γβ

β
∣∣cα,β

∣∣ |x|α−γ|ξ|β−11+ |ξ|
1+ |ξ|

∼ 〈x〉γ〈ξ〉−1


 ∑

0<β≤m1
0≤α≤γβ

β
∣∣cα,β

∣∣ |x|α−γ|ξ|β−1+ ∑
0<β≤m1
0≤α≤γβ

β
∣∣cα,β

∣∣ |x|α−γ|ξ|β


 .
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We have take out the term|x|γ from the sum, therefore all the terms contained in the
two sums are associated to a point that belongs to the Newton’s polyhedronN p and we
can apply the same argument used before. So we conclude that

∣∣Dξ p(x,ξ)
∣∣≤C|P(x,ξ)| 〈x〉γ〈ξ〉−1.

4. Sobolev estimates

DEFINITION 5. The Sobolev space Hs, s= (s1,s2) ∈ R2 is defined by

Hs =
{

u∈ S ′/〈x〉s2〈D〉s1u∈ L2(Rn)
}

.

The Sobolev spaceHs is a Banach space with the norm

(14) ‖u‖Hs = ‖〈x〉s2〈D〉s1u‖L2 , u∈ Hs.

In particular the spaceHs is a Hilbert space with the inner product

(u,v)Hs = (〈x〉s2〈D〉s1u,〈x〉s2〈D〉s1v)L2, u,v∈ Hs.

Note that the pseudo-differential operator〈x〉s2〈D〉s1 ∈ OPSGs
ρ,δ is invertible, as an op-

erator fromS into itself (or fromS ′ into itself), with inverse〈D〉−s1〈x〉−s2 ∈ OPSG−s
ρ,δ.

In particular〈x〉s2〈D〉s1 is elliptic of orders.
From (14) we conclude that〈x〉s2〈D〉s1 is an isometry fromHs into L2.

We now prove the boundedness of theOPSGm
ρ,δ operators on the spacesHs,

following the lines of Parenti [9], Cordes [5].

PROPOSITION2. Given p(x,ξ) ∈ SGm
ρ,δ, the operator P defined by(9) is con-

tinuous from Hs into Hs−m if and only if the operator

〈x〉s2−m2〈D〉s1−m1P〈D〉−s1〈x〉−s2

is continuous from L2 into L2.

Proof. Let u∈ Hs. There existsv∈ L2 such that

(15) u = 〈D〉−s1〈x〉−s2v

and we have
‖u‖Hs =

∥∥〈D〉−s1〈x〉−s2v
∥∥

Hs = ‖v‖L2.

Using (15) and (14), we obtain

‖Pu‖Hs−m =
∥∥〈x〉s2−m2〈D〉s1−m1Pu

∥∥
L2

=
∥∥〈x〉s2−m2〈D〉s1−m1P〈D〉−s1〈x〉−s2v

∥∥
L2.
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We can conclude that

‖Pu‖Hs−m ≤C‖u‖Hs, u∈ Hs

if and only if

∥∥〈x〉s2−m2〈D〉s1−m1P〈D〉−s1〈x〉−s2v
∥∥

L2 ≤C‖v‖L2, v∈ L2.

PROPOSITION3. Let P= p(x,D) be an operator in OPSGmρ,δ. Then Q= q(x,D)=

〈x〉s2−m2〈D〉s1−m1P〈D〉−s1〈x〉−s2 is in OPSG(0,0)
ρ,δ .

This is an obvious consequence of Theorem 3.

PROPOSITION4. Let p(x,ξ) ∈ SG(0,0)
ρ,δ , then the associated pseudo-differential

operator P is continuous from L2 into itself.

TheL2-boundedness of operators with symbol inSG(0,0)
ρ,δ was proved by Cordes

[5] when δ2 = 0, see also Beals [1], Beals-Fefferman [2]. In the present paper the
most relevant case is represented by the caseδ2 > 0, which remained unexplored in the
above mentioned articles. However, Proposition 4 can be seen now as a consequence of
the results in Hörmander [6]. In factSGm

ρ,δ classes are included in the Weyl-Hörmander

calculus and actually we getL2-boundedness also for 0≤ δ j ≤ ρ j ≤ 1, δ j 6= 1, j = 1,2,
m= 0.

THEOREM 6. Given a symbol p(x,ξ) ∈ SGm
ρ,δ, the operator P defined by(9) is

continuous from Hs into Hs−m.

Proof. The proof is an obvious conseguence of Proposition 2, Proposition 3, Proposi-
tion 4.

Applying Theorem 6 to the parametrixQ∈ OPSG−m′

ρ,δ in Theorem 4 and writing

u = QPu−Ruas in the proof of Theorem 5 we get for anyt ∈ R2 the estimate

‖u‖m′ ≤C(‖Pu‖L2 +‖u‖Ht ) , u∈ L2.

So for example for the operator with polynomial coefficientsP in Section 3, in the
proof of Proposition 1 we hadm′ = (m1,0), so we obtain

∑
0≤β≤m1

∥∥∥Dβu
∥∥∥

L2
≤C(‖Pu‖L2 +‖u‖Ht ) .

In the following we shall improve this estimates by adding inthe sum in the left-hand
side all the other terms

∥∥xαDβu
∥∥

L2 with 0 < α ≤ γβ.
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LEMMA 2. Let p(x,ξ) be the symbol(13). If p(x,ξ) is hypoelliptic and q(x,ξ)

is the symbol of its parametrix with asymptotic expansion
∞

∑
l=0

ql (x,ξ), cf. the proof of

Theorem 4, then the following inequality holds:

(16)
∣∣∣Dα

ξ Dβ
xql

∣∣∣≤Cα,β |q0(x,ξ)| 〈ξ〉−(α+l)〈x〉−(β+l)+γ(α+l), l = 0,1,2, . . . .

Proof. First we prove that the inequality holds forq1. Using (12) and Leibniz’ formula
we obtain
∣∣∣Dα

ξ Dβ
xq1(x,ξ)

∣∣∣=
∣∣∣Dα

ξ Dβ
x

(
∂ξq0(x,ξ)Dxp(x,ξ)q0(x,ξ)

)∣∣∣

≤ ∑
α1+α2=α
α3+α4=α2

∑
β1+β2=β
β3+β4=β2

(
α
α1

)(
α2

α3

)(
β
β1

)(
β2

β3

)∣∣∣Dα1
ξ ∂ξDβ1

x q0(x,ξ)
∣∣∣

·
∣∣∣Dα3

ξ Dβ3+1
x p(x,ξ)

∣∣∣
∣∣∣Dα4

ξ Dβ4
x q0(x,ξ)

∣∣∣ .

Using hypoellipticity of the symbolsq0(x,ξ) andp(x,ξ), we can deduce (16). Now we
suppose that inequality (16) is true untill and we prove that it holds forl + 1. Using
the same arguments, we obtain

∣∣∣Dα
ξ Dβ

xql+1(x,ξ)
∣∣∣

=

∣∣∣∣∣D
α
ξ Dβ

x

(
l

∑
j=0

1
(l +1− j)!

∂l+1− j
ξ q j(x,ξ)Dl+1− j

x p(x,ξ)q0(x,ξ)

)∣∣∣∣∣

≤
l

∑
j=0

1
(l +1− j)! ∑

α1+α2=α
α3+α4=α2

∑
β1+β2=β
β3+β4=β2

(
α
α1

)(
α2

α3

)(
β
β1

)(
β2

β3

)

·
∣∣∣Dα1

ξ ∂l+1− j
ξ Dβ1

x q j(x,ξ)
∣∣∣
∣∣∣Dα3

ξ Dβ3+l+1− j
x p(x,ξ)

∣∣∣
∣∣∣Dα4

ξ Dβ4
x q0(x,ξ)

∣∣∣ .

Using inductive hypothesis on the first term and hypoellipticity of p(x,ξ) andq(x,ξ)
respectively to the others two terms, we easily obtain the conclusion.

PROPOSITION5. Let P be the operator with symbol(13) and Q its parame-
trix. Then xαDβQ is continuous from L2 into itself, for every(α,β) in the Newton’s
polyhedronN p of p(x,ξ).

By applying the composition Theorem 3, sinceQ∈ SG(−m1,0)
ρ,δ , xα ∈ SG(0,γm1)

ρ,δ ,

ξβ ∈ SG(m1,0)
ρ,δ for (α,β) ∈ N p, we obtainxαξβQ ∈ OPSG(0,γm1)

ρ,δ , that does not grant

L2-boundedness. A more refined argument is therefore necessary.

Proof. First we prove thatxαξβql (x,ξ) ∈ SG(−l ,−l+γl)
(1,1),(0,γ) , l = 0,1,2, . . . .
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By Leibniz’ formula we have

(17)
∣∣∣Dn

ξDm
x

(
xαξβql (x,ξ)

)∣∣∣≤
m

∑
j=0

n

∑
k=0

(
m
j

)(
n
k

)
Cα, jCβ,k

∣∣∣xα− jξβ−kDn−k
ξ Dm− j

x ql (x,ξ)
∣∣∣

Using (16), we obtain

(18)
∣∣∣xα− jξβ−kDn−k

ξ Dm− j
x ql (x,ξ)

∣∣∣=
∣∣∣xkγ
∣∣∣
∣∣∣xα− j−kγξβ−k

∣∣∣ 1+ |ξ|k

1+ |ξ|k
·
1+ |x| j

1+ |x| j

·
∣∣∣Dn−k

ξ Dm− j
x ql (x,ξ)

∣∣∣

≤
∣∣∣xα− j−kγξβ−k

∣∣∣
(

1+ |ξ|k
)(

1+ |x| j
)
〈x〉kγ〈ξ〉−k〈x〉− j

· |q0(x,ξ)| 〈ξ〉−(n−k+l)〈x〉−(m− j+l)+γ(n−k+l).

Now, it can easily be seen that

(19)
∣∣∣xα− j−kγξβ−k

∣∣∣
(

1+ |ξ|k
)(

1+ |x| j
)
≤C|p(x,ξ)| ,

in fact every term on the first member of (19) has exponent thatbelongs to the Newton’s
polyhedronN p of the polynomialp(x,ξ).

Using (17), (18), (19), we obtain
∣∣∣xα− jξβ−kDn−k

ξ Dm− j
x ql (x,ξ)

∣∣∣≤Cn,k,m, j 〈ξ〉−(n+l)〈x〉−(m+l)+γ(n+l),

soxαξβql (x,ξ) ∈ SG(−l ,−l+γl)
(1,1),(0,γ) , l = 0,1,2, . . . .

We denoter(x,D) = xαDβQ. By Theorem 3, the symbolr(x,ξ) has the follow-
ing asymptotic expansion:

(20) r(x,ξ) ∼ xαξβq(x,ξ)+

(
β
1

)
xαξβ−1Dxq(x,ξ)

+ . . .+

(
β

β−1

)
xαξDβ−1

x q(x,ξ)+xαDβ
xq(x,ξ).

We note that the sum in (20) is a finite sum. By construction,q(x,ξ) has asymptotic

expansionq(x,ξ) ∼
∞

∑
l=0

ql (x,ξ) where theql (x,ξ) are defined in (12),l = 0,1,2, . . . .

It is obvious that

xαξβq(x,ξ) ∼
∞

∑
l=0

xαξβql (x,ξ).
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For everyxαξβql(x,ξ), l = 0,1,2, . . . , the hypothesis of the Theorem 2 are satisfied
with m0 = (0,0), therefore it exists a symbols(x,ξ) ∈ SG0,0

ρ,δ that has the asymptotic

expansion
∞

∑
l=0

xαξβql (x,ξ). We conclude that symbolss(x,ξ) andxαξβq(x,ξ) have the

same asymptotic expansion, then the symbolxαξβq(x,ξ) belongs toSG0,0
ρ,δ.

Using the properties of the Newton’s polyhedron associatedto the symbol (13)
and arguing similarly, we prove that

xαξβ− jD j
xq(x,ξ) ∈ SG(− j ,− j+γ j)

(1,1),(0,γ) , j = 1, . . . ,β.

So we have proved thatr(x,ξ) ∈ SG(0,0)
(1,1),(0,γ). By Proposition 4, we have thatxαDβQ is

continuous fromL2 into itself.

LetN p be the Newton’s polyhedron of the symbol (13).

DEFINITION 6. We set

H∗ =
{

u∈ S ′/xαDβu∈ L2, (α,β) ∈ N p

}
,

with norm
‖u‖H∗ = ∑

0≤β≤m1
0≤α≤γβ

∥∥∥xαDβu
∥∥∥

L2
.

THEOREM 7. Let P be the operator with symbol(13). The following inequality
holds for any t∈ R2, for a suitable C> 0:

‖u‖H∗ ≤C(‖Pu‖L2 +‖u‖Ht ) , u∈ L2.

Proof. The operatorP is hypoelliptic, therefore, if we callQ its parametrix, we have

(21) QPu= u+Ku,

whereK ∈ OPSG−∞. Obviously, we can write (21) asu = QPu−Ku. Using the norm
H∗ we have

‖u‖H∗ ≤ ‖QPu‖H∗ +‖Ku‖H∗ .

We would like to prove that‖QPu‖H∗ ≤C‖Pu‖L2. This is true if the operatorQ : L2 →

H∗ is continuous. By definition ofH∗ norm, this is equivalent to ∑
0≤β≤m1
0≤α≤γβ

∥∥∥xαDβQv
∥∥∥

L2
≤

C‖v‖L2. In other words, we have to prove thatxαDβQ : L2 → L2 is continuous. Using
Proposition 5 we know that this assertion is valid.

It is easy to prove that‖Ku‖H∗ ≤C‖u‖Ht for anyt ∈ R2.

Observe finally that the boundedness of the parametrixQ : L2 → H∗ implies the
Fredholm property ofP. Namely, we haveP : H∗ → L2, as evident from Definition 6.
MoreoverPQ= I +K1, QP= I +K2, whereK1,K2 are regularizing, hence compact in
H∗ andL2. It follows that the mapP : H∗ → L2 is Fredholm.
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