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GREEN OPERATORSIN THE EDGE CALCULUS

Abstract. The task to construct parametrices of elli ptic differential operators on a mani-
fold with edges requires a calculus of operators with a two-component principal symbolic
hierarchy, consisting of (edge-degenerate) interior and (operator-valued) edge symbols. This
so-called edge-algebra can beinterpreted asageneralisation of the(pseudo-differential) alge-
braof boundary valueproblems without the transmission property at theboundary. Westudy
new properties of the edge-algebra, in particular, what concerns the role of Green operators
and their kernel representations.

Introduction

This paper is aimed at characterising the structure of Green operators that occur in
Green’s functions of elli ptic boundary value problems (without or with the transmis-
sion property at theboundary) or, moregenerally, in elli ptic (so-called) edgeproblems.
A boundary or an edge represents a singularity of the configuration, and this causes a
typical singular behaviour of solutions to such problems, here expressed in terms of
discreteor continuousasymptotics. TheGreen operatorsjust encodesuch asymptotics.
At thesame time it is interesting to understand thekernel structureof trace and poten-
tial operators in the boundary (edge) calculus; this is of a similar kind as the one of
Green operators.

By amanifoldM with edgeY weunderstandatopological spacesuch that M\Y
andY areC∞ manifolds, andY hasaneighbourhoodV in M equippedwith thestructure
of an X△-bundle over Y for a closed compact C∞ manifold X; here X△ := (R+ ×
X)/({0}×X) is the infinite cone with base X. In addition V is the quotient space
of an R+×X-bundle V over Y where V→ V is defined by the fibrewise projection
R+×X→ X△. From the definition it follows that M itself is the quotient spaceof a
C∞ manifold M with boundary ∂M, and ∂M is an X-bundle over Y. Locally near Y
the manifold M has the structure of a wedge X△×Ω, Ω ⊆ Rq open, q = dimY, and
M, the so-called stretched manifold of M, is locally near ∂M of the form R+×X×Ω.
The starting point of our discussion aredifferential operatorson Mreg := M\ ∂M with
smooth coefficients that are edge-degenerate near ∂M, i.e., locally, in the splitti ng of
variables (r,x,y) ∈ R+×X×Ω of the form

(1) A = r−µ ∑
j+|α|≤µ

a jα(r,y)

(
−r

∂
∂r

) j

(rDy)
α

with coefficientsa jα ∈C∞(R+×Ω,Diffµ−( j+|α|)(X)). Here Diffν(·) denotes thespace
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of all differential operatorsof order ν on themanifold in parentheses. If A is elli ptic in
thesenseof standard elli pticity in Mreg, together with the conditionthat for every fixed
y the expression

∑
j+|α|≤µ

a jα(0,y)(−iρ) jηα

representsaparameter-dependent elli ptic family of differential operatorsonX with the
parameters (ρ,η) ∈ R1+q (in the sense of Agranovich and Vishik, cf. [1]), we may
ask the (pseudo-differential) nature of a parametrix of A and the Fredholm property
in suitable weighted Sobolev spaces on M. It turns out that such a characterisation of
the solvabilit y properties of the equation Au = f induces a large variety of additional
structuresof an ‘unexpected’ complexity.

Comparing the situation with boundary value problems (taking into account
that a, say, compact, C∞ manifold M with boundary isaparticular manifold with edge,
where the above mentioned cone bundle near the edge ∂M can be identified with the
inner normal bundle) weseethat thesolvabilit y should bediscussed in connectionwith
extra conditionsof trace(and, in general, also potential) type with respect to the edge,
analogously as elli ptic boundary conditions. In addition the edge-degeneratenatureof
the operators makes it necessary to refer to specific weighted edge spaces rather than
‘standard’ Sobolev spaces. This aspect requires some special attention, and there are
many possible choices of such spaces. Answers of the above mentioned solvabilit y
problem (together with the construction of the additional edge conditions) for a certain
special classof such spaces, includingthe characterisation of thestructureof paramet-
rices, may be foundin [14], [15].

Analogously as in the case with boundary, when M is a manifold with edge we
talk about an edge problem for A. To be more precise, by an edge problem we un-
derstand the construction (or characterisation) of a solution u to the equation Au = f
on a manifold with edgeY under suitable trace(or edge) conditions on u at Y and, if
necessary, additional potentialsKv of distributionsv onY which are to be added to Au
in the imageof A.

Formally, Green operatorshave an analogousorigin asGreen’s functions in the
parametrices of elli ptic boundary value problems (Green’s function has the form of a
sum E+G whereE is a fundamental solution or a parametrix of the given elli ptic op-
erator and G a Green operator in our sense). However, in the edge case (or when the
transmission property is violated) theGreen operatorsare ‘ loaded’ with ahugevariety
of asymptotic information at the edge, coming from the zeros of the conormal sym-
bol of the given operator, seethe formula (3) below. In the special case of boundary
value problems with the transmission property the asymptotics are nothing else than
smoothnessup to the boundary, see, for instance, [3], and kernel characterisations of
correspondingGreensymbolsmay befoundin [16]. Kernel characterisationsfor Green
operators of the cone calculus are given in [18]; the case of Green edge symbols is
treated in [17], althoughthis refersto projectivetensor productsof spaceswith discrete



Green operators in the edge calculus 31

asymptotics; here we take another (completely adequate but more convenient) tensor
product and also study the case of continuousasymptotics, see also [20]. The discrete
case makes sense for y-independent asymptotics. In the y-dependent case it is reason-
able to formulate the phenomena in the frame of continuous asymptotics (details will
be explained below). Green operators are smoothing onMreg. Close to Msing := ∂M

they can be characterised (modulo a certain kind of global smoothing operatorsof the
edge calculus) as pseudo-differential operators on the edge with (classical) operator-
valued symbols, with ‘ twisted’ homogeneity. Green operators formally appear in a
pseudo-differential calculus containing the operator A together with its parametrix in
the elli ptic case. To ill ustrate that a littl e morewe write

A = Op(a) = F−1
η→ya(y,η)Fy→η,

(also denoted byOpy(a)) with the Fourier transform F in y∈ Rq, and

(2) a(y,η) := r−µ ∑
j+|α|≤µ

a jα(r,y)

(
−r

∂
∂r

) j

(rη)α.

Here a(y,η) is interpreted as an operator-valued amplitude function, operating
in suitable weighted distribution spaces on the infinite (open stretched) cone X∧ :=
R+×X with base X. Since the specific information is coming from a neighbourhood
of r = 0, we may (and will ) assume that the coefficientsa jα(r,y) are independent of r
for r > R for some R> 0. The behaviour of A near the edgeY very much depends on
the so-called principal edgesymbol

σ∧(A)(y,η) := r−µ ∑
j+|α|≤µ

a jα(0,y)

(
−r

∂
∂r

) j

(rη)α,

(y,η) ∈ T∗Y \0, and thesubordinate conormal symbol

(3) σcσ∧(A)(y,z) :=
µ

∑
j=0

a j0(0,y)zj

which is(in thepresent caseof adifferential operator) an entirefunctionin z∈C taking
values in Diffµ(X). As such it isa holomorphic family of Fredholm operators

(4) σcσ∧(A)(y,z) : Hs(X)−→Hs−µ(X)

in standard Sobolev spaces on X. Parametrices of A are to a large extent determined
by the inverse of (4) which is a meromorphic operator function. Poles and multiplici-
ties may depend ony; this gives rise to clouds of points in the complex plane, and the
y-dependent natureof meromorphycan bedescribed in termsof (operator-valued) ana-
lytic functionals in the complex plane, pointwisediscrete and branching, but smoothly
depending onthe edge-variabley (with respect to the Fréchet topology of the spaceof
analytic functionals). Now the Green operatorsof the edge calculus which participate
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in the parametrices of elli ptic operators inherit a part of this structure and affect the
elli ptic regularity of solutions. To briefly recall the idea, an equation Au = f with el-
liptic A is multiplied from the left by a parametrix P of A; then using PA= I −G with
a Green operator G weobtain

(5) PAu = Pf ⇒ u = Pf +Gu.

If P is sensitive enough(which isthe casein the correspondingedge calculus) to
transform agiven f with asymptoticsto afunctionPf with someresultingasymptotics
and if G produces from any weighted distribution u (without asymptotics) a smooth
function with asymptotics, from (5) we immediately conclude the asymptotics of u.
Note that a similar philosophy works in every calculus with parametrices of elli ptic
elements(with or without asymptotics), for instance, in the edge calculusof [6], where
the basespacesof model conesmay havenon-constant dimension.

In other words, it is interesting to understand the nature of Green operators in
the edge calculus. Moreover, havingat handadetailed description of thekernel of such
operators can be very useful. For instance, to prove the existenceof bounded imagi-
nary powersAiy of a conedifferential operator A ona(stretched) manifold with conical
singularities B (under suitable elli pticity conditionson A, cf. [4]), it is useful to know
thekernel structureof parameter-dependent Green operatorsappearingin theresolvent
of A. A similar procedurewas used in the situation of conic manifoldswith boundary,
cf. [5]. Let us also note that the above-mentioned trace and potential operators with
respect to the edge can also besubsumed under the concept of Green operators.

In the first section of this paper we study Melli n operators in the distancevari-
able r ∈ R+ to the singularity and recall the edge quantisation of edge-degenerate
symbols in r-direction. After that we formulate the concept of discrete and continu-
ous asymptotics for r → 0 in weighted cone Sobolev spaces. Green symbols of the
edge calculusare formulated as classical symbolswith twisted homogeneity, mapping
weighted distributionsinto smooth functionswith such asymptotics. In thesecondsec-
tion we give the first of the main results of this paper, see Theorem 2.1, where we
derive a characterisation for Green symbolswith discrete asymptotics in terms of ker-
nels, depending on variables and covariableson the edge, where the edge covariables
aremultiplied by the axial variables r and r ′, respectively.

In thethird part wedeal with continuousasymptotics, that aremainly motivated
by variable discrete asymptotics, where in general the asymptotic data depend onthe
edge variable y. We give adefinition of weighted spaces with continuousasymptotics
and write them as projective limits of suitable Hilbert spaces. Moreover we ill ustrate
the connection of such variable asymptotic data with varying and branching poles (of
variablemultiplicity) of meromorphicMelli n symbolsof the calculus. Finally weprove
the secondmain result of the paper, seeTheorem 4, a kernel characterisation of Green
edgesymbolswith continuousasymptotics similarly as in thediscrete case.
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In the last section we give an ideaon how the Green operatorsof the edge cal-
culus are organised, and we then have a look at a parameter-dependent variant and
formulate aresult on kernel cut-off which yieldsholomorphic dependenceon parame-
ters, in the case of constant discreteor continuousasymptotics.

1. Edge symbolsand weighted Sobolev spaces

1.1. Operator functionson the infinite stretched cone

Let X be a closed compact C∞ manifold, and let Lµ
cl(X;Rl ) denote the spaceof clas-

sical parameter-dependent pseudo-differential operators on X of order µ ∈ R, with
the parameter λ ∈ Rl (that is, the local amplitude functions are classical symbols in
(ξ,λ)∈Rn+l , n= dimX, andL−∞(X;Rl )= S (Rl ,L−∞(X)), whereL−∞(X) isthespace
of smoothing operators on X, identified with the spaceof operators with kernels in
C∞(X×X) via aRiemannian metric on X). Analogously as the operator functions (2)
in thepseudo-differential case we consider

r−µopr(p)(y,η)

for an operator family p of the form

p(r,y,ρ,η) := p̃(r,y, rρ, rη)

where p̃(r,y, ρ̃, η̃) ∈C∞(R+×Ω,Lµ
cl(X;R1+q

ρ̃,η̃ )) and

opr(p)(y,η)u(r) =

ZZ

ei(r−r ′)ρ p(r,y,ρ,η)u(r ′)dr ′d−ρ,

d−ρ := (2π)−1dρ. Let M be the Melli n transform on R+, i.e., Mu(z) :=
R ∞

0 rz−1u(r)dr,
first for u ∈ C∞

0 (R+) and then extended to more general function and distribution
spaces, also vector-valued ones. Concerning details on the Melli n transform in con-
nection with edge-degenerateoperators, see[15] or [8]. Set Γδ := {z∈ C : Rez= δ}
for any δ ∈ R, and define the weighted Melli n transform with weight γ as the map
Mγ : u 7→Mu(z)|Γ 1

2−γ
, u∈C∞

0 (R+). With Mγ we can associateweighted Melli n pseudo-

differential operators opγ
M( f ) with scalar as well as operator-valued amplitude func-

tions f . Note that Melli n operatorshavebeen widely used in Eskin’smonograph[9] in
connection with boundary value problems without the transmission property, see also
[11]. In the edge calculuswe takeparameter-dependent famili esof pseudo-differential
operators f (r,y,z,η) ∈C∞(R+×Ω,Lµ

cl(X;Γ 1
2−γ×Rq)); here (z,η) ∈ Γ 1

2−γ×Rq plays

the role of parameters while (r,y) are additional variables. The associated operators
have the form

(6) opγ
M( f )(y,η)u(r) :=

ZZ ( r
r ′

)−( 1
2−γ+iρ)

f (r,y,
1
2
− γ+ iρ,η)u(r ′)

dr ′

r ′
d−ρ.

In the exampleof (2) we can write

p̃(r,y, ρ̃, η̃) = ∑
j+|α|≤µ

a jα(r,y)(−iρ̃) j η̃α;
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then a(y,η) = r−µopr(p)(y,η), and

a(y,η) := r−µopβ
M( f )(y,η)

for f (r,y,z,η) := f̃ (r,y,z, rη), f̃ (r,y,z, η̃) = ∑ j+|α|≤µa jα(r,y)zj η̃α and any β ∈ R (at
this moment a(y,η) is interpreted as an operator function in the sense C∞

0 (X∧) −→
C∞(X∧); later onwe deal with weighted spacesonX∧ = R+×X).

Observethat the correspondencep→ f in the caseof adifferential operator (1)
is canonical, i.e., we have in thiscase

A = r−µOpy(opr(p)) = r−µOpy(opγ
M( f )),

for any real γ, or, alternatively,

(7) opr(p)(y,η) = opγ
M( f )(y,η)

as elements of C∞(Ω,Lµ
cl(X

∧;Rq)). However, in the pseudo-differential case the cor-
respondence p→ f has to be achieved by a more subtle quantisation which leaves
smoothing remainders that are not necessarily vanishing. It is known that such quan-
tisations exist, indeed, see[15], and that for every p there are elements f̃ (r,y,z, η̃) ∈
C∞(R+×Ω,Lµ

cl(X;Γ 1
2−γ×Rq)) such that for the associated f the relation (7) holds

modulo such remainders. We even find holomorphic functions in z, see also Section
3.2, and (7) then holds for arbitrary γ ∈ R. The pseudo-differential edge calculus of
[15] containsamplitudefunctionsof the form

a(y,η) := r−µσ{ω(r[η])op
γ− n

2
M ( f )(y,η)ω̃(r ′[η])

+(1−ω(r[η]))opr(p)(y,η)(1− ˜̃ω(r ′[η]))}σ̃,

n = dimX, where ω, ω̃, ˜̃ω and σ, σ̃ are cut-off f unctionson the half axis, i.e., elements
in C∞

0 (R+) which are equal to onenear zero, andwith the property ˜̃ω≺ ω≺ ω̃, where
ϕ≺ ψ meansthat ψ≡ 1 in aneighbourhood of suppϕ. In additionη→ [η] isastrictly
positiveC∞ function in η ∈ Rq such that [η] = |η| for |η|> C with someC > 0.

In order to complete operators Opy(a) to an algebra we have to add other
operator-valuedsymbols, mainly (so-called) Green symbolsandalso smoothingMelli n
operator famili es, seeSection 3.2 below. Those are encodingthe asymptotic properties
of solutions to elli ptic equationswhen they are coming from aparametrix.

1.2. Weighted spaceswith discreteasymptoticson cones

Green operators in the context of classical boundary value problems are (locally in a
collar neighbourhood of the boundary) pseudo-differential operatorsalongthe bound-
ary with symbolsacting as operatorsnormal to the boundary. More precisely, the val-
uesof the symbolsare operatorsG in L2(R+) such that G,G∗ : L2(R+)−→ S (R+)(=
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S (R)|
R+

) are continuous(thisconcernstheso-called type zero; otherwisetheoperators
are combined with differentiations transversal to the boundary). In the generalisation
to the case of a manifold with edges we replacethe inner normal R+ by a non-trivial
model coneX

a
:= (R+×X)/({0}×X) belongingto correspondinglocal wedges, and

thespacesL2(R+) andS (R+) by weighted spacesK 0,γ(X∧) andS β
P (X

∧), respectively,
on the open stretched cone X∧ := R+×X ∋ (r,x) with a certain behaviour for r → 0,
encoded bya so-called asymptotic typeP . In simplest casesasymptoticswill have the
form

(8) u(r,x)∼∑
j

mj

∑
k=0

c jk(x)r
−p j logk r for r→ 0

with a sequenceof triplesP := {(p j ,mj ,L j )} j=0,1,...,N, N ∈N∪{∞}, p j ∈C, mj ∈ N,
and finite-dimensional subspaces L j ⊂C∞(X), such that c jk ∈ L j for all 0≤ k≤ mj ,

and all j. For dimX = 0 we have, in particular, a natural identification of S (R+) with
S 0

T(R+) with theTaylor asymptotic typeT = {(− j,0)} j=0,1,... (thespacesL j disappear
in thiscase). Let usnow passto theprecisedefinitions.

We say that P is associated with weight data (γ,Θ) for a weight γ ∈ R and
Θ = (ϑ,0] for some−∞≤ ϑ < 0 if the set πCP =

{
p j

}
0≤ j≤N is contained in the strip

{
n+1

2 − γ+ ϑ < Rez< n+1
2 − γ

}
,n = dimX, πCP finite for finite ϑ, and Rep j →−∞

as j → ∞ when ϑ =−∞ andN = ∞.

Given P associated with (γ,Θ) for a finite weight interval Θ anda fixed cut-off
functionω weset

E P (X
∧) :=

{ N

∑
j=0

mj

∑
k=0

ω(r)c jkr
−p j logk r : c jk ∈ L j for 0≤ k≤mj , 0≤ j ≤ N

}
.

Moreover, let H s,γ(X∧) for s∈ N, γ ∈ R, denote the subspaceof all u(r,x) ∈
rγ− n

2 L2(X∧) (with L2 referringto drdx) such that

(r∂r)
k Dα

x u(r,x) ∈ rγ− n
2 L2(X∧)

for every k∈ N, α ∈ Nn, k+ |α| ≤ s; here Dα
x := vα1

1 ·. . .· v
αn
n means the differentiation

with arbitrary vector fields v j on X. In particular, we have H 0,0(X∧) = r−
n
2 L2(X∧).

Then duality and interpolation giveusadefinition of H s,γ(X∧) for arbitrary s∈ R.

There isanother useful scale of weighted spacesonX∧ defined by

K s,γ(X∧) :=
{

ω f +(1−ω)g : f ∈ H s,γ(X∧), g∈ Hs
cone(X

∧)
}

for some cut-off f unction ω; see, for instance, [12] or [15]. The spaceHs
cone(X

∧) is
defined to be the set of all g∈ Hs

loc(R×X)|R+×X such that for every chart χ : U → B
onX to B := {x∈ Rn : |x|< 1} andevery ϕ ∈C∞

0 (U ) wehave

(1−ω)ϕg∈ (β◦ (1×χ))∗Hs(Rn+1)|Γ
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for Γ :=
{
(r, rx) ∈ Rn+1 : r ∈R+,x∈ B

}
, n = dimX, and β : R+×B→ Γ, β(r,x) :=

(r, rx), (1×χ)(r, ·) := (r,χ(·)), seepicturebelow.

The spaces K s,γ(X∧) can be endowed with scalar products such that they are
Hilbert spaces in a natural way; in particular, K 0,0(X∧) = H 0,0(X∧) = r−

n
2 L2(X∧).

For a finiteweight interval Θ = (ϑ,0] we set

(9) K
s,γ

Θ (X∧) := lim
←−
N∈N

K s,γ−ϑ− 1
N+1 (X∧)

which isa Fréchet spacein theprojective limit topology, and

K
s,γ
P (X∧) := K s,γ

Θ (X∧)+E P (X
∧),

as a direct sum, for every asymptotic type P which is associated with the weight data
(γ,Θ). For purposesbelow for every N ∈ N and for γ = 0, we now form thespaces

(10) BN := 〈r〉−NK N,0(X∧)

and

(11) AN
P := 〈r〉−NK N,−ϑ− 1

N+1 (X∧)+E P (X
∧) = w−ϑ− 1

N+1 BN +E P (X
∧);

here, w(r) := 1+(r−1)ω(r).

These areHilbert spaces in a natural way, andweset

S 0(X∧) := lim
←−
N∈N

BN, S 0
P (X

∧) := lim
←−
N∈N

AN
P .

Moregenerally, we can form

S γ(X∧) := wγS 0(X∧) and S γ
T−γP (X

∧) := wγS 0
P (X

∧),
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whereT−γP :=
{
(p j − γ,mj ,L j)

}
j=0,...,N .

REMARK 1. (i) There are canonical continuousembeddings

(12) AN
P →֒ AN−1

P , BN →֒ BN−1

for all N≥ 1;

(ii ) let us set

(13) (κλu)(r,x) := λ
n+1

2 u(λr,x),

n= dimX, λ∈R+. Then weobtain strongly continuousgroupsof isomorphisms

κλ : AN
P → AN

P aswell as κλ : BN→ BN

for every N ∈ N, seethe followingDefinition 1.

DEFINITION 1. (i) A Hilbert (or Banach) space H is said to be endowed
with a group action κ = {κλ}λ∈R, if κ is a group of isomorphisms κλ : H → H,
λ ∈ R+, where κλκν = κλν for every λ,ν ∈ R+, and κ is strongly continuous
(i.e., λ 7→ κλh representsa function in C(R+,H) for every h∈ H).

(ii) We say that a Fréchet spaceE, written as the projective limit of a sequenceof
Hilbert spaces E j , j ∈ N, with continuous embeddings . . . →֒ E j+1 →֒ E j →֒
. . . →֒ E0 for all j , is endowed with a group action{κλ}λ∈R+

, if {κλ}λ∈R+
is a

group action onE0 and{κλ|E j }λ∈R+
definesa group action onE j for every j.

1.3. Green edgesymbols

Green symbols will be particular operator-valued symbols within the framework of
twisted homogeneity. Homogeneity in that sense means the following. Let E be a
Hilbert space endowed with a group action {κλ}λ∈R, cf. Definition 1 above. If Ẽ is
another Hilbert spacewith group action {κ̃λ}λ∈R+

, a C∞ function a(µ)(y,η) in Ω×
(Rq\{0}), Ω⊆Rq open, with valuesin L (E, Ẽ) iscalled homogeneousof order µ∈R

if
a(µ)(y,λη) = λµκ̃λa(µ)(y,η)κ−1

λ

for all λ ∈R+.

Let us give the definition of the spaceof symbolsSµ(Ω×Rq;E, Ẽ). This space
consists of the set of all C∞ functions a(y,η) in Ω×Rq with values in L (E, Ẽ) such
that

(14) sup
y∈K

η∈R
q

〈η〉|β|−µ
∥∥∥κ̃−1
〈η〉

{
Dα

y Dβ
ηa(y,η)

}
κ〈η〉

∥∥∥
L (E,Ẽ)
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is finite for every K ⊂⊂Ω andevery α,β ∈Nq; here〈η〉 := (1+ |η|2)
1
2 . Moreover, we

denoteby S−∞(Ω×Rq;E, Ẽ) :=
T

µ∈R Sµ(Ω×Rq;E, Ẽ) the spaceof symbolsof order
minus infinity.

Symbols of that kind form a Fréchet spacewith the expressions (14) as semi-
norms. They are ‘ twisted’ analogues of Hörmander’s symbol spaces from the scalar
case (i.e., when E = Ẽ = C, κλ = κ̃λ = idC for all λ ∈ R+). Standard manipulations
known from the scalar case also make sense in analogous form in the operator-valued
case. In particular, we can form asymptotic sumsof sequencesa j(y,η) of symbols the
order of which tend to−∞ as j → ∞. Now

(15) Sµ
cl(Ω×R

q;E, Ẽ)

is defined as the subspaceof a(y,η) ∈ Sµ(Ω×Rq;E, Ẽ) which admit asymptotic ex-
pansions into symbols of the kind χ(η)a(µ− j)(y,η), j ∈ N, where a(µ− j)(y,η) is ho-
mogeneous in the above sense, of order µ− j and χ(η) an excision function, i.e., any
χ ∈C∞(Rq) that vanishesnear η = 0 and isequal to 1 for |η| ≥C for someC > 0.

REMARK 2. Let χ(η) be an excision function, and let a(µ)(y,η) be homoge-
neousof order µ asabove; then

a(y,η) := χ(η)a(µ)(y,η) ∈ Sµ
cl(Ω×R

q;E, Ẽ).

In symbol spacesof thekind (15) for E and Ẽ we will t ake, for instance,

(16) K s,γ(X∧) and S β
P (X

∧),

respectively, for somediscrete asymptotic typeP (associated to weight data (β,Θ), cf.
Section 1.2). Thespaces(16) will be considered with thegroupaction (13).

In the following definition we apply symbols of the classes Sµ
cl(Ω×Rq;E, Ẽ)

in the variant that Ẽ is a Fréchet space, Ẽ = lim
←−
j∈N

Ẽ j , endowed with a groupaction (see

Definition 1). Then

Sµ
cl(Ω×R

q;E, Ẽ) :=
\

j∈N

Sµ
cl(Ω×R

q;E, Ẽ j).

DEFINITION 2. An operator function g(y,η) ∈ C∞(
Ω × Rq,L

(
K 0,γ(X∧),

K 0,β(X∧)
))

is said to be a Green symbol of order µ∈ R, with (discrete) asymptotic
types P and Q (associated with (β,Θ) and (−γ,Θ), respectively) if g(y,η) has the
properties

g(y,η) ∈ Sµ
cl

(
Ω×R

q;K s,γ(X∧),S β
P (X

∧)
)

(17)

and

g∗(y,η) ∈ Sµ
cl

(
Ω×R

q;K s,−β(X∧),S −γ
Q (X∧)

)
(18)
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for all s∈R. Hereg∗ denotesthe (y,η)-wise formal adjoint with respect to therespec-
tivesesquili near pairings

K s,β(X∧)×K −s,−β(X∧)→C

induced by theK 0,0(X∧) scalar product, for arbitrary s,β ∈ R.

REMARK 3. Observethat the Green operatorsof type0 in the calculusof clas-
sical (pseudo-differential) boundary value problems are operators with special such
symbols. In this case it suffices to replaceK s,γ(X∧) andK s,−β(X∧) by L2(R+) (with

R+ beingtheinner normal to theboundary in consideration) andS β
P (X

∧) andS −γ
Q (X∧)

by S (R+), cf. [16].

REMARK 4. The conditions(17) and (18) areslightly stronger than necessary.
It suffices to require them for s= 0; however, this is not the main point of our consid-
eration. What we can seeimmediately is that it suffices to require the conditions (17)
and (18) for all s∈ Z owed by the interpolation property of the spacesK s,γ(X∧) in s.
It followsthat thespaceof Green symbolsof order µ andfixed P ,Q isaFréchet space.

From the Green symbols which are known from the calculus of operators on
a manifold with edges we know in fact more, namely, that the spaces K s,γ(X∧) and
K s,−β(X∧) may even be replaced by the spaces 〈r〉 jK s,γ(X∧) and 〈r〉 jK s,−β(X∧), re-
spectively, for arbitrary j ∈ N. Therefore, we start with that property. In that case it
is known that the kernels of the homogeneouscomponentsg(µ− j) areC∞ functionsof
(y,η) ∈Ω× (Rq\ {0}) with values in the space

{
S

β
P (X

∧)⊗̂πS
−γ(X∧)

}
∩

{
S β(X∧)⊗̂πS

−γ
Q

(X∧)
}

whereS β(X∧) = lim
←−
j∈N

〈r〉− jK ∞,β(X∧) for any β ∈R. HereQ :=
{
(q j ,n j ,L j)

}
j∈N

when

Q =
{
(q j ,n j ,L j)

}
j∈N

, and ⊗̂π denotes the (completed) projective tensor product be-
tween the respective Fréchet spaces. In this conclusion we employ the fact that when
an operator g : H→ F is continuousfrom aHilbert spaceH to anuclear Fréchet space
F (written as lim

←−
j∈N

Fj for Hilbert spaces Fj with nuclear embeddings Fj+1 →֒ Fj for all

j), theoperator g hasa kernel in lim
←−
j∈N

Fj ⊗H H∗ = lim
←−
j∈N

Fj⊗̂πH∗ = F⊗̂πH∗, cf. [10].

2. Discreteasymptotics

2.1. Green symbols

Let f (r,x, r ′,x′;y,η) be afunction in thespace

(19)
{
S

β
P (X

∧)⊗̂πS
−γ(X∧)

}
∩

{
S β(X∧)⊗̂πS

−γ
Q

(X∧)
}
⊗̂πSµ+n+1

cl (Ω×R
q),
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γ,β,µ∈ R, n = dimX, and let η 7→ [η] denote any strictly positiveC∞ function in Rq

such that [η] = |η| for |η|> C for some constant C > 0. Form theoperator function

(20) g(y,η)u(r,x) :=
Z

X

Z ∞

0
f (r[η],x, r ′[η],x′;y,η)u(r ′,x′)(r ′)ndr ′dx′.

Then weget aGreen symbol of order µ in thesenseof Definition 2. For purposesbelow
we set

(21) gf (y,η) := g(y,η).

THEOREM 1. Every Green symbol g(y,η) of order µ as in Definition 2 has a
representation of the form (20) for anelement f (r,x, r ′,x′;y,η) in thespace(19).

Proof. For conveniencewe consider a Green symbol with constant coefficients, i.e.,
g = g(η) (the generalisation of arguments to the y-dependent case is straightforward
andwill beomitted). First observethat asimple composition of g with suitablepowers
in r and r ′, allows us to consider the case β = γ = 0. Moreover, without lossof gen-
erality we may assume µ = 0 (it suffices to replaceg by [η]−µg). In other words we
start with g∈S0

cl

(
Rq;K s,0(X∧),S 0

P (X
∧)

)
with thehomogeneouscomponentsg(− j)(η),

j ∈ N. We use the fact that the series

(22) g̃l (η) :=
∞

∑
j=l

χ(
η
c j

)g(− j)(η)

converges in S−l
cl

(
Rq;K s,0(X∧),S 0

P (X
∧)

)
for every l ∈ N. Here χ(η) is any excision

function in Rq, and c j are constants tending to ∞ sufficiently fast. Then g(η)− g̃(η),
for g̃(η) := g̃0(η), is of order −∞ in the sense of the first part of Definition 2. In a
similar manner we can proceed with the formal adjoint and choose, if necessary, the
constants c j once again larger, such that g∗(η)− g̃∗(η) is of order −∞ in the sense of
the second part of Definition 2.

Setting

(23) S 0
P (X

∧)⊗̂ΓS
0
Q

(X∧) :=
{
S 0
P (X

∧)⊗̂πS
0(X∧)

}
∩

{
S 0(X∧)⊗̂πS

0
Q

(X∧)
}
,

the componentsg(− j)(η) can be identified with an η-dependent kernel function of the
form |η|n+1− je(− j)(r|η|,x, r ′|η|,x′;

η
|η| ), η 6= 0, for e(− j)(r|η|,x, r ′|η|,x′;

η
|η| ) ∈

C∞(
Sq−1

η ,S 0
P (X

∧)⊗̂ΓS
0
Q

(X∧)
)
, with Sq−1 being the unit sphere in Rq, such that

(24)

g(− j)(η)u(r,x) =

|η|n+1− j
Z

X

Z ∞

0
e(− j)(r |η| ,x, r ′ |η| ,x′;

η
|η|

)u(r ′,x′)(r ′)ndr ′dx′.

If E isaFréchet spacewith the countablesemi-norm system (pk)k∈N wedenote
by Sµ(Rq,E) theset of all a∈C∞(Rq,E) such that

sup
η∈Rq
〈η〉−µ+|α|pk(D

α
ηa) < ∞
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for all α ∈Nq, k∈N. There is then thesubspaceSµ
cl(R

q,E) of classical E-valued sym-
bols in terms of asymptotic expansionsof elements χ(η)a(µ− j)(η) with homogeneous
componentsa(µ− j)(η) ∈C∞(Rq\ {0},E) of order µ− j.

Setting

(25) h j(r,x, r
′,x′;η) := χ(

η
c j

)[η]n+1− je(− j)(r,x, r
′,x′;

η
|η|

)

we obtain elements

(26) h j ∈ Sn+1− j
cl

(
R

q,S 0
P (X

∧)⊗̂ΓS
0
Q

(X∧)
)
.

Choosing the constants c j > 0 increasing sufficiently fast as j → ∞ we obtain con-
vergence of al (η) := ∑∞

j=l h j(η) in Sn+1−l
cl

(
Rq,S 0

P (X
∧)⊗̂ΓS

0
Q

(X∧)
)

for every l ∈ N.

Clearly we can take the same constantsas in (22); it suffices to take the maximumsof
both choices. Note that h j(r,x, r ′,x′;η) may bereplaced by

h j(r[η],x, r ′[η],x′;η) = χ(
η
c j

) |η|n+1− j e(− j)(r |η| ,x, r ′ |η| ,x′;
η
|η|

)

when we choose c0 sufficiently large and c j > c0 for all j ≥ 1. According to (21)
we obtain associated Green symbolsgh j (η), and ∑∞

j=l gh j (η) convergesto gal (η) with
some al , seenotation (21), in the Fréchet spaceof Green symbols of order −l for the
given fixed P ,Q ; thisholdsfor every l ∈N. Thusit followsthat c(η) := g(η)−ga0(η)
is a Green symbol of order −∞. It remains to prove that there is an m(r,x, r ′,x′;η) ∈
S
(
Rq,S 0

P (X
∧)⊗̂ΓS

0
Q

(X∧)
)

such that c(η) = gm(η). TheGreen symbol c(η) isof order
−∞; then there isa

(27) k(r,x, r ′,x′;η) ∈ S
(
R

q,S 0
P (X

∧)⊗̂ΓS
0
Q

(X∧)
)

such that
c(η)u(r,x) =

Z

X

Z ∞

0
k(r,x, r ′,x′;η)u(r ′,x′)(r ′)ndr ′dx′.

In Lemma1 below wewill show that

(28) k
( r

[η]
,x,

r ′

[η]
,x′;η

)
=: m(r,x, r ′,x′;η) ∈ S

(
R

q,S 0
P (X

∧)⊗̂ΓS
0
Q

(X∧)
)
.

Then weobviously obtain c(η) = gm(η).

LEMM A 1. We have(27)⇒ (28).

Proof. The proof is elementary though voluminous. Therefore, we only describe the
typical steps. By virtueof (23) it suffices to show that

(29) k∈ S
(
R

q,S 0
P (X

∧)⊗̂πS
0(X∧)

)
⇒m∈ S

(
R

q,S 0
P (X

∧)⊗̂πS
0(X∧)

)
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and a similar relation for Schwartz functions with values in the secondspaceof (23).
Let usconsider, for instance, the case (29). We now observethat

S 0
P (X

∧)⊗̂πS
0(X∧) = lim

←−
N∈N

AN⊗H BN

for the spaces AN := AN
P and BN, cf. Section 1.2, with ⊗H being the Hilbert tensor

product. Then wehave

S
(
R

q,S 0
P (X

∧)⊗̂πS
0(X∧)

)
= lim
←−
N∈N

S
(
R

q,AN⊗H BN)
.

As thesemi-norm system for this spacewe can take

(30) sup
η∈Rq

∥∥∥∥〈η〉
l Dβ

ηk
( r

[η]
,x,

r ′

[η]
,x′;η

)∥∥∥∥
AN⊗HBN

for all l ,N ∈ N, β ∈ N
q.

It suffices to show that for every l ,β,N there arefinitely many triples (l ′,β′,N′)
such that

(31) sup
η∈Rq

∥∥∥∥〈η〉
l ′Dβ′

η k
( r

[η]
,x,

r ′

[η]
,x′;η

)∥∥∥∥
AN′⊗HBN′

< ∞

for all those (l ′,β′,N′) implies that (30) is finite.

Let us lookat the case q = 1 andn = dimX = 0; thegeneral case iscompletely
analogous, and let first β = 0. We use the fact that when {κλ}λ∈R+

is a strongly con-
tinuousgroup of isomorphismsonaHilbert spaceE, there are constantsc,M > 0 such
that

(32) ‖κλ‖L (E,Ẽ) ≤ c
(
max(λ,λ−1)

)M

for all λ ∈ R+. From (a slight modification of) Remark 1 we know that u(r,x) 7→
u(λr,x), λ ∈ R+, induces strongly continuous groups of isomorphisms on the spaces
AN andBN for all N ∈N. Then (32) yieldsestimatesof the kind

(33)

∥∥∥∥k
( r

[η]
,

r ′

[η]
;η

)∥∥∥∥
AN⊗H BN

≤ c〈η〉M
∥∥k(r, r ′;η)

∥∥
AN⊗HBN

for all η, with suitable constants c,M > 0, for all k∈ AN⊗H BN. This gives us imme-
diately the conclusion (31)⇒ (30) with β′ = 0 and l ′ = l +M.

Let usnow assumeβ = 1. In thiscase weobtain

d
dη

k
( r

[η]
,

r ′

[η]
;η

)
=

({
ϕr∂r + ϕr ′∂r ′+ ∂η

}
k
)( r

[η]
,

r ′

[η]
;η

)
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with a uniformly bounded function ϕ(η) and ∂/∂η denoting the derivative in the third
variable. Then

∥∥∥∥〈η〉
l
( d

dη
k
)( r

[η]
,

r ′

[η]
;η

)∥∥∥∥
AN⊗H BN

≤ c

∥∥∥∥〈η〉
l (r∂rk)

( r
[η]

,
r ′

[η]
;η

)∥∥∥∥
AN⊗H BN

+ c

∥∥∥∥〈η〉
l (r ′∂r ′k)

( r
[η]

,
r ′

[η]
;η

)∥∥∥∥
AN⊗HBN

+

∥∥∥∥〈η〉
l (∂ηk)

( r
[η]

,
r ′

[η]
;η

)∥∥∥∥
AN⊗H BN

with somec > 0. Theoperator r∂r is continuousin thesense

(34) r∂r : AN→ AN−1, BN→ BN−1

for every N≥ 1. In combinationwith the estimates (33) this implies

∥∥∥∥〈η〉
l
( d

dη
k
)( r

[η]
,

r ′

[η]
;η

)∥∥∥∥
AN⊗H BN

≤ c
∥∥∥〈η〉l+Mk

(
r, r ′;η

)∥∥∥
AN−1⊗H BN

+ c
∥∥∥〈η〉l+Mk

(
r, r ′;η

)∥∥∥
AN⊗HBN−1

+
∥∥∥〈η〉l+M (∂ηk)

(
r, r ′;η

)∥∥∥
AN⊗HBN

.

The desired estimate then follows from Remark 1 (i). In an analogous manner
we can treat thesemi-normswith higher η-derivatives.

REMARK 5. Theorem 1 remainstrue in analogousform if wereplace[η] in the
formula (20) by any other strictly positiveC∞ function p(η) such that c[η] ≤ p(η) ≤
c′[η] for all η, with suitable constants0< c< c′. In particular, wemay take p(η) = 〈η〉.

2.2. Traceand potential symbols

The Definition 2 can be generalised to 2× 2 block matrix-valued functions g(y,η) ∈
Sµ

cl

(
Ω×Rq;K 0,γ(X∧)⊕C,K 0,β(X∧)⊕C

)
such that

g(y,η) ∈ Sµ
cl

(
Ω×R

q;K s,γ(X∧)⊕C,S
β
P (X

∧)⊕C)

and
g∗(y,η) ∈ Sµ

cl

(
Ω×R

q;K s,−β(X∧)⊕C,S
−γ
Q (X∧)⊕C

)

for all s∈ R, with suitable g-dependent discrete asymptotic typesP ,Q (the pointwise
adjoints refer to corresponding sesquili near pairings induced by the scalar product of
K 0,0(X∧)⊕C). In C we always assume the trivial group action, i.e., κλ acts as the
identity for all λ ∈ R+. Writing g(y,η) = (gi j (y,η))i, j=1,2 , we call g21(y,η) a trace
symbol andg12(y,η) a potential symbol of order µ∈ R (of the edge calculus). Clearly
g22(y,η) is nothingelse than a classical scalar symbol of order µ.
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Examplesof trace and potential symbolsmay beobtained by functionsin

(35) S
−γ
Q

(X∧)⊗̂πS
µ+ n+1

2
cl (Ω×R

q) ∋ f21(r
′,x′;y,η)

and

(36) S
β
P (X

∧)⊗̂πS
µ+ n+1

2
cl (Ω×R

q) ∋ f12(r,x;y,η),

respectively; as usual, n = dimX. The symbols themselves are obtained by integral
representationsof thekind

(37) g21(y,η)u =

Z

X

Z ∞

0
f21(r

′[η],x′;y,η)u(r ′,x′)(r ′)ndr ′dx′,

u(y,η) ∈ K s,γ(X∧), and

(38) g12(y,η)c(r,x) = cf12(r[η],x;y,η),

c∈C, respectively.

THEOREM 2. (i) Every trace symbol g21(y,η) can be written in the form
(37) for anelement (35);

(ii) every potential symbol g12(y,η) can be written in the form (38) for an element
(36).

Theproof employsanalogousargumentsas those for Theorem 1.

3. Continuousasymptotics

3.1. Green symbols

In Section 1.2 we have formulated spacesK s,γ
P (X∧) with discrete asymptotics of type

P for r → 0, cf. the formula (8). As is known, cf. [15], asymptotics of that form can
also bewritten as

(39) u(r,x)∼∑
j
〈ζ j , r

−z〉

whereζ j areC∞(X)-valued analytic functionalscarried by thepoints p j ∈C which are
of finite order (in fact, derivativesof the Diracdistributionat p j of order mj +1 in the
notation of the formula(8)).

For an open U ⊆ C and for a Fréchet space E, we denote by A (U ,E) =
A (U )⊗̂πE the spaceof all holomorphic E-valued functions in U . Let A ′ (K,C∞(X))
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(= A ′(K)⊗̂πC∞(X)) denote the spaceof all analytic functionals carried by a com-
pact set K ⊂ C. From generaliti es on analytic functionals it follows that every ζ ∈
A ′ (K,C∞(X)) can berepresented in the form

(40) ζ : h 7→
1

2πi

Z

C
f (z)h(z)dz

for some f ∈ A (C\K,C∞(X)) , whereC is aC∞ curve counter clockwisesurrounding
K (such that the winding number with respect to every z∈ K is equal to 1). In other
words, to express(39) it suffices to represent ζ j by a meromorphic function with a
pole at p j of order mj + 1 and Laurent coefficients belonging to the spaceL j (cf. the
notation in Section 1.2).

Now an element u(r,x) ∈ K s,γ(X∧) is said to have continuousasymptotics(first
in afiniteweight strip Θ) if thereisanelement ζ∈A ′ (K,C∞(X)) for asuitable compact
K ⊂

{
z : Rez< n+1

2 − γ
}

, n = dimX, such that

u(r,x) = ω(r)〈ζ, r−z〉+uΘ(r,x)

for someuΘ ∈ K
s,γ

Θ (X∧); here, asusual, ω is a cut-off f unction.

In order to unify notationin connectionwith discreteor continuousasymptotics
we consider thespace

(41)
{

ω(r)〈ζ, r−z〉 : ζ ∈ A ′(K,C∞(X))
}

.

The quotient spaceof (41) with respect to the equivalence relation u ∼ v⇔
u− v ∈ K s,γ

Θ (X∧) is called a continuous asymptotic type P , associated with weight
data (γ,Θ). The cut-off f unctionω is fixed, but thequotient spaceis independent of ω.
Denoting thespace(41) by E P (X∧) we then define

(42) K
s,γ
P (X∧) := K s,γ

Θ (X∧)+E P (X
∧)

in theFréchet topology of thenon-direct sum. To recall theterminology, thenon-direct
sum of two Fréchet spacesE andF (embeddedin aHausdorff topological vector space)
isdefined asE+F := {e+ f : e∈ E, f ∈ F} endowed with theFréchet topologyfrom
E + F ≃ E⊕F/∆, where ∆ := {(e,−e) : e∈ E∩F} . Note that P only depends on
the set K ∩

{
Rez> n+1

2 − γ+ ϑ
}

. For a generalisation to infinite weight intervals we
define thesystem V of closed subsetsV ⊂ C such that V ∩{c≤ Rez≤ c′} is compact
for every c≤ c′. Then for every V ∈ V contained in

{
Rez< n+1

2 − γ
}

we can consider
Vϑ :=V∩

{
Rez≥ n+1

2 − γ+ ϑ−1
}

andthe associated continuousasymptotic typePϑ.
We then have continuousembedding

K
s,γ
Pϑ

(X∧) →֒ K s,γ
Pϑ′

(X∧)

for every ϑ < ϑ′, andwethen set K s,γ
P (X∧) := lim

←−
K

s,γ
Pϑ

(X∧) in theFréchet topology of

theprojectivelimit taken over any monotonically decreasingsequenceof negativereals
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ϑ. Thesubscript P incorporatesa continuousasymptotic type associated with (γ,Θ) for
Θ = (−∞,0], andstandsfor the equivalence classrepresented bysuch asequence{Pϑ}
with ϑ running over any monotonesequencetending to−∞. The equivalencerelation
just means the equality of the respectiveprojective limits. The set V is called a carrier
set of the asymptotic type P (when ϑ = −∞, otherwise V ∩

{
Rez≥ n+1

2 − γ+ ϑ
}

is
called the carrier of the correspondingP ).

We do not need the sets V in full generality. Let us content ourselves with
thoseV that are convex in imaginary direction, i.e., z0,z1 ∈V andRez0 = Rez1 imply
λz0 + (1− λ)z1 ∈ V for all 0 ≤ λ ≤ 1. There is then an obvious one-to-one corre-
spondencebetween such V contained in

{
Rez< n+1

2 − γ
}

and associated continuous
asymptotic typesby the above construction.

If P is a continuousasymptotic type, we set

S
γ
P (X

∧) := lim
←−
N∈N

〈r〉−NK
∞,γ
P (X∧)

which isa nuclear Fréchet spacein the topology of theprojective limit.

Let usmakesomeremarksabout the motivation of continuousasymptotics. As
noted in the introductionthe elli ptic regularity of solutionsto elli ptic equationsAu = f
on a wedge X∧×Ω, Ω⊆ Rq open, and A edge-degenerateof the form (1), contains a
statement onasymptoticsof u(r,x,y) for r→ 0, even if we are consideringC∞ functions
onX∧×Ω. Similarly as (8) the asymptoticshavethe form

(43) u(r,x,y)∼∑
j

mj (y)

∑
k=0

c jk(x,y)r
−p j (y) logk r for r → 0,

wherethe exponents−p j(y) andthenumbersmj(y) aredetermined bythosepointsz∈
C wheretheoperators(4) arenot bijective, cf. [13]. Thesepoints(aswell asthemj(y))
may depend ony in a very irregular way. This may happen even for n = dimX = 0.
Theinverseof (4) is then a family of meromorphic functions, and themain ingredients
of the parametrices P of A are Melli n operators with such symbols. Applying P to
functions(say, with compact support with respect to r ∈R+) givesusfunctionsu(r,x,y)
of abehaviour like (43). If we consider theMelli n transform (M(ωu))(z,x,y) (for any
cut-off f unction ω(r) on the half-axis) we obtain a family of meromorphic functions
in the complex plane the poles and multiplicities of which inherit the corresponding
behaviour of the Melli n symbols. Now the parameter-dependent asymptotics of u can
be interpreted in termsof functionsζ(y) ∈C∞ (Ω,A ′(K,C∞(X))) for suitable compact
K, such that ζ(y) is pointwise discrete and of finite order but of the above mentioned
irregular behaviour. Here ‘pointwisediscrete’ means that 〈ζ(y), r−z〉 has the form (43)
for certain p j ∈ K, mj ∈N for every y∈Ω.

PROPOSITION 1. For every continuousasymptotic typeP associatedwithweight
data (γ,Θ) there is a scale of Hilbert spaces AN

P , N ∈ N, with nuclear embeddings
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AN
P →֒ AN−1

P for every N≥ 1 such that

S
γ
P (X

∧) = lim
←−
N∈N

AN
P .

The spaces AN
P can be chosen as continuously embedded subspaces of K 0,γ(X∧) such

that (13) inducesa strongly continuousgroup of isomorphisms

κλ : AN
P → AN

P

for every N ∈ N.

Proof. We first assume the weight interval Θ to be finite. Similarly as (42) we write
S

γ
P (X

∧) asa (non-direct) sum of Fréchet spaces, namely,

S
γ
P (X

∧) = lim
←−
N∈N

〈r〉−NK
∞,γ

Θ (X∧)+E P (X
∧).

We then consider the spaces

(44) ÃN
P := 〈r〉−NK N,γ−ϑ− 1

N+1 (X∧)+E N
P (X∧).

The meaning of the first summand is clear, cf. also the formula (9); so it remains to
define E N

P (X∧). Recall that the space(41) may be described in terms of a compact
set K := V ∩

{
Rez≥ n+1

2 − γ+ ϑ−1
}

with a set V ⊂
{

Rez< n+1
2 − γ

}
of the above

mentioned kind. Choose any C∞ curveCN ⊂ C\K counter clockwise surroundingK,
such that thewinding number with respect to any z∈ K isequal to 1and dist(z,K)≤ 1

N
(it is well known that such curvesalways exist). Then the weighted Melli n transforms(

Mγ− n
2
u
)
|CN belongto C∞(CN) (concerning notationabout theweighted Melli n trans-

form, cf. Section 1.1). By E N
P (X∧) we then denote the completion of

{(
Mγ− n

2
u
)
|CN :

u∈ E P (X∧) in the norm of HN(CN), the Sobolev spaceof smoothnessN on the curve
CN. This is aHilbert space, andwehaveE P (X∧) = lim

←−
N∈N

E N
P (X∧).

It is now clear that the space(44) is nuclearly embedded into a corresponding
spaceof analogous structure belonging to N′ < N when N−N′ is sufficiently large.
This allows us to find a sequence of Nj , j ∈ N, with Nj+1 > Nj such that, if we set

A j
P := Ã

Nj
P , wehavenuclearity of A j+1

P →֒ A j
P for all j. We then have

S
γ
P (X

∧) = lim
←−
j∈N

A j
P .

It remains to note that the groupaction κλ : u(r, .) 7→ λ
n+1

2 u(λr, .) restricts to a group
action onthe spaceA j

P for every j. It suffices to check that for the spaces (44). The

factor λ
n+1

2 isnot essential, so wehaveto lookat the influenceof rescalingto thespace
E N
P (X∧). By definition we restrict the Melli n transform to the curveCN and measure
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the result in HN(CN). The Melli n transform of the rescaled function is obtained by
multiplying the original one by λ−z. The continuousdependenceof the HN(CN)-norm
on λ ∈ R+ is then obvious. For the infinite weight interval Θ = (−∞,0] we first write
S

γ
P (X

∧) = lim
←−
m∈N

S
γ
Pϑm

(X∧) for a sequenceof finite ϑm < 0 tending to −∞ and form the

spacesAN
Pϑm

for every ϑ of this sequence, such that S γ
PϑM

= lim
←−
N∈N

AN
PϑM

. Then we can set

AN
P := AN

PϑN
.

REMARK 6. Definition 2 has an immediate generalisation to Green symbols
with continuous asymptotic types P and Q , associated with weight data (β,Θ) and
(−γ,Θ), respectively.

3.2. Melli n symbols

Asnoted in thebeginningGreen operatorsonamanifold with conical singularitiesbe-
long to the algebra of cone pseudo-differential operators. Technically they appear as
remainders in some typical operations with so-called smoothing Melli n operators, cf.
(6), also defined in terms of asymptotic data. Recall that M denotes the Melli n trans-
form onR+, i.e., Mu(z) :=

R ∞
0 rz−1u(r)dr, andMelli n operatorsonan infinitestretched

coneX∧ occur with operator-valued symbols taking values in the calculusof operators
on the cone. In this connection the Melli n symbols depend onedge variables and co-
variables, and the mapping properties refer to asymptotic data for r → 0. It is typical
that theMelli n amplitudefunctionsarenot only defined onΓ 1

2−γ but in the complex z-
plane, upto asubset V which encodesasymptotic properties, similarly asin the context
of functions with (discrete or continuous) asymptotics. We give adefinition and then
observe the way how Green operators are induced by Melli n operators with asymp-
totics.

From now on, we assumethesetsV ∈ V to be convex in imaginary direction. A
V-excisionfunctionisany χ∈C∞(C) such that χ(z) = 0 when dist(z,V) < ε0, χ(z) = 1
for dist(z,V) > ε1 for certain 0< ε0 < ε1.

By M−∞
V (X) we denote thespaceof all f (z) ∈ A (C\V,L−∞(X)) such that

χ(z) f (z)|Γβ ∈ S
(
Γβ,L

−∞(X)
)

for every V-excision function χ and every real β, uniformly in compact β-intervals.
Moreover, let Mµ

O (X), µ∈ R, denote the spaceof all h(z) in the spaceA (C,Lµ
cl(X))

such that
h(z)|Γβ ∈ Lµ

cl(X;Γβ)

for every real β, uniformly in compact β-intervals.

ThespacesM−∞
V (X) andMµ

O (X) arenuclear Fréchet spaces in anatural way.
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Let us set
Mµ

V(X) := Mµ
O (X)+M−∞

V (X)

in the Fréchet topology of the non-direct sum. Then, for every f (r, r ′,z) belonging to
the spaceC∞ (

R+×R+,Mµ
V(X)

)
, we can form associated weighted Melli n operators

opβ
M( f ), for every weight β ∈ R such that V ∩Γ 1

2−β = /0.

THEOREM 3. For every f (r, r ′,z)∈C∞(R+×R+,Mµ
V(X)), such thatV∩Γ n+1

2 −γ

= /0, n = dimX, the operator ωop
γ− n

2
M ( f )ω̃ (with cut-off functions ω, ω̃) induces con-

tinuousoperators

ωop
γ− n

2
M ( f )ω̃ : K s,γ(X∧)→ K s−µ,γ(X∧)

and
ωop

γ− n
2

M ( f )ω̃ : K s,γ
P (X∧)→ K s−µ,γ

Q (X∧)

for every s∈R andevery continuousasymptotic typeP with someresultingcontinuous
asymptotic typeQ , associated with the weight data (γ,Θ) for every Θ = (ϑ,0], −∞≤
ϑ < 0.

This result is known, cf. [15]. Recall that the main ideaof the continuity in
spaces with continuous asymptotics is to characterise the Melli n transforms of ωu as
holomorphic functionsoutsidetheunion of V andthe carrier set of the asymptotic type
P ; then we obtain another carrier set which just determines the asymptotic typeQ .

Melli n operatorsasin Theorem3 belongto theingredientsof parametricesof el-
liptic (pseudo-differential) operatorsonmanifoldswith conical singularities(modelled
onX∧) or edges(modelled onX∧×Ω for someopen set Ω⊆ Rq). Theseoperatorsare
combined with other operatorsof the calculus.

To seehow Green operators appear in the set-up of conical singularities, con-
sider the following(known) result.

PROPOSITION 2. Consider an element f ∈M−∞
V (X); let j > 0, µ∈ R, andlet

γ− j ≤ β,δ≤ γ for somereals β,δ, such that

V ∩Γ n+1
2 −β = V ∩Γ n+1

2 −δ = /0.

For theoperator

g := ωr−µ+ jop
β− n

2
M ( f )ω̃−ωr−µ+ jop

δ− n
2

M ( f )ω̃,

n = dimX, there are continuousasymptotic typesP andQ associated with the weight
data (γ−µ,Θ) and(−γ,Θ), respectively, such that

(45) g : 〈r〉lK s,γ(X∧)→ S γ−µ
P (X∧)
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and

(46) g∗ : 〈r〉lK s,−γ+µ(X∧)→ S −γ
Q (X∧)

are continuousoperators for all s∈ R, l ∈ N.

For a proof, see[15].

Let us consider what are called Melli n edge symbols. Such symbols are finite
linear combinationsof operator famili esof the form

(47) m(y,η) := ω(r[η])r−µ+ jop
γ j−

n
2

M ( f jα)(y)ηαω̃(r[η])

for cut-off f unctions ω, ω̃, and f jα(y) ∈ C∞ (
Ω,M−∞

V (X)
)

for a set V ∈ V such that
V ∩Γ n+1

2 −γ j
= /0, Ω ⊆ Rq open. In such expressionswe have j ∈ N, α ∈ Nq, |α| ≤ j,

and theweights γ j ∈ R are assumed to satisfy the condition

(48) γ− j ≤ γ j ≤ γ

for every j ∈ N. Then (47) isaC∞ family of continuousoperators

m(y,η) : K s,γ(X∧)→ S γ−µ(X∧),

cf. Section 1.2. We have, in fact, more, namely

m(y,η) ∈ Sµ
cl

(
Ω×R

q;K s,γ(X∧),S γ−µ(X∧)
)

for every s∈ R, cf. notation(15), and

m(y,η) ∈ Sµ
cl

(
Ω×R

q;K s,γ
P (X∧),S γ−µ

Q (X∧)
)

for every continuous asymptotic type P with some resulting continuous asymptotic
typeQ (associated with theweight data (γ,Θ) and(γ−µ,Θ), respectively). Moreover,
the pointwise formal adjoint m∗(y,η) (cf. also Definition 2), has a similar structure as
(47), i.e., we have

m∗(y,η) ∈ Sµ
cl

(
Ω×R

q;K s,−γ+µ
R (X∧),S −γ

S (X∧)
)

and
m∗(y,η) ∈ Sµ

cl

(
Ω×R

q;K s,−γ+µ(X∧),S −γ(X∧)
)

for all s∈ R.

There arenow several essential operationsin the edgesymbolic calculuswhich
produceGreen symbols in the sense of Remark 6. More precisely, we obtain Green
symbolsg(y,η) of thekind

(49) g(y,η) ∈ Sµ
cl

(
Ω×R

q;〈r〉lK s,γ(X∧),S γ−µ
P (X∧)

)
,
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such that

(50) g∗(y,η) ∈ Sµ
cl

(
Ω×R

q;〈r〉lK s,−γ+µ(X∧),S −γ
Q (X∧)

)

for suitable continuous asymptotic types P and Q associated with the weight data
(γ−µ,Θ) and (−γ,Θ), respectively, for all l ∈N, s∈ R.

REMARK 7. An element m(y,η) of the form (47) is a Green symbol for every
j >−ϑ, whereΘ = (ϑ,0] is thefiniteweight strip which playsthe role in the continu-
ousanalogueof Definition 2.

Another point concernsthe fact that there may be different choicesof γ j (when
j > 0, otherwisefor j = 0 wehaveγ0 = γ) such that (48) holds. Let γ̃ j denote any other
choice. Then wehave the followingresult:

REMARK 8. Let j > 0, and let γ j and γ̃ j denote different weights satisfying
(48). Consider theoperators(47) for both weights, e.g.,

m̃(y,η) := ω(r[η])r−µ+ jop
γ̃ j−

n
2

M ( f jα)(y)ηαω̃(r[η]).

Thenwehavem(y,η)= m̃(y,η) moduloaGreensymbol withcontinuousasymp-
totics, cf. Remark 6.

3.3. Integral representations

Let f (r,x, r ′,x′;y,η) be afunction in thespace

(51)
{
S

γ−µ
P (X∧)⊗̂πS

−γ(X∧)
}
∩

{
S γ−µ(X∧)⊗̂πS

−γ
Q

(X∧)
}
⊗̂πSµ+n+1

cl (Ω×R
q),

now for continuousasymptotic typesP andQ . Then the integral representation

(52) g(y,η)u(r,x) :=
Z

X

Z ∞

0
f (r[η],x, r ′[η],x′;y,η)u(r ′,x′)(r ′)ndr ′dx′,

n = dimX, gives us special Green symbols with the properties (49) and (50) for all
l ∈ N, s∈ R.

THEOREM 4. Let g(y,η) satisfy the conditions (49) and (50) for all l ∈ N,
s∈ R. Then there is an f (r,x, r ′,x′;y,η) in the space(51) such that the integral repre-
sentation (52) holds.

Proof. The proof employs analogous steps as that of Theorem 1; so we only discuss
themain ideas. For simplicity weomit again they-variable andwritetheGreen symbol
g(η) as an asymptotic sum of the kind (22), modulo a Green symbol of order −∞. For
the homogeneous components we take the integral representation (24) for all j, then
form the functions (25) and obtain the symbols (26). This yields the corresponding
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analogue of ga0(η) which is of the desired integral form, modulo a Green symbol
of order −∞, given by a kernel li ke (27). It then remains to show the analogue of
Lemma 1 for the case with continuous asymptotics. The proof of that is a purely
technical (but elementary) construction in terms of the scales of spaces AN and BN.
The spaces BN are the same as before, while the AN are constructed in Proposition
1. The main new aspect to be employed in the proof is the first of the relations (34).
In the present case we have to look at (44). The first summand is as in (11), and it
remains to observe that −r∂r transforms the spaceE N

P (X∧) to E N−1
P (X∧), modulo a

flat contribution which is absorbed by the first summand in (44). Applying−r∂r to
thesecondfactor of ω(r)〈ζ, r−z〉 ∈ E N

P (X∧), cf. (41), weobtain ω(r)〈ζ,zr−z〉; thuswe
remain in the spaceE P (X∧) and hence, from the continuity of E P (X∧)→ E P (X∧),
ω(r)〈ζ, r−z〉 7→ω(r)〈ζ,zr−z〉 andthedefinition of E N

P (X∧), weimmediately obtain the
desired relation, i.e.,

−r∂r : E N
P (X∧)→ E N−1

P (X∧).

The other elements of the proof are very close to the ones of Lemma 1 and will be
omitted.

Analogously as the discrete case, we can consider 2× 2 block matrix-valued
functionsg(y,η) ∈ Sµ

cl

(
Ω×Rq;K 0,γ(X∧)⊕C,K 0,β(X∧)⊕C

)
such that

(53) g(y,η) ∈ Sµ
cl

(
Ω×R

q;K s,γ(X∧)⊕C,S
β
P (X

∧)⊕C
)

and

(54) g∗(y,η) ∈ Sµ
cl

(
Ω×R

q;K s,−β(X∧)⊕C,S
−γ
Q (X∧)⊕C

)

for all s∈R, withsuitableg-dependent continuousasymptotic typesP ,Q . Let g(y,η)=
(gi j (y,η))i, j=1,2; then we call g21(y,η) a tracesymbol andg12(y,η) a potential symbol
of order µ∈R, whileg22(y,η) isnothingelsethana classical scalar symbol (of order µ).

Let f21 ∈ S
−γ
Q

(X∧)⊗̂πS
µ+ n+1

2
cl (Ω×Rq) and f12 ∈ S

β
P (X

∧)⊗̂πS
µ+ n+1

2
cl (Ω×Rq),

andconsider the integral representations

(55) g21(y,η)u =
Z

X

Z ∞

0
f21(r

′[η],x′;y,η)u(r ′,x′)(r ′)ndr ′dx′,

u(r,x) ∈ K s,γ(X∧), and

(56) g12(y,η)c(r,x) = cf12(r[η],x;y,η),

c∈ C. Then we have (trace and potential) symbols satisfying the mapping properties
(53) and (54).

THEOREM 5. (i) Every trace symbol g21(y,η) can be written in the form

(55) for anelement f21(r ′,x′;y,η) ∈ S
−γ
Q

(X∧)⊗̂πS
µ+ n+1

2
cl (Ω×Rq);
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(ii) every potential symbol g12(y,η) can be written in the form (56) for an element

f12(r,x;y,η) ∈ S
β
P (X

∧)⊗̂πS
µ+ n+1

2
cl (Ω×Rq).

This can be proved by analogous argumentsas for Theorem 4. Here, as usual,
n = dimX.

REMARK 9. (i) Green symbols in the sense of block matrices (53) can be
composed within the respective spaces of Green symbols (with discrete or con-
tinuousasymptotics) and thehomogeneousprincipal componentsbehavemulti -
plicatively.

(ii ) The classes of Green symbols (with discrete or continuous asymptotics) are
closed under asymptotic summationwhen the involved asymptotic typesare the
samefor all thesummands.

Let usconcludethis sectionwith afew intuitiveremarksonthenatureof contin-
uousasymptoticswhich giveriseto some‘unexpected’ examplesof Green, trace, or po-
tential operators in that context. First note that when ω(r) is any fixed cut-off f unction
and z∈ C, Rez< n+1

2 − γ, then we have ω(r)r−zc(x) ∈ K ∞,γ(X∧) for any c∈C∞(X).
Recall that such functionsmay be interpreted as singular functionsof thediscrete cone
asymptotics for r → 0 with exponent −z. Now if ζ(y) ∈C∞(

Ω,A ′(K,C∞(X))
)

is any
family of analytic functionals carried by a compact set K ⊂

{
Rez< n+1

2 − γ
}

, the
function

(57) ω(r)〈ζ(y), r−z〉

may be interpreted as the linear superposition of singular functions for the discrete
asymptoticswith the (y-dependent) density ζ(y). Such ‘densities’ may beorganised as
follows. Choose an arbitrary function f (y,z) ∈C∞(Ω× (C\K),C∞(X)), holomorphic
in z∈ C \K that extends for every y ∈ Ω to a certain (C∞(X)-valued) meromorphic
function in z∈ C with poles p j(y) ∈ K, j = 1, . . . ,N(y), of multiplicities mj(y)+ 1.
Thesepoles includingmultiplicitiesmay be not constant in y. Then, setting

ζ(y) : h(z) 7→
1

2πi

Z

C
h(z) f (y,z)dz

whereC⊂
{

Rez< n+1
2 − γ

}
isa compact (say, C∞) curve counter clockwisesurround-

ingtheset K such that C hasthewinding number 1 with respect to every point of K, we
obtain an element ζ(y) ∈C∞(

Ω,A ′(K,C∞(X))
)

such that (57) hasdiscrete asymptotics
of thekind (43) for every fixed y. Now

C ∋ c 7→ c ·ω(r[η])[η]µ+ n+1
2 〈ζ(y),(r[η])−z〉

defines a potential symbol of order µ in the frame of continuous asymptotics which
just produces functionswith pointwise (in y) discrete but branchingasymptotics. In a
similar manner we can organise tracesymbols which reflect such asymptotics as well
as more general Green symbols of that kind. Constructions of that kind may also be
foundin [15].
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4. Green operators

4.1. Green operatorson a manifold with edges

Let M be a compact manifoldwith edgeY, locally near anyy∈Y modelled onX△×Rq,
where X is a closed compact C∞ manifold. Recall that transition functions between
(open) stretched wedges R+×X×Rq ∋ (r,x,y) are assumed to beC∞ up to r = 0. In
addition we choose the global atlas by such singular charts near Y in such a way that
the transition functionsare constant with respect to r for 0 < r < ε for some ε > 0. By
M we denote thestretched manifold associated with M, seethe introduction.

We consider the weighted edge Sobolev spaceW s,γ(M) that is defined as the
subspaceof all u∈ Hs

loc(intM) which locally near Y in the coordinates (r,x,y) belong
toW s(Rq,K s,γ(X∧)). HereW s(Rq,E) for a Hilbert spaceE with groupaction κλ is
the completion of S (Rq,E) with respect to the norm

{
Z

〈η〉2s
∥∥∥κ−1
〈η〉û(η)

∥∥∥
2

E
dη

} 1
2

,

with û(η) being the Fourier transform of u in Rq. In a similar manner we define
W s(Rq,E) for a Fréchet spaceE which is the projective limit of Hilbert spaces E j

with groupactions, with continuousembeddings. . . →֒E j+1 →֒ E j →֒ · · · →֒ E0 for all
j ∈ N, such that the groupaction onE j is the restriction of the one on E0 for every j.
Thisallowsus to definesubspaces

(58) W s(Rq,S
γ
P (X

∧))

of W s(Rq,K s,γ(X∧)) for any (discreteor continuous) asymptotic typeP , usingthefact
that S γ

P (X
∧) is a Fréchet spacewith groupaction induced by κλ onK s,γ(X∧), s∈ R.

Globally on M we then defineW s,γ
P (M) to be the subspaceof W s,γ(M) locally near

the edgedescribed by (58).

DEFINITION 3. A Green operator G (of the type of an upper left corner) with
(discrete or continuous) asymptotics is an operator that is locally near Y in stretched
coordinates(r,x,y) of the form

Opy(g)u(y) =

Z

Rq

Z

Rq
ei(y−y′)ηg(y,η)u(y′)dy′d−η,

d−η := (2π)−qdη, for a Green symbol g(y,η) of order µ, modulo a global smooth-
ing operator, characterised by the property to define a continuous mapW s,γ(M)→
W

∞,γ−µ
P (M) for every s and some asymptotic type P and a similar property of the

formal adjoint.

REMARK 10. If g(y,η) is a Green symbol of the kind (49), then for every
ϕ(r) ∈C∞

0 (R+) the operators ϕOpy(g) and Opy(g)ϕ are smoothing onR+×Rq×X.
In particular, we seethat the singularities of Green operators are concentrated on the



Green operators in the edge calculus 55

boundary {0}×Ω×X asisexpected in analogyto a corresponding behaviour of Green
operators in classical boundary valueproblems.

In fact, the operators of multiplicationM ϕ by ϕ generate (non-classical) sym-
bolsM ϕ ∈S0 (Ω×Rq;K s,γ(X∧),K s,γ(X∧)) for every γ∈R. Moreover, themultiplica-
tion byr−Nϕ for any N ∈ N is of similar behaviour. Then,

ϕg(y,η) = r−NϕrNg(y,η) = r−Nϕ[η]−N(r[η])Ng(y,η).

Sincetheorder of (r[η])Ng(y,η) is thesame as that of g(y,η) andthemultiplication by
[η]−N gives rise to an order shift by−N we obtain that ϕg(y,η) is an operator-valued
symbol of order−∞, and henceϕOpy(g) = Opy(ϕg) is smoothing.

Observethat a Green operator G onM inducescontinuousoperators

W s,γ(M)→W
s−µ,γ−µ
P (M)

for every s∈ R, whereP is a (discreteor continuous) asymptotic type associated with
G. This is a consequenceof general continuity onSobolev spaces.

REMARK 11. Green operators on a (stretched) manifold M with edges form
an algebra, and the composition is compatible with the local symbolic structure; in
particular, the homogeneousprincipal symbols (in the sense of twisted homogeneity)
behavemultiplicatively.

REMARK 12. There is a slightly modified global edge calculus, based on the
spaces

K s,γ;g(X∧) := 〈r〉−gK s,γ(X∧)

for g = s− γ rather than K s,γ(X∧), and thegroupaction

κg
λ : u(r,x) 7→ λg+ n+1

2 u(λr,x),

λ ∈ R+, instead of (13). Edge spacesW s(Rq,E) modelled on E = K s,γ;g(X∧) with
alternative groupactions of that kind have been suggested in [2], in connection with
the solvabilit y of hyperbolic equations. In addition, following a remark of [19], the
resulting global edgespacesonW havethen particularly natural invarianceproperties.
All considerationshereonGreen symbolsandGreen operatorseasily generalise to the
modified spaces. For simplicity we return to the case without g; then in order to have
invarianceof the global objects we need to choose an atlas on W with some specified
behaviour of transitionmaps.

4.2. Green operatorswith parameters

The concept of operator-valued symbols as in Section 1.3 has a parameter-dependent
analogue, when we replacethe covariable η ∈ Rq by (η,λ) ∈ Rq×Rl and require the
symbolic estimates with respect to (η,λ). In particular, we obtain a generalisation of
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Definition 2to the λ-dependent case, cf. also Remark 6.

The constructions of the preceding section yield parameter-dependent fami-
lies of Green operators. According to the iterative concept of building up pseudo-
differential calculi onmanifoldswith higher (polyhedral) singularitieswemay employ
such parameter-dependent famili es as (operator-valued) symbols of a next generation
of operators, for instance, on the infinite (stretched) cone R+×M with base M. Con-
structions in that sensemay be foundin thepaper [7], in particular, anumber of kernel
cut-off results for such operator functions.

Kernel cut-offs can be organised on the level of symbols. In order to ill ustrate
the effectswe want to consider Green symbolswith discrete asymptoticsas in Defini-
tion 2which belongto spacesof thekind

(59) Sµ
cl

(
Ω×R

q×R
l ;K s,γ(X∧),S β

P (X
∧)

)

such that g∗(y,η,λ) belongs to correspondinganalogueof the spacein (18). For l = 1
we also writeΓδ instead of R when λ is involved in theform z= δ+ iλ for someδ∈R.
Moreover, let

Sµ
cl

(
Ω×R

q×C;K s,γ(X∧),S β
P (X

∧)
)

denotethespaceof all g(y,η,z) which areholomorphic in z∈C such that g(y,η,δ+ iλ)
belongsto (59) (for l = 1) for every δ∈R, uniformly in compact δ-intervals, andwhere
g∗(y,η,z) satisfies an analogouscondition.

THEOREM 6. For every δ ∈ R there isa continuousmap

Sµ
cl

(
Ω×R

q×Γδ;K s,γ(X∧),S β
P (X

∧)
)
→ Sµ

cl

(
Ω×R

q×C;K s,γ(X∧),S β
P (X

∧)
)
,

g(y,η,δ+ iλ) 7→ h(y,η,δ+ iλ), such that

g(y,η,z)−h(y,η,z)|Ω×Rq×Γδ ∈ S−∞(
Ω×R

q×Γδ;K s,γ(X∧),S β
P (X

∧)
)

for every s∈R andsuch that thepointwiseformal adjoint havean analogousproperty.

Theorem 6 can be proved by applying a kernel cut-off argument as used in an
analogous context in [7]. A similar result holds for Green symbols with continuous
asymptotics. According to Theorem 1 the holomorphic symbol h(y,η,z) has a family
of integral kernels

(60) fRez(r[η,λ],x, r ′[η,λ],x′,y,η,λ),

λ = Imz, via arepresentation of the form (20). This is valid for every fixed Rez; how-
ever, theholomorphicdependenceof (60) onz isby nomeansobvious. In other words,
kernel cut-off constructionswhich produceholomorphicdependenceona complex co-
variable are better applied to the symbols in their original definition rather than their
integral kernels.
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