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Preface

On September 19-21, 2005, the Department of Mathematics of the University of
Turin guested a “WORKSHOP ON DYNAMICS”. We invited six amongthe speakers
to write a survey for this special issue of the Journal. Song Jiang, Huseyin Koçak,
Jean Mawhin, James Yorke and Fabio Zanolin wrote a paper withcoauthors, moreover
Matteo Franca’s survey is based on the seminar delivered by Russell Johnson at the
Workshop.

Some of the articles present new results in a more general framework, so they
also have the character of a survey even if they are research papers.

The following topics in Dynamics are studied: Explosion in dimensions 1–3,
Periodic solutions of difference equations, Compressibleviscous flows, A Dynamical
approach to the p-Laplace equation, Shadowing in ODEs, Periodic points and chaos
for nonlinear Hill equations.

We are grateful to the authors and to all the other speakers ofthe Workshop for
their enthusiastic participation.

Hisao Fujita Yashima, Gaetano Zampieri
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EXPLOSIONS IN DIMENSIONS ONE THROUGH THREE

Abstract. Crises are discontinuous changes in the size of a chaotic attractor as a parameter is
varied. A special type of crisis is an explosion, in which thenew points of the attractor form
far from any previously recurrent points. This article summarizes new results in explosions
in dimension one, and surveys previous results in dimensions two and three. Explosions
can be the result of homoclinic and heteroclinic bifurcations. In dimensions one and two,
homoclinic and heteroclinic bifurcations occur at tangencies. We give a classification of one-
dimensional explosions through homoclinic tangency. We describe our previous work on the
classification of planar explosions through heteroclinic tangencies. Three-dimensional het-
eroclinic bifurcations can occur without tangencies. We describe our previous work, which
gives an example of such a bifurcation and explains why three-dimensional crossing bifurca-
tions exhibit unstable dimension variability, a type of non-hyperbolic behavior which results
in a breakdown of shadowing. In addition, we give details fora new scaling law for the
parameter-dependent variation of the density of the new partof the chaotic attractor.

1. Introduction

Crises of chaotic attractors are discontinuous changes in the size of an attractor as a pa-
rameter is varied. Crises are the most easily observed and most often described global
bifurcations. A classic example of a crisis is the onset of the period three window in the
bifurcation for the logistic mapf (x) = µx(1− x) [31], in which the attractor changes
discontinuously from consisting of an uncountable collection of points to containing
only one period three orbit.

A specific type of crisis is an explosion, which is a bifurcation in which new
recurrent points form discontinuously far from any previously recurrent points. An
explosion is stronger than a crisis, since a crisis can be caused by the mere merging of
an attractor and a pre-existing chaotic saddle.

In this article, we review results on explosions in one, two,and three dimen-
sions, as well as stating open problems on explosions. We proceed as follows: Sec-
tion 2 outlines classifications of explosions at homoclinicand heteroclinic tangencies
in one and two dimensions. It is also possible to have explosions far from tangency
but as a result of a tangency. We give a simple example of this in one dimension. In
two dimensions, we give a topological description of the well-studied two-dimensional
example of this phenomenon for the Ikeda attractor. The ultimate goal is a complete
classification of one- and two-dimensional explosions. Section 3 describes a type of
three-dimensional bifurcation in which explosions occur without tangencies. The sec-
tion includes a numerical example of such a bifurcation. Section 4 presents a new
scaling law for the parameter-dependent change in the density of the newly formed
piece of the chaotic attractor. Section 4.3 describes some interesting numerical impli-
cations of tangency-free explosions as the onset ofunstable dimension variability, a
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2 K.T. Alligood - E. Sander - J.A. Yorke

specific type of non-hyperbolic behavior.

2. Explosions via tangency

Let fλ be a one-parameter family of functions. An explosion occursat a parameter
valueλ0 and a pointx which is not recurrent prior to the bifurcation but is recurrent
at the bifurcation. Clearly a saddle node bifurcation for either a fixed point or periodic
orbit gives rise to an explosion point. In addition, the existence of explosion points is
often the result of bifurcations involving tangencies between the stable and unstable
manifolds of fixed or periodic points. In this section, we describe classes of explosions
arising from homoclinic and heteroclinic tangency. The ultimate goal is a full under-
standing and classification of all types of explosions. In this direction, Palis and Takens
made the following conjecture for planar one-parameter families of diffeomorphisms.
We have extended this conjecture to include one-parameter families of one-dimensional
maps as well.

CONJECTURE1 (Palis and Takens [25]). Explosions within generic one-para-
meter families of smooth one-dimensional maps or smooth two-dimensional diffeo-
morphisms are the result of either a tangency between stableand unstable manifolds of
fixed or periodic points or a saddle node bifurcation of a fixedor periodic point.

Newhouse, Palis, and Takens have shown that this statement is true in the case
when the limit set is still finite at the bifurcation point [24]. Bonatti, Diaz, and Viana
point out that this question can also be posed from a probabilistic point of view, in
which case they conjecture the opposite conclusion [6]. In one dimension, we believe
this problem to be tractable. In two dimensions an answer depends on a detailed clas-
sification of the accessibility of periodic points and theirmanifolds on the boundary of
a basic set [4].

We now give some basic definitions. Letf : Rk × R → Rk be aC1-smooth
one-parameter family ofC2 diffeomorphisms,k = 1,2,3 where we use two notations
interchangeably:f (x, λ) = fλ(x). For the definition of an explosion it is more natural
to use the concept of chain recurrence rather than recurrence:

DEFINITION 1. For an iterated function g, there is anǫ-chain from x to y
when there is a finite sequence{z0, z1, . . . , zN} such that z0 = x, zN = y, and
d(g(zn−1), zn) < ǫ for all n.

If there is anǫ-chain from x to itself for everyǫ > 0 (where N> 0), then x
is said to bechain recurrent [7, 8]. The chain recurrent set is the set of all chain
recurrent points. For a one-parameter family fλ, we say(x, λ) is chain recurrent if x
is chain recurrent for fλ.

If for everyǫ > 0, there is anǫ-chain from x to y and anǫ-chain from y to x,
then x and y are said to be in the samechain componentof the chain recurrent set.

Note that the chain recurrent set and the chain components are invariant under
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forward iteration.

DEFINITION 2 (Chain explosions).A chain explosion point(x, λ0) is a point
such that x is chain recurrent for fλ0, but there is a neighborhood N of x such that on
one side ofλ0 (i.e. either for allλ < λ0 or for all λ > λ0), no point in N is chain
recurrent for fλ.

Note that in the above definition, atfλ0, x is not necessarily an isolated point
of the chain recurrent set. A well studied example of this is the explosion that occurs
at a saddle node bifurcation on an invariant circle. The chain recurrent set consists of
two fixed points prior to bifurcation and the whole circle at and in many cases after
bifurcation. In subsequent usage, if the distinction is notimportant, we will refer to
recurrent points rather than always saying chain recurrent.

2.1. One dimension

This section describes a classification of explosions via homoclinic tangencies in one
dimension which appears in [2]. Although one dimension would seem to be the easiest
case, there are some key differences between one- and two-dimensional explosions
which are not simplifications in one dimension. For example,for a diffeomorphism,
homoclinic and heteroclinic orbits require the existence of saddle points with stable
and unstable manifolds of dimension at least one. However, since a one-dimensional
map is in general noninvertible, it is possible to have fixed or periodic points with one-
dimensional unstable manifolds and a non-trivial zero-dimensional stable manifolds.
Marotto terms such points snap-back repellers [22]. It is not possible to reverse the
dimensions of the stable and unstable manifolds; the existence of a homoclinic orbit
to an attracting fixed point requires a multivalued map [29].In addition, the chain
recurrent set is not invariant under backwards iteration ofa noninvertible map, so the
discussion of explosions in one dimension includes cases inwhich a point is not an
explosion point, but the preimages are explosion points. Asthis is a broad survey, the
statements and proofs of the results below are only sketches. The full details appear
in [2].

Let f be a one variable function with a repelling fixed pointx0. Let y and
k be such thaty is a kth preimage ofx0, and assume that a sequence of preimages
of y converge tox0. Theny is contained in an orbit which limits both forwards and
backwards tox0. That is,y is a homoclinic point forx0. Homoclinic points for periodic
orbits are defined by replacingf with some appropriate iteratef m. Notice that for
diffeomorphisms, all orbits through homoclinic points arehomoclinic orbits. For one-
dimensional maps, there may be many non-homoclinic orbits through a homoclinic
point.

Since the stable manifold of a homoclinic point is zero-dimensional, a homo-
clinic tangency is a tangency of the graph of the map at a homoclinic point. That is, a
homoclinic tangency occurs if the graph off has a horizontal tangent at a homoclinic
point.
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yURp

Figure 1: A one-dimensional map with a repelling fixed pointp with positive deriva-
tive. The pointy is a homoclinic tangency point. Sincey is contained in a non-crossing
orbit, by Theorem 2,y is not an explosion point. The unstable manifold branchUR is
an interval shown by a thick line on thex-axis.

Assume thatfλ is a C1 smooth family ofC2 maps and that the pointx0(λ)

(which we write asx0) is a repelling fixed point.

THEOREM 1 (No explosions with negative derivative atx0, Alligood, Sander,
Yorke [2]). If f has a negative derivative at x0, and y is homoclinic to x0, at λ0, then
(y, λ0) is not an explosion point.

The idea is that images of a neighborhood ofy map across preimages of a
neighborhood ofy, implying that there is a periodic point neary, which persists under
perturbation of the parameter. Thereforey is arbitrarily close to recurrent points prior
to the tangency bifurcation.

Now consider the case of a positive derivative atx0. Assume that a homoclinic
orbit limits to the local right (resp. left) branch of the unstable manifold ofx0. Let y
be a homoclinic tangency point within this orbit. Then for somek, f k(y) = x0. If the
graph of the mapf k−1 near f k−1(y) is below (resp. above) the horizontal line, we call
the homoclinic orbit acrossing orbit. A homoclinic orbit that is not crossing is called
anon-crossing orbit.

THEOREM 2 (No explosions for non-crossing bifurcations [2]).Assume that y
is contained in a non-crossing homoclinic orbit, then y is not an explosion point.

The proof is very similar to the case of negative derivative at x0. Namely, an
image of a neighborhood ofy covers a preimage of the same neighborhood, implying
that y is not an explosion point. This situation is depicted in Figure 1.

Closely related to crossing and non-crossing orbits, we candistinguish the two
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Figure 2: In this figure,y is a homoclinic tangency point in a crossing orbit, contained
in UR, but notUL . Thereforey is an explosion point. The preimagez of y is also an
explosion point. The intervalUR is shown by a thick line as in Figure 1.UL is denoted
by a dashed line slightly above thex-axis.

manifold branchesUR andUL , being the iterates of the local right and lefthand branches
of the unstable manifold ofx0. The union ofUL andUR is the entire unstable manifold
of x0. If {(UL ∩ UR) \ x0} is not empty, then the intersection must contain either all of
UL or all of UR. For example,UR may contain points both to the left and to the right
of UL . See Figures 2 and 3. We can show that ify ∈ UR, and thekth image of every
neighborhood ofy contains points in{UR \ x0}, theny is not an explosion point.

Under certain generic conditions, we can show a converse to the non-crossing
orbit theorem: Ify is in a crossing orbit, theny is an explosion point [2].

We are interested not only in explosion points which are themselves tangency
points, but also in points which are explosion points far from tangencies, but are caused
by a tangency. Since the chain recurrent set is invariant under forwards iteration, the
image of non-crossing tangency point is a non-explosion point. However, there may
be explosion points with iterates that are non-explosion points. For example, Figure 3
shows points of which are not tangency points but are preimages of tangency points.
We can prove that for a generic one-parameter family, there are explosion points at
UR (such asi and j depicted in the figure) if there are points inUR which map to
a tangency (such asy) on the other side, even though the tangency point is not an
explosion point [2].
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LU
R

py i j

U

Figure 3: The tangency pointy is contained inUL ∩ UR, and is thus not an explosion
point. However, the preimagesi and j of y are explosion points.UR andUL are
depicted again with a solid and dashed line respectively.

(a) (b)
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Figure 4: Homoclinic tangency points in the plane may or may not be explosion points.
A setSand a large iteratef K (S) = F(S). In (a), it is never possible for the homoclinic
tangency point to be an explosion point. In part (b), it depends on the eigenvalues.
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2.2. Tangencies in two dimensions

In two dimensions, a heteroclinic intersection is a hallmark for chaotic behavior in the
form of a Smale horseshoe. Thus a homoclinic tangency is a bifurcation point. It is not
always an explosion point. Figure 4(a) shows a configurationof stable and unstable
manifolds at a homoclinic tangency which can never be an explosion, since there is
a horseshoe forming locally prior to tangency. In Figure 4(a), the situation is not so
clear, since a large iterate of a rectangular setS may or may not map across itself
under a large iterate. In fact, whether this is a possible explosion point depends on the
relative strength of contraction and expansion at the fixed point p. Palis and Takens [25]
classified homoclinic explosion bifurcations, as shown in Figure 4 by describing which
planar homoclinic tangencies can be explosion points as a function of the placement
of the tangency point, sign of the eigenvalues, and area contraction or expansion of the
map.

An explosion can also occur as a result of tangencies betweenstable and unsta-
ble manifolds of different fixed or periodic points: heteroclinic tangencies. In this case,
in order for a heteroclinic tangency to result in any sort of recurrence, there needs to
be a means of return. A natural way is another heteroclinic intersection, resulting in a
heteroclinic cycle. These ideas are given in the following definitions.

DEFINITION 3 (n-connection).An n-connectionis a sequence of points{ρ1, t1,
ρ2, t2, . . . , ρn} such that for all i ,ρi is a fixed point, and for each i< n, ti is a
heteroclinic point such that ti ∈ Wu(ρi ) ∩ Ws(ρi+1).

DEFINITION 4 (Cycle). A cycleis an n-connection{ρ1, t1, ρ2, t2, . . . , ρn} such
thatρn = ρ1.

Generically, we can assume a unique tangency in a cycle, withall other hetero-
clinic intersections being transverse. Thus any heteroclinic cycle can be reduced to a
heteroclinic cycle containing only two periodic or fixed points. In a previous paper [1],
we gave necessary and sufficient conditions for planar heteroclinic bifurcations to re-
sult in explosions. The classification does not involve eigenvalue conditions and area
contraction/expansion conditions. Rather, the classification is a set of necessary and
sufficient conditions for explosions at heteroclinic tangency based on the configuration
of the manifolds, in addition to another “chain” condition on the behavior. Figure 5
shows two heteroclinic cycles with a tangency. In (a), any curve which is arbitrarily
close to the heteroclinic cycle necessarily intersects both the unstable manifold ofp
and the stable manifold ofq, whereas in (b), this is not the case. The tangency point in
(a) is an explosion point and in (b) it is not; just as in the one-dimensional case, the key
to an explosion is that different points of the cycle are on opposite sides of a dividing
manifold. Therefore, anyǫ-chain must cross the cycle. Such heteroclinic tangency
explosion bifurcations are known as crossing bifurcations.



8 K.T. Alligood - E. Sander - J.A. Yorke

(a) (b)
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Figure 5: Heteroclinic cycles with a tangency aty. In (a), all curves close to the cycle
intersect both the unstable manifold ofp and the stable manifold ofq (intersection
shown with anX). Under the chain condition, the pointy is an explosion point. In (b),
it is possible to draw a curve arbitrarily close to the cycle which does not intersect the
stable manifold ofq. The pointy is never an explosion point.

2.3. Explosions far from tangencies and planar gap filling

A planar explosion far from tangency but through a tangency occurs at a crisis bifur-
cation of the Ikeda map. This example has been studied by a number of authors, such
as [17, 26]. Prior to bifurcation, there is a small attractorsurrounded by an unstable
chaotic saddle set. The set has noticable gaps, in which there are no recurrent points.
After the bifurcation, the new attractor includes both the old attractor and the saddle
set. In addition, the gaps in the recurrent set are filled in. This occurs in a discontin-
uous manner at the bifurcation value. Thus the points in the gaps at the bifurcation
parameter are all explosion points. This discontinuous change in the recurrent set is a
result of a heteroclinic tangency.

Figure 6 depicts the geometry of manifolds of a heterocliniccycle that give rise
to gap filling. The tangency pointy is contained simultaneously in a crossing and a
non-crossing orbit. Thusy is not an explosion point. However, there are points on the
non-crossing orbit which are explosion points. There is an attractor with its boundary
being the unstable manifold branch ofp including the tangency. The basin of attrac-
tion includes all points below the stable manifold branch ofq including the tangency.
Therefore all points of the upper unstable manifold branch of q (in green in the figure
for the color online version) are in the basin of attraction.After the bifurcation, these
points become recurrent. Robert et al. [27] showed that thistopological construction
occurs during gap filling as a result of a heteroclinic cycle with a tangency for a pair of
period five orbits of the Ikeda map.



Explosions in dimensions one through three 9

Figure 6: A geometric description of gap filling. The unstable manifold branch ofp
with the tangency encloses an attractor. This attractor only includes points “inside”
the non-crossing inner cycle prior to tangency. When the tangency pushes through, the
attractor also includes points “on the outside” – that is, onthe crossing cycle.

3. Three-dimensional crises

There are many theoretical results and analyses of planar examples of crises, whereas
relatively little is known about three-dimensional examples. In three dimensions, Diaz
and Rocha [12, 13] described explosions that occur as the result of a non-tangency het-
eroclinic bifurcation. In [3], we have adapted these results to show that a crisis in a
three-dimensional attractor can occur at a heteroclinic bifurcation without tangencies.
After the crisis, the attractor contains two fixed points with different numbers of un-
stable directions. The existence of such an attractor is known as unstable dimension
variability (UDV), and has been studied in the physics literature [5, 9, 10, 18, 20, 21,
19, 23, 28, 30, 32]. It is of particular interest, as unstabledimension variability results
in nonshadowability.

We start by describing the topological dynamics of the example. To understand
the role of the heteroclinic orbit in an attractor crisis, weneed to be able to describe
when there is a transverse heteroclinic orbit connecting two periodic points. We then
need to know how a heteroclinic cycle can form. The dynamics can be similar to
the planar case. Namely, when two three-dimensional periodic points have the same
number of unstable directions, then a bifurcation must occur through tangency. Fur-
thermore, since surfaces divide three-dimensional space,the heteroclinic cycles with
explosions in this case parallel the two-dimensional case.

We now consider the case in which the two periodic points havea different
number of unstable directions (1 and 2). Assume thatq is a fixed point with two
unstable directions, whereasp is a fixed point which only has one unstable direction.
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(a) (b)
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Figure 7: A heteroclinic bifurcation in three dimension without tangencies. (a) At
the bifurcation, the one-dimensional manifolds intersectat k. The two-dimensional
manifolds can either intersect with (b) or without (c) a twist.

(For simplicity, we have chosen fixed points, but the statements below also hold for
periodic points.) For a heteroclinic cycle, we assume that atransverse intersection
occurs between the manifolds ofq and p. This must necessarily be an intersection of
the two two-dimensional manifolds: the unstable manifold of q and the stable manifold
of p. Either the transverse intersection of stable and unstablemanifolds contains non-
invariant components [11], or the intersection persistently connects the two periodic
points. We assume the latter case, depicted in Figure 7. Thisimplies that the one-
dimension invariant manifolds form the boundaries of the respective two-dimensional
manifolds. That is, the unstable manifold ofq is bounded by the unstable manifold of
p, and the stable manifold ofq is the boundary of the stable manifold ofp.

Consider a bifurcation parameter value for which the two one-dimensional man-
ifolds intersect. This is not a tangency bifurcation, sincegenerically these manifolds
will not share a common tangent space, as in Figure 7(a). However, since the one-
dimensional manifolds are the boundaries of two-dimensional manifolds, a bifurcation
occurs at the intersection of the one-dimensional manifolds.

Diaz and Rocha use this construction with the assumption that the unstable strip
and the two-dimensional stable manifold intersect withouta twist, as shown in Fig-
ure 7(b). In this case, the intersection point between the one-dimensional manifolds is
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(a) (b)

Figure 8: A numerical example of a heteroclinic bifurcationin three dimensions with-
out tangencies. There are two saddle fixed points,p andq. (a) Prior to bifurcation, the
attractor containsp but does not containq. It is contained in the closure of a portion
of U (q). (b) At bifurcation, there is an explosion in which new points become part of
the attractor. However, the density of the new part of the attractor is low.

an explosion point: Prior to bifurcation,p andq are isolated recurrent points; all points
nearU (p) map far fromS(q), never returning nearp. Likewise, no point inU (q) in-
tersectsS(q), makingq isolated in the recurrent set as well. After bifurcation, there
is a basic set containing transverse homoclinic points to both q and p. This implies
that there is a basic set containing bothq andp, fixed points with different numbers of
unstable directions. The basic set in this example is in general unstable. This is a coun-
terpart of the explosions at tangency points in the one- and two-dimensional cases. If
there is an attractor involved, the crisis here would correspond to a blowout bifurcation,
in which the entire attractor ceases to exist after the bifurcation point.

We are interested in the three-dimensional counterpart of planar gap filling. That
is, the case in which the intersection between the one-dimensional manifolds is not and
explosion point, but there are explosions occuring throughthis point. Gap filling corre-
sponds to the case when the manifoldU (q) twists at the bifurcation, as in Figure 7(c).
Thus, prior to bifurcation there are homoclinic points top, and after bifurcation there
are homoclinic points toq. The intersection is not an explosion point, but there may
be other explosion points occuring when the dynamics change. We have constructed
the first numerical example of this type of three-dimensional crossing bifurcation, as
depicted in Figure 8. Prior to bifurcation, there is an attractor contained in the unstable
manifold strip bounded byU (p) and the strong unstable manifold ofp. Points feed
into the attractor from the inaccessible side ofU (q). After bifurcation, this region be-
comes accessible. As in the planar case, points are now able to return to this newly
accessible side, resulting in an explosion in the size in theattractor. It also turns out
that after bifurcation, the attractor displays unstable dimension variability. Numerically
computed stable and unstable manifolds for the example appearing in [3] are displayed
in Figure 8.



12 K.T. Alligood - E. Sander - J.A. Yorke

K

C* C−C*

Schematic

Figure 9: Scaling of the iterate length in the old part of the attractor as a function of the
parameter.

4. Scaling laws for attractor density

Immediately after a crisis, there is a very low density of points in the new attractor.
This low density is known as intermittency in the case of the period three window
of the logistic map [31]. For planar homoclinic and heteroclinic tangency crises, the
scaling of the low density of the new points as a function of the parameter was analyzed
in the 1980’s, as we describe in the section below. We have used similar methods to
write down a scaling law for three-dimensional bifurcations without tangencies.

Consider a crisis in which the attractor before tangency is denotedAold, and the
new part of the attractor appearing at tangency is denotedAnew. Consider any dense
orbit. Defineτ as the orbit length inAold between visits toAnew, andK as the mean
of τ . For largeτ , P(τ ) ∝ K −1exp(τ/K ). The density ofAnew can be approximated
by the reciprocal ofK . The variation in density can be analyzed using scaling nearthe
bifurcation pointc = c∗. Notice that after the bifurcation lim|c−c∗|→0 K = ∞. We ex-
pectK to increase exponentially as|c−c∗| approaches zero, as depicted schematically
in Figure 9.

4.1. Scaling in two dimensions

Grebogi, Ott, Yorke [14, 15, 16] stated scaling laws for a planar homoclinic or hetero-
clinic bifurcation with a quadratic tangency. In the heteroclinic case such as depicted
in Figure 6, we briefly describe the calculation used in orderto illustrate its heavy
reliance on the existence of a tangency. LetL be the lobe formed aty after passing
through tangency. Then the following formula holds:

A(L) = ℓ · w = m(c − c∗) ·
√

c − c∗.
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The density of the new part of the attractor depends on this area, in that this is the only
way for points inAold to enterAnew. The square root in this formula is due to the
quadratic tangency. LetLn = f n(L). ThenA(Lm) = M A(L), whereM depends on
the eigenvalues ofq. These are the key ingredients giving rise to the scaling law.

4.2. A new scaling law in three dimensions

For the three-dimensional non-tangency bifurcation described in Section 3, we have
demonstrated numerically that there is a linear relationship between the logarithm of
the mean transient lengthK and the logarithm of the distance from the bifurcation
parameter (cf. [3]).

Denote the eigenvalues ofq by |λ1| > |λ2| > 1 > |µ|, and those ofp by
|β1| < |β2| < 1 < |α|. The set of points in the attractor (and thus on the two-
dimensional unstable manifoldU (q)) which exit Aold must do so by coming very close
to the unstable manifold ofp. Starting nearp, the area ofU (q) within ǫ of U (p) is
approximated usingα andβ2. We also need to know the fraction of points which
exit Aold nearU (p) which re-enter the attractor. This is done using the two unstable
eigenvalues for the linearization atq. The estimate leads to the new scaling law, which
give good agreement with numerical calculation. It states that the mean transient length
is K (η) = ηγ , where

γ = 1 + log |λ1|
log |λ2|

+ log |α|
log |β2|

.

4.3. Unstable dimension variability

The low density of the new part of the attractor has interesting numerical implications
in terms of testing for unstable dimension variability. Precisely, near the parameter at
which a crisis occurs, the standard test for UDV is not applicable.

In an attractor with a dense orbit which exhibits UDV, we knowthat the dense
orbit comes arbitrarily close to the stable manifold of eachfixed or periodic saddle
point. Thus it is possible to find a sequence within the dense orbit which stays close to
a fixed or periodic point for any prescribed number of iterates after any finite transient
is removed. For simplicity, assumep andq are fixed points with different numbers
of unstable directions in an attractor which exhibits UDV. Since the middle Lyapunov
exponent of the fixed points have opposite signs, the orbit must have arbitrarily long
finite time sequences with the middle Lyapunov exponent being negative, and arbitrar-
ily long finite time sequences with the middle Lyapunov exponent being positive. The
standard test for UDV uses this fluctuation of Lyapunov exponents around zero [10].

In the case of UDV after a crossing bifurcation, although it is theoretically cor-
rect that the Lyapunov exponents fluctuate around zero, the density of the attractor is
quite low near the newly added fixed point. Therefore, it is computationally infeasible
to use the Lyapunov exponent test for UDV. See [3] for detailed numerical calculations
illustrated using the example depicted in Figure 8.
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C. Bereanu - J. Mawhin

PERIODIC SOLUTIONS OF FIRST ORDER NONLINEAR

DIFFERENCE EQUATIONS

Abstract. This paper surveys some recent results on the existence and multiplicity of peri-
odic solutions of nonlinear difference equations of the first order under Ambrosetti-Prodi or
Landesman-Lazer type conditions.

1. Introduction

Periodic solutions of first and second order nonlinear difference equations have been
widely studied, and the reader can consult [1, 9] for references. In some recent work
with C. Bereanu, we have adapted the topological approach tothe upper and lower so-
lutions method to this class of problems and used it, together with Brouwer degree, to
obtain new existence and multiplicity results of the Ambrosetti-Prodi and Landesman-
Lazer type [2, 3]. In [4], we have used the same methodology toprove similar results
for second order nonlinear difference equations with Dirichlet boundary conditions.
The present paper surveys some of those results and is restricted, for the sake of sim-
plicity, to the case of periodic solutions of first order difference equations. Some of the
arguments of [2, 3] are simplified, and some of the conclusions are sharpened.

2. Periodic solutions

Let n ≥ 2 be a fixed integer. For(x1, . . . , xn) ∈ R
n, define the first order difference

operator(Dx1, . . . , Dxn−1) ∈ R
n−1 by

Dxm := xm+1 − xm (1 ≤ m ≤ n − 1).

Let fm : R
n → R (1 ≤ m ≤ n − 1) be continuous functions. We study the existence

of solutions for the periodic boundary value problem

Dxm + fm(x1, . . . , xn) = 0 (1 ≤ m ≤ n − 1), x1 = xn.(1)

Let

Un−1 = {x ∈ R
n : x1 = xn},(2)

so thatUn−1 ≃ R
n−1 because an element ofUn−1 can be characterized by the co-

ordinatesx1, . . . , xn−1. The restrictionL : R
n−1 → R

n−1 of D to R
n−1 is given

by

(Lx)m = xm+1 − xm (1 ≤ m ≤ n − 2), (Lx)n−1 = x1 − xn−1,(3)

17
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or, in matrix form, by the circulant matrix [6]



−1 1 0 · · · · · · 0
0 −1 1 0 · · · 0

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
0 · · · · · · 0 −1 1
1 0 · · · · · · 0 −1



.(4)

If we defineF : R
n−1 → R

n−1 by

Fm(x1, · · · , xn−1) = fm(x1, x2, . . . , xn−1, x1) (1 ≤ m ≤ n − 1),

problem (1) is equivalent to study the zeros of the continuous mappingH : R
n−1 →

R
n−1 defined by

Hm(x) = (Lx)m + Fm(x) (1 ≤ m ≤ n − 1).(5)

3. Bounded nonlinearities

Let us first consider the linear periodic problem

Dxm + αxm = 0 (1 ≤ m ≤ n − 1), x1 = xn,(6)

whereα ∈ R. The solutions of the corresponding difference system are given by

xm = (1 − α)m−1x1 (1 ≤ m ≤ n),

and hence (6) has a solution if and only if

x1 = (1 − α)n−1x1.

This immediately implies the following

LEMMA 1. Problem (6) has only the trivial solution if n is even andα 6= 0 or if
n is odd andα 6∈ {0,2}.Whenα = 0, the solutions are of the form xm = c (1 ≤ m ≤
n), and when n is odd andα = 2, they have the form xm = (−1)m−1c (1 ≤ m ≤ n),
with c ∈ R arbitrary.

Let

bm : R
n → R, (x1, . . . , xn) 7→ bm(x1, . . . , xn) (1 ≤ m ≤ n − 1)(7)

be continuous and bounded, and consider the semilinear periodic problem

Dxm + αxm + bm(x1, . . . , xn) = 0 (1 ≤ m ≤ n − 1), x1 = xn.(8)

If L is defined like above andB : R
n−1 → R

n−1 by

Bm(x1, . . . , xn−1) = bm(x1, x2, . . . , xn−1, x1) (1 ≤ m ≤ n − 1),
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then problem (8) is equivalent to the semilinear problem inR
n−1

Lx + αx + B(x) = 0.(9)

We have the following existence result.

THEOREM 1. Assume n odd andα 6= 0 or n even andα 6∈ {0,2} and assume
that the functions bm in (7) are continuous and bounded. Then problem (8) has at least
one solution and, for all sufficiently large R,

dB[L + α I + B, B(R),0] = ±1.

Proof. Let M > 0 is such that‖B(v)‖ ≤ M for all v ∈ R
n−1. For eachλ ∈ [0,1],

each possible zerou of L + α I + λB is such that, using Lemma 1,

‖u‖ = λ‖(L + α I )−1B(u)‖ ≤ ‖(L + α I )−1‖M.

Hence, if we take anyR > ‖(L + α I )−1‖M, and denote the Brouwer degree bydB

(see [7]), the homotopy invariance of the degree implies that

dB[L + α I + B, B(R),0] = dB[L + α I , B(R),0] = ±1,

and the existence follows from the existence property of Brouwer degree [7].

4. Upper and lower solutions

Let fm : R → R (1 ≤ m ≤ n − 1) be continuous functions, and let us consider the
periodic problem

Dxm + fm(xm) = 0 (1 ≤ m ≤ n − 1), x1 = xn.(10)

DEFINITION 1. α = (α1, . . . , αn) (resp. β = (β1, . . . , βn)) is called alower
solution(resp.upper solution) for (10) if

α1 ≥ αn (resp.β1 ≤ βn),

and the inequalities

Dαm + fm(αm) ≥ 0 (resp. Dβm + fm(βm) ≤ 0)(11)

hold for all 1 ≤ m ≤ n − 1. Such a lower or upper solution will be calledstrict if the
inequality (11) is strict for all1 ≤ m ≤ n − 1.

The basic theorem for the method of upper and lower solutionsgoes as follows.
The proof given here is a simplification of that given in [2], which is modeled on the
corresponding one for differential equations in [11].
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THEOREM 2. If (10) has a lower solutionα = (α1, . . . , αn) and an upper
solutionβ = (β1, . . . , βn) such thatαm ≤ βm (1 ≤ m ≤ n), then (10) has a solution
x = (x1, . . . , xn) such thatαm ≤ xm ≤ βm (1 ≤ m ≤ n). Moreover, ifα andβ are
strict, thenαm < xm < βm (1 ≤ m ≤ n − 1).

Proof. I. A modified problem.
Let γm : R → R (1 ≤ m ≤ n − 1) be the continuous functions defined by

γm(x) =




βm if x > βm

x if αm ≤ x ≤ βm

αm if x < αm.

(12)

We consider the modified problem

(13) Dxm − xm + fm ◦ γm(xm)+ γm(xm) = 0 (1 ≤ m ≤ n − 1), x1 = xn,

and show that ifx = (x1, . . . , xn) is a solution of (13) thenαm ≤ xm ≤ βm (1 ≤
m ≤ n), and hencex is a solution of (10). Suppose by contradiction that there issome
1 ≤ i ≤ n such thatαi − xi > 0 so thatαm − xm = max1≤ j ≤n(α j − x j ) > 0. If
1 ≤ m ≤ n − 1, then

αm+1 − xm+1 ≤ αm − xm,

which gives

Dαm ≤ Dxm = xm − αm − fm(αm) ≤ xm − αm + Dαm < Dαm,

a contradiction. Now the conditionα1 ≥ αn shows that the maximum is reached at
m = n only if it is reached also atm = 1, a case already excluded. Analogously we
can show thatxm ≤ βm (1 ≤ m ≤ n). We remark that ifα, β are strict, the same
reasoning givesαm < xm < βm (1 ≤ m ≤ n − 1).

II. Solution of the modified problem.
We use Brouwer degree to study the zeros of the continuous mapping G : R

n−1 →
R

n−1 defined by

(14) Gm(x) = (Lx)m − xm + fm ◦ γm(xm)+ γm(xm) (1 ≤ m ≤ n − 1).

By Lemma 1,L − I : R
n−1 → R

n−1 is invertible. On the other hand the mapping
with componentsfm ◦ γm + γm (1 ≤ m ≤ n − 1) is bounded onRn−1. Consequently,
Theorem 1 implies the existence ofR> 0 such that, for allρ > R, one has

|dB[G, B(ρ),0]| = 1,(15)

and, in particular,G has a zerõx ∈ B(ρ). Hence,x = (̃x, x1) is a solution of (13),
which means thatαm ≤ xm ≤ βm (1 ≤ m ≤ n) andx is a solution of (10). Moreover
if α, β are strict, thenαm < xm < βm (1 ≤ m ≤ n − 1).
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Suppose now thatα (resp. β) is a strict lower (resp. upper) solution of (10).
Define the open set

(16) �αβ = {(x1, . . . , xn−1) ∈ R
n−1 : αm < xm < βm (1 ≤ m ≤ n − 1)},

and the continuous mappingH : R
n−1 → R

n−1 by

Hm(x) = (Lx)m + fm(xm) (1 ≤ m ≤ n − 1).(17)

COROLLARY 1. Assume that the conditions of Theorem 2 hold with strict lower
and upper solutions. Then

|dB[H,�αβ ,0]| = 1,(18)

with�αβ defined in (16).

Proof. If ρ is large enough, then, using the additivity-excision property of Brouwer
degree [7], we have

|dB[G,�αβ ,0]| = |dB[G, B(ρ),0]| = 1.

On the other hand,H is equal toG on�αβ , and then

|dB[G,�αβ ,0]| = |dB[H,�αβ ,0]|.

A simple but useful consequence of Theorem 2, goes as follows.

COROLLARY 2. Assume that there exists numbersα ≤ β such that

fm(α) ≥ 0 ≥ fm(β) (1 ≤ m ≤ n − 1).

Then problem (10) has at least one solution withα ≤ xm ≤ β (1 ≤ m ≤ n − 1).

Proof. Just observe that(α, . . . , α) is a lower solution and(β, . . . , β) an upper solution
for (10).

COROLLARY 3. For each p> 0, am > 0 and bm ∈ R (1 ≤ m ≤ n − 1) the
problem

Dxm − am|xm|p−1xm = bm (1 ≤ m ≤ n − 1), x1 = xn

has at least one solution.

Proof. If R ≥
(
max1≤m≤n−1

|bm|
am

)1/p
, then (−R, . . . ,−R) is a lower solution and

(R, . . . , R) an upper solution.
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REMARK 1. Whenβm ≤ αm (1 ≤ m ≤ n − 1), one can try to repeat the
argument of Theorem 2 by defining

δm(x) =




αm if x > αm

x if βm ≤ x ≤ αm

βm if x < βm,

and considering the modified problem

(19) Dxm + xm + fm ◦ δm(xm)− δm(xm) = 0 (1 ≤ m ≤ n − 1), x1 = xn.

As L + I is invertible, the degree argument still gives the existence of at least one
solution for (19). If one tries to show that, say,βm ≤ xm (1 ≤ m ≤ n−1), and assume
by contradiction thatβi − xi > 0 for some1 ≤ i ≤ n, one gets no contradiction with
Dβm + fm(βm) ≤ 0. This is in contrast with the ordinary differential equation case,
for which the argument works independently of their order [13]. The reason of this
difference comes from the fact that a local extremum is characterized by an equality
(vanishing of the first derivative) in the differential caseand by two inequalities (with
only one usable in the argument) in the difference case. Thisraises the question of
the validity of the method of upper and lower solutions with reversed upper and lower
solutions in the difference case. This question is solved bythe negative in the next two
sections.

5. Spectrum of the linear part

The construction of the counter-example proving the last assertion above is clarified
by analyzing the spectral properties of the first order difference operator with periodic
boundary conditions.

DEFINITION 2. An eigenvalueof the first order difference operator with peri-
odic boundary conditions is anyλ ∈ C such that the problem

Dxm = λxm (1 ≤ m ≤ n − 1), x1 = xn(20)

has a nontrivial solution.

Explicitly, system (20) can be written as

x1 − xn = 0

x2 − (1 + λ)x1 = 0

. . . . . . . . . . . . . . .(21)

xn − (1 + λ)xn−1 = 0
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and is equivalent to the matrix eigenvalue problem

(22)




−1 − λ 1 0 · · · · · · 0
0 −1 − λ 1 0 · · · 0

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
0 · · · · · · 0 −1 − λ 1
1 0 · · · · · · 0 −1 − λ







x1
x2
·
·

xn−2
xn−1




= 0.

Hence the eigenvaluesλk areλk = −1 + µk (0 ≤ k ≤ n − 2), where theµk are the
eigenvalues of the (permutation, unitary, circulant) matrix




0 1 0 · · · · · · 0
0 0 1 0 · · · 0

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
0 · · · · · · 0 0 1
1 0 · · · · · · 0 0



,

namely (see e.g. [6]),

λk = −1 + e
2kπ i
n−1 (0 ≤ k ≤ n − 2).(23)

The corresponding eigenvectorsϕk (0 ≤ k ≤ n − 2) have components

ϕk
m = e

2kmπ i
n−1 (1 ≤ m ≤ n − 1).

In particular,λ0 = 0 is always a real eigenvalue, and all the other eigenvalues have
negative real part. Ifn = 2, 0 is the unique eigenvalue; ifn > 2 is even, 0 is the unique
real eigenvalue; ifn is odd,λ n−1

2
= −2 is the unique nonzero real eigenvalue.

6. Reversing the order of upper and lower solutions

For n ≥ 2 odd andλ = −2, system (21) becomes

x1 − xn = 0

x2 + x1 = 0

. . . . . . . . .(24)

xn + xn−1 = 0

and has the solutionϕ associated toϕ(n−1)/2 with components

ϕm = (−1)m−1 (1 ≤ m ≤ n).

The adjoint system

x1 + x2 = 0

. . . . . . . . .

xn−1 + xn = 0(25)

−x1 + xn = 0
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has the same nontrivial solutionϕ. As bm = δnm (1 ≤ m ≤ n) (Kronecker symbol) is
not orthogonal to the kernel of the adjoint system (25), the problem

x1 − xn = 0

x2 + x1 = 0

. . . . . . . . .

xn−1 + xn−2 = 0

xn + xn−1 = 1

has no solution, or, equivalentlythe problem

Dxm + 2xm = 0 (1 ≤ m ≤ n − 2), Dxn−1 + 2xn−1 = 1, x1 = xn(26)

has no solution.However,α = (1, . . . ,1) is a lower solution andβ = (0, . . . ,0) is an
upper solution of (26) such thatβm ≤ αm (1 ≤ m ≤ n).

If now n > 2 is even, the problem

Dxm + 2xm = 0 (1 ≤ m ≤ n − 3), Dxn−2 + 2xn−2 = 1,

Dxn−1 = 0, x1 = xn(27)

is of course equivalent to the problem

Dxm + 2xm = 0 (1 ≤ m ≤ n − 3), Dxn−2 + 2xn−2 = 1, x1 = xn−1.

As n − 1 is odd, it follows from the counter-example (26) thatproblem (27) has no
solution. Howeverα = (1, . . . ,1) is a lower solution andβ = (0, . . . ,0) is an upper
solution of (27) such thatβm ≤ αm (1 ≤ m ≤ n). Those counter-examples were first
given in [3].

For n = 2, problem (10) is equivalent to the unique scalar equation

f1(x1) = 0

and, in this case, the validity of the method of upper and lower solutions, independently
of their order, follows from its equivalence with Bolzano’stheorem applied to the real
function f1.

REMARK 2. Notice that, in contrast to the periodic problem for difference
equations, whose eigenvalues are in the left half-plane, all the eigenvaluesλk = 2kπ i

T
(k ∈ Z) of the differential operatorddt with periodic boundary conditions on[0, T]
are on the imaginary axis. This explains that the method of upper and lower solutions
works irrespectively to the order of the lower and the upper solution.

7. Ambrosetti-Prodi type multiplicity result

Let f1, . . . , fn−1 : R → R be continuous functions,s ∈ R. Consider the problem,
with n ≥ 2,

Dxm + fm(xm) = s (1 ≤ m ≤ n − 1), x1 = xn,(28)
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with thecoercivity condition

fm(u) → ∞ as |u| → ∞ (1 ≤ m ≤ n − 1).(29)

Whenn = 2, problem (28) is equivalent to the scalar equation

f1(x1) = s(30)

and, under condition (29) withm = 1, it is clear that there existss1 (= minR f1)
such that fors < s1, equation (30) has no solution, fors = s1, equation (30) has
at least one solution, and fors > s1, equation (30) has at least two solutions. We
show that a similar result holds for anyn ≥ 2. Problems of this type were initiated
by Ambrosetti-Prodi for second order semilinear Dirichletproblems and the approach
given here slightly simplifies the one given in [2], modeled on the method introduced in
[12, 13] for periodic solutions of first and second order ordinary differential equations.

LEMMA 2. If condition (29) holds, then

n−1∑

m=1

fm(xm) → +∞ if ‖x‖ → ∞.

Proof. From (29),

(∃ c ∈ R)(∀ u ∈ R)(∀ m ∈ {1, . . . ,n − 1}) : fm(u) ≥ c,(31)

and

(∀ R> 0)(∃ r ′ > 0)(∀u ∈ R : |u| ≥ r ′)(∀ m ∈ {1, . . . ,n − 1}) :
fm(u) ≥ R − (n − 2)c.(32)

If r =
√

n − 1r ′ and if x ∈ R
m−1 is such that‖x‖ ≥ r, then, for at least onej ∈

{1, . . . ,n − 1}, one has|x j | ≥ r ′, so that, using (31) and (32),

n−1∑

m=1

fm(xm) =
n−1∑

m=1

[ fm(xm)− c] + (n − 1)c ≥ f j (x j )− c + (n − 1)c

≥ R − (n − 2)c − c + (n − 1)c = R.

Consequently,
∑n−1

m=1 fm(xm) → +∞ if ‖x‖ → ∞.

LEMMA 3. Let b∈ R. If condition (29) holds, there isρ = ρ(b) > 0 such that
each possible solution x of (28) with s≤ b is such that‖x‖ < ρ.

Proof. Let s ≤ b and(x1, . . . , xn) be a solution of (28). We see that

n−1∑

m=1

fm(xm) = (n − 1)s ≤ (n − 1)b.(33)

and the result follows from Lemma 2.
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THEOREM 3. If the functions fm (1 ≤ m ≤ n − 1) satisfy (29), there exists
s1 ∈ R such that(28) has zero, at least one or at least two solutions according to
s< s1, s = s1, s> s1.

Proof. Let

Sj = {s ∈ R : (28) has at least j solutions} ( j ≥ 1).

(a) S1 6= ∅.

Takes∗ > max1≤m≤n−1 fm(0) and use (29) to findR∗
− < 0 such that

min
1≤m≤n−1

fm(R
∗
−) > s∗.

Thenα with α j = R∗
− < 0 (1 ≤ j ≤ n) is a strict lower solution andβ with β j = 0

(1 ≤ j ≤ n) is a strict upper solution for (28) withs = s∗. Hence, using Theorem 2,
s∗ ∈ S1.
(b) If s̃ ∈ S1 and s> s̃ then s∈ S1.

Let x̃ = (̃x1, . . . , x̃n) be a solution of (28) withs = s̃, and lets > s̃. Thenx̃ is a strict
upper solution for (28). Take nowR− < min1≤m≤n x̃m such that min1≤m≤n−1 fm(R−)
> s It follows thatα with α j = R− (1 ≤ j ≤ n) is a strict lower solution for (28), and
hence, using Theorem 2,s ∈ S1.

(c) s1 = inf S1 is finite and S1 ⊃ ]s1,∞[.
Let s ∈ R and suppose that (28) has a solution(x1, . . . , xn). Then (33) holds, from
where we deduce thats ≥ c, with c ∈ R given in (31). To obtain the second part of
claim (c)S1 ⊃]s1,∞[ we apply (b).
(d) S2 ⊃ ]s1,∞[.
We reformulate (28) to apply Brouwer degree theory. Consider the continuous mapping
G : R × R

n−1 → R
n−1 defined by

Gm(s, x) = (Lx)m + fm(xm)− s (1 ≤ m ≤ n − 1).

Then(x1, . . . , xn−1, x1) is a solution of (28) if and only if(x1, . . . , xn−1) ∈ R
n−1 is

a zero ofG(s, ·). Let s3 < s1 < s2. Using Lemma 3 we findρ > 0 such that each
possible zero ofG(s, ·) with s ∈ [s3, s2] is such that max1≤m≤n−1 |xm| < ρ. Conse-
quently,dB[G(s, ·), B(ρ),0] is well defined and does not depend upons ∈ [s3, s2].
However, using (c), we see thatG(s3, x) 6= 0 for all x ∈ R

n−1. This implies that
dB[G(s3, ·), B(ρ),0] = 0, so thatdB[G(s2, ·), B(ρ),0] = 0 and, by excision property,
dB[G(s2, ·), B(ρ′),0] = 0 if ρ′ > ρ. Let s ∈ ]s1, s2[ and x̂ = (̂x1, . . . , x̂n) be a so-
lution of (28) (using (c)). Then̂x is a strict upper solution of (28) withs = s2. Let
R < min1≤ j ≤n x̂ j be such that min1≤m≤n−1 fm(R) > s2. Then(R, . . . , R) ∈ R

n is a
strict lower solution of (28) withs = s2. Consequently, using Corollary 1, (28) with
s = s2 has a solution in�R̂x and

|dB[G(s2, ·),�R̂x,0]| = 1.

Takingρ′ sufficiently large, we deduce from the additivity property of Brouwer degree
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that

|dB[G(s2, ·), B(ρ′) \�R̂x,0]| = |dB[G(s2, ·), B(ρ′),0] − dB[G(s2, ·),�R̂x,0]|
= |dB[G(s2, ·),�R̂x,0]| = 1,

and (28) withs = s2 has a second solution inB(ρ′) \�R̂x.

(e) s1 ∈ S1.

Taking a decreasing sequence(σk)k∈N in ]s1,∞[ converging tos1, a corresponding
sequence(xk

1, . . . , xk
n) of solutions of (28) withs = σk and using Lemma 3, we obtain

a subsequence(x jk
1 , . . . , x jk

n ) which converges to a solution(x1, . . . , xn) of (28) with
s = s1.

COROLLARY 4. If p > 0, am > 0 and bm ∈ R (1 ≤ m ≤ n − 1), there exists
s1 ∈ R such that the periodic problem

Dxm + am|xm|p = s + bm (1 ≤ m ≤ n − 1), x1 = xn

has no solution if s< s1, at least one solution if s= s1 and at least two solutions if
s> s1.

Similar arguments allow to prove the following result.

THEOREM 4. If the functions fm satisfy condition

fm(x) → −∞ as |x| → ∞ (1 ≤ m ≤ n − 1).(34)

then there is s1 ∈ R such that (28) has zero, at least one or at least two solutions
according to s> s1, s = s1 or s< s1.

COROLLARY 5. If p > 0, am > 0 and bm ∈ R (1 ≤ m ≤ n − 1), there exists
s1 ∈ R such that the periodic problem

Dxm − am|xm|p = s + bm (1 ≤ m ≤ n − 1), x1 = xn

has no solution if s> s1, at least one solution if s= s1 and at least two solutions if
s< s1.

8. One-side bounded nonlinearities

The nonlinearity in Ambrosetti-Prodi type problems is bounded from below and coer-
cive or bounded from above and anticoercive. In this section, we consider nonlinearities
which are bounded from below or above but have different limits at+∞ and−∞.

Let n ≥ 2 be an integer andfm : R → R continuous functions(1 ≤ m ≤ n−1).
Consider the problem

Dxm + fm(xm) = 0 (1 ≤ m ≤ n − 1), x1 = xn.(35)
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It is easy to check that the linear mappingL defined in (3) is such that

N(L) = {(c, . . . , c) ∈ R
n−1 : c ∈ R},

R(L) = {(y1, . . . , yn−1) ∈ R
n−1 :

n−1∑

m=1

ym = 0}.

The projectorP : R
n−1 → R

n−1

P(x1, . . . , xn−1) =
(

1

n − 1

n−1∑

m=1

xm, . . . ,
1

n − 1

n−1∑

m=1

xm

)

=
(

1

n − 1

n−1∑

m=1

xm

)
(1, . . . ,1)

is such thatN(P) = R(L), R(P) = N(L). Let us finally defineF : R
n−1 → R

n−1

by

F(x1, . . . , xn−1) = ( f1(x1), . . . , fn−1(xn−1)),

and letH = L + F, so that the solutions of (35) correspond to the zeros ofH. To study
them using Brouwer degree, we introduce, like in Theorem IV.13 of [10] the family of
equations

Lx + (1 − λ)P F(x)+ λF(x) = 0, λ ∈ [0,1].(36)

LEMMA 4. For eachλ ∈ ]0,1], equation (36) is equivalent to equation

Lx + λF(x) = 0.(37)

For λ = 0, equation (36) is equivalent to equation

P F(x) = 0, x ∈ N(L).(38)

Proof. We first notice that, applyingP to both members of equation (36), we get

P F(x) = 0

and hence, forλ ∈ ]0,1], equation (36) implies equation (37), and, forλ = 0, implies
equation (38). Conversely, if equation (37) holds andλ ∈ ]0,1], then, applyingP to
both members, we getP F(x) = 0 and we may add(1 − λ)P F(x) to the left-hand
member to obtain (36). If equation (38) holds, then

P F(x) = 0, Lx = 0,

and hence (36) withλ = 0 follows by addition.

The following Lemma, taken from [2], adapts to difference equations an argu-
ment of Ward [14] for ordinary differential equations.



Periodic solutions of difference equations 29

LEMMA 5. If the functions fm (1 ≤ m ≤ n − 1), are all bounded from below
or all bounded from above, say by c, and if for some R> 0

(39)
n−1∑

m=1

fm(xm) 6= 0 whenever min
1≤ j ≤n−1

x j ≥ R or max
1≤ j ≤n−1

x j ≤ −R,

then, for eachλ ∈ ]0,1] each possible zero x of L+ λF is such that

max
1≤ j ≤n−1

|x j | < R + 2(n − 1)|c|.(40)

Proof. Let (λ, x) ∈ ]0,1] × R
n−1 be a possible zero ofL + λN. It is a solution of the

equivalent system

(41)
n−1∑

m=1

fm(xm) = 0, Dxm + λ fm(xm) = 0, x1 = xn, (1 ≤ m ≤ n − 1).

On the other hand, if we assume, say, that eachfm (1 ≤ m ≤ n − 1) is bounded from
below, say byc, we have, for all 1≤ m ≤ n − 1, and allu ∈ R,

| fm(u)| − |c| ≤ | fm(u)− c| = fm(u)− c,

and hence

| fm(u)| ≤ fm(u)+ 2|c|.(42)

Consequently, using (41) and (42), we obtain

n−1∑

m=1

|Dxm| = λ

n−1∑

m=1

| fm(xm)| ≤
n−1∑

m=1

| fm(xm)|

≤
n−1∑

m=1

fm(xm)+ 2(n − 1)|c| = 2(n − 1)|c|.(43)

We deduce

max
1≤m≤n−1

xm ≤ min
1≤m≤n−1

xm +
n−1∑

m=1

|Dxm|

≤ min
1≤m≤n−1

xm + 2(n − 1)|c|.(44)

Using (41) and assumption (39), we obtain min
1≤m≤n−1

xm < R and−R < max
1≤m≤n−1

xm.

Combined with (44), this gives

−[R + 2(n − 1)|c|] < min
1≤m≤n−1

xm ≤ max
1≤m≤n−1

xm < R + 2(n − 1)|c|.

If the fm are bounded from above, it suffices to consider the equivalent problem−Lx−
F(x) = 0 with all function− fm bounded from below, as−L has the same null-space
and range asL .
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Defineϕ : R → R by

ϕ(u) = 1

n − 1

(
n−1∑

m=1

fm(u)

)
,

so that, foru(1, . . . ,1) ∈ N(L),

P F(u(1, . . . ,1)) = ϕ(u)(1, . . . ,1).

The following theorem slightly sharpens a result of [2].

THEOREM 5. Suppose that the functions fm (1 ≤ m ≤ n − 1) are all bounded
from below or all bounded from above, and that for some R> 0 andǫ ∈ {−1,1},

ǫ

n−1∑

m=1

fm(xm) ≥ 0 whenever min
1≤ j ≤n−1

x j ≥ R

ǫ

n−1∑

m=1

fm(xm) ≤ 0 whenever max
1≤ j ≤n−1

x j ≤ −R.(45)

Then, problem (35) has at least one solution.

Proof. For definiteness, assume that eachfm is bounded from below byc. For each
k ≥ 1, let us define

f (k)m (xm) = fm(xm)+ ǫxm

k(1 + |xm|) (1 ≤ m ≤ n − 1),

so that eachf (k)m is bounded from below byc − 1 and, using assumption (45),

ǫ

n−1∑

m=1

f (k)m (xm) > 0 whenever min
1≤ j ≤n−1

x j ≥ R

ǫ

n−1∑

m=1

f (k)m (xm) < 0 whenever max
1≤ j ≤n−1

x j ≤ −R.(46)

DefineF (k) : R
n−1 → R

n−1 by

F (k)m (x1, . . . , xn−1) = f (k)m (xm) (1 ≤ m ≤ n − 1).

Lemma 5 implies that each possible solutionx(k) of each equation

Lx + λF (k)(x) = 0 (k = 1,2, . . .), (λ ∈ ]0,1])(47)

is such that

max
1≤m≤n−1

|x(k)m | < R + 2(n − 1)(|c| + 1) := ρ (k = 1,2, . . .).
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Furthermore, condition (46) withx1 = . . . = xn−1 = ±ρ implies that

P F(k)(±ρ(1, . . . ,1)) = 1

n − 1

n−1∑

m=1

f (k)m (±ρ) 6= 0.

If C(ρ) = (] − ρ, ρ[)n−1, it follows then from Lemma 4 and the homotopy invariance
of Brouwer degree, that, for eachk = 1,2, . . . ,

dB[L + F (k),C(ρ)),0] = dB[L + P F(k),C(ρ),0].

Now, L + P : R
n−1 → R

n−1 is an isomorphism and, forz ∈ R(P), we have
(L + P)−1z = z, so that, using the multiplication property of the Brouwer degree
and denoting the Brouwer index byi B (see e.g. [7]), we obtain

dB[L + P F(k),C(ρ),0] = dB[(L + P)[I + (L + P)−1(P F(k) − P)],C(ρ),0]
= i B(L + P,0) · dB[I − P + P F(k),C(ρ),0]
= ±dB[I − P + P F(k),C(ρ),0].

Now, the Leray-Schauder reduction formula (see e.g. [7]) implies that

dB[I − P + P F(k),C(ρ),0] = dB[P F(k)|N(L),C(ρ) ∩ N(L),0]
= dB[ϕ(k), ] − ρ, ρ[,0],

where

ϕ(k)(u) = ϕ(u)+ ǫu

k(1 + |u|) .

Now assumption (45) withx1 = . . . = xn−1 = ±ρ implies thatϕ(k)(−ρ)ϕ(k)(ρ) < 0
for all k = 1,2, . . . , so that

dB[ϕ(k), ] − ρ, ρ[,0] = ±1.

Thus it follows from the existence property of Brouwer degree that equation (47) has
at least one solutionx(k) such thatx(k) ∈ C(ρ) for all k = 1,2, . . . .Going if necessary
to a subsequence, we can assume thatx(k) → x ∈ C(ρ) which is a zero ofL + F and
hence a solution of (35)

Let u+ = max{u,0}.

COROLLARY 6. For p > 0, am > 0, bm ∈ R (1 ≤ m ≤ n − 1), the periodic
problem

Dxm + am(x
+
m)

p − bm = 0 (1 ≤ m ≤ n − 1), x1 = xn,(48)

has at least one solution if and only if

n−1∑

m=1

bm ≥ 0.
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When am < 0 and bm ∈ R (1 ≤ m ≤ n − 1), problem (48) has at least one solution if
and only if

n−1∑

m=1

bm ≤ 0.

Proof. For the necessity, if problem (48) has a solutionx, then

n−1∑

m=1

bm =
n−1∑

m=1

am(x
+
m)

p ≥ 0.

For the sufficiency, each functionfm(xm) = am(x+
m)

p − bm is bounded from below by
−bm. Furthermore, if

R ≥
(∑n−1

m=1 bm∑n−1
m=1 am

)1/p

,

then
∑n−1

m=1 fm(xm) ≥ 0 when min1≤m≤n−1 xm ≥ R.On the other hand,
∑n−1

m=1 fm(xm)

= −∑n−1
m=1 bm ≤ 0 when max1≤m≤n−1 xm ≤ 0. Hence the result follows from Theo-

rem 5. The proof of the other case is similar.
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ZERO SHEAR VISCOSITY LIMIT FOR THE NAVIER-STOKES

EQUATIONS OF COMPRESSIBLE ISENTROPIC FLUIDS

WITH CYLINDRIC SYMMETRY ∗

Abstract. We study the problem of the limit process as the shear viscosity goes to zero for
global weak solutions to the Navier-Stokes equations of compressible isentropic fluids with
cylindric symmetry between two circular cylinders. We prove that the limit of the global
weak solutions is a weak solution of the corresponding system with zero shear viscosity.

1. Introduction

We shall study the convergence of solutions of the the Navier-Stokes equations for
a compressible isentropic fluid with cylindric symmetry, asthe shear viscosity goes
to zero. In this paper we restrict ourselves to isentropic flows between two circular
coaxial cylinders and assume that the motion of the flows depends only on the radial
variable and the time variable. The corresponding symmetric form of the compressible
isentropic Navier-Stokes equations, which express the conservation of mass and the
balance of momentum, can be written as [35]

ρt + (ρu)x + ρu

x
= 0,(1)

(ρu)t + (ρu2)x + ρu2

x
− ρv2

x
+ Px = (λ+ 2ǫ)

(
ux + u

x

)
x
,(2)

(ρv)t + (ρuv)x + 2ρuv

x
= ǫ

(
vx + v

x

)
x
,(3)

(ρw)t + (ρuw)x + ρuw

x
= ǫ

(
wxx + wx

x

)
.(4)

Hereρ is the density,u, v andw are the radial, angular and axial components of the
velocity vectorEv, respectively,x is the radial variable;

P ≡ P(ρ) = aργ , γ > 1

denotes the pressure, andλ, ǫ, a andγ are positive constants which stand for the bulk
(expansion) viscosity coefficient, shear viscosity coefficient, gas constant and specific
heat ratio, respectively.

∗Supported by the NSFC (Grant No. 10301014, 10225105) and theNational Basic Research Program
(Grant No. 2005CB321700) of China.

†Corresponding author.
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We shall consider the following initial boundary value problem for (1)–(4) in
the domainQT := (0, T)×� with � := {0< r1 < x < r2 < ∞}:

u = 0, v = vi (t), w = wi (t) for x = r i , i = 1,2,(5)

(ρ,u, v, w)|t=0 = (ρ0,u0, v0, w0).(6)

The boundary conditions (5) imply that the fluid sticks at thebounding cylinders which
move in such a way that the axis of symmetry is fixed. For simplicity, we take here
vi (t) = wi (t) ≡ 0, since otherwise we can use

v −
( r2 − x

r2 − r1
v1 + x − r1

r2 − r1
v2

)
and w −

( r2 − x

r2 − r1
w1 + x − r1

r2 − r1
w2

)

to replacev andw, respectively, and thus the proof only needs minor modifications.

The asymptotic behavior of viscous flows, as the viscosity vanishes, is one of
the important topics in the theory of compressible flows, andthe problem of small
viscosity finds many applications, for example, in the boundary layer theory [43].

Assuming that

(7) ρ0 ∈ H1(�), inf
�
ρ0 > 0, u0, v0, w0 ∈ H1

0 (�),

Shelukhin studies the zero shear viscosity limit for flows with heat-conducting between
two parallel plates [47, 48], while in [49] he investigates the passage to the limit for
a free-boundary problem of describing a joint motion of two compressible fluids with
different viscosities, as the shear viscosity of one of the fluids vanishes.

In [17] Frid and Shelukhin investigate the cylinder symmetric isentropic prob-
lem (1)–(6). For the cylinder symmetric case, the velocity components influence each
other through the momentum equations. This is one of the maindifferences between
the systems considered in [47, 48, 17]. Under the conditions(7), Frid and Shelukhin
prove that the problem (1)–(6) possesses a unique strong solution (ρǫ,uǫ, vǫ, wǫ) sat-
isfying

ρǫ ∈ L∞(0, T; H1), ∂tρǫ ∈ L∞(0, T; L2), inf
QT
ρǫ > 0,

(uǫ, vǫ, wǫ) ∈ L∞(0, T; H1
0 ) ∩ L2(0, T; H2), (∂tuǫ, ∂tvǫ, ∂twǫ) ∈ L2(QT ).

Furthermore, they use the method developed in [47] to obtainthe following uniform in
ǫ estimates:

∫

�

[
ρǫ(u

2
ǫ + v2

ǫ + w2
ǫ )+ ργǫ

]
dx

+
∫ T

0

∫

�

[
(λ+ 2ǫ)(∂xuǫ)

2 + ǫ(∂xvǫ)
2 + ǫ(∂xwǫ)

2
]
dxdt ≤ C,

C−1 ≤ ρǫ ≤ C, ‖(vǫ, wǫ)‖L∞(QT ) ≤ C,

‖∂xρǫ‖L∞(0,T;L2) ≤ C, ‖∂tρǫ‖L∞(0,T;L2) ≤ C,

‖(∂tuǫ, ∂
2
xuǫ)‖L2(QT )

+ ‖∂xuǫ‖L∞(0,T;L2) ≤ C,
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whereC is a positive constant independent ofǫ. Thus, using these uniform estimates,
they can prove by the standard compactness imbedding arguments that asǫ → 0,

(8)
(ρǫ,uǫ) → (ρ,u) strongly in C(Q̄T ),

(vǫ, wǫ) ⇀ (v,w) weak-∗ in L∞(QT ).

Then, with the help of (8), they utilize a framework suitablefor transport equations
which allows one to improve the weak convergence to the strong one by analyzing and
comparing the equations deduced for8(z) and8(z), wherez is any of the two velocity
componentsv orw,8 : R → R is a convex function, and8(z) denotes the weak limit
of 8(zǫ) with zǫ = vǫ or zǫ = wǫ . This idea of improvement of weak convergence
goes back to the notion of the renormalized solutions introduced by Diperna and Lions
[11], and applied and further developed in [25, 38, 39, 33, 34, 29, 14, 16, 48, 18, 30,
15, 50] and among others.

The problem of vanishing both shear and bulk (expansion) viscosity coefficients
(λ,µ) is much more complex and the situation becomes delicate. Itis expected that a
general weak entropy solution to the Euler equations shouldbe (strong) limit of solu-
tions to the corresponding compressible Navier-Stokes equations with the same initial
data as the viscosity and heat conductivity tend to zero. Indeed, the vanishing viscosity
limit for the Cauchy problem for the compressible Navier-Stokes equations has been
studied by several researchers.

For the one-dimensional isentropic compressible Navier-Stokes equations, Di-
Perna [9] uses the method of compensated compactness and establishes a.e. conver-
gence as viscosity goes to zero of admissible solutions of the Navier-Stokes equations
to an admissible solution of the corresponding Euler equations, provided that solutions
of the Navier-Stokes equations are bounded and the density is bounded away from zero
uniformly with respect to the viscosity coefficients. However, this uniform bounded-
ness is difficult to verify in general, and the abstract analysis in [9] gets little informa-
tion on the qualitative nature of the viscous solutions. In [27] Hoff and Liu investigate
the inviscid limit problem in the case that the underlying inviscid flow is a single weak
shock wave, and they show that solutions of the compressibleNavier-Stokes equations
with shock data exist and converge to the inviscid shocks, asviscosity vanishes, uni-
formly away from the shocks. Based on [19, 27], Xin in [52] shows that the solution
to the Cauchy problem of the one-dimensional compressible isentropic Navier-Stokes
equations with weak centered rarefaction wave data exists for all time and converges
to the weak centered rarefaction wave solution of the corresponding Euler equations,
as viscosity tends to zero, uniformly away from the initial discontinuity. Moreover, for
a given centered rarefaction wave to the Euler equations with finite strength, he con-
structs a viscous solution to the compressible Navier-Stokes system with initial data
depending on the viscosity, such that the viscous solution approaches the centered rar-
efaction wave at the rate 1/4 of viscosity uniformly for all time away fromt = 0.
Recently, Jiang, Ni and Sun [32] extended this result to the non-isentropic case by us-
ing some ideas from the stability study of rarefaction waves[40, 41] and the time-decay
property of initial discontinuities [24].

In the vanishing viscosity limit, the existence and stability of multidimensional
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shock fronts for the multidimensional compressible Navier-Stokes equations are pro-
ved in [23] and the Prandtl boundary layers (characteristicboundaries) are studied for
the linearized case in [53, 54, 51] by using asymptotic analysis, while the boundary
layer stability in the case of non-characteristic boundaries and one spatial dimension
is discussed in [46, 42]. We also mention that there is an extensive literature on the
vanishing artificial viscosity limit for hyperbolic systems of conservation laws, see, for
example, [9, 10, 19, 37, 36, 55, 20, 45, 5, 21, 22, 3], also cf. the monographs [4, 8, 44]
and the references therein.

Concerning the zero shear viscosity limit for (1)–(6), to our best knowledge, the
known results are concerned with strong solutions under theconditions (7). The aim
of this paper is to prove a similar vanishing shear viscositylimit result under weaker
regularity assumptions on the initial data. Namely, we willstudy the limit asǫ → 0 of
(1)–(6) under the following conditions on the initial data:

(9) inf
�
ρ0 > 0, ρ0 ∈ L∞(�), u0 ∈ L2(�), (v0, w0) ∈ L∞(�).

Under (9), it is not difficult to prove that there exists at least one global weak so-
lution (ρǫ,uǫ, vǫ, wǫ) with ρǫ > 0 to the problem (1)–(6) by using arguments similar
to those in, for example, [1, 2, 6, 39, 56, 26, 31, 28]. Moreover, (ρǫ,uǫ) is a renor-
malized solution of the equation (1), see [39]. On the other hand, for the vanishing
shear viscosity limit for the weak solutions here, comparedwith the strong solutions
dealt with in [17], the main difficulty lies in the derivationof the strong convergence
of the densityρǫ , due to lack of uniform a priori estimates on derivatives ofρǫ . To
overcome such difficulties, we use the techniques in the study of the global existence
of weak solutions to the multidimensional compressible Navier-Stokes equations (see,
e.g., [38, 14, 16, 29]), and exploit the feature of the equation (2).

Before stating our main result, we introduce the definition of weak solutions.

DEFINITION 1. (i) We call(ρ,u, v, w)(x, t) a global weak solution of (1)–(6),
if for any T > 0, ρ(x, t) ≥ 0 on [0, T] ×�, and

ρ, v,w ∈ L∞(QT ), u, v, w ∈ L2(0, T; H1
0 ), u ∈ L∞(0, T; L2),

and the following equations hold:

(10)
∫ T

0

∫

�

ρ(ϕt + uϕx)xdxdt+
∫

�

ρ0ϕ(x,0)xdx = 0,

∫ T

0

∫

�

{
xρuφt + xρu2φx + ρv2φ +

[
P(ρ)− (λ+ 2ǫ)

(
ux + u

x

)]
(xφ)x

}
dxdt

+
∫

�

xρ0u0φ(x,0)dx = 0,(11)

∫ T

0

∫

�

{
xρvφt + xρuvφx − ρuvφ − ǫ

(
vx + v

x

)
(xφ)x

}
dxdt

+
∫

�

xρ0v0φ(x,0)dx = 0,(12)
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(13)
∫ T

0

∫

�

{
xρwφt + xρuwφx − ǫxwxφx

}
dxdt+

∫

�

xρ0w0φ(x,0)dx = 0,

for anyϕ, φ ∈ C1(Q̄T ), φ ∈ C([0, T], H1
0 ) andϕ(·, T) = φ(·, T) = 0.

ii) We call (ρ,u, v, w)(x, t) a global weak solution of (1)–(6) withǫ = 0, if for any
T > 0, ρ(x, t) ≥ 0 on [0, T] ×�, and

ρ, v,w ∈ L∞(QT ), u ∈ L∞(0, T; L2) ∩ L2(0, T; H1
0 ),

andρ,u, v, w satisfy the equations (10)–(13) withǫ = 0.

Thus, the main result of this paper reads:

THEOREM1. Assume that the initial data satisfy (9). Then there exists aglobal
weak solution(ρǫ,uǫ, vǫ, wǫ) of the problem (1)–(6). Moreover, there is a sequence
ǫn ↓ 0, such that asǫn → 0,

(ρǫn, vǫn, wǫn) → (ρ, v,w) strongly in Lp(QT ), uǫn → u strongly in Ls(QT ),

∂xuǫn → ux strongly in L2(QT )

for any p∈ [1,∞) and s∈ [1,6). In addition, the limit(ρ,u, v, w) is a global weak
solution of (1)–(6) withǫ = 0.

REMARK 1. (i) If inf ρ0 = 0 and(ρ0,u0) satisfies a natural compatibility con-
dition, then we can prove that the problem (1)–(6) has a unique global smooth solution.
For the proof, see [7] whenγ ≥ 2 and [13] when 1< γ ≤ 2.

(ii) A similar result has been obtained recently for the magnetohydrodynamic
equations by Fan [12].

The next section gives the uniform estimates which will be used in the final
section to complete the proof of Theorem 1.

As the end of this section, we introduce the notation used throughout this paper.
L p(I , B) respectively‖ · ‖L p(I ,B) denotes the space of all strongly measurable,pth-
power integrable (essentially bounded ifp = ∞) functions fromI to B respectively its
norm, I ⊂ R an interval,B a Banach space.C(I , B − w) is the space of all functions
which are inL∞(I , B) and continuous int with values inB endowed with the weak
topology. We will use the abbreviation:

Lq(0, T; Wm,p) ≡ Lq(0, T; Wm,p(�)),

‖ · ‖Lq(0,T;Wm,p) ≡ ‖ · ‖Lq(0,T;Wm,p(�)), ‖ · ‖L p ≡ ‖ · ‖L p(�).

The same letterC will denote various positive constants which do not depend
on ǫ.

2. Uniform a priori estimates

We denote the weak solution of (1)–(6) by(ρǫ,uǫ, vǫ, wǫ) throughout the rest of this
paper. This section is devoted to the derivation of a priori estimates of(ρǫ,uǫ, vǫ, wǫ)
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which are independent ofǫ .

We start with the following conservation identity which is obtained by multiply-
ing (1) byx, integrating the resulting equation over(0, t)×� and using the boundary
conditions (5):

(14)
∫

�

xρǫ(x, t)dx =
∫

�

xρ0(x)dx.

The following lemma gives an elementary energy estimate which is proved in
[17] by multiplying the system (2)–(4) by(uǫ, vǫ, wǫ) in L2((0, t)×�) and using (1).

LEMMA 1. The following energy estimate holds.

sup
t∈[0,T]

∫

�

[x

2
ρǫ(u

2
ǫ + v2

ǫ + w2
ǫ )+ ax

γ − 1
ργǫ

]
(x, t)dx

+
∫ T

0

∫

�

x
[
(λ+ 2ǫ)(∂xuǫ)

2 + ǫ(∂xvǫ)
2 + ǫ(∂xwǫ)

2

+(λ+ 2ǫ)
u2
ǫ

x2
+ ǫ

v2
ǫ

x2

]
dxdt ≤ C.(15)

As in [17], we rewrite the equation (2) in the form

(ρǫuǫ)t +
[
ρǫu

2
ǫ + Pǫ − (λ+ 2ǫ)

(
∂xuǫ + uǫ

x

)
+ σǫ

]
x

= 0,

where

σǫ :=
∫ x

r1

ρǫ(u2
ǫ − v2

ǫ )

z
dz, Pǫ := aργǫ .

It is easy to see that by (15),

(16) ‖σǫ‖L∞(QT ) ≤ C.

Introducing the function

ϕǫ(t, x) :=
∫ t

0

{
(λ+ 2ǫ)

(
∂xuǫ + uǫ

x

)
− ρu2

ǫ − Pǫ − σǫ

}
(x, τ )dτ +

∫ x

r1

ρ0u0dξ,

one has

(17) ∂xϕǫ = ρǫuǫ, ∂tϕǫ = (λ+ 2ǫ)
(
∂xuǫ + uǫ

x

)
− ρǫu

2
ǫ − Pǫ − σǫ .

Observe that by virtue of (15), (17), the Cauchy-Schwarz inequality and (14),

‖∂xϕǫ‖L∞(0,T;L1) ≤ ‖ρǫuǫ‖L∞(0,T;L1)

≤ C‖√xρǫuǫ‖L∞(0,T;L2)‖
√

xρǫ‖L∞(0,T;L2)

≤ C
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and

sup
t∈[0,T]

∣∣∣∣
∫

�

ϕ(x, t)dx

∣∣∣∣ ≤ C.

Hence, the generalized Poincaré inequality implies

(18) ‖ϕǫ‖L∞(QT ) ≤ C.

Utilizing the equations (17), and the estimates (16) and (18), following the same
arguments as in [17, Lemma 2.2], we obtain the following lemma, the proof of which
is therefore omitted.

LEMMA 2. There are positive constantsρ, ρ independent ofǫ, such that

(19) ρ ≤ ρǫ(x, t) ≤ ρ ∀ x ∈ �̄, t ≥ 0.

As a consequence of Lemmas 1 and 2, one has by the Cauchy-Schwarz inequal-
ity that

∫ T

0
‖uǫ‖6

L6dt ≤ ‖uǫ‖2
L∞(0,T;L2)

∫ T

0
‖uǫ‖4

L∞dt

≤ C
∫ T

0

( ∫ r2

r1

|uǫ∂xuǫ |dξ
)2

dt

≤ C
∫ T

0
‖uǫ‖2

L2‖∂xuǫ‖2
L2dt

≤ C.(20)

Now, one can apply Lemma 1 and (19) to the parabolic equations(2)–(4) to
obtain bounds on the time derivative of(ρǫ, ρǫ Evǫ):

LEMMA 3.

(21) ‖∂tρǫ‖L∞(0,T;H−1) + ‖∂t (ρǫ Evǫ)‖L2(0,T;H−1) ≤ C,

whereEvǫ = (uǫ, vǫ, wǫ).

The following lemma gives us uniform bounds of(wǫ, vǫ) in L∞-norm, the
proof of which is based on using the properties of transport equations and Lemmas 1
and 2, and can be found in [17].

LEMMA 4.

‖vǫ‖L∞(QT ) ≤ ‖v0‖L∞(�) exp
(
C
∫ T

0
‖uǫ‖L∞(�)dt

)

≤ C‖v0‖L∞(�),

‖wǫ‖L∞(QT ) ≤ ‖w0‖L∞(�).
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3. Proof of Theorem 1

In this section we pass to the limit for(ρǫ,uǫ, vǫ, wǫ) as ǫ → 0 in (1)–(6). First,
it is easy to see by the uniform a priori estimates established in the last section and
Lemma C.1 in [38] that one can extract a subsequence of(ρǫ,uǫ, vǫ, wǫ), still denoted
by (ρǫ,uǫ, vǫ, wǫ) for simplicity, such that asǫ → 0,

ρǫ ⇀ ρ weak-∗ in L∞(QT ), ρ ≤ ρ(x, t) ≤ ρ, a.e.,(22)

ρǫ → ρ in C([0, T], Lγ (�)− w) for anyγ > 1,(23)

uǫ ⇀ u weak-∗ in L∞(0, T; L2(�))

and weakly inL2(0, T; H1
0 (�)) ∩ L6(QT ),(24)

(vǫ, wǫ) ⇀ (v,w) weak-∗ in L∞(QT ),(25)

(ǫ∂xuǫ, ǫ∂xvǫ, ǫ∂xwǫ) → (0,0,0) strongly inL2(QT ),(26)

and from (23) and the Sobolev compact imbedding theorem, onegets

(27) ρǫ → ρ in C([0, T], H−1(�)).

Using (22)–(24), (21) and Lemma 5.1 in [39], we find that

(28)
ρǫuǫ ⇀ ρu weak-∗ in L∞(0, T; L2(�)) and

weakly inL2(0, T; L p(�)) for all p > 1,

and by Lemma C.1 in [38],

ρǫuǫ ⇀ ρu in C([0, T], L2(�)− w),

from which and the Sobolev compact imbedding theorem, it follows that

ρǫuǫ ⇀ ρu in C([0, T], H−1(�)).

Hence, the above weak convergence together with (24) results in

(29) ρǫu
2
ǫ ⇀ ρu2 weakly inL2(QT ).

On the other hand, noticing that by virtue of Lemma 1 and the Sobolev imbedding
theorem,

∫ T
0 ‖uǫ(t)‖2

L∞dt ≤ C. Therefore,

∫ T

0
‖u2
ǫ(t)‖H1dt ≤ C uniformly in ǫ,

which together with (27) implies

(30)

∣∣∣∣
∫ T

0

∫

�

(ρǫ − ρ)u2
ǫφdxdt

∣∣∣∣ → 0 asǫ → 0, φ ∈ C∞
0 (QT ).
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So, recalling the pointwise boundedness ofρ, one immediately gets from (29) and (30)
thatu2

ǫ ⇀ u2 weakly inL2(QT ), which combined with (24) shows that

uǫ → u strongly inL2(QT ).

Therefore, by interpolation and (20), we infer that

(31) uǫ → u strongly inLs(QT ), ∀ s< 6.

Now, we use and adapt the techniques in [39, 14, 16] (also cf. [29]) to prove the
following strong convergence ofρǫ .

LEMMA 5.

ρǫ → ρ strongly in L1(QT ), asǫ → 0.

Proof. First, multiplying (2) byφ ∈ C∞
0 (�) and integrating over(r1, x), then mul-

tiplying the resulting equation byψ(t)ρǫ , ψ(t) ∈ C∞
0 (0, T), and integrating over

(0, T)×�, we obtain after a straightforward calculation that
∫ T

0
ψ(t)

∫

�

ρǫ

[
aργǫ − (λ+ 2ǫ)

(
∂xuǫ + uǫ

x

)]
φdxdt

=
∫ T

0
ψ ′(t)

∫

�

ρǫ

∫ x

r1

ρǫuǫφdξdxdt−
∫ T

0
ψ

∫

�

1

x
ρǫuǫ

∫ x

r1

ρǫuǫφdξdxdt

+
∫ T

0
ψ

∫

�

ρǫ

∫ x

r1

(aργǫ + ρǫu
2
ǫ)φξdξdxdt−

∫ T

0
ψ

∫

�

ρǫ

∫ x

r1

ρǫu2
ǫ

ξ
φdξdxdt

+
∫ T

0
ψ

∫

�

ρǫ

∫ x

r1

ρǫv
2
ǫ

ξ
φdξdxdt

−(λ+ 2ǫ)
∫ T

0
ψ

∫

�

ρǫ

∫ x

r1

(
∂ξuǫ + uǫ

ξ

)
φξdξdxdt,(32)

whereH := aργǫ − (λ + 2ǫ)(∂xuǫ + uǫ/x) is so-called the effective viscous pressure
which possesses some smoothing property and plays an important role in the existence
proof of global weak solutions to the multidimensional compressible Navier-Stokes
equations, cf. [39, 29, 14, 15].

Now, passing to the limit in (32) asǫ → 0, and making use of (22)–(29) and
(31), we see that

∫ T

0
ψ(t)

∫

�

[
aργ+1 − λ

(
ρux + ρu

x

)]
φdxdt

=
∫ T

0
ψ ′(t)

∫

�

ρ

∫ x

r1

ρuφdξdxdt−
∫ T

0
ψ

∫

�

1

x
ρu
∫ x

r1

ρuφdξdxdt

+
∫ T

0
ψ

∫

�

ρ

∫ x

r1

(aργ + ρu2)φξdξdxdt−
∫ T

0
ψ

∫

�

ρ

∫ x

r1

ρu2

ξ
φdξdxdt

+
∫ T

0
ψ

∫

�

ρ

∫ x

r1

ρv2

ξ
φdξdxdt− λ

∫ T

0
ψ

∫

�

ρ

∫ x

r1

(
uξ + u

ξ

)
φξdξdxdt.(33)
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Here and in what follows,f (η) denotes again the weak limit off (ηǫ) asǫ → 0.

On the other hand, with the help of (22)–(29) and (31), one hasby takingǫ → 0
in (1) and (2) that

ρt + (ρu)x + ρu

x
= 0,(34)

(ρu)t + (ρu2)x + ρu2

x
− ρv2

x
+
(
aργ

)
x − λ

(
ux + u

x

)
x

= 0(35)

in D′((0, T)× �), whereρv2 andργ denote the weak limits ofρǫv2
ǫ andργǫ , respec-

tively.

Now, multiplying (35) byφ ∈ C∞
0 (�), integrating then over(r1, x), and mul-

tiplying the resulting equation byψ(t)ρǫ , ψ(t) ∈ C∞
0 (0, T), and integrating over

(0, T)×�, we deduce by the same arguments as in the derivation of (32) that

∫ T

0
ψ(t)

∫

�

ρ
[
aργ − λ

(
ux + u

x

)]
φdxdt

=
∫ T

0
ψ ′(t)

∫

�

ρ

∫ x

r1

ρuφdξdxdt−
∫ T

0
ψ

∫

�

1

x
ρu
∫ x

r1

ρuφdξdxdt

+
∫ T

0
ψ

∫

�

ρ

∫ x

r1

(
aργ + ρu2

)
φξdξdxdt−

∫ T

0
ψ

∫

�

ρ

∫ x

r1

ρu2

ξ
φdξdxdt

+
∫ T

0
ψ

∫

�

ρ

∫ x

r1

ρv2

ξ
φdξdxdt− λ

∫ T

0
ψ

∫

�

ρ

∫ x

r1

(
uξ + u

ξ

)
φξdξdxdt.(36)

Comparing the right hand side of (33) with that of (36), we infer that

∫ T

0
ψ

∫

�

[
aργ+1 − λ

(
ρux + ρu

x

)]
φdxdt

=
∫ T

0
ψ

∫

�

ρ
[
aργ − λ

(
ux + u

x

)]
φdxdt,(37)

whence

(38) aρ1+γ − λρux = aρργ − λρux.

In the sequel, we apply the idea of the renormalized solutions to the equation
(1) introduced by DiPerna and Lions [39] to show thatρ satisfies

(
ρ logρ

)
t +

(
uρ logρ

)
x + ρux + ρu

x
+ ρ logρ

x
u = 0,(39)

(ρ logρ)t + (uρ logρ)x + ρux + ρu

x
+ ρ logρ

x
u = 0(40)

in the sense of distributions. In fact, sinceρǫ is uniformly bounded inL∞(QT ) and
u ∈ L2(0, T; H1

0 (�)), we get from Proposition 4.2 in [15] thatρǫ is a renormalized
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solution of (1), i.e.,ρǫ satisfies

(41) ∂tb(ρǫ)+ [b(ρǫ)uǫ]x + [b′(ρǫ)ρǫ − b(ρǫ)]∂xuǫ + b′(ρǫ)
ρǫuǫ

x
= 0

for anyb ∈ C1(R), b′(z) = 0 for z large enough. It is not difficult to verify that one
can takeb(z) = z logz in (41) by an approximate argument and the uniform a priori
estimates established forρǫ anduǫ . Thus, we have

(ρǫ logρǫ)t + (uǫρǫ logρǫ)x + ρǫ∂xuǫ + ρǫuǫ
x

+ uǫ
x
ρǫ logρǫ = 0.

Letting ǫ → 0 in the above equation and making use of (22), (28) and (31), we obtain
(39) immediately.

Similarly, the limit functionsρ, u are still a renormalized solution to (34).
That is, the equation (41) with(ρǫ,uǫ) replaced by(ρ,u) is still valid, and by an
approximation one can takeb(z) = z logz, and hence, the equation (40) holds.

Subtraction of (40) from (39) leads to

(42) [ρ logρ−ρ logρ]t +[u(ρ logρ−ρ logρ)]x + ρ logρ − ρ logρ

x
u = ρux −ρux.

On the other hand, from (38) and the weak lower semicontinuity of convex
functions, we find that

(43) ρux − ρux = a

λ

(
ρ1+γ − ρργ

)
≥ 0, a.e.

and

(44) ρ logρ ≥ ρ logρ, a.e.

As in [14, 16], consider a sequence of functionsφm ∈ C∞
0 (�), such that

0 ≤ φm ≤ 1, φm(x) = 1 for all x such that dist(x, ∂�) ≥ m−1,

|∂xφm(x)| ≤ 2m and dist(x, ∂�)|∂xφm(x)| ≤ 2 for all x ∈ �,
φm(x) → 1 asm → ∞ for all x ∈ �.

Notice that by virtue ofu ∈ L2(0, T; H1
0 ), |u|[dist(x, ∂�)]−1 ∈ L2(0, T; L2). There-

fore, multiplying (42) byxφm(x) and integrating over(0, t)×�, then takingm → ∞,
and using (43) and (23), we infer
∫

�

x(ρ logρ−ρ logρ)(x, t)dx ≤
∫

�

x(ρ logρ−ρ logρ)(x,0) = 0, a.e.t ∈ [0, T],

which combined with (44) givesρ logρ = ρ logρ a.e. onQT . This identity, together
with, for example, Theorem 2.11 in [15], yieldsρǫ → ρ a.e. onQT , which combined
with the Egorov theorem proves the lemma.
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By Lemma 5 and interpolation, it is easy to see that

(45) ρǫ → ρ strongly inL p(QT ) for any 1≤ p < ∞.

Now, passing to the limit in (1)–(4) asǫ → 0, and utilizing (22)–(29), (31) and
(45), we see that the limit functionsρ,u, v, w satisfy the following equations in the
sense of distributions:

ρt + (ρu)x + ρu

x
= 0,(46)

(ρu)t + (ρu2)x + ρu2

x
− ρv2

x
+ a(ργ )x = λ

(
ux + u

x

)
x
,(47)

(ρv)t + (ρuv)x + 2ρuv

x
= 0,(48)

(ρw)t + (ρuw)x + ρuw

x
= 0.(49)

In the sequel, we prove the strong convergence of(vǫ, wǫ, ∂xuǫ) to (v, w,ux)

in L2(QT ). To this end, we introduce the Lagrangian coordinates(y, t) or (z, t) which
are connected to the Eulerian coordinates(x, t) by

y ≡ y(x, t) := r1 +
∫ x

r1

sρǫ(s, t)ds

and

z ≡ z(x, t) := r1 +
∫ x

r1

sρ(s, t)ds.

Without loss of generality, we may assume that

(50)
∫

�

xρ0(x)dx = r2 − r1.

From (50) and the mass conservation, we find thaty, z ∈ �. Sinceρǫ andρ are
bounded and strictly away from 0, the mappings (the inverse mappings ofy(x, t) and
z(x, t)) x(y, t) andx(z, t): � → � are surjective. Moreover,

yt = −xρǫuǫ, yx = xρǫ, dydt = xρǫdxdt.

Thus, the equations (1)–(4) in the new variables(y, t) read:

(xρǫ)t + x2ρ2
ǫ ∂yuǫ = 0,(51)

∂tuǫ − v2
ǫ

x
= (λ+ 2ǫ)x

(
xρǫ∂yuǫ + uǫ

x

)
y
− x [ P(ρǫ)]y ,(52)

∂tvǫ + uǫvǫ
x

− ǫx
(

xρǫ∂yvǫ + vǫ

x

)
y

= 0,(53)

∂twǫ − ǫ(x2ρǫ∂ywǫ)y = 0,(54)

xt = uǫ, ρǫxxy = 1,(55)

(uǫ, vǫ, wǫ)|∂� = (0,0,0), (ρǫ,uǫ, vǫ, wǫ)|t=0 = (ρ0,u0, v0, w0).(56)
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First, we show the strong convergence ofwǫ . Multiplying (54) by 2wǫφ with
φ ∈ C∞(QT ), φ ≥ 0 andφ(·, T) = 0, then integrating over(0, T)×�, integrating by
parts and using the boundary conditions (56), we obtain

∫ T

0

∫

�

w2
ǫφtdydt+

∫

�

w2
0φ(y,0)dy

= 2ǫ
∫ T

0

∫

�

[
x2ρǫ(∂ywǫ)

2φ + x2ρǫ∂ywǫφywǫ

]
dydt.

Transforming this identity into the Eulerian coordinates,we see that

∫ T

0

∫

�

xρǫw
2
ǫ (φt + uǫφx)dxdt+

∫

�

xρ0w
2
0φ(x,0)dx

= 2ǫ
∫ T

0

∫

�

[
x(∂xwǫ)

2φ + x∂xwǫφxwǫ

]
dxdt.

Lettingǫ → 0 in the above equation, and using (26), (31) and (45), we find that

(57)
∫ T

0

∫

�

xρw2(φt + uφx)dxdt+
∫

�

xρ0w
2
0φ(x,0)dx = 2〈ǫxw2

x, φ〉 ≥ 0,

whereǫxw2
x, the weak limit ofǫx(∂xwǫ)

2 in the space of signed Radon measures on
QT , is a nonnegative Radon measure onQT . By transforming (57) into the Lagrangian
coordinates(z, t), the inequality (57) in the variables(z, t) reads

(58)
∫ T

0

∫

�

w2φtdzdt+
∫

�

w2
0φ(z,0)dz ≥ 0.

On the other hand, transforming (49) into the Lagrangian coordinates (calcu-
lated in the weak form), testing then the resulting equationwith 2wφ, we get

(59)
∫ T

0

∫

�

w2φtdzdt+
∫

�

w2
0φ(z,0)dz = 0.

Subtracting (59) from (58) and noticing thatφt can be nonpositive and arbitrary,
we find thatw2(z, t) ≤ w2(z, t), a.e. inQT . Hence,w2(z, t) = w2(z, t) a.e. inQT ,
which implies

(60) wǫ → w strongly inL2(QT ).

As a consequence of (60) and (59), we see that the left hand side of (57) in the
Lagrangian coordinates(z, t) is equal to zero, therefore,

〈ǫxw2
x, φ〉 = 0, ∀ φ ∈ C∞(QT ), φ ≥ 0 in QT , φ(·, T) = 0.
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Next, we show the strong convergence ofvǫ in L2(QT ) by similar arguments.
Multiplying (53) by 2vǫφ in L2(QT ) with φ ∈ C∞(QT ), φ ≥ 0 in QT andφ(·, T) =
0, integrating by parts, and using (55) and (56), we infer

∫ T

0

∫

�

v2
ǫφtdydt+

∫

�

v2
0φ(y,0)dy = 2ǫ

∫ T

0

∫

�

{
x2ρǫ(∂yvǫ)

2φ + 2vǫ∂yvǫφ

+x2ρǫvǫ∂yvǫφy + v2
ǫφy + v2

ǫφ

x2ρǫ

}
dydt+ 2

∫ T

0

∫

�

uǫv2
ǫ

x
φdydt,

which, in the Eulerian coordinates, turns out

∫ T

0

∫

�

xρǫv
2
ǫ (φt + uǫφx)dxdt+

∫

�

xρ0v
2
0φ(x,0)dx = 2ǫ

∫ T

0

∫

�

{
x(∂xvǫ)

2φ

+2vǫ∂xvǫφ + xvǫ∂xvǫφx + v2
ǫφx + v2

ǫ

x
φ
}
dxdt+ 2

∫ T

0

∫

�

ρǫuǫv
2
ǫφdxdt.

Passing to the limit asǫ → 0 in the above equation, similarly to (57), we deduce
that

∫ T

0

∫

�

xρv2(φt + uφx)dxdt+
∫

�

xρ0v
2
0φ(x,0)dx

= 2〈ǫxv2
x, φ〉 + 2

∫ T

0

∫

�

ρuv2φdxdt

≥ 2
∫ T

0

∫

�

ρuv2φdxdt,(61)

where,ǫxv2
x, the weak limit ofǫx(∂xvǫ)

2 in the space of signed Radon measures on
QT , is a nonnegative Radon measure. Transformation of (61) into the Lagrangian
coordinates(z, t) results in

(62)
∫ T

0

∫

�

v2φtdzdt+
∫

�

v2
0φ(z,0)dz ≥ 2

∫ T

0

∫

�

uv2

x
φdzdt.

On the other hand, transforming (48) into the Lagrangian coordinates(z, t), multi-
plying then the resulting equation by 2vφ in L2(QT ), φ ∈ C∞(QT ), φ ≥ 0 and
φ(·, T) = 0, one obtains

(63)
∫ T

0

∫

�

v2φtdzdt+
∫

�

v2
0φ(z,0)dz = 2

∫ T

0

∫

�

uv2

x
φdzdt.

Subtracting (63) from (62), we have

∫ T

0

∫

�

(
v2 − v2

) (
φt − 2

u

x
φ
)

dzdt≥ 0, ∀φ ∈ C∞(QT ), φ ≥ 0, φ(·, T) = 0,
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which impliesv2 ≤ v2 a.e. inQT , sinceφt can be nonpositive and arbitrary. Conse-
quently,

(64) vǫ → v strongly inL2(QT ).

Hence, it follows from (63) and the form of (61) in Lagrangiancoordinates that

〈ǫxv2
x, φ〉 = 0.

Again multiplying (2) by 2xuǫφ with φ ∈ C∞(QT ), φ ≥ 0 andφ(·, T) = 0,
then integrating over(0, T) × �, integrating by parts and employing the boundary
condition foru, one gets after a straightforward calculation that

∫ T

0

∫

�

xρǫu
2
ǫ(φt + uǫφx)dxdt+

∫

�

xρ0u2
0φ(x,0)dx

= 2(λ+ 2ǫ)
∫ T

0

∫

�

{
x(∂xuǫ)

2φ + 2uǫ∂xuǫφ + xuǫ∂xuǫφx

+u2
ǫ

x
φ + u2

ǫφx

}
dxdt− 2

∫ T

0

∫

�

{
ρǫuǫv

2
ǫφ + P(ρǫ)(xuǫφ)x

}
dxdt.(65)

Letting ǫ → 0 in (65) and making use of (24), (31), (45) and (64), we arriveat

∫ T

0

∫

�

xρu2(φt + uφx)dxdt+
∫

�

xρ0u2
0φ(x,0)dx

= 2〈(λ+ 2ǫ)xu2
x, φ〉 + 2λ

∫ T

0

∫

�

{
2uuxφ + xuuxφx

+u2

x
φ + u2φx

}
dxdt− 2

∫ T

0

∫

�

{
ρuv2φ + P(ρ)(xuφ)x

}
dxdt,(66)

where(λ+ 2ǫ)xu2
x, the weak limit of(λ+ 2ǫ)x(∂xuǫ)2, is a nonnegative Radon mea-

sure.

Now, multiplying (47) by 2xuφ in L2(QT ) with the sameφ as in (65), and
recallingv2 = v2, we find, in the same manner as in (65), that

∫ T

0

∫

�

xρu2(φt + uφx)dxdt+
∫

�

xρ0u2
0φ(x,0)dx

= 2〈λxu2
x, φ〉 + 2λ

∫ T

0

∫

�

{
2uuxφ + xuuxφx

+u2

x
φ + u2φx

}
dxdt− 2

∫ T

0

∫

�

{
ρuv2φ + P(ρ)(xuφ)x

}
dxdt.(67)

Combining (66) with (67), we conclude

〈λxu2
x, φ〉 = 〈(λ+ ǫ)xu2

x, φ〉 ≥ 〈λxu2
x, φ〉, ∀φ ∈ C∞(QT ), φ ≥ 0, φ(·, T) = 0,
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which impliesu2
x = u2

x. Therefore,∂xuǫ → ux strongly inL2(QT ).

Finally, by interpolation, (60), (64) and Lemma 4, we easilyconclude(vǫ, wǫ)
→ (v, w) in L p(QT ) for all 1 ≤ p < ∞.

Having had the strong convergence of(ρǫ,uǫ, vǫ, wǫ, ∂xuǫ), we easily see, by
testing (46)–(49) withC∞

0 -functions and employing a density argument, that the limit
functionsρ,u, v, w are indeed a weak solution of the initial boundary value problem
(1)–(6) withǫ = 0 in the sense of Definition 1. This completes the proof of Theorem
1.
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A DYNAMICAL APPROACH TO THE STUDY OF RADIAL

SOLUTIONS FOR P-LAPLACE EQUATION

Abstract. In this paper we give a survey of the results concerning the existence of ground
states and singular ground states for equations of the following form:

1pu + f (u, |x|) = 0

where1pu = div(|Du|p−2Du), p > 1 is the p-Laplace operator,x ∈ R
n and f is con-

tinuous, and locally Lipschitz in theu variable. We focus our attention mainly on radial
solutions.

The main purpose is to illustrate a dynamical approach, which involves the introduction of
the so called Fowler transformation. This technique turns tobe particularly useful to analyze
the problem, whenf is spatial dependent, critical or supercritical and to detect singular
ground states.

1. Introduction

Let1pu = div(|Du|p−2Du), p > 1 denote thep-Laplace operator. The aim of this
paper is to discuss the existence and the asymptotic behavior of positive solutions of
equation of the following family

(1) 1pu + f (u, |x|) = 0

where1pu = div(|Du|p−2Du), p > 1, denotes the p-Laplace operator,x ∈ R
n and

f (u, |x|) is a continuous nonlinearity such thatf (0, |x|) = 0. The interest in equation
of this type started from the classical Laplacian that isp = 2:

(2) 1u + f (u, |x|) = 0

and is motivated by mathematical reasons, but also by the relevance of some equations
of this type as model to describe phenomena coming from applied area of research. In
particular Eq. (2) is important in quantum mechanic, astronomy and chemistry, while
(1) is connected to problems arising in theory of elasticity, see e.g. [26]. Our purpose
is to give a short, and not exhaustive, survey of the results which can be found in the
wide literature concerning this argument, and in particular to discuss a method which
is suitable to study radial solutions.

We think is worthwhile to stress that Eq. (2) can be regarded as the Euler equa-
tion of the following energy functionalE : R × W1,2(Rn) → R,

E(x,u,∇u) =
∫

�

( |∇u|2
2

− F(u, |x|)
)
dx

∗The author was partially supported by G.N.A.M.P.A.
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whereF(u, |x|) =
∫ u

0 f (s, |x|)ds. The p-Laplace operator arises naturally when we
want to extend this functional toW1,p(Rn) functions. In fact (1) is the Euler equation
for the functionalEp : R × W1,p(Rn) → R,

Ep(x,u,∇u) =
∫

�

( |∇u|p

p
− F(u, |x|)

)
dx.

We will focus our attention mainly on radial solutions, hence we will reduce (1) to the
following singular O.D.E.

(u′|u′|p−2r n−1)′ + f (u, r )r n−1 = 0(3)

wherer = |x| and we commit the following abuse of notation: we writeu(r ) for
u(x) when|x| = r andu has radial symmetry; here and later′ denotes derivation with
respect tor . Observe that (3) is singular whenr = 0 and whenu′ = 0, unlessp = 2.

We introduce now some notation that will be in force throughout all the paper.
We will use the term “regular solution” to refer to a solutionu(r ) of Eq. (3) satisfying
u(0) = u0 > 0 andu′(0) = 0. We will use the term “singular solution” to refer to a
solutionv(r ) of Eq. (3) such that limr →0 v(r ) = +∞.

A basic question in this kind of PDE is the existence and the asymptotic be-
haviour of ground states (G.S.), that are solutionsu(x) of (1) which are nonnegative for
anyx ∈ R

n and such that lim|x|→∞ u(x) = 0. We are also interested in detecting singu-
lar ground states (S.G.S.), that is solutionsv(x)which are well defined and nonnegative
for anyx ∈ R

n\{0} and such that lim|x|→∞ v(x) = 0 and lim|x|→0 u(x) = +∞. Other
interesting family of solutions for the radial equation (3)is the one of crossing solu-
tions, that is regular solutionsu(r ) which are positive forr smaller than a certain value
R > 0 and become null with nonzero slope atr = R. So they can also be regarded
as solutions of the Dirichlet problem in the ball of radiusR. Finally we individuate
solutionsu(r ) of the Dirichlet problem in the exterior of the ball of radiusR, that is
u(R) = 0, u(r ) > 0 for r > R, andu(r ) has fast decay. We say that a positive solution
u(r ) of (3) has fast decay if limr →∞u(r )r (n−p)/(p−1) < +∞ and that it has slow decay
if lim r →∞u(r )r (n−p)/(p−1) = +∞.

This article has the following structure: in section 1 we introduce the general-
ized Fowler transformation, and we apply it to a toy example,mainly for illustrative
purpose. In sections 2 and 3 we introduce the Pohozaev function, that is one of the main
tool for the analysis of equation of type (1), and we considerthe case where respectively
f (u, r ) = k(r )u|u|q−1 and f (u, r ) = k1(r )u|u|q1−1 + k2(r )u|u|q2−1 whereq > p,
q2 > q1 > p, the functionsk(r ), k1(r ), k2(r ) are positive and continuous forr > 0.
In both the cases we assume that the corresponding Pohozaev functions have constant
sign. In section 4 we discuss the casef (u, r ) = k(r )u|u|q−1 when the Pohozaev func-
tion changes sign, stressing in particular the caseq = p∗. In section 5 we explain
briefly few results concerning Eq. (2) whenf (u, r ) = u|u|q1−1 + u|u|q2−1, when
p∗ < q1 < p∗ < q2 and p = 2. We remark that in this case there are still many open
problems. In section 6 we discuss the casef (u, r ) = −k1(r )u|u|q1−1 +k2(r )u|u|q2−1,
whereq1 < q2, and the functionsk1 andk2 are positive and continuous forr > 0.
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Finally in the appendix we show how some more general equations can be reduced to
(3), and we explain the concept of natural dimension, introduced in [20].

2. Preliminary results and autonomous case

The main purpose of this paper is to explain the method of investigation of positive
solution of (3) which has been used in [2], [3], [4], [11], [1], [12], [13], [14], [15], [16],
[17]. The advantage in the use of this method lies essentially on the fact that we can
benefit of a phase portrait, and of the use of techniques typical of dynamical systems
theory, such as invariant manifold theory and Mel’nikov functions. Moreover, restrict-
ing ourselves to the study of radial solutions, we overcome the difficulties deriving
from the lack of compactness of the critical and supercritical case. With our method
we can also naturally detect and classify singular solutions, which are not easily found
by variational techniques or by standard shooting arguments. The main fault of the
method is that it can just give information on radial solutions. However we wish to
stress that, when the domain has radial symmetry (e.g. it is the wholeR

n), G.S. and
solutions of the Dirichlet problem, if they exist, are radial in many different situations,
which will be discussed in details in the following sections, see [6], [9], [42], [44].

Furthermore radial solutions play a key role also for many parabolic equations
associated to (2). In fact in many cases theω-limit set is made up of the union of radial
solutions, see e. g. [39], [23].

The first step in this analysis consists in applying the following change of coor-
dinates

αl = p
l−p , βl = p(l−1)

l−p − 1, γl = βl − (n − 1), l > p

xl = u(r )r αl yl = u′(r )|u′(r )|p−2r βl r = et(4)

wherel > p is a parameter. This tool allows us to pass from (3) to the following
dynamical system:

(5)

(
ẋl

ẏl

)
=
(
αl 0
0 γl

)(
xl

yl

)
+
(

yl |yl |
2−p
p−1

−g(xl , t)

)

Here and later “·” stands for d
dt , and

(6) gl (xl , t) := f (xl exp(−αl t),exp(t))eαl (l−1)t .

This transformation was introduced by Fowler in the 30s for the casep = 2, and we
generalized it to the casep > 1 just recently in [12], [13], [15] [14], [16], [17]. It will
be useful to embed system (5), and in general all the dynamical systems that will be
introduced in the paper, in a one-parameter family as follows:

(7)

(
ẋl

ẏl

)
=
(
αl 0
0 γl

)(
xl

yl

)
+
(

yl |yl |
2−p
p−1

−gl (xl , t + τ)

)
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We start from the special nonlinearityf (u, r ) = k(r )u|u|q−2. In such a case, setting
l = q andφ(t) = k(et ), system (5) reduces to the following:

(8)

(
ẋq

ẏq

)
=
(
αq 0
0 γq

)(
xq

yq

)
+
(

yq|yq|
2−p
p−1

−φ(t)xq|xq|q−2

)

At the beginning of this section we will also assume thatk = φ > 0 is a constant, both
for illustrative purpose and because the results will be useful later on in more difficult
situations. We think it is worthwhile to recall that most of the results are well known in
this rather trivial situation; however our method gives a new point of view on the prob-
lem and allows to to clarify and complete some aspects concerning singular solutions
even in this easy setting. A first advantage in this change of coordinates consist in the
fact that it allows us to pass from a singular non-autonomousODE to an autonomous
dynamical system from which the singularity has been removed (obviously this is not
the case for every type of nonlinearity). Moreover now we canapply to the problem
techniques typical of dynamical system theory, thus exploiting a different point of view.

We recall the value of two exponents that are critical for this equation. When
n > p, we denote byp∗ = np/(n − p) the Sobolev critical exponent and byp∗ =
p n−1

n−p ; when p ≥ n we set bothp∗ and p∗ equal to+∞. Let� be an open bounded
domain with non-empty smooth boundary∂�, then p∗ is the largestq > p such that
the embeddingW1,p(�) ⊂ Lq(�) holds, whilep∗ is the largestq such that the trace
operatorγ : W1,p(�) → Lq(∂�) is continuous.

REMARK 1. We stress that, wheneverq > p, αq > 0, γq = − (p∗−q)(n−p)
q−p has

the same sign asp∗ − q, andαq + γq = p∗−q
(n−p)(q−p) , has the same sign asp∗ − q. Also

observe that (8) isC1 if and only if 1< p ≤ 2 andq ≥ 2.

Notation.
In the whole paper we will use bold letters for vectorial objects. We denote by

u(d, r ) a regular solution of (3) such thatu(d,0) = d andu′(d,0) = 0. Moreover if
ū(r ) is solution of (3) we denote bȳxl (t) = (x̄l (t), ȳl (t)) the corresponding trajectories
of (5). For anyQ∈ R

2 we denote byxl (Q, t) = (xl (Q, t), yl (Q, t)) the trajectories of
(5) passing throughQ at t = 0, and byxτl (Q, t) = (xτl (Q, t), yτl (Q, t)) the trajectory
of (5) passing throughQ at t = τ or equivalently the trajectory of (7) passing through
Q at t = 0. Finally we denote byR2

+ the subset{(x, y), |x ≥ 0}.
In this section we will always assumeq > p. From a straightforward com-

putation it is easy to observe that the system (8) admits three critical points whenever
q > p∗: the originO, P= (Px, Py) and−P, wherePx = |γqα

p−1
q /k|1/(q−p), and

Py = −|γq/kαq−1
q |(q−1)/(q−p). Note that the critical pointP is a center whenq = p∗,

it is asymptotically stable forq > p∗ and it is asymptotically unstable forq < p∗.

Positive and decreasing solutionsu(r ) of (3) correspond to trajectories such that
yq(t) ≤ 0< xq(t). Moreover, trajectoriesxq(t) which are bounded and such thatxq(t)
is uniformly positive fort > 0 (resp. fort < 0) correspond to solutionsu(r ) which
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have slow decay (resp. are singular forr = 0), that isu(r )r αq is uniformly positive
and bounded asr → ∞ (resp. asr → 0). Now we want to give a rough picture of the
phase portrait of (8), in the autonomous caseφ ≡ k > 0. For this purpose we need to
introduce a function which plays a key role in all our analysis. Let us denote by

Hq(x, y, t) := n − p

p
xy + p − 1

p
|y|

p
p−1 + φ(t)

|x|q
q
.(9)

This function is a translation in this dynamical context of the well known Pohozaev
function

P(u,u′, r ) = r n

[
n − p

p

uu′|u′|p−2

r
+ p − 1

p
|u′|p + k(r )

|u|q
q

]

which is one of the main tool in the analysis of equations of these type, see e.g. [38],
[34], [35]. Observe in fact that, ifxp∗(t) = (xp∗(t), yp∗(t)) is the trajectory of (8)
corresponding tou(r ), then

P(u(r ),u′(r ), r ) = Hp∗(xp∗(t), yp∗(t), t) = Hq(xq(t), yq(t), t)e
−(αq+γq)t .

Whenk is differentiable from a simple computation we get the following

d

dt
Hp∗(xp∗(t), yp∗(t), t) := d

dt

[
eαp∗ (q−p∗)tφ(t)

] |xp∗ |q(t)
q

.(10)

Note that the functionHp∗ does not depend explicitly ont , whenk is a constant and
q = p∗; so in this case it is a first integral for the system. Therefore, using some
elementary argument, it is possible to draw each trajectoryof the system, see Lemma
in [12], and to give a picture of the phase portrait see fig. 1.

Then we easily get a lot of information on the original equation (3).

We stress that in this easy situation we have an explicit formula for all the regular
solutions, that is

(11) u(d, r ) = d

[
1 +

( p − 1

n − p

) p
p−1
( 1

2n

) 1
p−1 d

p2

(p−1)(n−p) r
p

p−1

]− n−p
p

k
− n−p

p2 .

It can be shown easily that system (3) withq = p∗ andφ(t) ≡ k > 0 and with
q = s andφ(t) ≡ eαp∗ (p∗−s)tk, are topologically equivalent. In fact we can push much
further this kind of identification. This is done in the appendix where the concept of
natural dimension is introduced, see [20], [33].

We will see that an unstable set for (8) exists for anyq > p, while a stable set
exists just whenp∗ < q < p∗. It can be shown that the former existence result is
equivalent to the existence of regular solutions of (3), while the latter is equivalent to
the existence of solutionsu(r ) with fast decay.

From now on we will commit the following abuse of notation: wewill call
stable and unstable sets (or manifolds) the branches which depart from the origin and
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Figure 1: A sketch of the phase portrait for the autonomous system (8) whenφ ≡ k >
0, andq = p∗. The lines also represents the level curves for the functionHq for t
fixed, whengq(xq, t) = φ(t)xq|xq|q−2.

gets intoR
2
+, which correspond to the positive solutionsu(r ) of (3) we are interested

in. The existence of trajectories converging to the origin either in the past or in the
future can be inferred from invariant manifold theory, whenever 1< p ≤ 2 andq ≥ 2.
In such a case we directly prove the existence of a stable and an unstable manifold,
denoted respectively byWs and byWu, see [12].

When these regularity hypotheses are not satisfied the proofsbecome more dif-
ficult, due to the lack of local uniqueness of the trajectories crossing the coordinate
axes. But using Wazewski’s principle and the fact that the trajectories we are interested
in do not cross the coordinate axes, it is possible to obtain asimilar result. However,
with this different proof, a prioriWu andWs are just compact and connected sets. But
in the autonomous casek ≡ const> 0, we can exploit the invariance of the system
with respect tot , to conclude thatWs andWu are in fact graph of a trajectory having
the origin respectively asω-limit set andα-limit set. Therefore, even in this case, they
are 1 dimensional manifolds, see [15], [17]. We think it is worth mentioning the fact
that, when the system is not Lipschitz, a priori the trajectories could reach the origin at
somet = T finite, either in the past or in the future. However it is easy to show that
this possibility cannot take place whenq ≥ p, see [17] for a detailed proof.
Note that, ifk > 0 is a constant, we also have thatHq(xq(t), yq(t), t) is increasing
along the trajectories if and only ifp∗ < q < p∗, and it is decreasing if and only if
q > p∗. Moreover for any trajectory converging to the origin ast → ±∞, we have
limt→±∞ Hp∗(xp∗(t), yp∗(t), t) = 0. Putting together all these results, we can draw
fig. 2, and classify positive solutions in one of the following structures.

A All the regular solutions are monotone decreasing G.S. withslow decay. There are
uncountably many solutions of the Dirichlet problem in the exterior of the ball.
More precisely, for anyR > 0 there is a solutionv(r ) such thatv(R) = 0, v(r )
is positive for anyr > R and it has fast decay. There is at least one S.G.S. with
slow decay.
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Figure 2: A sketch of the phase portrait for the autonomous system (8) whenφ ≡
k > 0, 1 < p ≤ 2 andq ≥ 2. The figures show the stable manifoldWs (dotted
line) and the unstable manifoldWu (dashed line). The solid curveS indicates the set
{(xq, yq) | xq ≥ 0 Hq(xq, yq) = 0}. Figure 2A refers to the caseq ≥ p∗ while 2B to
the casep∗ < q < p∗.

B All the regular solutionsu(d, r ) are crossing solutions, and there are uncountably
many S.G.S. with fast decayv(r ). There is at least one S.G.S. with slow decay.

Namely, if q > p∗ positive solutions have structureA, while if p∗ < q < p∗

they have structureB. In both the cases the S.G.S. with slow decay is unique and can
be explicitly computed. Ifq = p∗ we are in the border situation, so all the regular
solutions are G.S. with fast decay, see (11), there are uncountably many S.G.S. with
slow decay, and uncountably many oscillatory solutions, see [12]. Whenq ≤ p∗, it is
easy to show that all the regular solutionsu(r ) of (3) are crossing solutions.

We conclude this section with some basic results concerningthe existence of
regular solutions and positive fast decay solutions for (3)and a wide class of functions
f (u, r ). First of all we recall that, iff (u, r ) is continuous and locally Lipschitz contin-
uous in theu variable, the existence of regular solution is ensured, andif f (d,0) > 0
we also have local uniqueness ofu(d, r ). The proof of this standard result can be found
in [19] for the spatially independent case, but the argumentcan be easily adapted to the
general case, see [16], [17]. We give now a result concerningthe asymptotic behaviour
of positive solutions. The proof of this result can be found in [19], [13], [17].

PROPOSITION1. Consider a solution u(r ) of (3) such that u′(r ) ≤ 0 ≤ u(r )
for any r > R for a certain R> 0, andlimr →∞u(r ) = 0.

A Assume that there are U> 0 and g(u) ∈ L1
loc such that| f (u, r )| < g(u) for r ≥ 0

and 0 ≤ u ≤ U, and denote by G(u) =
∫ u

0 g(s)ds. Moreover assume that∫
0 |G(s)|−1/pds< ∞. Then the support of u(r ) is bounded.

B Assume that there are C> 0, U > 0 and q1 ≥ p such that| f (u, r )| < Cuq1−1 for
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0 ≤ u ≤ U and r ≥ 0. Then u(r ) > 0 for r > R and the limitlimr →∞u(r )r
n−p
p−1 =

λ exists. Moreover, if f(u, r ) > 0 for u small and r large, thenλ > 0, while if
f (u, r ) < 0 for u small and r large, thenλ < ∞.

When Hypothesis B is satisfied we can go a bit further. Now we distinguish
between the case in whichf (u, r ) is always positive and the case in which it is negative
for u small.

COROLLARY 1. Assume that HypothesisB of the previous Proposition is satis-
fied. First assume that f(u, r ) > 0 for u small and r large.

1 If q1 ≤ p∗, and there are U> 0, c > 0 and Q1 ∈ (p,q1] such that f(u, r ) >
cuQ1−1 for r large and0 ≤ u < U. Thenλ = ∞.

Assume now that f(u, r ) < 0 for u small and r large.

2 If q1 > p∗, thenλ > 0.

3 If q1 ≤ p∗, and there are U> 0, c > 0 and Q1 ∈ (p,q1] such that− f (u, r ) >

cuQ1−1 for r large and0 ≤ u < U. Thenλ = 0 andlim supr →∞ u(r )r
− p

Q1−p <

∞. Furthermore if Q1 = p∗ we also havelim supr →0 u(r )r
n−p
p−1 | ln(r )|−

n−p
p(p−1) <

∞.

4 Assume that the following limit exists is bounded and negative:

lim
r →∞

f (ur
− p

Q1−p , r )
∣∣∣ur

− p
Q1−p

∣∣∣
Q1−1

= −k(∞).

If Q1 < p∗, then limr →∞ u(r )r
− p

Q1−p = Px > 0 whereP= (Px, Py) is the
critical point of system (5) where l= q and g≡ k(∞)x|x|q−2. If Q1 = p∗ then

u(r )r
n−p
p−1 | ln(r )|−

n−p
p(p−1) is uniformly positive and bounded for r large.

Exploiting the knowledge of the autonomous case (8) withφ ≡ k > 0, it is
possible to prove the existence of a local stable and unstable manifold also for the
non-autonomous system (5), under suitable hypotheses ongl (xl , t), or equivalently on
f (u, r ).

PROPOSITION2. Assume that f(u, r ) is continuous for r= 0 and consider
system (5) where l> p; then there is a local unstable set

W̃u(τ ) := {Q ∈ R
2
+ | xτl (Q, t) ∈ R

2
+ for any t ≤ 0 and lim

t→−∞
xτl (Q, t) = O}.

This sets contains a closed connected component to whichO belongs and whose diam-
eter is positive, uniformly inτ .



Radial solutions forp-Laplace equation 61

Assume that there areν > 0 and q2 > p∗ such that, for any r∈ [0, ν], we have
lim supu→∞

f (u,r )
uq2−1 < a(r ) where0 < a(r ) < ∞. Moreover assume that one of the

following hypotheses are satisfied

• f (u, r ) > 0 for r large and u> 0; moreover there is q1 > p∗ such that f (u,r )
uq1−1 is

bounded for u positive and small and r large.

• f (u, r ) < 0 for r large and u> 0.

Then there is a local stable set

W̃s(τ ) := {Q ∈ R
2
+ | xτq2

(Q, t) ∈ R
2
+ for any t ≤ 0 and lim

t→−∞
xτq2
(Q, t) = O} .

This sets contains a closed connected component to whichO belongs and whose diam-
eter is positive, uniformly inτ .

Proof. Consider first the casef (u, r ) = k(r )u|u|q−2, and assume thatk(r ) is uni-
formly continuous. Then the existence of these stable and unstable sets follows from
invariant manifold theory for non-autonomous system, see [28], [30]. Moreover in
such a case we also know that these sets are indeed smooth manifolds which depend
smoothly onτ . In the general case the existence of the unstable set easilyfollows from
the existence of regular solutions for (3). The existence ofthe stable set is more com-
plicated and can be proved through Wazewski’s principle, see [15] and [17]. In [17]
the proof is given for the casef (u, r ) < 0 for u small andr large, but the argument
can be easily extended also to the casef (u, r ) < ku|u|q1−2 with q1 > p∗, for u small
andr large.

We give now a result proved in [13] and [17] which explains therelationship
between stable and unstable sets of (5) and solutions of (3).

PROPOSITION3. Consider system (5) and assume that gl (xl , t) is bounded as
t → −∞, for any xl > 0. Then each regular solution u(r ) of (3) corresponds to a
trajectory xτl (Q

u, t) such thatQu ∈ W̃u(τ ), and viceversa. Moreover any trajectory
xτ (Qs, t) whereQs ∈ W̃s(τ ), corresponds to a solution u(r ) of (3) with fast decay.

REMARK 2. Take f (u, r ) = −k1(r )u|u|q1−2 + k2(r )u|u|q1−2, whereq1 < q2
and the functionski (r ) are continuous, uniformly positive and bounded asr → ∞.
Then if q1 < p we are in the Hypotheses of claim A of Proposition 1, while ifq1 ≥ p
Hyp. B is satisfied. Moreover ifq1 > p∗, then we are in Hyp. 2 of Corollary 1, while
if p < q1 ≤ p∗ Hyp. 3 of Corollary 1 holds. To satisfy Hyp. 4 we need to assumethat
p < q1 ≤ p∗ and limr →∞k1(r ) = k(∞) > 0.

We recall that, roughly speaking, positive solutions of (3)can have two asymp-
totic behaviours, both asr → 0 and asr → ∞. Obviously the asymptotic behavior
asr → 0 is influenced by the behaviour off for u large andr small, while their be-
havior asr → ∞ depends on the behaviour off for u small andr large. Generally
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speaking, whenf is positive foru small, we have seen that solutions with fast and
slow decay may coexist, while when it is negative we can have either solutions with
fast decay or oscillatory solutions. Analogously whenf (u, r ) is positive and supercrit-
ical with respect top∗, for u large andr small, we can have regular solutionsu(d, r )
such thatu(d,0) = d andu′(d,0) = 0, and singular solutionsv(r ) that are such that
limr →0v(r ) = +∞. More precisely

PROPOSITION4. Assume that there are s> p∗, ρ > 0 and positive functions
b(r ) ≥ a(r ) such that, for any0 ≤ r ≤ ρ we have

0< a(r ) ≤ lim inf
u→+∞

f (u, r )

us−1
≤ lim sup

u→+∞

f (u, r )

us−1
≤ b(r ) < ∞ .

If Q ∈ Wu(τ ) then the solution u(r ) corresponding toxτs(Q, t) is a regular solution.
Moreover any singular solution, if it exists, is such that u(r )r p/(s−p) is bounded for r
small and, if s6= p∗, u(r )r p/(s−p) is uniformly positive, too.

Assume further that s6= p∗ and that the limitlimu→+∞
f (u,0)
us−1 = k(∞) > 0

exists and is finite. Thenlimr →∞u(r )r p/(s−p) = Px > 0 whereP= (Px, Py) is the
critical point of system (5) where l= q and g≡ k(∞)x|x|s−2.

Assume that there are q> p∗, R> 0 and positive functions B(r ) ≥ A(r ) such
that, for any r> R we have

0< A(r ) ≤ lim inf
u→0

f (u, r )

uq−1
≤ lim sup

u→0

f (u, r )

uq−1
≤ B(r ) < ∞ .

Then, ifQ ∈ W̃s(τ ), the solution u(r ) corresponding toxτq(Q, t) has fast decay, that

is the limit limr →∞u(r )r (n−p)/(p−1) > 0 exists and is finite. A slow decay solution
(if it exists), is such that u(r )r p/(q−p) is bounded for r large; moreover if q6= p∗,
u(r )r p/(q−p) is uniformly positive, too.

Assume further that the limitlimu→0
limr →∞ f (u,r )

uq−1 = k(∞) > 0 exists and is

finite. Thenlimr →∞u(r )r p/(q−p) = Px > 0 whereP= (Px, Py) is the critical point of
system (5) where l= q and g≡ k(∞)x|x|q−2.

These results are proved in [12], [13], [17] using dynamicalarguments.

3. When the Pohozaev function does not change sign

3.1. The casef (u, r ) = k(r )u|u|q−2

In this subsection we discuss positive solutions of equation (3) in the casef (u, r ) =
k(r )u|u|q−2 andq > p∗. This problem has been subject to rather deep investigations in
the ’90s also for the relevance it has in different applied areas. First of all, whenp = 2
eq. (1) can be regarded as a nonlinear Schroedinger equation. Moreover, whenq = p∗

and againp = 2, this equation is known with the name of scalar curvature equation. In
fact the existence of a G.S.u(x) amounts to the existence of a metricg conformal to a
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standard metricg0 onR
n (g = u

4
n−2 g0), whose scalar curvature isk(|x|). Furthermore,

if the G.S. has fast decay, the metricg gives rise, via the stereographic projection, to
a metric on the sphere deprived of a pointSn\ {a point} which is equivalent to the
standard metric.

Moreover whenq > 1 andk(r ) takes the formk(r ) = r α

1+r β
eq. (2) is also

known as Matukuma equation and it was proposed as a model in astrophysics. This
problem will be investigated in details also in section 4, where we will assume that the
Pohozaev functions change their sign, so that positive solutions have a richer structure.

We begin by some preliminary results concerning forward andbackward con-
tinuability and long time behaviour for positive solutions, in relation with the Pohozaev
function. These results can be proved using directly the Pohozaev identity, or through a
dynamical argument exploiting our knowledge of the level sets of the functionH(x, t),
see [34] and [13].

LEMMA 1. Let u(r ) be a solution of (3), andxp∗(t) the corresponding trajec-
tory. Assume thatlim inf t→±∞ H(xp∗(t), t) > 0, thenxp∗(t) has to cross the coordi-
nate axes indefinitely as t→ ±∞, respectively.

Assume thatlim supt→±∞ H(xp∗(t), t) < 0, thenxp∗(t) cannot converge to the
origin or cross the coordinate axes.

When p = 2, the standard tool to understand the behaviour of solutions with
fast decay is the Kelvin transformation. Let us set

s = r −1 ũ(s) = r n−2u(r ) K̃ (s) = r 2λK (r −1) λ = (n + 2)(q − 2∗)
2

;(12)

Then (3) is transformed into

(13) [ũs(s)s
n−1]s + K̃ (s)ũ|ũ|q−2(s)sn−1 = 0 .

Note that a regular solutionu(d, r ) of (3) is transformed into a fast decay solutions

ũ(s) of (13) such that limr →∞ ũ(r )r
n−p
p−1 = d, and viceversa. So we can reduce the

problem of discussing fast decay solutions to an analysis ofregular solutions for the
transformed problem.

However we do not have an analogous result for the casep 6= 2, so we need the
following Lemma, that, whenp = 2, is a trivial consequence of the existence of the
Kelvin inversion.

LEMMA 2. Assume that f(u, r ) > 0 for any u > 0 and consider a solution

u(r ) which is positive and decreasing for any r> R. Then u(r )r
n−p
p−1 is increasing for

any r > R.

Proof. Consider system (8) wherel = p∗ and the trajectoryxp∗(t) corresponding to

u(r ). Note thatxp∗(t) = u(r )r
n−p
p−1 and thatγl = 0; henceẏp∗(t) < 0 whenever

xp∗(t) > 0. Assume for contradiction that there ist1 > T = ln(R) such thaṫxp∗(t1) <
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0, then, from an elementary analysis on the phase portrait either there ist2 > t1 such

that xp∗(t2) < 0, or limt→∞xp∗(t) = 0. Assume the latter, then limr →∞u(r )r
n−p
p−1 =

limt→∞xp∗(t) = 0; but from (3) it follows thatu′(r )
n−1
p−1 is decreasing and admits limit

λ ≤ 0. Using de l’Hospital rule we find thatu′(r )
n−1
p−1 → p−1

n−pλ; so we getλ = 0 and
u′(r ) ≡ u(r ) ≡ 0 for r > R, so the claim is proved.

Recall that, whenk(r ) is differentiable, the Pohozaev identity can be refor-
mulated in this dynamical context as (10). Therefore we can think of Hp∗ as an en-
ergy function, which is increasing along the trajectories whenφ(s)eαp∗ (p∗−q)t is in-
creasing and decreasing whenφ(s)eαp∗ (p∗−q)t is decreasing. This observation can be
refined combining it with the fact that all the regular solutions u(r ) are decreasing,
and fast decay solutions are such thatxp∗(t) is increasing, whenever they are posi-
tive. For this purpose we define two auxiliary functions, which are closely related
to the Pohozaev identity, and which were first introduced in [35]. In this subsec-
tion we will always assume (without mentioning) thatentφ(t) ∈ L1

(
(−∞,0]

)
and

e(n−q n−p
p−1 )sφ(t) ∈ L1

(
[0,+∞)

)
, so that we can define the following functions:

J+(t) := φ(t)ent

q
− n − p

p

∫ t

−∞
φ(s)ensds

J−(t) := φ(t)e(n−q n−p
p−1 )t

q
− n − p

p(p − 1)

∫ t

−∞
φ(s)e(n−q n−p

p−1 )sds

(14)

We will see, that the sign of these functions play a key role indetermining the structure
of positive solutions for (3). Whenφ is differentiable we can rewriteJ+ andJ− in this
form, from which we can more easily guess the sign:

J+(t) := 1

q

∫ t

−∞

d

ds
[φ(s)eαp∗ (p∗−q)s]eαp∗qsds

J−(t) := 1

q

∫ +∞

t

d

ds
[φ(s)eαp∗ (p∗−q)s]e− (n−p)q

p(p−1) sds

(15)

Let u(r ) be a solution of (3) and letx(t) be the corresponding trajectory of (8). Using
(10) and integrating by parts we easily find the following

Hp∗(xp∗(t), t)+ lim
t→−∞

H(xp∗(t), t)

= J+(t)
|u|q(et )

q
−
∫ t

−∞
J+(s)u′(es)u|u|q−2(es)ds

Hp∗(xp∗(t), t)− lim
t→∞

Hp∗(xp∗(t), t)

== J−(t)
|xp∗ |q(t)

q
+
∫ +∞

t
J−(s)ẋp∗(s)xp∗ |xp∗ |q−2(s)ds

(16)

From (16) we easily deduce the following useful result.
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REMARK 3. Assume that there isT such thatJ+(t) ≥ 0 (resp. J+(t) ≤ 0),
but J+(t) 6≡ 0 for any t ≤ T , and consider a regular solutionu(r ) which is posi-
tive and decreasing for any 0< r < R = ln(T). Then Hp∗(xp∗(t), t) ≥ 0 (resp.
Hp∗(xp∗(t), t) ≤ 0) for anyt ≤ T .

Analogously assume thatJ−(t) ≥ 0 (resp. J−(t) ≤ 0) but J−(t) 6≡ 0 for
any t ≥ T , and consider a solutionu(r ) which is positive and decreasing for any
r > R = ln(T) and has fast decay. ThenHp∗(xp∗(t), t) ≥ 0 (resp.Hp∗(xp∗(t), t) ≤ 0)
for anyt ≥ T .

Using Remark 3 and Lemma 1 we obtain the following result.

THEOREM 1. Assume that either J+(r ) ≥ 0 and J+(r ) 6≡ 0, or J−(r ) ≥ 0
and J−(r ) 6≡ 0 for any r > 0. Then all the regular solutions are crossing solutions
and there exists uncountably many S.G.S. with fast decay.

Assume that either J+(r ) ≤ 0 and J+(r ) 6≡ 0 or J−(r ) ≤ 0 and J−(r ) 6≡ 0
for any r > 0. Then all the regular solutions are G.S. with slow decay. Moreover there
are uncountably many solutions u(r ) of the Dirichlet problem in the exterior of a ball.

The proof of the result concerning regular solutions can be find in [34], and
involves just a shooting argument and the use ofJ+ and J− in relation with the Po-
hozaev identity. Translating this argument in this dynamical context we easily get a
classification also of singular solutions, see also [12].

Proof. Assume thatJ+(r ) ≤ 0 for anyr > 0, but J+ 6≡ 0; consider a regular solu-
tion u(r ) which is positive and decreasing in the interval[0, R) and the correspond-
ing trajectoryxp∗(t). Using (16) we easily deduce thatHp∗(xp∗(t), t) ≤ 0 for any
t < T = ln(R). From our assumption we easily get that there isl < p∗ such that
g(xl , t) is uniformly positive fort large and limt→∞Hl (xl (t), t) < 0. It follows that
xl (t) is forced to stay in a compact subset of the open 4th quadrant fort large, sou(r )
is a G.S. with slow decay.

Analogously consider a trajectoryx̄l (t) converging toO ast → +∞. Then the
corresponding solution̄u(r ) has fast decay, is positive and decreasing for anyr > R
where R > 0 is a constant. Assume for contradiction thatR = 0; then from (16)
we find that lim inft→−∞ Hp∗(x̄p∗(t), t) > limt→∞Hp∗(x̄p∗(t), t) = 0. Hence, from
Lemma 1, we deduce thatx̄p∗(t) has to cross the coordinate axes indefinitely ast →
−∞. ThusR > 0 andū(r ) is a solution of the Dirichlet problem in the exterior of a
ball.

The other claims can be proved reasoning in the same way, see again [12].

Reasoning similarly we can complete the previous result proving the existence
of S.G.S. with slow decay, to obtain the following Corollary.

COROLLARY 2. Assume that J−(r ) ≥ 0 for any r but J−(r ) 6≡ 0, and that
there is p∗ < m ≤ p∗ such that the limitlimt→∞φ(t)eαm(m−q)t = k(∞) exists is
positive and finite. Then positive solutions have a structure of typeA.
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Analogously assume that J+(r ) ≤ 0 for any r but J+(r ) 6≡ 0, and that there
is s ≥ p∗ such that the limitlimt→−∞φ(t)eαs(s−q) = k(0) exists is positive and finite.
Then positive solutions have a structure of typeB.

Note that if the limits limr →∞k(r ) = k(∞) and limr →0k(r ) = k(0) exist are
positive and finite we can simply setm = q = s. In [12] there is a condition sufficient
to obtain the uniqueness of the S.G.S. with slow decay. Roughly speaking this result is
achieved respectively whens 6= p∗ andm 6= p∗.

We give some examples of application of Theorem 1 and Corollary 2.

REMARK 4. Assume thatk(r ) is uniformly positive and bounded and that the
limit lim r →∞k(r ) exists. Then, ifq < p∗ andk(r ) is nondecreasing, positive solutions
have a structure of typeA, while if q > p∗ andk(r ) is nonincreasing, positive solutions
have a structure of typeB.

Consider the generalized Matukuma equation, that is (3) where f (u, r ) =
1

1+r τ u|u|q−2. Then, if τ ≤ p positive solutions have a structure of typeA when
p < q < p(n − τ)/(n − p), and of typeB whenq > p∗, see also [35]. The re-
maining cases will be analyzed in section 4.

3.2. The generic case:f (u, r ) = k1(r ) f1(u)+ k1(r ) f2(u)

Now we try to extend the results of the previous subsection toa wider class of functions
f (u, r ):

(17) f (u, r ) =
N∑

i=1

ki (r )u|u|qi −2, p < q1 < q2 < · · · < qN

whereN ≥ 1 and the functionski (r ), are continuous and positive. We will see that,
under natural conditions on the functionski (r ), when p∗ < q1 < qN ≤ p∗ positive
solutions have a structure of typeA, while whenq1 ≥ p∗ they have a structure of
typeB. The behavior of regular solutions have been classified directly using Pohozaev
identity in [35]. In [13] we have completed the results by classifying the behaviour of
singular solutions, using dynamical methods. In fact we have followed the path paved
by Johnson and Pan in [29], for the analogous problem in the case p = 2.

In this paper we generalize slightly the techniques used in [34] and [13], com-
bining them with some ideas of [17], to obtain more general results. As usual we set
φi (t) = ki (et ), and we always assume (without mentioning) thatentφi (t)

∈ L1
(
(−∞,0]

)
ande(n−qi

n−p
p−1 )sφi (t) ∈ L1

(
[0,+∞)

)
for any i = 1, . . . , N, so that

we can define functions similar toJ± of the previous subsections:

J+
i (t) := φi (t)ent

qi
− n − p

p

∫ t

−∞
φi (s)e

nsds

J−
i (t) := φi (t)e

(n−qi
n−p
p−1 )t

q
− n − p

p(p − 1)

∫ +∞

t
φi (s)e

(n−qi
n−p
p−1 )sds
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Observe that, iff1(u) = u|u|q−1 and k = 1, the functionsJ±
1 (t) defined in (3.2)

coincide with the functionsJ±(t) defined in section 3.1. As we did in section 3.1, if
φi ∈ C1 we can rewrite the functionsJ±

i in a form similar to (15) from which we can
more easily guess the sign. So we find the analogous of (16):

Hp∗(xp∗(t), t)+ lim
t→−∞

Hp∗(xp∗(t), t)

=
N∑

i=1

[
J+
i (t)

uqi (et )

qi
−
∫ t

−∞
J+
i (s)u

′(es)uqi −1(es)ds
]

Hp∗(xp∗(t), t)− lim
t→∞

Hp∗(xp∗(t), t)

=
N∑

i=1

[
J−
i (t)

xqi
p∗(t)

qi
+
∫ ∞

t
J−
i (s)ẋp∗(t)x

qi −1
p∗ (s)

]
ds

Therefore we have a result analogous to Remark 3 and repeating the argument of the
proof of Theorem 1, we obtain the following generalization.

THEOREM 2. Assume that either J+i (t) ≥ 0 for any i and
∑N

i=1 J+
i (t) 6≡ 0 or

J−
i (t) ≥ 0 for any i and

∑N
i=1 J−

i (t) 6≡ 0. Then all the regular solutions are crossing
solutions; moreover if q1 > p∗, and ki (r ) is uniformly positive for r large, there are
uncountably many S.G.S. with fast decay.

Assume that either J+i (t) ≤ 0 for any i and
∑N

i=1 J+
i (t) 6≡ 0 or J−

i (t) ≤ 0 for

any i and
∑N

i=1 J−
i (t) 6≡ 0. Then all the regular solutions are G.S. with slow decay.

Moreover there are uncountably many solutions u(r ) of the Dirichlet problem in the
exterior of a ball.

This result is proved in [13] for the case 1< p ≤ 2. However it can be easily
extended to the casep > 2 putting together the construction of a stable setW̃s(τ )

developed in [17] (and quoted in Theorem 2), and the argumentof [13] concerning the
function Hp∗ (that we have sketched in this section). In fact the minimal requirement
for the fast decay solution to exist, is that there arec > 0 andm > p∗ such that
g(xm(t), t) > cxm(t)|xm(t)|m−2 for t large.

Repeating the argument in Corollary 2 we easily obtain also this result:

COROLLARY 3. Assume that all the functions J−
i (t) ≥ 0 for any r but∑N

i=1 J−
i (t) 6≡ 0, and that there is p∗ < m ≤ p∗ such that the limitlimt→∞g(xm(t), t)

/|xm(t)|m−1 = km(∞) exists, is positive and finite. Then positive solutions havea
structure of typeA.

Analogously assume that all the functions J+
i (t) ≤ 0 for any r but

∑N
i=1 J+

i (t) 6≡
0, and that there is s≥ p∗ such that the limit g(xs(t), t)/|xs(t)|s−1 = ks(0) exists, is
is positive and finite. Then positive solutions have a structure of typeB.

Once again ifm 6= p∗ ands 6= p∗ respectively, and a further technical condi-
tion is satisfied the S.G.S. with slow decay is unique, see [13]. From Theorem 2 and
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Corollary 3 we easily get the following.

REMARK 5. Consider (3) wheref is as in (17) and assume that the functions
ki (r ) are uniformly positive and bounded. Then, ifp∗ < q1 < qN ≤ p∗ and the
functionski (r ) are nondecreasing, positive solutions have a structure of typeA, while
if q1 ≥ p∗ and the functionski (r ) are nonincreasing, positive solutions have a structure
of typeB.

4. When the Pohozaev function changes sign

In this section we discuss equation (3) whenf (u, r ) = k(r )u|u|q−2, and we assume

thatentφ(t) ∈ L1
(
(−∞,0]

)
ande(n−q n−p

p−1 )sφ(t) ∈ L1
(
[0,+∞)

)
, so that the functions

J±(r ) are well defined. We discuss now the case whenJ+(r ) andJ−(r ) change sign.
In such a case positive solutions may exhibit the following rich structure:

C There are uncountably many G.S. with slow decay and crossingsolutions, and at
least one G.S. with fast decay. There are uncountably many S.G.S. with fast
decay, S.G.S. with slow decay, and solutions of the Dirichlet problem in the
exterior of the ball.

Let us recall that, forn > 2 we denote by 2∗ = 2n/(n−2) and by 2∗ = 2(n−1)/(n−2).
We start from this interesting result proved by Bianchi in [6].

THEOREM 3. Consider (2) and define g(r ) = k(r )|r 2 − c2|
2∗−q

2(n−2) ; assume that
there is c> 0 such that g(r ) is non-increasing for0 < r < c and non-decreasing for
r > c. Then all the G.S. and the S.G.S. are radial.

This fact gives more relevance to the study of radial solutions. Note that, if
q = 2∗ then the Theorem simply requires that there isc such thatk(r ) is non-increasing
for r < c and non-decreasing forr > c. In fact we think that these results may be
extended also to the casep 6= 2; but it cannot be extended to any kind of potentialk(r )
in fact, modifying the nonnegative potentialK0 =

(
1 − (r/δ)ρ1

)
+ +

(
1 − (δr )ρ2

)
+,

whereδ, ρ1, ρ2 > 0, Bianchi in [6] constructed a positive potentialk = k̄(r ) so that
(2) admits no radial G.S. with fast decay, but it admits non-radial G.S. with fast decay.
The potential̄k(r ) is obtained from a potential satisfying the hypotheses of Theorem 3
and subtracting an arbitrarily small bump atr = 0 and atr = ∞.

For completeness we also quote the following result, borrowed from [5], con-
cerning potentialk(x) which are not necessarily radial.

THEOREM 4. Consider (2) where q= 2∗ and assume n≥ 4. Choose two
points y, z ∈ R

n and two numbers Cy,Cz > 0. Then there is a positive potential
k = k̃(x) of the form

k̃(x) = Cy − ǫ|x − y|ρ for x in a neighborhood ofy

k̃(x) = Cz − ǫ|x − z|ρ for x in a neighborhood ofz
(18)
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whereǫ > 0 is small enough andρ = n − 2, such that (2) admits no G.S. with fast
decay.

In the same article Bianchi has also proved that a potential satisfying condition
(18), with ρ > n − 2 andǫ arbitrary chosen, and some further sufficient conditions
necessarily admits a G.S. with fast decay. This result showshow sensitive to small
changes in the potentialk the behaviour of positive solutions is.

Now we turn again to the casep 6= 2, and we focus our attention on radial
solutions. In order to find a G.S. with fast decay we need to finda balance between
the gain of energy, due to the values for whichk(r )r p∗−q is increasing, and the loss of
energy, due to the values for which it is decreasing. A first important result concerning
the structure of positive solutions is the following:

THEOREM 5. Consider (3) and assume that there is R> 0 such that one of the
following conditions is satisfied

J+(r ) ≥ 0 for any0 ≤ r ≤ R and it is decreasing for r≥ R

J−(r ) ≤ 0 for any r ≥ R and it is increasing for0 ≤ r ≤ R.

Then regular solutions have one of the following structure.

1. They are all crossing solutions

2. They are all G.S. with slow decay

3. There is D> 0 such that u(d, r ) is a crossing solution for d> D, it is a G.S.
with slow decay for d< D, and a G.S. with fast decay for d= D.

The result concerningJ+(r ) has been proved in [35], evaluating the Pohozaev
function on regular solutions. The part concerningJ−(r ) is not explicitly stated in
[35], however it can be easily obtained as follows, see also [18]. We can construct a
stable setW̃s(τ ) through Proposition 2, and then deduce the existence of solutions with
fast decay. Then, applying the argument of [35] to these solutions, we conclude. We
think that one could easily reach a classification result also for S.G.S. in this situation,
combining the argument in [35] with a dynamical argument. Infact, if we restrict
to regular solutions, structureA andB give back structure 1 and 2 respectively, and
structure 3 is a special case ofC.

We have already seen that, when eitherJ+(r ) or J−(r ) are positive for any
r > 0 we have structureA (so we are in the first case), while when they are negative
we have structureB (so we are in the second case). In order to derive a sufficient
condition for structureC to exist, we start from the casep = 2 and following [43] we
introduce the function:

(19) Z(t) := e− (n−2)p
2 t J+(t)− e

(n−2)p
2 t J−(t)

Then we defineρ+ = inf{r ∈ (0,∞) | J+(r ) < 0}, andρ− = sup{r ∈ (0,∞) | J−(r ) <
0}, settingρ+ = ∞ if J+(r ) ≥ 0 for anyr > 0 andρ− = 0 if J−(r ) ≥ 0 for any
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r > 0. Now we can state the following result proved in [43], usingthe Pohozaev
identity and the Kelvin transformation.

THEOREM 6. Consider (3) where p= 2 and assumeρ+ > 0 andρ− < ∞.
If Z(r1) > 0 for some r1 ∈ (0, ρ+] and Z(r2) > 0 for some r2 ∈ [ρ−,∞), there is
D > 0 such that u(D, r ) is a G.S. with fast decay.

Let us setλ := (n−p)(q−p∗)
p ; following [43], we get the following more explicit result.

COROLLARY 4. Consider (3) where p= 2 and suppose q6= p∗ and that k(r )
is nonnegative and satisfies:

k(r ) = Arσ + o(r σ ) at r = 0 k(r ) = Br l + o(r l ) at r = ∞,

where A, B > 0 and l < λ < σ , then there is a G.S. with fast decay.

Now assume q= p∗ and that k(r ) satisfies

k(r ) = A0 + A1r σ + o(r σ ) at r = 0 k(r ) = B0 + B1r l + o(r l ) at r = ∞,

where A1, B1 > 0, A0, B0 > 0, −n < l < 0 < σ < n. Then there is a G.S. with fast
decay.

Note that the caseq = p∗ is more delicate; we stress that the restriction|l |, |σ |
smaller thann is needed even if it was not required in [43]. However whenA0 = 0 we
do not need the restriction on|l | and whenB0 = 0 we do not need the restriction on
|σ |.

Using a similar argument Kabeya, Yanagida and Yotsutani, in[32] found an
analogous result for the casep 6= 2.

THEOREM 7. Consider (3) where k(r ) ≥ 0 for any r. Assume that either
lim inf r →0

rk′(r )
k(r ) > λ or k(r ) = Arσ + o(r σ ) at r = 0 for some A> 0 andσ > λ.

Moreover assume that eitherlim supr →∞
rk′(r )
k(r ) < λ or k(r ) = Br l +o(r l ) at r = 0 for

some B> 0, l < λ. Then there is a strictly increasing sequence dj > 0, j = 0, . . . ,∞,
such that u(d j , r ) has exactly j zeroes and has fast decay. So in particular u(d0, r ) is
a G.S. with fast decay.

Note that the conditions of the previous Theorem atr = 0 (and atr = ∞) are
similar, but they do not imply each other. In fact the former is useful whenk(r ) has
a logarithmic term, e. g.k(r ) = | ln(r )|r σ , and the latter whenk(r ) behaves like a
power atr = 0 (and atr = ∞). However, in both the cases, whenq = p∗ we have
k(0) = k(∞) = 0.

We wish to mention that Bianchi and Egnell in [5], [7] have some other suffi-
cient conditions for the existence of G.S. with fast decay. Each condition, as the ones
of Corollary 4 and of Theorem 7, in some sense, requires a change in the sign of the
function J+(r ) which is “sufficiently large to be detected”. We stress that the situation
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becomes more delicate whenq = p∗ andk(r ) is uniformly positive and bounded, see
[5], [7], for a careful analysis. In fact, as suggested from Theorem 8 stated below and
borrowed from [7], we are convinced that the condition on thesmallness of|l |, |σ | of
Corollary 4 is not technical.

THEOREM 8. Consider (2) where q= 2∗ and take two numbersρ1, ρ2 >

n(n − 2)/(n + 2), such that1/ρ1 + 1/ρ2 ≥ 2/(n − 2). Then there is a function k(r )
such that k(r ) = 1 − M1r ρ1 near the origin and k(r ) = 1 − M2r −ρ2 near∞, where
M1,M2 are positive large constants so that (2) admits no radial G.S. with fast decay.

We also stress that the previous result shows that the situation is much more
clear whenJ+(r ) is positive forr small and negative forr large, than when we are in
the opposite situation.

We introduce now some perturbative results, proved with dynamical techniques,
that help us to understand better also what happens to singular solutions, and also which
is the difference between the case in which we have a subcritical behaviour forr small
and supercritical forr large (easier situation), and the opposite case (difficult situation).
We focus on the caseq = p∗: in the autonomous case this is a border situation between
a structure of typeA andB. So it is the best setting in order to have new phenomena as
the existence of G.S. with fast decay.

Let us assume thatk(r ) has one of the following two form:

k(r ) = 1 + ǫK (r ), whereK is a bounded smooth function,

k(r ) = K (r ǫ), whereK is a bounded smooth function, positive in some interval,

whereǫ > 0 is a small parameter and we assumeK ∈ C2. In the former case we say
thatk(r ) is a regular perturbation of a constant (k changes little), in the latter we say
that it is a singular perturbation of a constant (k changes slowly). It is worthwhile to
note that, in the latter casek may change sign.

This problem was studied in the casep = 2 by Johnson, Pan and Yi in [30]
using the Fowler transformation, invariant manifold theory for non-autonomous system
and Mel’nikov theory. In both the cases they found a non-degeneracy condition of
Mel’nikov type, related to some kind of expansion inǫ of the Pohozaev function, which
is sufficient for the existence of G.S. with fast decay. They also proved that whenK (et )

is periodic and the Mel’nikov condition is satisfied, there is a Smale horseshoe for the
associated dynamical system. Then they inferred the existence of a Cantor set of S.G.S.
with slow decay.

In the singular perturbation case the condition is easy to compute: there is a
G.S. with fast decay for each non-degenerate positive critical point of K (r ). These
results have been completed by Battelli and Johnson in [2], [3], [4], and eventually
they proved the existence of a Smale horseshoe also in this case. Thus they inferred
again the existence of a Cantor set of S.G.S. with slow decay,assuming thatK (et ) is
periodic.

These results have been extended to the case 2n/(n + 2) ≤ p ≤ 2 in [14], and
completed to obtain a structure result for positive solutions. First we have introduced a
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dynamical system of the form (8) through (4) withl = q = p∗. In this section we will
always setl = q = p∗ in (4) so we will leave the subscript unsaid, to simplify the nota-
tion. Since (8) isC1 and uniformly continuous in thet variable,O admits local unstable
and stable manifolds, denoted respectively byWu

ǫ,loc(τ ) andWs
ǫ,loc(τ ), see [30], [14].

From Proposition 3 we know that, ifQu ∈ Wu
ǫ,loc(τ ), then limt→−∞xτ (Qu, t) = O and

the corresponding solutionu(r ) of (3) is a regular solution, while ifQs ∈ Ws
ǫ,loc(τ ),

then limt→∞xτ (Qs, t) = O and the corresponding solutionv(r ) of (3) is a solution
with fast decay. Using the flow it is possible to extend the local manifolds to global
manifoldsWu

ǫ (τ ) andWs
ǫ (τ ). As usual we commit the following abuse of notation:

we denote byWu
ǫ (τ ) andWs

ǫ (τ ) just the branches of the manifolds that depart from
the origin and get intoR2

+. From [30] we also know that the leaves areC1 and vary
continuously in theC1 topology with respect toτ andǫ. Observe that forǫ = 0, both
in the regular and in the singular perturbation case, the manifold Wu

ǫ (τ ) and Ws
ǫ (τ )

coincide and are the image of the homoclinic trajectory. We fix a segmentL which is
transversal toWu

0 (τ ) ≡ Ws
0(τ ) and which intersects it in a point, sayU. Using a conti-

nuity argument, we deduce that, forǫ > 0 small enough,Wu
ǫ (τ ) andWs

ǫ (τ ) continue
to crossL transversally in pointsξs(τ, ǫ) andξu(τ, ǫ) close toU. We want to find in-
tersectionsQ betweenWu

ǫ (τ ) andWs
ǫ (τ ); then the trajectoryxτ (Q, t) corresponds to

a regular solutionu(r ) having fast decay. Then it is easily proved thatxτ (Q, t) ∈ R
2
+

for anyt so it is a monotone decreasing G.S. with fast decay.

Let us rewrite (8) aṡx = f(x, τ + t, ǫ). From now on we restrict our attention
to the singularly perturbed system since the other can be treated similarly, see [30] and
[14]. We define a Melnikov function which measures the distance with sign between
ξs(τ, ǫ) andξu(τ, ǫ) alongL.

M(τ ) = d

dǫ

[
ξ−(τ, ǫ)− ξ+(τ, ǫ)

]
⌊ǫ=0∧f(U, τ )

where “∧” denotes the standard wedge product inR
2. Then define

h(τ, ǫ) =
{

M(τ ) for ǫ = 0
ξ−(τ,ǫ)−ξ+(τ,ǫ)

ǫ ∧ f(U, τ ) for ǫ 6= 0.

We point out that the vectorξ−(τ, ǫ)− ξ+(τ, ǫ) belongs to the transversal segmentL,
so we haveh(τ, ǫ) = 0 ⇐⇒ ξ−(τ, ǫ)− ξ+(τ, ǫ) = 0 for ǫ 6= 0.

SupposeM(τ0) = 0 andM ′(τ0) 6= 0, then, using the implicit function theorem,
we construct aC1 function ǫ → τ(ǫ) defined on a neighborhood ofǫ = 0, such
that τ(0) = τ0, for which we haveξ−(τ (ǫ), ǫ) = ξ+(τ (ǫ), ǫ). Therefore we have a
homoclinic solution of the system (8).

Following [30] and [14] we find that

(20) M(τ ) = −φ′(τ )φ(τ)−
n
p

∫ +∞

−∞

|x1(t)|σ
σ

dt = −Cφ′(τ )φ(τ)−
n
p

wherex1(t) = (x1(t), y1(t)) is a homoclinic trajectory of (8) whereφ ≡ 1, soC > 0 is
a computable positive constant. Note thatM(τ ) is closely related to the first term in the
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expansion inǫ of the functionZ(t) defined in (19). It follows that for any positive non
degenerate critical point ofk(r ) there is a crossing betweenWu

ǫ (τ (ǫ)) andWs
ǫ (τ (ǫ)),

so we have a G.S. with fast decay.

Introducing a further Mel’nikov function depending on two parameters, it can
be proved that such a crossing is transversal, see [30], [2],[14]. In order to use the
Smale construction of the horseshoe, we need to prove that the functionsξ±(ǫ, τ ) are
C2 even if the system is justC1. This has been done in [4], using some fixed point
theorems in weighted spaces, and observing that the first branch ofWu

ǫ (τ ) andWs
ǫ (τ )

cannot cross the coordinate axes, where part of the regularity is lost.

Now we assume thatφ is periodic and admits a non-degenerate positive critical
point. Using the previous Lemma we find a pointQ(ǫ) ∈ Wu

ǫ (τ (ǫ)) ∩ Ws
ǫ (τ (ǫ)).

Then, using the Smale construction, we find a Cantor set3 close to the transversal
crossingQ(ǫ), such that the trajectoriesxτ (P, t), whereP ∈ 3 are bounded, and do
not converge to the origin. With some elementary analysis onthe phase portrait we can
also show thatxτ (P, t) ∈ R

2
+ for any t ∈ R. So we find the following, see [30], [2],

[3], [4] [14] for the proof.

THEOREM 9. Consider (3) where q= p∗, 2n/(n + 2) ≤ p ≤ 2, and k∈ C2 is
a singular perturbation of a constant. Then there is a monotone decreasing G.S. with
fast decay for each positive non-degenerate critical pointof k(r ).

Moreover assume that k(et ) is a periodic function and it admits a non degener-
ate positive extremum. Then there is a Cantor-like set of monotone decreasing S.G.S.
with slow decayv(r ). Moreover if k(r ) is strictly positive, the S.G.S. are monotone
decreasing.

Whenk is a regular perturbation of a constant, we proceed in the same way but
we find a different Mel’nikov function:

M̄(τ ) =
∫ +∞

−∞
φ′(t + τ)

|x1|p∗

p∗ dt , M̄ ′(τ ) =
∫ +∞

−∞
φ′′(t + τ)

|x1|p∗

p∗ dt

Then, arguing as above we find the following.

THEOREM 10. Assume that k(r ) = 1 + ǫK (r ) is a C2 function andǫ > 0 is a
sufficiently small parameter. Then equation (3) admits a G.S. with fast decay for each
non degenerate zero of M(τ ). Assume in addition that K(et ) is a periodic function.
Then equation (3) admits a Cantor-like set of monotone decreasing S.G.S. with slow
decay.

Following [14], we point out that now it is possible to get further information
on the structure of positive solutions, both regular and singular, with a careful analysis
of the phase portrait. The idea is to construct a barrier set made up of branches of the
manifoldsWu

ǫ (τ ) andWs
ǫ (τ ). We illustrate it with an example, remanding to [14] for

a detailed discussion. Let us assume thatk(r ) admits 9 positive non degenerate critical
points forr > 0, 5 maxima and 4 minima , see figure 3.
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ẋ=0

Figure 3: A sketch of the setE(τ ), whenk(r ) = K (r ǫ) has 5 maxima and 4 minima.
The solid line representsB(τ ), and it is obtained joining segments ofWu(τ ) (dotted
line), and ofWs(τ ) (dashed line).

First observe that ifQτ ∈ Wu
ǫ (τ )∩Ws

ǫ (τ ) thenxτ (Qτ , t) ∈ Wu
ǫ (τ+t)∩Ws

ǫ (τ+
t) for anyt . So the number of intersection betweenWu

ǫ (τ ) andWs
ǫ (τ ) does not depend

on τ . Therefore there are 9 functionsτi (ǫ) such thatξu(τ (ǫ), ǫ) = ξs(τ (ǫ), ǫ) for
i = 1, · · · ,9 and 9 pointsNi (τ ) of intersection between stable and unstable manifolds.
We denote byN1(τ ), the first point met followingWs

ǫ (τ ) from the origin towardsR2
+,

by N2(τ ) the second, and so on. Let us denote byB0(τ ) the branch ofWs
ǫ (τ ) between

the origin andN1(τ ), by B1(τ ) the branch ofWu
ǫ (τ ) betweenN1(τ ) andN2(τ ), by

B2(τ ) the branch ofWs
ǫ (τ ) betweenN2(τ ) andN3(τ ), and so on till the branch of

Wu
ǫ (τ ) betweenN9(τ ) and the origin which is denoted byB9(τ ). Finally we denote by

B(τ ) = ∪9
i=0Bi (τ ), and byE(τ ) the bounded open subset enclosed byB(τ ). The key

observation is thatB(τ ) is contained inR2
+ for anyτ , and in{x | y < 0 < x} whenφ

is uniformly positive, see [14] for a detailed proof.

Observe thatE(τ )\ (Wu
ǫ (τ ) ∪ Ws

ǫ (τ )) contains uncountably many points and
takeQ in it. The trajectoryxτ (Q, t) is forced to stay in the interior ofE(τ + t) for
any t , therefore it corresponds to a S.G.S. with slow decay. With acareful analysis
on the phase portrait it is possible to find pointsQ ∈ B(τ )\ Ws

ǫ (τ ) such thatxτ (Q, t)
is forced to stay in the interior ofE(τ + t) for any t > 0, andP ∈ B(τ )\ Ws

ǫ (τ )

such thatxτ (P, t) has to cross they axis for somet > 0. Therefore they correspond
respectively to G.S. with slow decay and to crossing solutions. Analogously we find
Q,P ∈ B(τ )\ Wu

ǫ (τ ) such thatxτ (Q, t) ∈ E(τ + t) for any t < 0 andxτ (P, t) has
to cross they axis for somet < 0, which correspond respectively to S.G.S. with fast
decay and to solutions of the Dirichlet problem in the exterior of a ball, see [14] for
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more details. The results can be summed up as follows. Let us introduce the following
hypotheses:

M1 there existsρ > 0 such thatk(ρ) > 0 is a non degenerate maximum andk(r ) is
uniformly positive and monotone increasing for 0≤ r ≤ ρ.

M2 there existsR> 0 such thatk(R) > 0 is a non degenerate maximum andk(r ) > 0
is uniformly positive and monotone decreasing forr ≥ R.

O1 k(r ) is oscillatory asr → 0 and admits infinitely many positive non degenerate
critical points.

O2 k(r ) is oscillatory asr → ∞ and admits infinitely many positive non degenerate
critical points.

Then we have the following result:

THEOREM11. Consider equation (3) and assume that k(r ) = K (r ǫ) is bounded.
Then, forǫ > 0 small enough, we have at least as many G.S. with fast decay as the non
degenerate critical points of k(r ). Moreover

1. Assume that eitherM2 or O2 is satisfied. Then the there are uncountably many
G.S. with slow decay and uncountably many crossing solutions.

2. Assume that eitherM1 or O1 is satisfied. Then there are uncountably many
S.G.S. with fast decay and uncountably many solutionsv(r ) of Dirichlet problem
in the exterior of a ball.

3. Assume that both Hypotheses 1 and 2 are satisfied. Then the positive solutions
of equation (3) have a structure of typeC.

Furthermore, if k(r ) is uniformly positive, then G.S. and S.G.S. are decreasing.

REMARK 6. Note that whenk(r ) is decreasing forr small and increasing forr
large, we are not able to state the existence of S.G.S. and of G.S. with slow decay. This
is due to the fact that, in such a case it is not possible to construct a setB(τ ) which is
contained inR2

+ for anyτ , so our argument fails. However also in this case we are able
to prove the existence of G.S. with fast decay.

Following [14] we can easily obtain an analogous result for the regularly per-
turbed problem. The difference lies in the fact that the Melnikov condition is a bit more
complicated, so we have to replace the assumption thatk(r ) has a positive critical point
by the condition thatM̄(τ ) = 0 andM̄ ′(τ ) 6= 0.

Now we want to extend some of these results to the “in the large” case, so we
want to see what happens whenǫ → 1. This in fact will shed some light on the reason
for which positive solutions exhibit the same structure, under two completely different
types of perturbation. The idea is to use our knowledge of theautonomous case to
understand the non-autonomous one, replacing the Melnikovfunction by the energy
function H . We will discuss the following Hypotheses
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M̄+
1 k(r ) is increasing forr small andk′(r )r −n/(p−1) 6∈ L1(0,1].

M̄−
1 k(r ) is decreasing forr small andk′(r )r −n/(p−1) 6∈ L1(0,1].

M̄+
2 k(r ) is increasing forr large andk′(r )r n 6∈ L1[1,∞).

M̄−
2 k(r ) is decreasing forr large andk′(r )r n 6∈ L1[1,∞).

Now we can state the following theorem, see [18], [15].

THEOREM 12. Consider (3) where q= p∗ and k(r ) ∈ [a,b] for any r ≥ 0,
for some b> a > 0. Assume that either hypothesesM̄+

1 andM̄−
2 , or M̄−

1 andM̄+
2 are

satisfied. Then there is a G.S. with fast decay. Moreover

1. If M̄2
− is satisfied there are uncountably many G.S. with slow decay and uncount-

ably many crossing solutions.

2. If M̄+
1 is satisfied, there are uncountably many S.G.S. with fast decay and un-

countably many solutions of Dirichlet problem in the exterior of a ball.

3. If M̄+
1 and M̄2

− are satisfied positive solutions have structureC.

Proof. Consider the autonomous system (8) whereq = p∗ andφ ≡ a, or φ ≡ b re-
spectively. Denote byxa(t) andxb(t) the trajectories of the former and the latter system
such thatẋa(0) = 0 = ẋb(0). Denote byA+ = {xa(t) |t ≤ 0}, A− = {xa(t) |t ≥ 0},
B+ = {xb(t) |t ≤ 0}, B− = {xb(t) |t ≥ 0}, by A = (Ax, Ay) = xa(0) and by
B = (Bx, By) = xb(0). Let us denote byE+ (respectivelyE−) the bounded subsets
enclosed byA+, B+ (resp.A−, B−) and the isoclinėx = 0.

Note that the flow of the non autonomous system (8) onA+∪B+ points towards
the interior ofE+ while on A− ∪ B− points towards the exterior ofE−. So, using
Wazewski’s principle, we can construct compact connected sets as follows, see [15].

Wu(τ ) :={Q ∈ E+ | lim
t→−∞

xτ (Q, t) = O and xτ (Q, t) ∈ E+ for t ≤ 0},

Ws(τ ) :={Q ∈ E− | lim
t→+∞

xτ (Q, t) = O and xτ (Q, t) ∈ E− for t ≥ 0}.

We denote byξu(τ ) and ξs(τ ) the intersection of the isoclinėx = 0 respectively
with Wu(τ ) andWs(τ ). In analogy to what we have done in the perturbative case we
want to measure the distance with sign of the compact non-empty setsξu(τ ) andξs(τ )

evaluating the energy functionH on these sets.

We wish to stress that we have committed a mistake in [15] in such evaluation,
but we can correct it as follows, see [18]. Let us denote byL the linex = Bx, and
by C+ the intersection ofL with A+; finally let L+ be the segment ofL between
C+ andB. Denote byxτa(t), the trajectory of the autonomous system whereφ ≡ a
such thatxτa(0) = C+, and byxτb(t), the trajectory of the autonomous system where
φ ≡ b such thatxτb(0) = B. Recall that we have explicit formulas forxτa(t) andxτb(t)

and that we can findC > c such that p∗√
ce

n−p
p t

< xτb(t) < xτa(t) <
p∗√

Ce
n−p

p t for
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t ≤ 0. Consider a trajectoryxτ (Qu(τ ), t) of the non-autonomous system (8) such that
xτ (Qu(τ ),0) = Qu(τ ) ∈ L+. It can be proved that

cent < |xτb(t)|p∗ ≤ |xτ (Qu(τ ), t)|p∗ ≤ |xτa(t)|p∗
< Cent

for anyt ≤ 0, see [18]. Denote bȳWu(τ ) andW̄s(τ ) respectively the subset ofWu(τ )

andWs(τ ) contained in{x | 0 < x < Lx}. It can be shown easily that for any point
Q ∈ W̄u(τ ) we havec(Q)ent ≤ |xτ (Qu(τ ), t)|p∗ ≤ C(Q)ent, whereC(Q)/C =
K (Q) = c(Q)/c > 0.

Now assume that hypothesis̄M+
2 is satisfied; then there isT0 > 0 such that

φ̇(t) > 0 for anyt > T0. Hence for anyQ ∈ W̄u(τ ) we have

Hp∗(Q, τ ) =
∫ 0

−∞
φ̇(τ + t)

|xτ (Q; t)|p∗

p∗ dt ≥

≥ e−nτ K (Q)
σ

[
C(φ(T0)− b)enT0 + c

∫ τ

T0

φ̇(ζ )enζdζ
](21)

Sinceφ̇(ζ )enζ 6∈ L1
[
[0,∞)

]
, we can findN+ > T0 such thatHp∗(Q, τ ) > 0 for any

Q ∈ W̄u(τ ) andτ > N+.

We denote by8τ,t (Q) the diffeomorphism defined by the flow of (8), precisely
8τ,t (Q) = xτ (Q; t). Note that for anyQ ∈ W̄u(τ ), whereτ > N+, and anyt ≥ 0, we
haveH(8τ,t (Q), t + τ) > H(Q, τ ) > 0 sinceφ̇(s) > 0 for s> τ > N+.

Observe that there is a uniquet = Tu(Q) > 0 such thatxτ (Q; t) ∈ E+ for any
t < Tu(Q) andxτ (Q; Tu(Q)) ∈ ξu(Tu(Q) + τ). We chooseT+

ω = min{Tu(Q) +
N+ | Q ∈ W̄u(N+)}; it follows that8N+,t [W̄u(N+)] ⊃ W̃u(N+ + t), for any t ≥
T+
ω − N+. HenceH(Q, τ ) > 0 for anyQ ∈ W̃u(τ ) for anyτ > T+

ω .

Moreover, for anyP ∈ W̃s(τ ) we have

Hp∗(P, τ ) = −
∫ +∞

τ

φ̇(t + τ)
|xτ (P, t)|p∗

p∗ dt < 0 ,

since φ̇(t) > 0 for t + τ > T0. ThereforeHp∗(P, τ ) < 0 < Hp∗(Q, τ ) for any
P ∈ W̃s(τ ) and anyQ ∈ W̃u(τ ). Analogously ifM̄−

1 is satisfied, we can findT−
α < 0

such thatHp∗(Q, τ ) < 0 < Hp∗(P, τ ) for any pointP ∈ W̃s(τ ) andQ ∈ W̃u(τ ), for
anyτ < T−

α . It follows that there isτ0 ∈ (T−
α , T

+
ω ) such thatξs(τ0)∩ξu(τ0) 6= ∅. So if

Q0 ∈ ξs(τ0)∩ ξu(τ0) we have that the solutionu(r ) of (3) corresponding toxτ0(Q0, t)
is a G.S. with fast decay.

Then repeating the argument of the perturbative case we conclude the proof of
the Theorem.

This way we have proved structure results for positive solutions also in the case
p > 2 and corrected the corresponding results in [15]. However we cannot correct the
proof of the results concerning the existence of multiple G.S. with fast decay, published
in [15].
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Note that with this approach it is possible to prove the existence of G.S. with
fast decay also when̄M−

1 and M̄+
2 are satisfied, while the approach of [43], [32] fails

in that case. However the latter article is able to deal also with the caseq 6= p∗. We
wish to stress that the condition on the integrability ofk′(r )r n andk′(r )r −n/(p−1) is in
some sense optimal, in view of Theorem 8. Moreover observe that we can combine the
existence results for G.S. with fast decay given in Theorem 6, 11, 12 with the structure
result of Theorem 5 to obtain uniqueness. Furthermore we have the following, see [18],
[15].

REMARK 7. Assume that hypothesesM̄+
1 andM̄−

2 are satisfied. Then there are
B ≥ A > 0 such thatu(d, r ) is a crossing solution for anyd > B and it is a G.S. with
slow decay for 0< d < A.

Assume that hypotheses̄M−
1 andM̄+

2 are satisfied. Then there areB ≥ A > 0
such thatu(d, r ) is a crossing solution for anyd > B and any 0< d < A. Moreover
there areR ≥ ρ > 0 such that the Dirichlet problem in the ball of radiusr admits 2
solutions forr > R and 0 solutions for 0< r < ρ.

Roughly speaking, ifk(r ) ∈ C1 is uniformly positive and bounded, admits just
one critical point which is a maximum and it is not too flat forr small andr large,
regular solutions have structure 3 of Theorem 5 (and positive solutions have structure
C). But if the critical point is a minimum, the situation is more complicated. We know
from Theorem 12 a sufficient condition to have a G.S. with fastdecay. However we
conjecture, that, in such a case, we may have multiple G.S. with fast decay, perhaps
even infinitely many.

Theorem 12 also helps to understand what happens in the perturbative case.
When we have a regular perturbation, the stripesE+ and E− are very narrow. So,
when we approximate the trajectory of the perturbed system with a trajectory of the
unperturbed one, we commit a small mistake. In the singular perturbation case we have
thatφ varies slowly, soφ̇ has constant sign in long intervals. Since the trajectory of
the stable and unstable sets have an exponential decay, the sign of the energy function
H mainly depends on the sign ofφ(ǫt + τ)xp∗(t) evaluated whenx(t) is far from the
origin. ChooseQ either inξs(τ ) or in ξu(τ ). The idea hidden in Theorem 11 is that,
playing with the values of the parametersτ andǫ, we can make the sign ofHp∗(Q, τ )
depend just on the sign oḟφ evaluated att = τ .

5. f subcritical for u small and supercritical for u large

In this section we collect few results about an equation for which even some basic
questions are still unsolved. We consider Eq. (1) wheref (u) = u|u|q1−2 + u|u|q2−2,
and p∗ < q1 < p∗ < q2. In fact as far as we are aware there are only two articles,
[11] and [1], concerning the argument and they deal with the casep = 2. Recall that
2∗ = 2n/(n − 2) and 2∗ = 2(n − 1)/(n − 2).

Zhou in [44] established that G.S. for (2), in this case have to be radial. So we
can in fact consider directly an equation of the form (3) (with p = 2).
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Flores et al. in [11] and [1] use the classical Fowler transformation and change
equation (3) into a dynamical system of the form (5). Then they face the problem using
dynamical techniques such as invariant manifold theory. They setl = q2 in (4) and
obtain a system of the form (5) such thatgq2(xq2, t) is bounded ast → −∞, for any
fixed xq2. In fact they consider the 3-dimensional autonomous systemobtained from
(5) adding the extra variablez = eξ t , whereξ > 0. As usual this system admits 3
critical points: the originO, P(−∞) = (Px(−∞), Py(−∞) and−P(−∞), where
Py(−∞) < 0 < Px(−∞). In such a case regular solutions of the original problem
correspond to trajectories of the 2−dimensional unstable manifold of the origin, while
the singular solutions corresponds to the trajectory whosegraph is the 1−dimensional
unstable manifold ofP(−∞). Then they consider the system obtained from (5) with
l = q1, adding the extra variablez = eξ t , whereξ < 0, which again have three critical
points: O, P(+∞) = (Px(+∞), Py(+∞) and−P(+∞), where Py(+∞) < 0 <

Px(+∞). In this caseO admits a 2 dimensional stable manifold whose trajectories
correspond to solutions with fast decay of (3), andP(+∞) admits a 1−dimensional
stable manifold made up of a trajectory corresponding to a solution with slow decay.
Then they use dynamical arguments in order to find intersections between these objects,
and this way in [11] they prove the following very interesting results.

THEOREM 13. a) Let q2 > 2∗ be fixed. Then, given an integer k≥ 1, there is
a number sk < 2∗ such that if sk < q1 < 2∗, then (2) has at least k radial G.S.
with fast decay.

b) Let2∗ < q1 < 2∗ be fixed. Then, given an integer k≥ 1, there is a number Sk < 2∗

such that if2∗ < q2 < Sk, then (2) has at least k radial G.S. with fast decay.

They have also found a non-existence counterpart, which shows how sensitive
to the variations of the exponents these existence results are.

THEOREM 14. Let q2 > 2∗ be fixed. Then there is a number Q> 2∗ such that
if 1< q1 < Q, then (2) admits no G.S neither S.G.S.

This non-existence result is in some sense optimal. In fact Lin and Ni in [36]
have constructed explicitly a G.S. with slow decay of the formu(r ) = A(B+r 2)−1/(p−1),
whereA andB are suitable positive constants, in the special caseq2 = 2(q1 − 1) > 2∗

(note that 2∗ = 2(2∗ − 1)). However the existence of G.S. with slow decay probably
is not a generic phenomenon. In fact it corresponds to the existence of 1 dimensional
intersection of a 2−dimensional object with a 1−dimensional object in 3 dimensions.

Finally we have this result concerning S.G.S. and G.S. with slow decay.

THEOREM 15. a) Given q2 > 2∗, there is an increasing sequence of numbers
Qk → 2∗ such that if q1 = Qk then there is a radial S.G.S. of (2) with either
slow or fast decay.

b) Given2∗ < q1 < 2∗, there is a decreasing sequence of numbers Sk → 2∗ such that
if q2 = Sk then (2) admits either a radial S.G.S. with slow decay or a radial G.S.
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with slow decay.

Moreover, exploiting the existence of the G.S. with slow decay in the caseq2 =
2(q1 − 1) > 2∗, Flores was able to prove the following result in [1].

THEOREM16. Assume that2∗ < q1 < 2∗ < q2 and q1 > 2N+2
√

N−1−2
N+2

√
N−1−4

. Then,

given any integer k≥ 1, there is a numberǫk > 0 such that, if|q2 − 2(q1 − 1)| < ǫk,
then there are at least k radial G.S. with fast decay for (2). In particular if q2 =
2(q1 − 1) there are infinitely many G.S. with fast decay.

The conditionq1 > 2N+2
√

N−1−2
N+2

√
N−1−4

guarantees thatP(+∞) is a focus and this

point is crucial for the proof.

We think that all the Theorems of this section could be generalized to the case
p 6= 2 using the new change of coordinates (4). Moreover we think that these tech-
niques could be adapted to generalize Theorems 13, 14, 15 also to the spatial dependent
case, that is whenf (u, r ) = k1(r )u|u|q1−2 + kk(r )u|u|q2−2, wherek1 andk2 are actu-
ally functions. The last Theorem 16 crucially depends on theexistence of the G.S. with
slow decay, that seems to be structurally unstable. Howeverwe have been able to com-
pute this solution also for the corresponding equation (1).So perhaps also Theorem 16
can be extended to the casep 6= 2.

REMARK 8. Consider (1) wheref (u, r ) = u|u|q1−1 + u|u|q2−1, whereq2 =
(q1−1)p

p−1 and p∗ < q1 < p∗ < q2. Then there is a radial G.S. with slow decay

u(r ) = A

(
1

B + r
p

p−1

) p−1
q1−p

whereA =
[∣∣ p

q1−p

∣∣p−1(
n − p(q1−1)

q1−p

)] 1
q1−p andB =

(
n − p(q1−1)

q1−p

)
A

q1−1
p−1 .

6. f negative foru small and positive foru large

In this section we will consider (3), assuming thatf (u, r ) is negative foru small and
positive foru large andr small. The prototypical non-linearity we are interested inis
the following

(22) f (u, r ) = −k1(r )u|u|q1−2 + k2(r )u|u|q2−2

where the functionski (r ) are nonnegative and continuous. Whenp = q1 = 2 (2)
describes a Bose-Einstein condensate, and the G.S., if it exists, is the least energy
solution. In order to have G.S. we need to have a balance between the gain of energy
due to the negative terms and the loss of energy due to the positive terms. The strength
of the contribution is proportional to the corresponding value of |J+

i (r )|, so it depends
strongly on the exponentqi . When f is as in (22) andq1 < p∗ ≤ q2 the contribution
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given by the positive term is not strong enough, while whenq1 ≥ p∗ the contribution
of the positive term is too strong. Whenq1 < q2 < p∗ we expect to find a richer
scenario, similar to the one depicted in Theorem 5 (3), whereG.S. with slow decay are
replaced by oscillatory solutions.

Also in this situation, roughly speaking, solutionsu(r ) which are positive for
r large can have two different behaviour: either they converge to 0, usually with fast
decay (see Proposition 1 and Corollary 1), or they are uniformly positive, and typically
they oscillate indefinitely between two valuesc2, c1 where 0< c1 < c2 < ∞.

Also in this case radial solutions are particularly important, since in many cases
G.S. in the wholeRn, S.G.S. and solutions of the Dirichlet problem in the ball for
(1) have to be radial. This fact was proved whenp = 2 and f is as in (22) and the
functions−k1(r ) andk2(r ) are decreasing by Gidas, Ni, Nirenberg in [24], [25] using
the moving plane method and the maximum principle. Afterwards this results have
been extended to the case 1< p ≤ 2 in [9], [10], and finally in [42] to the casep > 1,
and to more general spatial independent nonlinearitiesf (u): they simply assume that
f (0) = 0, f is negative in a right neighborhood ofu = 0 and it is positive foru large.

Once again the Pohozaev identity proves to be an important tool to face the
problem of looking for positive solutions. In fact it was used by Ni and Serrin in [38]
to construct obstructions for the existence of G.S. in the spatial independent case.

THEOREM 17. Consider (3) where f has the following form

(23) f (u) = −
N∑

i=1

ki u|u|qi −2 +
M∑

i=N+1

ki u|u|qi −2 qi < qi+1

where ki > 0 are constants for any i= 1, . . . ,M, qN+1 ≥ p∗, M > N ≥ 1. Then
there are no crossing solutions neither G.S.

Note that whenN = 1 andM = 2 (23) reduces to (22). Recall that in such a
case all the G.S. of (1) and also all the solutions of the Dirichlet problem in a ball have
to be radial. Therefore the non existence result holds globally for the PDE (1).

Whenki (r ) behave like powers atr = 0 or atr = ∞, using the concept of
natural dimension explained in the appendix (see [20] and [17]), it is possible to reduce
the problem to an equivalent one in which the functions are uniformly positive and
bounded either forr small, or forr large, or for both.

In [13] we have discussed a problem similar to the one of Theorem 17, but in
the spatial dependent framework, using again dynamical techniques combined with the
Pohozaev identity. In [13] we have analyzed functionsf of the form (22), but the
proofs work also whenf is as in (23) and satisfies:

F0 qN ≤ p∗ ≤ qN+1; ki (r ) is a positive, continuous function forr > 0, for any
i ≤ M . J+

j (t) ≤ 0 ≤ J+
i (t) for anyt and j ≤ N < i and

∑M
i=1 |J+

i (t)| 6≡ 0.

REMARK 9. Assume thatF0 holds and that there iss ≥ p∗ such that the lim-
its limt→−∞φi (t)eαs(p∗−qi )t = Ai ≥ 0 exists and are finite fori ≤ M , and that
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∑M
i=N+1 Ai > 0. Then there is at least one singular solutionv(r ) of (3).

THEOREM 18. Consider (3) where f satisfiesF0. Moreover assume that there
are positive constants Ci and cj such that ki (r ) > Ci and kj (r ) < C j for r large and
i ≤ N and j> N. Then all the regular and singular solutions are defined andpositive
for any r ≥ 0 and lim supr →∞ u(d, r ) > 0 for any d> 0.

Assume further that−ki (r ) and kj (r ) are decreasing and bounded for r large
and i ≤ N and j > N, then there is is a computable constant b∗, such that all the
regular solutions u(r ) (and the singular, if they exist) are such that

0< lim inf
r →∞

u(r ) ≤ lim inf
r →∞

u(r ) < b∗

REMARK 10. The Hypotheses of Theorem 18 are satisfied for example if we
take f as in (22),q1 ≤ p∗ ≤ q2, q1 < q2, and the functionski (r ) uniformly positive,
bounded and−k1(r ) andk2(r ) are decreasing.

It is possible to give some ad hoc condition for the existenceof G.S. even in the case
q1 ≤ p∗ ≤ q2 andq2 > q1. In fact we have to lower the contribution given by the
negative term−k1(r )u|u|q1−2, taking a strongly decreasing functionk1(r ), see [13].
More precisely

THEOREM19. AssumeF0, and that the limitslimt→∞φi (t)e
αp∗ (p∗−qi )t = Bi ≥

0 exist and are finite for i≤ M, and that
∑M

i=N+1 Bi > 0.
Then all the regular solutions u(r ) are G.S. with slow decay. Finally, if there is a
singular solution it is a S.G.S. with slow decay.

REMARK 11. The Hypotheses of Theorem 19 and Remark 9 are satisfied for
example if we takef as in (22),q1 = p∗ < q2, k1(r ) uniformly positive, bounded and
increasing,k2(r ) = a + brαp∗ (q2−p∗) wherea,b > 0; or if we takeq1 < p∗ = q2,
k2(r ) uniformly positive, bounded and increasing, andk1(r ) = a/(1 + brαp∗ (p∗−q1)),
wherea,b > 0.

As we said at the beginning of the section, the situation becomes more inter-
esting whenf is subcritical both asu → 0 and asu → ∞. A first important step
to understand equation (2) in this setting was made in [25], where the authors proved
the existence of a G.S. in the casep = 2 and assuming thatf (u, r ) is as in (22),
q1 = 2 < q2 < 2∗ and−k1(r ) andk2(r ) non-increasing. These results have been
extended to more general operators, including thep-Laplacian forp > 1, in [19] and
to a wider class of nonlinearitiesf . They just require that there isA > 0 such that
F(u) < 0 for 0< u < A, F(A) = 0 and f (A) > 0, whereF(u) :=

∫ u
0 f (s)ds.

In [19] the non-linearity f is assumed to be spatially independent and sub-
halflinear, namely either there isb > A such thatf (b) = 0, or lim infu→∞

F(u)
up < ∞.

If we consider the prototypical case (22) the assumptions of[19] reduce to 1< q1 <

q2 < p, k1 ≡ 1 ≡ k2. They also proved the uniqueness of the G.S., and they have
given good estimates of the asymptotic behaviour. The question of uniqueness has
been discussed in many papers, see e.g. [19], [20], [8], but it is beyond the purpose
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of this survey. Roughly speaking radial G.S. for the spatialindependent equation are
unique. This is usually proved with an argument involving the moving plane method
or the maximum principle. We think that G.S. are unique also when−k1(r ) andk2(r )
are decreasing, but we believe that a clever choice of the functionski (r ) could produce
multiple G.S. However the question is still open as far as we are aware.

Gazzola, Serrin and Tang in [22] managed to extend the existence results to a
wider class of spatial independent non-linearities. In particular, when f is as in (22),
they proved that there is a G.S. when, eithern ≤ p and q1 > 0, or n > p and
0 < q1 < q2 < p∗, moreover the G.S. is always positive if and only ifq1 > p. They
have also found out that ifn = p, there are functionsf with exponential growth in the
u variable for which (3) admits G.S.

However, also in [22],f does not depend explicitly onr . In [16] we have
extended the existence result to the spatial dependent case, under suitable Hypotheses
on the functionski (r ), and assuming 1< p ≤ 2, q1 ≥ 2 and p∗ < q1 < q2 < p∗.
But the main contribution of that paper was the proof of the existence of uncountably
many S.G.S., which as far as we are aware had not been detectedpreviously even in
the original problem withp = 2 andk1 ≡ 1 ≡ k2. Then in [17] we have been able to
discuss also the casep > 2, and to prove the existence of G.S. and S.G.S. for different
type of non-linearityf , satisfying some of the following hypotheses:

F1





• The function f (u, r ) is continuous inR2 and locally Lipschitz in

theu variable for anyu, r > 0; f (0, r ) = 0 for anyr ≥ 0.

• There areν > 0 andp < q < p∗ such that, for any 0≤ r ≤ ν

limu→∞
f (u,r )
|u|q−1 = a0(r ) > 0 anda0(r ) is continuous.

F2 There are positive constantsA ≥ a > 0 andρ > 0 such that
f (u, r ) < 0 for r > ρ and 0< u < a
F(A,0) = 0 and f (u,0) > 0 for u ≥ A.

F3 f (u,0) ≥ f (u, r ) for any 0< u ≤ A and anyr ≥ 0.

F4 The exponentq in Hyp. F1 is such thatq > p∗.

THEOREM 20. Assume that Hyp.F1, F2, F3 are satisfied. Then there exists
D > A such that u(D, r ) is a monotone decreasing G.S.

REMARK 12. Note that if f is as in (22) andq1 ≥ p, G.S. and S.G.S. are
positive for anyr > 0, while if q1 < p their support is bounded, see Proposition 1.
This means that there isR > 0 such thatu(r ) > 0 for 0< r < R, u(R) = u′(R) = 0
andu(r ) ≡ 0 for r > R. Also note that if limr →∞u(r ) = 0, u has fast decay, in view
of Corollary 1.

Using a standard continuity argument we can also prove the following.

COROLLARY 5. Assume that Hyp.F1, F2, F3 are satisfied. Then u(d, r ) is a
crossing solution for any d> D and its first zero R1(d) is such thatlimd→∞ R1(d) =
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0. Furthermore assume that we are in the Hypotheses of Proposition 1 B, then we also
have thatlimd→D R1(d) = ∞. Therefore the Dirichlet problem in the ball of radius
R> 0 for equation (3) admits at least one solution for any R> 0.

THEOREM 21. Assume that Hyp.F1, F2 andF4 are satisfied, then (3) admits
uncountably many S.G.S.

REMARK 13. Assume thatf is as in (23), that the functionski (r ) are uniformly
positive and bounded for anyr ≥ 0 andp < qM < p∗. Then hypothesesF1 andF2
are satisfied. Moreover if−ki (r ) andk j (r ) are decreasing for anyr > 0, 1 ≤ i ≤ N
andN < j ≤ M , hypothesisF3 is satisfied; finally ifqM > p∗ F4 holds.

The proof of Theorem 20 can be found in [17] and follows, with some minor
changes, the scheme introduced in [25] and then used in [19],[22] and [16].

When Hyp.F1 andF2 are satisfied the initial value problem (3), withu(0) =
d > 0, u′(0) = 0 admits at least a solution. Moreover such a solution, denoted by
u(d, r ) is unique for anyd ≥ A andu′(r ) ≤ 0 for r small. All these solutions can be
continued inJ(d) = (0, Rd) = {r > 0 | u′(r ) < 0 < u(r )}, whereRd can also be
infinite. This was proved for the spatial independent problem in [19] and then adapted
with some trivial changes to the spatial dependent problem in [17]. Sinceu(d, r ) is
positive and decreasing forr < Rd, the limit limr →Rd u(d, r ) exists and is nonnegative,
so we can define the following set:

I := {d ≥ A | lim
r →Rd

u′(d, r ) < 0}

Using an energy analysis we can prove thatA 6∈ I , whenF1, F2 andF3 are satisfied.
Moreover using a continuity argument on the auxiliary system (5), we prove thatI is
open in[A,∞) wheneverF1 andF2 hold, see [17]. The difficult part of the proof is to
show thatI 6= ∅. In fact we show that, ifF1 andF2 are satisfied there isD 6∈ I such
that(D,∞) ⊂ I .

For this purpose we introduce a dynamical system of the form (5), using (4)
with l = q, whereq is the parameter defined in [12]. Then we show that forr small
andu large we can approximate our system with an autonomous subcritical system of
type (8). Through a careful analysis of the phase portrait weare able to construct a
barrier setEτ ⊂ {(x, y) ∈ R

2 | y ≤ 0 ≤ x}. Then, using Wazewski’s principle, we
show that there areM > 0 andδ > 0 such that, for anyτ < −M , there is an unstable
setW̃u(τ ) ⊂ Eτ , which intersects they negative semi-axis in a compact connected
set, sayζ(τ ). It follows that the trajectoriesxτq(Q

u(τ ), t) ∈ Eτ for any t < 0 and that
limt→−∞xτq(Q

u(τ ), t) = O. So they correspond to regular solutionsu(d(τ ), r ), that
are positive and decreasing forr ≤ exp(τ ) and they become null with nonzero slope at
r = exp(τ ), so they are crossing solutions.

It follows that if F1, F2 andF3 hold there isD > A, such that(D,∞) ∈ I , but
D 6∈ I . Then we show thatu(D, r ) is a monotone decreasing G.S. using a continuity
argument on (5), and Theorem 20 and Corollary 5 follow.

To prove the existence of S.G.S. we have to consider system (7) and to construct
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a stable setW̃s(τ ) through Proposition 2. We chooseτ < −M , so thatW̃u(τ ) crosses
the y negative semi-axis, in view of Corollary 5. We denote byB(τ ) the bounded set
enclosed byW̃u(τ ) and they negative semi-axis. We choose one of the uncountably
many points inW̃s(τ ) ∩ B(τ ), sayQs, and we follow backwards int the trajectories
xτq(Q

s, t) whereQs ∈ W̃s(τ ). We show thatxτq(Q
s, t) is forced to stay inB(t + τ)

for any t < 0 and we conclude thatxτq(Q
s, t) is uniformly positive ast → −∞.

Then, from Proposition 3 we deduce that the corresponding solutions v(r ) of (3) are
monotone decreasing S.G.S.

7. Appendix: reduction of div(g(|x|)∇u|∇u|p−2) + f (u, |x|) = 0 and natural di-
mension

In this subsection we want to show how we can pass from the analysis of radial solu-
tions of an equation of the following class

(24) div(g(|x|)∇u|∇u|p−2)+ f̄ (u, |x|) = 0

to the analysis of solutions of an equation of the form (3). Here againx ∈ R
n and

g(|x|) ≥ 0 for |x| ≥ 0.

We repeat the argument developed in Appendix B of [17]. In fact we exploit
here an idea already used in [33] and [20], and we follow quiteclosely the latter paper,
in which the concept of natural dimension is introduced. First of all observe that a
radial solutionsu(r ) of (24) satisfy the following ODE:

(25) (r n−1g(r )u′|u′|p−2)′ + r n−1 f̄ (u, r ) = 0.

Seta(r ) = r n−1g(r ) and assume that one of the Hypotheses below is satisfied

H1 a−1/(p−1) ∈ L1[1,∞]\ L1[0,1]
H2 a−1/(p−1) ∈ L1[0,1]\L1[1,∞)

Then we make the following change of variables borrowed from[20]. Let N > p be a
constant and assume that Hyp. H1 is satisfied; we defines(r ) =
(∫∞

r a(τ )−1/(p−1)dτ
)−p+1

N−p . Obviouslys : R
+
0 → R

+
0 , s(0) = 0, s(∞) = ∞ and

s(r ) is a diffeomorphism ofR+
0 into itself with inverser = r (s) for s ≥ 0. If u(r ) is a

solution of (25),v(s) = u(r (s)) is a solution of the following transformed equation

(26) (sN−1vs|vs|p−2)s + sN−1h(s) f (v, s) = 0,

where f (v, s) = f̄ (v, r (s)) and

h(s) =
(

N − p

p − 1

)p
(

g(r (s))1/pr (s)n−1

sN−1

)p/(p−1)

.

If we replace Hyp. H1 by Hyp. H2 we can defines(r ) as followss(r ) =
(∫ r

0 a(τ )−1/(p−1)dτ
) p−1

N−p and obtain again (26) from (25), with the same expression for
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h. We denote byf (v, s) = h(s) f̄ (v, r (s)) and obtain (3) from (26), withr replaced
by s.

REMARK 14. Note that, if for any fixedv > 0, f̄ (v, r ) grows like either a
positive or a negative power inr for r small, we can play with the parameterN in order
to have that, for any fixedu > 0, f (u,0) is positive and bounded. E.g., ifg(r ) ≡ 1
and f̄ (u, r ) = r l u|u|q−1, we can setN = p(n+l )−n

p+l−1 , so that, switching fromr to s as
independent variable (26) takes the form

(27) [sN−1vs|vs|p−2]s + CsN−1v|v|q−1 = 0 ,

whereC =
∣∣ N−p

p−1

∣∣p
∣∣∣ p−1

N−1

∣∣∣
n−1
N−p p

> 0. So we can directly study the spatial independent

equation (27), recalling that the natural dimension isN and this changes the values of
the critical exponents and the asymptotic behaviors of positive solutions asr → 0 and
asr → ∞.

Observe thatN does not need to be an integer and that in literature such an assumption
is not really used to prove the results. Thus all the theoremsobtained for (3) can be
trivially extended to an equation of the form (25), whereg satisfies eitherH1 or H2.
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SHADOWING IN ORDINARY DIFFERENTIAL EQUATIONS

Abstract. Shadowing deals with the existence of true orbits of dynamical systems near
approximate orbits with sufficiently small local errors. Although it has roots in abstract
dynamical systems, recent developments have made shadowing into a new effective tool for
rigorous computer-assisted analysis of specific dynamical systems, especially chaotic ones.
For instance, using shadowing it is possible to prove the existence of various unstable periodic
orbits, transversal heteroclinic or homoclinic orbits of arguably the most prominent chaotic
system—the Lorenz Equations. In this paper we review the current state of the theory and
applications of shadowing for ordinary differential equations, with particular emphasis on
our own work.

1. Introduction

In this extended introductory section we give a narrative overview of shadowing. Pre-
cise mathematical statements of relevant definitions and theorems are presented in the
following sections.

Shadowing? An approximate orbit of a dynamical system with small local errors is
called apseudo orbit. The subject of shadowing concerns itself with the exis-
tence of true orbits near pseudo orbits; in particular, the initial data of the true
orbit are near the initial data of the pseudo orbit. Shadowing is a property of
hyperbolic sets of dynamical systems. It is akin to a classical result from the
theory of ordinary differential equations [23]: if a non-autonomous system has
a bounded solution, the variational equation of which admits an exponential di-
chotomy, then the perturbed system has a bounded solution nearby.

Origins? In its contemporary setting, the first significant result in shadowing, the cel-
ebratedShadowing Lemma, was proved by Bowen [7] for the nonwandering sets
of Axiom A diffeomorphisms. A similar result for Anosov diffeomorphisms
was stated by Anosov [2], which was made more explicit by Sinai [57]. The
Shadowing Lemma proved to be a useful tool in the abstract theory of uniformly
hyperbolic sets of diffeomorphisms. For example, in [8] Markov partitions for
basic sets of Axiom A diffeomorphisms were constructed using the Shadowing
Lemma. Also shadowing can be used to give a simple proof of Smale’s theo-
rem [59] that the shift can be embedded in the neighbourhood of a transversal
homoclinic point as in [47] and [39].

Discrete systems?Since Anosov and Bowen, the Shadowing Lemma has been re-
proved many times with a multitude of variants. A noteworthyrecent develop-
ment, initiated by Hammel et al. [28], [29], has been a shadowing theory for
finite pseudo orbits of non-uniformly hyperbolic sets of diffeomorphisms which

89
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proved to be a powerful new paradigm for extracting rigorousresults from nu-
merical simulations of discrete chaotic systems. This development also provided
new tools for establishing the existence of, for example, transversal homoclinic
orbits in specific systems [21], [37]. For these recent shadowing results for dis-
crete dynamical systems, we recommend our review article [18] followed by [21]
and the references therein.

ODEs? Developing a useful notion of a pseudo orbit and establishing an appropriate
Shadowing Lemma for ordinary differential equations proved to be more diffi-
cult because of the lack of hyperbolicity in the direction ofthe vector field. The
first successful attempt in this pursuit and an accompanyingShadowing Lemma
was given by Franke and Selgrade [26]. Here we will present our formulation
of pseudo orbits and shadowing for ordinary differential equations as initiated
in [14], [16]. Our formulation has the advantage that pseudoorbits are taken to
be sequences of points and thus can be generated numerically. This permits one
to garner rigorous mathematical results with the assistance of numerical simula-
tions. Such computer-assisted shadowing techniques make an attractive comple-
ment to classical numerical analysis, especially in the investigation of specific
chaotic systems.

Chaotic numerics? The key signature of chaotic systems is the sensitivity of their
solutions to initial data. This poses a major challenge in numerical analysis of
chaotic systems because such systems tend to amplify, oftenexponentially, small
algorithmic or floating point errors. Here is a gloomy account of this difficulty
as given by Hairer et al. [30]:

“The solution (of the Salzman-Lorenz equations with constants and
initial valuesσ = 10, r = 28, b = 8/3; x(0) = −8, y(0) = 8,
z(0) = 27) is, for large values oft , extremelysensitive to the errors
of the first integration steps. For example, att = 50 the solution
becomes totally wrong, even if the computations are performed in
quadruple precision withT ol = 10−20. Hence the numerical results
of all methods would be equally useless and no comparison makes
any sense. Therefore, we choosetend = 16 and check the numerical
solution at this point. Even here, all computations withT ol > 10−7,
say, fall into a chaotic cloud of meaningless results.”

Shadowing reveals a striking silver lining of this “chaoticcloud.” While it is
true that this chaotic cloud has little to do with the solution having the specified
initial data, it is not meaningless: the chaotic cloud is an exceedingly good ap-
proximation of another solution whose initial data is very close to the specified
initial data. More generally, using the finite-time shadowing theorem in [17],
it is possible to shadow numerically generated pseudo orbits of (non-uniformly
hyperbolic) chaotic ordinary differential equations for long time intervals.

Chaos? There are many ways chaos can arise in a dynamical system. A common
cause, as first observed by Poincaré [51] over a century ago while studying the
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restricted three-body problem, is the presence of transversal homoclinic points.
He called such points “doubly asymptotic” because they are asymptotic both
in forward and backward times to a fixed point or a periodic orbit. Birkhoff
[4] proved that every homoclinic point of a two-dimensionaldiffeomorphism is
accumulated by periodic orbits. Smale [59] confirmed Poincaré’s observation by
proving that a transversal homoclinic point of a diffeomorphism in dimension
two and higher is contained in a hyperbolic set in which the periodic orbits are
infinitely many and dense. Sil’nikov [55] showed that a similar result holds for
flows. Recently, it has been conjectured by Palis and Takens [45] that generically
chaotic orbits occur if and only if there is a transversal homoclinic orbit. This is
indeed the case for continuous interval maps as shown in [6].

In spite of the remarkable mathematical results above, transversal homoclinic
orbits are quite difficult to exhibit in specific chaotic flows. Even the periodic
orbits, to which the homoclinic orbits are to be doubly asymptotic, are hard to
come by. Recently in [22], we have formulated a practical notion of a pseudo
homoclinic, more generally pseudo connecting, orbit and proved a shadowing
theorem that guarantees the existence of transversal homoclinic, or heteroclinic,
orbits to periodic orbits of differential equations. The hypotheses of this theorem
can be verified for specific flows with the aid of a computer, thus enabling us
to prove the existence of a multitude of periodic orbits and transversal orbits
connecting them in, for example, yet again, the chaotic Lorenz Equations.

Contents? Here is a section-by-section description of the contents ofthe remainder of
this paper:

• In Section 2, we first give definitions of an infinite pseudo orbit and its
shadowing by a true orbit. Then we present two infinite-time shadowing
results, one for pseudo orbits lying in hyperbolic invariant sets, and another
for a single pseudo orbit in terms of a certain operator.

• In Section 3, shadowing definitions for finite pseudo orbits and a Finite-
time Shadowing Theorem for non-uniformly hyperbolic systems are for-
mulated. This theorem is significant in proving the existence of true orbits
near numerically computed ones for long time intervals.

• In Section 4, the shadowing of pseudo periodic orbits is considered. The
Periodic Shadowing Theorem stated here is very effective inestablishing
the existence of periodic orbits, including unstable ones in dimensions three
and higher.

• In Section 5, the notion of a pseudo connecting orbit connecting two pseudo
periodic orbits is formulated. Then a Connection Orbit Shadowing Theo-
rem that guarantees the existence and transversality of a true connecting
orbit between true periodic orbits is stated. In the particular case when the
two periodic orbits coincide we have a Homoclinic ShadowingTheorem,
with the aid of which existence of chaos, in the sense of Poincaŕe, can be
rigorously established in specific systems.
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• In Section 6, some of the key computational issues such as construction
of good pseudo orbits, rigorous bounds on quantities that appear in the
hypotheses of the shadowing theorems, and floating point computations
are addressed.

• In Section 7, we present several examples to demonstrate theeffectiveness
of the shadowing results above as a new computer-assisted technique for
establishing rigorously finite, periodic, and transversalhomoclinic orbits
in the quintessential chaotic system—the Lorenz Equations.

• In Section 8, we conclude our review with some parting thoughts.
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2. Infinite-time shadowing

In this section we first introduce notions of an infinite pseudo orbit and its shadowing
by a true orbit of a system of autonomous differential equations. Then we state two
general results that guarantee the shadowing of infinite pseudo orbits. The first result,
Theorem 1, in the spirit of the classical Shadowing Lemma, isa shadowing theorem for
pseudo orbits lying in a compact hyperbolic set. The second result, Lemma 1, replaces
the hyperbolicity assumption with the invertibility of a certain linear operator. The sec-
ond result is more general; in fact, the classical theorem follows from it. Moreover, the
second result has practical applicability in numerical simulations as we shall demon-
strate in later sections. Whilst the hyperbolicity assumption on a compact invariant set
is not possible to verify in any realistic example (strange attractors are not usually uni-
formly hyperbolic), the invertibility of the operator associated with a particular pseudo
orbit can frequently be established.

Consider a continuous dynamical system

(1) ẋ = f (x),

where f : U → IRn is aC2 vector field defined in an open convex subsetU of IRn.
Let φt be the associated flow. Throughout this paper we use the Euclidean norm for
vectors and the corresponding operator norm for matrices and linear operators, and in
product spaces we use the maximum norm.

DEFINITION 1. Definition of infinite pseudo orbit. For a given positive num-
ber δ, a sequence of points{yk}+∞

k=−∞ in U, with f (yk) 6= 0 for all k, is said to be
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a δ pseudo orbitof Eq. (1) if there is an associated bounded sequence{hk}+∞
k=−∞ of

positive times with positiveinfk∈ZZ hk such that

‖yk+1 − ϕhk(yk)‖ ≤ δ f or k ∈ ZZ.

Next, we introduce the notion of shadowing an infinite pseudoorbit by a true
orbit.

DEFINITION 2. Definition of infinite-time shadowing. For a given positive
numberε, a δ pseudo orbit{yk}+∞

k=−∞ of Eq. (1) with associated times{hk}+∞
k=−∞ is

said to beε-shadowedby a true orbit of Eq. (1) if there are points{xk}+∞
k=−∞ on the

true orbit and positive times{tk}+∞
k=−∞ with ϕtk(xk) = xk+1 such that

‖xk − yk‖ ≤ ε and |tk − hk| ≤ ε f or k ∈ ZZ.

In our first Shadowing Theorem we will assume that pseudo orbits lie in a com-
pact hyperbolic set. For completeness, we recall the definition of a hyperbolic set as
given in, for example, [47].

DEFINITION 3. Definition of hyperbolic set. A set S⊂ U is said to behyper-
bolic for Eq. (1) if

(i) f (x) 6= 0 for all x in S;

(ii) S is invariant under the flow, that is,φt (S) = S for all t ;

(ii) there is a continuous splitting

IRn = E0(x)⊕ Es(x)⊕ Eu(x) f or x ∈ S

such that E0(x) is the one-dimensional subspace spanned by{ f (x)}, and the sub-
spaces Es(x) and Eu(x) have constant dimensions; moreover, these subspaces
have the invariance property

Dφt (x)(Es(x)) = Es(φt (x)), Dφt (x)(Eu(x)) = Eu(φt (x))

under the linearized flow and the inequalities

‖Dφt (x) ξ‖ ≤ K1e−α1t‖ξ‖ f or t ≥ 0, ξ ∈ Es(x),

‖Dφt (x) ξ‖ ≤ K2eα2t‖ξ‖ f or t ≤ 0, ξ ∈ Eu(x)

are satisfied for some positive constants K1, K2, α1, andα2.

Now, we can state our first shadowing theorem for infinite pseudo orbits of
ordinary differential equations.

THEOREM 1. Infinite-time Shadowing Theorem. Let S be a compact hyper-
bolic set for Eq. (1). For a given sufficiently smallε > 0, there is aδ > 0 such that any
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δ pseudo orbit{yk}+∞
k=−∞ of Eq. (1) lying in S isε-shadowed by a true orbit{xk}+∞

k=−∞.
Moreover, there is only one such orbit satisfying

f (yk)
∗(xk − yk) = 0 f or k ∈ ZZ.

In preparation for our second infinite shadowing result, we next introduce var-
ious mathematical entities. Take a fixed pseudo orbit{yk}+∞

k=−∞ with associated times
{hk}+∞

k=−∞. LetYk be the subspace of IRn consisting of the vectors orthogonal tof (yk).
Then letY be the Banach space of bounded sequencesv = {vk}k∈ ZZ with vk ∈ Yk, and
equipY with the norm

‖v‖ = sup
k∈ ZZ

‖vk‖.

Also, let Ỹ be a similar Banach space except thatvk ∈ Yk+1. Then let

Ly : Y → Ỹ

be the linear operator defined by

(Lyv)k = vk+1 − Pk+1Dφhk(yk)vk,

wherePk : IRn → IRn is the orthogonal projection defined by

Pkv = v − f (yk)
∗v

‖ f (yk)‖2
f (yk).

So Ly is a linear operator associated with the derivative of the flow along the pseudo
orbit, but restricted to the subspaces orthogonal to the vector field. This operator plays
a key role in what follows. We assume that the operator is invertible with a bounded
inverse:

‖L−1
y ‖ ≤ K .

Next we define various constants. We begin with

M0 = sup
x∈U

‖ f (x)‖, M1 = sup
x∈U

‖D f (x)‖, M2 = sup
x∈U

‖D2 f (x)‖,

and
hmin = inf

k∈ ZZ
hk, hmax = sup

k∈ ZZ
hk.

Next, we choose a positive numberε0 ≤ hmin such that for allk and‖x − yk‖ ≤ ε0 the
solutionϕt (x) is defined and remains inU for 0 ≤ t ≤ hk + ε0. Continuing, we define

1 = inf
k∈ ZZ

‖ f (yk)‖, M̄0 = sup
k∈ ZZ

‖ f (yk)‖, M̄1 = sup
k∈ ZZ

‖D f (yk)‖.

Now, we define the following constants in terms of the ones already given:

C = max
{

K , 1−1(eM1hmaxK + 1)
}
,

C = (1 − M1δC)
−1C,
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and

N1=8
[
M0M1 + 2M1eM1(hmax+ε0) + M2(hmax + ε0)e

2M1(hmax+ε0)
]
,

N2=8
[
1 + 4C

(
M0 + eM1(hmax+ε0)

)] [
M1M1 + M2M0 + 2M2eM1(hmax+ε0)

]
,

N3=8
[
1 + 4C

(
M0 + eM1(hmax+ε0)

)]2
M1M2.

Now, we can state our second shadowing result for an infinite pseudo orbit in
terms of the associated operatorLy and the constants introduced above.

LEMMA 1. Infinite-time Shadowing Lemma. Let {yk}+∞
k=−∞ be a boundedδ

pseudo orbit of Eq. (1) with associated times{hk}+∞
k=−∞ such that Ly is invertible with

‖L−1
y ‖ ≤ K. Then if

4Cδ < ε0, 2M1Cδ ≤ 1, C2(N1δ + N2δ
2 + N3δ

3) < 1,

the pseudo orbit{yk}+∞
k=−∞ is ε-shadowed by a true orbit{xk}+∞

k=−∞ of Eq. (1) with
associated times{tk}+∞

k=−∞ and with

ε ≤ 2C̄δ.

Moreover this is the unique such orbit satisfying

f (yk)
∗(xk − yk) = 0 f or k ∈ ZZ.

Notes on infinite-time shadowing:The details of the proof of the Infinite-time Shad-
owing Lemma are given in [22]. The idea of the proof is to set upthe problem of finding
a true orbit near the pseudo orbit as the solution of a nonlinear equation in a Banach
space of sequences. The invertibility of the linear operator Ly implies the invertibility
of another linear operator associated with the abstract problem and this enables one to
apply a Newton-Kantorovich type theorem [33] to obtain the existence and uniqueness
of the true orbit.

One uses the Infinite-time Shadowing Lemma to prove the Infinite-time Shad-
owing Theorem. The main problem is to show that hyperbolicity implies that the oper-
ator Ly : Y → Ỹ is invertible with a uniform bound on its inverse. A slightlydifferent
proof of the Infinite-time Shadowing Theorem is in an earlierpublication [16].

For flows, unlike diffeomorphisms, there are various alternatives for the defini-
tion of a pseudo orbit. Should it be a sequence of points or solution segments that are
functions of time? Here we have elected to use sequences of points. These choices of
definitions have obvious advantages when we consider finite pseudo orbits that come
from numerical computations. With such considerations in mind, the definitions of a
pseudo orbit and shadowing for ordinary differential equations as given here first ap-
peared in [14] and [16]. The problem in proving the shadowingtheorem for flows is
the lack of hyperbolicity in the direction of the vector field. To compensate for this, we
allow a rescaling of time in our definition of shadowing.
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A shadowing theorem for flows, with a somewhat different notion of shadowing,
was first proved in [26]. Different versions of the shadowingtheorem have been proved
in [42], [34], [35], [16], and [49]. For a “continuous” shadowing theorem, see [47] and
also [49]. In the latter book the author also proves a shadowing theorem for structurally
stable systems, which includes that for hyperbolic systems.

3. Finite-time shadowing

Since chaotic systems exhibit sensitive dependence on initial conditions, a numerically
generated orbit will diverge quickly from the true orbit with the same initial condition.
However, we observe that a computed orbit is a pseudo orbit and so, according to our
Infinite-time Shadowing Lemma, would be shadowed by a true orbit in the presence
of hyperbolicity, albeit with slightly different initial condition. It turns out chaotic
systems are seldom uniformly hyperbolic but still exhibit enough hyperbolicity that
pseudo orbits can still be shadowed for long times. To this end, we formulate a finite-
time shadowing theorem in this section. As in the Infinite-time Shadowing Lemma,
our condition involves a linear operator associated with the pseudo orbit but now the
aim is to choose a right inverse with small norm. First we recall a precise notion of
shadowing of a finite pseudo orbit by an associated nearby true orbit. Then we present
the Finite-time Shadowing Theorem.

DEFINITION 4. Definition of finite pseudo orbit. For a given positive num-
berδ, a sequence of points{yk}N

k=0 is said to be aδ pseudo orbitof Eq. (1) if f(yk) 6= 0
and there is an associated sequence{hk}N−1

k=0 of positive times such that

‖yk+1 − ϕhk(yk)‖ ≤ δ f or k = 0, . . . , N − 1.

DEFINITION 5. Definition of finite-time shadowing. For a given positive
numberε, an orbit of Eq. (1) is said toε-shadowa δ pseudo orbit{yk}N

k=0 with as-

sociated times{hk}N−1
k=0 if there are points{xk}N

k=0 on the true orbit and times{tk}N−1
k=0

with ϕtk(xk) = xk+1 such that

‖xk − yk‖ ≤ ε f or k = 0, . . . , N and |tk − hk| ≤ ε f or k = 0, . . . , N − 1.

To state our theorem we need to develop a bit of notation and introduce certain
relevant mathematical constructs. Let{yk}N

k=0 be aδ pseudo orbit of Eq. (1) with

associated times{hk}N−1
k=0 . With the subspacesYk and the projectionsPk defined as in

Section 2, we define a linear operator

Ly : Y0 × · · · × YN → Y1 × · · · × YN

in the following way: If v = {vk}N
k=0 is in Y0 × · · · × YN , then we takeLyv =

{[Lyv]k}N−1
k=0 to be

[Lyv]k = vk+1 − Pk+1Dφhk(yk)vk f or k = 0, . . . , N − 1.
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The operatorLy has right inverses and we choose one such right inverseL−1
y with

‖L−1
y ‖ ≤ K .

Also we define constants as before Lemma 1 with the range ofk being appropriately
adjusted. Now we can state our theorem.

THEOREM 2. Finite-time Shadowing Theorem. Let {yk}N
k=0 be aδ pseudo

orbit of Eq. (1) with associated times{hk}N−1
k=0 and let L−1

y be a right inverse of the

operator Ly with ‖L−1
y ‖ ≤ K. Then if

4Cδ < ε0, 2M1Cδ ≤ 1, C2(N1δ + N2δ
2 + N3δ

3) < 1,

the pseudo orbit{yk}N
k=0 is ε-shadowed by a true orbit{xk}N

k=0 with

ε ≤ 2C̄δ.

Notes on finite-time shadowing:The proof of the Finite-time Shadowing Theorem
above is quite similar to that of Lemma 1 except that here we use Brouwer’s fixed
point theorem rather than the contraction mapping principle.

It was first observed in [28], [29] that pseudo orbits of certain chaotic maps
could be shadowed for long times by true orbits, despite the lack of uniform hyperbol-
icity. Others, [9], [10], and [52] realized that these observations could be generalized
using shadowing techniques. Here the key idea is the construction of a right inverse
of small norm for a linear operator similar to the one used forinfinite-time shadowing.
The choice of this right inverse is guided by the infinite-time case—one takes the for-
mula for the inverse in the infinite-time case and truncates it appropriately (see [18]).
However, the ordinary differential equation case is somewhat more complicated. It is
not simply a matter of looking at the time-one map and applying the theory for the map
case. One must somehow “quotient-out” the direction of the vector field and allow for
rescaling of time as is done in Theorem 2; this needs to be donebecause of lack of
hyperbolicity in the direction of the vector field. That thisleads to much better shad-
owing results is shown in [17]. For other finite-time shadowing theorems in the context
of autonomous ordinary differential equations, see [11], [12], [32], [62].

4. Periodic shadowing

In simulations of differential equations apparent periodic orbits, usually asymptotically
stable, are often calculated. In this section we show how shadowing can be used to
verify that there do indeed exist true periodic orbits near the computed orbits. Our
method can be applied even to unstable periodic orbits whichare ubiquitous in chaotic
systems. We first recall the notions of pseudo periodic orbitand periodic shadowing
for autonomous ordinary differential equations. Then, we state a Periodic Shadowing
Theorem which guarantees the existence of a true periodic orbit near a pseudo periodic
orbit.
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DEFINITION 6. Definition of pseudo periodic orbit. For a given positive num-
ber δ, a sequence of points{yk}N

k=0, with f (yk) 6= 0 for all k, is said to be aδ pseudo
periodic orbitof Eq. (1) if there is an associated sequence{hk}N

k=0 of positive times
such that

‖yk+1 − ϕhk(yk)‖ ≤ δ f or k = 0, . . . , N − 1,

and
‖y0 − ϕhN (yN)‖ ≤ δ.

DEFINITION 7. Definition of periodic shadowing. For a given positive num-
ber ε, a δ pseudo periodic orbit{yk}N

k=0 with associated times{hk}N
k=0 is said to beε-

shadowedby a true periodic orbit if there are points{xk}N
k=0 and positive times{tk}N

k=0
with ϕtk(xk) = xk+1 for k = 0, . . . , N − 1, andx0 = ϕtN (xN) such that

‖xk − yk‖ ≤ ε and |tk − hk| ≤ ε f or k = 0, . . . , N.

To decide if a pseudo periodic orbit is shadowed by a true periodic orbit we
need to compute certain other quantities. Let{yk}N

k=0 be aδ pseudo periodic orbit of
Eq. (1) with associated times{hk}N

k=0. With the subspacesYk and the projectionsPk

defined as in Section 2, we define a linear operator

Ly : Y0 × Y1 × · · · × YN → Y1 × · · · × YN × Y0

as follows: ifv = {vk}N
k=0 then

(Lyv)k = vk+1 − Pk+1Dφhk(yk)vk, f or k = 0, . . . , N − 1

(Lyv)N = v0 − PN DφhN (yN)vN .

We assume the operatorLy is invertible with‖L−1
y ‖ ≤ K . Also we define

constants as before Lemma 1 with the range ofk being appropriately adjusted. Now,
we can state our main theorem.

THEOREM 3. Periodic Shadowing Theorem. Let {yk}N
k=0 be aδ pseudo peri-

odic orbit of the autonomous system Eq. (1) such that the operator Ly is invertible with
‖L−1

y ‖ ≤ K. Then if

4Cδ < ε0, 2M1Cδ ≤ 1, C2(N1δ + N2δ
2 + N3δ

3) < 1,

the pseudo periodic orbit{yk}N
k=0 is ε-shadowed by a true periodic orbit{xk}N

k=0 of
Eq. (1) with associated times{tk}N

k=0 and with

ε ≤ 2C̄δ.

Moreover, this is the unique such orbit satisfying

f (yk)
∗(xk − yk) = 0 f or 0 ≤ k ≤ N.
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Notes on periodic shadowing:The proof of the Periodic Shadowing Theorem above
is in [15]. Computation of periodic orbits with long periodsrequires special care; this
situation is addressed in [19].

Normally one expects periodic orbits to be plentiful in chaotic invariant sets.
One would like to be able to prove that periodic orbits are dense in attractors like those
for the Lorenz Equations. This we have not been able to do. However, in [15], [19] we
were able to use shadowing techniques to prove the existenceof various periodic orbits
of the Lorenz Equations, including orbits with long periods. We will display some of
these periodic orbits in Section 7.

The idea of using computer assistance for rigorously establishing the existence
of periodic orbits occurred to other people before us. For instance, Franke and Sel-
grade [27] gave a computer-assisted method to rigorously prove the existence of a
periodic orbit of a two-dimensional autonomous system. Other relevant studies are [1],
[43], [44], [54], [58], and [61].

Using periodic shadowing techniques, one can also provide rigorous estimates
for the Lyapunov exponents of periodic orbits. Details of such computations, along
with the Lyapunov exponents of several periodic orbits of the Lorenz Equations, are
given in [19].

5. Homoclinic shadowing

General theorems proving the existence of a transversal homoclinic orbit to a hyper-
bolic periodic orbit, or a transversal heteroclinic orbit connecting one periodic orbit to
another periodic orbit, of a flow are few. In this section we present two such theorems.
In Section 7 we will show the effective use of these theorems on specific systems.

We first introduce the definition of an infinite pseudo periodic orbit, which is
just the finite pseudo periodic orbit in Definition 6 extendedperiodically. This is more
convenient for our purposes in this section.

DEFINITION 8. Definition of infinite pseudo periodic orbit. A sequence
{yk}+∞

k=−∞ with associated times{ℓk}+∞
k=−∞ is said to be aδ pseudo periodic orbitof

period N ≥ 1 of Eq. (1) ifinfk∈ ZZ ℓk > 0, f (yk) 6= 0 for all k and

‖yk+1 − φℓk(yk)‖ ≤ δ and yk+N = yk, ℓk+N = ℓk f or k ∈ ZZ.

Now we define shadowing of such a pseudo periodic orbit.

DEFINITION 9. Definition of periodic shadowing. For a given positive num-
ber ε, an infiniteδ pseudo periodic orbit{yk}+∞

k=−∞ with associated times{ℓk}+∞
k=−∞ is

said to beε-shadowedby a true periodic orbit if there are points{xk}+∞
k=−∞ and pos-

itive times{tk}+∞
k=−∞ such thatxk+N = xk and tk+N = tk andϕtk(xk) = xk+1 for all

k ∈ ZZ and

‖xk − yk‖ ≤ ε and |tk − hk| ≤ ε f or k ∈ ZZ.
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We next formalize the definition of a pseudo connecting orbit, homoclinic or
heteroclinic, connecting one pseudo periodic orbit to another.

DEFINITION 10. Definition of pseudo connecting orbit.Consider twoδ pseudo
periodic orbits{yk}+∞

k=−∞ and{yk}+∞
k=−∞ with associated times{ℓk}+∞

k=−∞ and{ℓk}+∞
k=−∞.

An infinite sequence{wk}+∞
k=−∞ with associated times{hk}+∞

k=−∞ is said to be aδ
pseudo connecting orbitconnecting{yk}+∞

k=−∞ to {yk}+∞
k=−∞ if f (wk) 6= 0 for all k

and

(i) ‖wk+1 − φhk(wk)‖ ≤ δ for k ∈ ZZ,

(ii) wk = yk, hk = ℓ̄k for k ≤ p andwk = yk, hk = ℓk for k ≥ q for some integers
p < q.

In particular, {wk}+∞
k=−∞ is said to be apseudo homoclinic orbitif there existsτ , 0 ≤

τ < N, such that̄yk = yk+τ and ℓ̄k = ℓk+τ for all k.

Shadowing of a pseudo connecting orbit is defined as in Definition 2 for infinite-
time shadowing.

Let Lw : Y → Ỹ be the linear operator defined by

(Lwv)k = vk+1 − Pk+1Dφhk(wk)vk,

wherePk, Y andỸ are defined as in Section 2 withw replacingy. We assume the op-
erator is invertible and that‖L−1

w ‖ ≤ K . Also we define constants as before Lemma 1
with y replaced byw.

With the definitions and notations above, here we state our main shadowing
theorems for connecting pseudo orbits. The first theorem guarantees the existence of a
true hyperbolic connecting orbit near a pseudo connecting orbit. Note that an orbit is
hyperbolicif and only if the invariant set defined by it is hyperbolic as in Definition 3.

THEOREM 4. Connecting Orbit Shadowing Theorem. Suppose that
{yk}+∞

k=−∞ and{yk}+∞
k=−∞ are twoδ pseudo periodic orbits with periods̄N and N, re-

spectively, of Eq. (1). Let{wk}+∞
k=−∞ be aδ pseudo connecting orbit of Eq. (1) with

associated times{hk}+∞
k=−∞ connecting{yk}+∞

k=−∞ to {yk}+∞
k=−∞. Suppose that the op-

erator Lw is invertible with
‖L−1

w ‖ ≤ K .

Then if

4Cδ < ε0, 4M1Cδ ≤ min{2, 1}, C2
(

N1δ + N2δ
2 + N3δ

3
)
< 1,

(i) the pseudo periodic orbits{yk}+∞
k=−∞ and {yk}+∞

k=−∞ are ε-shadowed by true
periodic orbits{x̄k}∞k=−∞ of periodN̄ and{xk}∞k=−∞ of period N where

ε ≤ 2C̄δ,

moreover,φt (x̄0) andφt (x0) are hyperbolic (non-equilibrium) periodic orbits;
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(ii) the pseudo connecting orbit{wk}+∞
k=−∞ above is alsoε-shadowed by a true orbit

{zk}∞k=−∞. Moreover,φt (z0) is hyperbolic and there are real numbersᾱ andα
such that‖φt (z0)−φt+ᾱ(x0)‖ → 0 as k→ −∞ and‖φt (z0)−φt+α(x0)‖ → 0
as t → ∞.

In the special case of the theorem above when the two periodicorbits coin-
cide, we obtain a transversal homoclinic orbit as hyperbolicity of the connecting orbit
implies its transversality. Now, an additional condition is required to ensure that the
connecting orbit does not coincide with the periodic orbit.The condition given in the
theorem below is that there be a point on the pseudo homoclinic orbit sufficiently dis-
tant from the pseudo periodic orbit. With the setting as in the previous theorem, we
state the following theorem.

THEOREM5. Homoclinic Orbit Shadowing Theorem. Suppose that{yk}+∞
k=−∞

is a δ pseudo periodic orbit with period N of Eq. (1). Let{wk}+∞
k=−∞ be aδ pseudo

homoclinic orbit of Eq. (1) with associated times{hk}+∞
k=−∞ connecting{yk}+∞

k=−∞ =
{yk+τ }+∞

k=−∞ to {yk}+∞
k=−∞, where0 ≤ τ < N. Suppose that the operator Lw is invert-

ible with
‖L−1

w ‖ ≤ K .

Then if

4Cδ < ε0, 4M1Cδ ≤ min{2, 1}, C2
(

N1δ + N2δ
2 + N3δ

3
)
< 1,

(i) the pseudo periodic orbit{yk}+∞
k=−∞ above isε-shadowed by a true periodic orbit

{xk}∞k=−∞ of period N where
ε ≤ 2C̄δ,

moreover,φt (x0) is a hyperbolic (non-equilibrium) periodic orbit;

(ii) the pseudo homoclinic orbit{wk}+∞
k=−∞ above is alsoε-shadowed by a true orbit

{zk}∞k=−∞. Moreover,φt (z0) is hyperbolic and there are real numbersᾱ andα
such that‖φt (z0)−φt+ᾱ(x0)‖ → 0 as k→ −∞ and‖φt (z0)−φt+α(x0)‖ → 0
as t → ∞. Furthermore, provided there exists r with p< r < q such that

‖wr − yk‖ > (‖ f (yk)‖ + 2M1C̄δ)
eM1(hmax+ε0)−1

M1
+ 4C̄δ

for 0 ≤ k ≤ N − 1, thenzr does not lie on the orbit ofx0 and so we may
conclude thatz0 is a transversal homoclinic point associated with the periodic
orbit φt (x0).

Notes on homoclinic shadowing:We prove the theorems above partly using earlier
theorems. First we prove the existence of the periodic orbits using the Periodic Shad-
owing Theorem. Then we use the Infinite-time Shadowing Lemmato show the ex-
istence of a unique orbit shadowing the pseudo homoclinic orbit. However, here we
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have to show this orbit is asymptotic to the periodic orbits.It turns out that this can
be proved by a compactness argument using the uniqueness. Moreover, we need to
show the transversality as well. This follows from the hyperbolicity which is proved
by a rather involved argument. Detailed proofs of these theorems are available in our
forthcoming paper [22].

Examples of flows with transversal connecting orbits are scarce. The papers
[36], [38], and [64] have examples of connecting orbits in celestial mechanics. Note
that [36] also employs shadowing methods but applies a theorem for a sequence of
maps (see also [49] for such a theorem) rather than a theorem specifically for differen-
tial equations. There are also studies using shooting methods combined with interval
arithmetic that attempt to establish the existence of connecting orbits; see, for exam-
ple, [60] where such orbits in the Lorenz Equations are computed. In Section 7 we will
exhibit the existence of a transversal homoclinic orbit in the Lorenz Equations for the
classical parameter values.

There are a number of studies for effectively computing accurate approxima-
tions to finite segments of orbits of flows connecting two periodic orbits. For example,
[25] and [48], inspired by [3], approximate a connecting orbit by the solution of a cer-
tain boundary value problem and they derive estimates for the error in the approxima-
tion. However, all existing work is carried out on the assumption that a true connecting
orbit exists. In contrast, our Connecting and Homoclinic Shadowing Theorems pro-
vide a new computer-assisted method for rigorously establishing the existence of such
orbits.

According to Sil’nikov’s theorem [55], [56], and [46], the existence of a transver-
sal homoclinic orbit implies chaos. A single transversal heteroclinic orbit does not
imply chaos. However, a cycle of transversal heteroclinic orbits does imply chaos.
Our Connecting Orbit Shadowing Theorem can be used to prove the existence of such
cycles in, for example, the Lorenz Equations, as demonstrated in [22].

6. Implementation issues

There are two main computational issues in applying the shadowing theorems we have
presented in the previous sections:

(i) Smallδ: finding a suitable pseudo orbit with sufficiently small rigorous local error
bound;

(ii) ||L−1|| ≤ K : verifying the invertibility of the operatorL (or finding a suitable right
inverse) and calculating a rigorous upper boundK on the norm of the inverse.

In this section we highlight certain key ideas regarding these computational consider-
ations, at suitable points directing the reader to references where further details can be
found.

(i) Finding a suitable pseudo orbit:In the case of finite-time shadowing, one
could be tempted to use a sophisticated numerical integration method with local error



Shadowing in ordinary differential equations 103

tolerance control to generate a good pseudo orbit. However,in order to claim the
existence of a true orbit near the computed approximate orbit, we need arigorous
bound on the local discretization errorδ. We have found a high-order Taylor Method to
be the most effective numerical integration method for thispurpose. To get a rigorousδ,
one must also account for the floating point errors in the calculation ofφhk(yk), which
we handle using the techniques of Wilkinson [65]. Details ofthe implementation of the
Taylor Method with floating error estimates for the Lorenz Equations are given in [17].

In the case of periodic or homoclinic shadowing, it is very difficult to find a
pseudo periodic orbit or pseudo homoclinic orbit withδ small enough by a routine use
of a numerical integrator using simple shooting, that is, various initial conditions are
tried until one is found with a smallδ. Usually theδ found in this way is not small
enough to apply our theorems. To get a pseudo orbit with a smaller δ, we refine the
“crude” pseudo orbit with a suitable global Newton’s method. “Global” means we work
with the whole pseudo orbit, not just its initial point sinceit turns out that working with
just the initial point is not effective.

Now we describe what we do in the periodic case. Let{yk}N
k=0 be aδ pseudo

periodic orbit of Eq. (1), found perhaps by simple shooting,or by concatenating seg-
ments of several orbits. In general, theδ associated with such a crude pseudo orbit will
not be sufficiently small to apply our Periodic Orbit Shadowing Theorem. We want to
replace this pseudo periodic orbit by a nearby one with a smaller δ. Ideally there would
be a nearby sequence of points{xk}N

k=0 and a sequence of times{tk}N
k=0 such that

xk+1 = φtk(xk) for k = 0, . . . , N − 1

x0 = ϕtN (xN).

We writexk = yk + zk, wherezk is orthogonal tof (yk), andtk = hk + sk. So
we need to solve the equations

zk+1 = φhk+sk(yk + zk)− yk+1 for k = 0, . . . , N − 1

z0 = ϕhN+sN (yN + zN)− y0.

As in Newton’s method, we linearize:

φhk+sk(yk + zk)− yk+1 ≈ f (φhk(yk))sk + Dφhk(yk)zk + φhk(yk)− yk+1.

Next we write
zk = Skuk,

whereuk ∈ IRn−1 and{Sk}N
k=0 is a sequence ofn × (n − 1) matrices chosen so that

[ f (yk)/‖ f (yk)‖ Sk] is orthogonal. So now we solve the linear equations

Sk+1uk+1 = f (yk+1)sk + Dφhk(yk)Skuk + gk for k = 0, . . . , N − 1

S0u0 = f (yN)sN + DφhN (yN)SNuN + gN

for sk anduk, wheregk = φhk(yk) − yk+1. Multiplying each equation in the first set
by S∗

k+1 and f (yk+1)
∗ and multiplying the last equation byS∗

0 and f (y0), under the
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assumption of no floating point errors, we obtain

(2)
uk+1 − Akuk = S∗

k+1gk for k = 0, . . . , N − 1
u0 − ANzN = S∗

0gN

and

sk = −‖ f (yk+1)‖−2 f (yk+1)
∗{Dφhk(yk)Skuk + gk} for k = 0, . . . , N − 1

sN = −‖ f (y0)‖−2 f (y0)
∗{DφhN (yN)SNuN + gN},

whereAk = S∗
k+1Dφhk(yk)Sk for k = 0, . . . , N − 1 andAN = S∗

0 DφhN (yN)SN . So
the main problem is to solve Eq. (2). This is solved by exploiting the local hyperbolicity
along the pseudo orbit which implies the existence of contracting and expanding direc-
tions. We use a triangularization procedure which enables us to solve forward first
along the contracting directions and then backwards along the expanding directions.
Note that it is numerically impossible to solve the whole system forwards because of
the expanding directions.

Once the new pseudo periodic orbit{yk + zk}N
k=0 with associated times{hk +

sk}N
k=0 is found, we check if its delta is small enough. If it is not, werepeat the proce-

dure for further refinement. For complete details see [19]. Asimilar method to refine a
crude pseudo homoclinic orbit is given in [22].

(ii) Verifying the invertibility of the operator (or findinga suitable right inverse)
and calculating an upper bound on the norm of the inverse:Again we just look at
the periodic case. A similar procedure is used in the finite-time and homoclinic cases
but in the homoclinic case it is rather more complicated since the sequence spaces are
infinite-dimensional; however, we can handle it due to the periodicity at both ends.
First we outline the procedure which would be used in the caseof exact computations.

To constructL−1
y , we need to find the unique solutionzk ∈ Yk of

zk+1 = Pk+1Dφhk(yk)zk + gk, for k = 0, . . . , N − 1

z0 = PN Dφhk(yk)zN + gN .

whenevergk is in Yk+1 for k = 0, . . . , N−1 and inY0 for k = N. We use then×(n−1)
matricesSk as defined in(i) and make the transformation

zk = Skuk,

whereuk is in IRn−1. Making this transformation, our equations become

uk+1 − Akuk = S∗
k+1gk, for k = 0, . . . , N − 1

u0 − ANuN = S∗
0gN,

whereAk is the(n− 1)× (n− 1)matrix Ak = S∗
k+1Dφhk(yk)Sk for k = 0, . . . , N − 1

andAN = S∗
0 DφhN (yN)SN .

As in (i), these equations are solved by exploiting the hyperbolicity which im-
plies the existence of contracting and expanding directions.
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We use a triangularization procedure which enables us to solve forward first
along the contracting directions and then backwards along the expanding directions.
Thus we are able to obtain a computable criterion for invertibility and a formula for the
inverse from which an upper bound for the inverse can be obtained.

Of course, we have to take into account round-off and discretization error. For
example, we have to work with a computed approximation toDφhk(yk). However,
this only induces a small perturbation in the operator. Another problem is that the
columns ofSk, as computed, are not exactly orthonormal. NextAk cannot be computed
precisely. Finally the difference equation cannot be solved exactly but we are still able
to obtain rigorous upper bounds, using standard perturbation theory of linear operators
and the techniques in [65] to obtain rigorous upper bounds onthe error due to floating
point operations. The necessary interval arithmetic can beimplemented by using IEEE-
754 compliant hardware with a compiler that supports rounding mode control. For
more details of these and other issues see [19] and for the finite-time and homoclinic
cases see [17] and [22], respectively.
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Figure 1: A pseudo orbit, withδ ≤ 1.978× 10−12, of the Lorenz Equations for the
classical parameter valuesσ = 10,β = 8/3,ρ = 28 and initial data(0, 1, 0) projected
onto the(x, y)-plane. There exists a true orbit withinε ≤ 2.562× 10−9 of this pseudo
orbit. For clarity, we have plotted only the first 120 time units of the pseudo orbit.
Shadowing of this pseudo orbit for much longer time is possible.
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Figure 2: Two short pseudo periodic orbits of the Lorenz Equations for the classi-
cal parameter values projected onto the(x, y)-plane. The pseudo orbit in (a) has
approximate period 1.559 time units; it is shadowed by a true periodic orbit within
ε ≤ 1.800× 10−12. It is interesting to observe that these periodic orbits coexist with
the nonperiodic orbit in Fig. 1.

7. Examples

In this section, we offer representative applications of the shadowing theorems from
Sections 3, 4, and 5, using the Lorenz Equations [41]

ẋ = σ(y − x)

ẏ = ρx − y − xz

ż = xy − βz

with the classical parameter valuesσ = 10, ρ = 28, β = 8/3. Using the Lyapunov
functionV(x, y, z) = ρx2 + σ y2 + σ(z − 2ρ)2, it is not difficult to establish that the
set

U = {(x, y, z) : ρx2 + σ y2 + σ(z − 2ρ)2 ≤ σρ2β2/(β − 1)}
is forward invariant under the flow of the Lorenz Equations for σ ≥ 1, ρ > 0, and
β > 1. Each pseudo orbit{yk}N

k=0 of the Lorenz Equations we calculate below lies
inside this forward invariant ellipsoidU .

First we give an example of finite-time shadowing for the initial data(0,1,0)
used by Lorenz. The pseudo orbit{yk}N

k=0 of the Lorenz Equations in Fig. 1 and the
sequence of matrices approximatingDφhk(yk) are generated by applying a Taylor se-
ries method of order 31 with initial valuey0 at t = 0 and with constant time stephk.
The Taylor method has the advantages that a bound for the local discretization error is
easily calculated and it also allows us to use relatively large step sizeshk. This pseudo
orbit is depicted in Fig.1. It is aδ pseudo orbit withδ ≤ 1.978× 10−13 and we are
able to show that it isε-shadowed by a true orbit withε ≤ 2.562× 10−9 for at least
850,000 time units. This example is taken from [17] where all the implementation de-
tails can be found. A pseudo orbit from almost all initial data of the Lorenz Equations



Shadowing in ordinary differential equations 107

-20

-15

-10

-5

0

5

10

15

20

-15 -10 -5 0 5 10 15
-20

-15

-10

-5

0

5

10

15

20

-15 -10 -5 0 5 10 15

(X) (Y)

Figure 3: “X” and “Y” pieces of a crude pseudo periodic orbit of the Lorenz Equations
for the classical parameter values projected onto the(x, y)-plane. Concatenated copies
in the order XY and XYY are used as initial guesses for the Global Newton’s method
to generate the refined pseudo periodic orbits in Fig. 2.

are shadowable for reasonably long time intervals. In the same reference shadowing
times of many other pseudo orbits are tabulated.
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Figure 4: Two long pseudo periodic orbits of the Lorenz Equations for the classical
parameter values projected onto the(x, y)-plane. The pseudo periodic orbit in (a)
is of type XXYYXXXYYYXYXYXXXYY. The pseudo periodic orbit in (b) has ap-
proximate period 1100.787 time units; it is shadowed by a true periodic orbit within
ε ≤ 5.239× 10−12.

Next, we present examples of periodic shadowing. Periodic orbits of the Lorenz
Equations exhibit a great deal of geometric variations and they have been the subject
of many publications; see, for example, [1], [5], [63]. Mostof these works are either of
numerical nature or pertain to a model system which is believed to capture the essential
features of the actual equations. One of the first rigorous demonstrations of a specific
periodic orbit of the Lorenz Equations was given in [15] using the Periodic Shadowing
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Figure 5: The pseudo periodic orbit of the Lorenz Equations from Fig. 2(a) (plotted in
small circles) and a pseudo homoclinic orbit (plotted in dots) doubly asymptotic to this
pseudo periodic orbit withδ ≤ 2.012× 10−12. There exist a true hyperbolic periodic
orbit and a true transversal homoclinic orbit withinε ≤ 2.266× 10−9 of the pseudo
ones.

Theorem of Section 4.

In Fig. 2 two short pseudo periodic orbits of the Lorenz Equations are plotted.
The pseudo periodic orbit in Fig. 2(a) has approximate period 1.559 and is readily
visible on the computer screen by following the solution from the initial data

(−12.78619065852397642, −19.36418793711800464, 24.0)

with a decent integrator. We found the periodic orbit in Fig.2(a) as follows: first we
computed the two orbit segmentsX andY in Fig. 3 whose endpoints were fairly close
and concatenated them together to form a pseudo periodic orbit XY with a quite large
δ. Then we used the global Newton’s method as outlined in Section 6 to find a re-
fined pseudo periodic orbit with sufficiently smallδ to apply the Periodic Shadowing
Theorem. With a similar concatenation method, it is possible to generate pseudo peri-
odic orbits with various geometries. Additional pseudo periodic orbits are depicted in
Figs. 2 and 4. Further computational and mathematical details of the analysis of these
pseudo periodic orbits are available in [15], [19], [22].

Lastly, we give an example of homoclinic shadowing. First wetook the pseudo
periodic orbit in Fig. 2(a). Using our concatenation technique followed by a global
Newton’s method, we next found a pseudo homoclinic orbit connecting the pseudo
periodic orbit to itself. This pseudo connecting orbit, which is pictured in Fig. 5, has
δ ≤ 2.012× 10−12. The values of the significant constants associated with this pseudo
connecting orbit and the requisite inequalities for the Homoclinic Orbit Shadowing
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Parameters:

σ = 10.0, β = 8.0/3.0, ρ = 28.0

Convex set:

U = {(x, y, z) : ρx2 + σ y2 + σ(z − 2ρ)2 ≤ σρ2β2/(β − 1)}

Significant quantities:

M0 ≤ 5546.1807694948548 K = 567.89771838622869
M1 ≤ 87.040362193445489 1 ≥ 37.640569857537358
M2 ≤ 1.4142135623730951 M0 ≤ 243.91779884309116
hmax = 0.011826110602228697 M1 ≤ 28.802758744306345
hmin = 0.0019715050733614117C ≤ 567.89771838622869
ε0 = 1.0000000000000001× 10−5 C ≤ 567.89777438966746
N = 168 N1 ≤ 57496.233185753386
p = 167 N2 ≤ 2.8839060646841870× 1011

q = 3940 N3 ≤ 1.5646336856150979× 1017

τ = 76 ε = 2.2659685392584887× 10−9

δ = 2.0118772701071166× 10−12 r = 3277

Inequalities:

4Cδ ≤ 4.5701620454677841× 10−9 < ǫ0

4M1Cδ ≤ 3.9778855972025359× 10−7 ≤ min(2,1) = 2

C2((N3δ + N2)δ + N1)δ ≤ 3.7306585982472891× 10−2 < 1

Figure 6: Significant constants and the requisite inequalities for the pseudo homoclinic
orbit in Fig. 5. From the Homoclinic Shadowing Theorem, there exist a true hyperbolic
periodic orbit and a true transversal homoclinic orbit within ε ≤ 2.266× 10−9 of the
pseudo ones.

Theorem in Section 5 are tabulated in Fig. 6. It is evident from these numbers that the
hypotheses of our Homoclinic Orbit Shadowing Theorem are fulfilled.
Thus we conclude: there exists a true transversal homoclinic orbit within ε ≤ 2.266×
10−9 of this pseudo one. As outlined in the Introduction, the existence of such an orbit
implies chaotic behavior in the vicinity.
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8. Closing remarks

In the preceding pages, we have tried to demonstrate the utility and the promise of shad-
owing as a new development in the rigorous computer-assisted analysis of ordinary dif-
ferential equations. Shadowing can be used to show that certain computer simulations
of chaotic systems do indeed represent true states of the system. Moreover, shadowing
is able to establish the existence of orbits with various dynamical properties such as
hyperbolic periodic orbits and transversal homoclinic or heteroclinic orbits. In contrast
to classical numerical analysis which tries to compute known orbits as accurately as
possible, shadowing can show their existence rigorously.

One limitation of the shadowing methods presented here is that they will only
work with systems which display some hyperbolicity, even ifnot uniform. Limits to
shadowing due to fluctuating Lyapunov exponents or unstabledimension variability
have been investigated in [24], [53].

In this review article we tried to give the highlights of our work in shadowing
during the past decade. Due to the inevitable time and space constraints, we could not
include many other developments in shadowing; we apologizeto the authors of numer-
ous excellent publications to which we could not refer. We hope we have convinced
you of the utility of shadowing and that you will be interested enough to look at the
details of our work and the works of the others listed in the references.
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SOME RESULTS ON PERIODIC POINTS AND CHAOTIC

DYNAMICS ARISING FROM THE STUDY OF THE

NONLINEAR HILL EQUATIONS

Abstract. We study fixed point theorems for maps which satisfy a property of stretching
a suitably oriented topological spaceZ along the paths connecting two disjoint subsetsZ−

l
andZ−

r of Z. Our results reconsider and extend previous theorems in [56, 59, 60] where the
case of two-dimensional cells (that is topological spaces homeomorphic to a rectangle of the
plane) was analyzed. Applications are given to topologicalhorseshoes and to the study of the
periodic points and the symbolic dynamics associated to discrete (semi)dynamical systems.

1. Introduction

1.1. A motivation from the theory of ODEs

In the study of boundary value problems for nonlinear ODEs, the shooting method,
in spite of being sometimes considered as an old fashioned technique, is still a quite
powerful and effective tool in various different situations. For instance, as a sample
model, let us consider the generalized Sturm−Liouville problem for a second order
equation of the form

u′′ + f (t,u,u′) = 0, (u(t0),u
′(t0)) ∈ Ŵ0 , (u(t1),u

′(t1)) ∈ Ŵ1 ,

where f = f (t, x, y) : [t0, t1] × R
2 → R is a continuous function satisfying a locally

Lipschitz condition with respect to(x, y) andŴ0 andŴ1 are two unbounded closed
connected subsets of the planeR

2. Using the shooting method, one can start from the
Cauchy problem (for which we have the uniqueness of the solutions and their continu-
ous dependence upon the initial values)

u′′ + f (t,u,u′) = 0, (u(t0),u
′(t0)) = (x0, y0) := z0 ,

with z0 ∈ Ŵ0 and, having denoted byζ(· ; t0, z0) the corresponding solution of the
equivalent first order system in the phase-plane

(1) x′ = y, y′ = − f (t, x, y),

with ζ(t0) = z0 , look for the intersections betweenŴ1 and the setŴ′
0 := {ζ(t1; t0, z0) :

z0 ∈ Ŵ0}. Clearly, any pointz1 ∈ Ŵ′
0 ∩ Ŵ1 is the value(u(t1),u′(t1)) corresponding

to a solutionu(·) of the original Sturm−Liouville problem and different points in the
intersection ofŴ1 with Ŵ′

0 are associated to different solutions as well. In the simpler

∗Supported by the MIUR project ”Equazioni Differenziali Ordinarie e Applicazioni” (PRIN 2005).
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case in whichŴ0 is the image of a continuous curveθ0 : [0,1[ → R
2, the setŴ′

0 can
sometimes be described as the image of a continuous curve too, by means of the map
θ1 : [0,1[ ∋ s 7→ ζ(t1; t0, θ0(s)) (this, of course, is not always guaranteed, in fact
we are not assuming in this example that all the solutions of the Cauchy problems can
be defined on[t0, t1] and therefore, without further assumptions onf, it could happen
that θ1 may be not defined on the whole interval[0,1[ ). See also [9, 10, 13, 23] for
different topological approaches where the uniqueness of the solutions for the Cauchy
problem is not assumed.

In [55], dealing with some boundary value problems associated to the nonlinear
scalar ODE

(2) u′′ + q(t)g(u) = 0

and assuming thatq : [t0, t1] → R is a continuous and piece-wise monotone function
andg : R → R, with

g(s)s> 0, for s 6= 0,

a locally Lipschitz continuous mapping satisfying a condition of superlinear growth at
infinity, we considered the case in which there isτ ∈ ]t0, t1[ such that

q(t) > 0 for t ∈ ]t0, τ [ and q(t) < 0 for t ∈ ]τ, t1[

and then we found in the phase-plane two conical shellsW(+) := W(r, R) andW(−)
:= −W(r, R), with

(3) W(r, R) := {(x, y) ∈ R
2 : x ≥ 0, y ≥ 0, r 2 ≤ x2 + y2 ≤ R2},

such that the following path-stretching property holds:

(H±) for every pathσ(±) contained in W(±) and meeting the inner and the outer
circumferences at the boundary of W(±) there are sub-pathsγi (±) (i = 1,2)
contained in the domain Dϕ of the mapϕ : R

2 ∋ z0 7→ ζ(t1; t0, z0) ∈ R
2 and

such thatϕ(γ1(±)) is contained in W(±) and meets both the inner and the outer
circumferences, as well asϕ(γ2(±)) is contained in W(∓) and meets both the
inner and the outer circumferences.∗

The pointsz0 = (x0, y0) belonging to each of the sub-pathsγi (±) (i = 2,1) are initial
points of system

(4) x′ = y, y′ = −q(t)g(x),

for t = t0 for which the corresponding solutionζ(· ; t0, z0) = (u(·),u′(·)) is such that
u(t) has a sufficiently large (but fixed in advance) number of zerosin the interval]t0, τ [
and then, either exactly one zero or no zeros at all (and a zerofor its derivative) in the
interval]τ, t1[ .

∗In [55] we used a definition of path which is slightly different from the one considered here in Section
1.5; however, this does not effect the validity of property(H±). Actually, for the moment, as long as we are
in the introductory part of this work and also for the sake of simplicity in the exposition, we prefer to be a
little vague about the precise concept of path we are going touse.
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Figure 1: An illustration of the situation which occurs in [55]. Any pathσ = σ(+)
contained in the first quadrant and meeting the inner and the outer circumferences of
the conical shellW(+) (like the one drawn with a thinner line) contains (at least) two
sub-pathsγ1 = γ1(+) andγ2 = γ2(+) (like those drawn with a thicker line) satisfying
the following property: through the mapϕ, one of the two sub-paths (namely,γ1) is
transformed to a path (drawn with a thicker line) contained in the first quadrant and
crossing the setW(+), while the other sub-path (that is,γ2) is transformed to a path
(drawn with a thicker line) contained in the third quadrant and crossing the setW(−).
The same happens with respect to any pathσ(−) contained inW(−) and intersecting
the inner and the outer circumferences at the boundary ofW(−).
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Figure 2: An illustration of the possible behavior of a solution u(t) of (2) for t ∈
[t0, t1], with (u(t0),u′(t0)) belonging toγ1(+). The solution oscillates a certain (large)
number of times in]t0, τ [ . At the timeτ of switching fromq > 0 to q < 0 the point
(u(τ ),u′(τ )) lies in the interior of the fourth quadrant of the phase-plane. Then, in the
interval[τ, t1] we haveu(t) > 0 with u′(t) vanishing exactly once.

Figure 3: An illustration of the possible behavior of a solution u(t) of (2) for t ∈
[t0, t1], with (u(t0),u′(t0)) belonging toγ2(+). The solution oscillates a certain (large)
number of times in]t0, τ [ . At the timeτ of switching fromq > 0 to q < 0 the point
(u(τ ),u′(τ )) lies in the interior of the fourth quadrant of the phase-plane. Then, in the
interval[τ, t1] we haveu′(t) < 0 with u(t) vanishing exactly once.
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Figure 4: An illustration of the possible behavior of a solution u(t) of (2) along an
interval made by two subintervals whereq > 0 which are separated by a subinterval
whereq < 0. In this latter subintervalu′ < 0 andu vanishes exactly once.

If there are several adjacent intervals like[t0, t1] in which the weight functionq(t)
changes its sign, we can repeat the same argument for each of such intervals and obtain
solutions which have a large number of zeros in each intervalwhenq(t) > 0 and either
exactly one zero, or no zeros at all (according to any finite sequence in{0,1} which is
fixed in advance). Figure 4 and Figure 5, below, describe the situation of two positive
intervals for the weight which are separated by an interval whereq < 0. According
to [55] there exist solutions with a large number of oscillations in the intervals when
q > 0 and vanishing either once or never in the interval when the weight is negative.
Both kind of solutions coexist for the same equation, the different outcome depending
by small differences in the initial conditions. The graphs drawn in Figures 2-5 (using
Maple software) represent an idealized situation that we use as a description of the
main result in [55] and do not concern a specific equation like(2).

In [55], using a key lemma involving the path-stretching property (H±), and
some results adapted from Hartman [28] and Struwe [69] (which allow to find in-
finitely many solutions for generalized Sturm−Liouville superlinear problems when
the weight function is positive), we obtained the existenceof (infinitely many) solu-
tions for various boundary value problems associated to equation (2) in the case of a
nonlinear functiong satisfying a condition of superlinear growth at infinity. A possi-
ble choice ofg is given byg(s) = |s|α−1s with α > 1, which makes equation(2)
a nonlinear analogue of Hill’s equation (cf. [5]). Our results in [55] allow to obtain
solutions having an arbitrarily large number of zeros in theintervals whenq > 0 and
either no zeros or exactly one zero (following any prescribed rule) in the intervals when
q < 0. In some related works (see, e.g., [14, 58, 59]) it was then proved that similar re-
sults hold also with respect to other kinds of nonlinear ODEsor under different growth
assumptions forg(s) in (2). The interested reader can find in [4, 6, 70] as well as in
[8, 14, 24, 45, 52, 53, 54, 57, 59] and the references therein further information and
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Figure 5: An illustration of the possible behavior of another solutionu(t) of (2) along
an interval made by two subintervals whereq > 0 which are separated by a subinterval
whereq < 0. In this latter subintervalu > 0 andu′ vanishes exactly once.

results about the rich structure and the complex dynamics ofthe solutions of the non-
linear equation(2) with a sign changing weightq(t).

In the case whenq(t) is a periodic function such that its interval of periodicity
can be decomposed into a finite number of adjacent subintervals whereq(t) alternates
its sign, a natural problem turns out to be that of the search of periodic (harmonic and
subharmonic) solutions to(2). Results about the existence of infinitely many periodic
solutions for the superlinear case were obtained by Butler in his pioneering work [6].
For a nonlinearity having superlinear growth at infinity, Terracini and Verzini in [70]
proved the existence of periodic solutions which have an arbitrarily large (but possibly
fixed in advance) number of zeros in the intervals whenq > 0 and precisely one
zero in the intervals whenq < 0. At the best of our knowledge, this is the first result
giving evidence of a very complicated behavior for the solutions of the nonlinear Hill’s
equations with a sign changing weight.

In view of the path-stretching property(H±) and the above quoted results for
the periodic problem, as a next step, one can raise the question whether it is possible to
obtain fixed points (as well as periodic points) for a map liketheϕ considered in(H±).
This goal was achieved in [56] where we obtained a fixed point theorem for planar
maps (subsequently reconsidered and generalized in [59, 60]) that, when applied to
the case of a periodic weight function, shows that the path-stretching condition(H±)
implies the existence of infinitely many periodic solutions(harmonic and subharmonic)
as well as the presence of a chaotic-like dynamics for the solutions of(2).

1.2. Fixed points and periodic points for planar mappings

In order to present the results in [56, 59, 60], first of all we put in a more abstract form
the situation described in(H±). For sake of simplicity, we give here only some of the
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main features of our approach, with a few comments. The interested reader is referred
to [59, 60] for all the details, as well as for some remarks andcomments [61] relating
our results to some developments of the Conley−Ważewski theory [17, 25, 26, 47, 49,
65, 66, 67, 68, 79, 80, 81, 82]. We also notice that the terminology here is a little
different than in [56, 59, 60]. The different choice in the presentation is made in order
to employ some terms that can be easily adapted to the higher dimensional case, that is
the scope of the second part of this article.

Let X be a Hausdorff topological space. A subsetR ⊆ X is called ageneralized
rectangleor atwo-dimensional cellif there is a homeomorphismη of [0,1]2 ⊆ R

2 onto
R ⊆ X. Givenη, we put in evidence the sets

R
−
l := η({0} × [0,1]), R−

r := η({1} × [0,1]), and R− := R
−
l ∪ R−

r .

We define also the pair

R̂ := (R,R−)

as a (generalized)oriented rectangleor oriented cell. The indexes “l ” and “ r ” stand
for “ left ” and “ right ”, respectively. Clearly, any other way of labelling two objects
(like “ 0 ” and “ 1 ”) fits well. By setting

R
+
b := η([0,1] × {0}) and R+

t := η([0,1] × {1}),

one can also define in a dual manner the “ base ” and the “ top ” of the generalized
rectangleR. By convention, we take the orientation through the[ · ]−-set.

As an example, the conical shellR := W(+) = W(r, R) defined in(3) is a
generalized rectangle and we can take the homeomorphismη in order to have

R
−
l := W(+) ∩ {x2 + y2 = r 2}, R−

r := W(+) ∩ {x2 + y2 = R2}.

Next, we present a fixed point theorem for continuous maps which stretch an
oriented rectangle. The main feature of our result is that welook for fixed points which
belong to a given subsetD of the domain of the mapψ under consideration. By reason
of this requirement, we consider pairs(D, ψ).
Let Â = (A,A−) andB̂ = (B,B−) be two oriented rectangles (in the same Hausdorff
topological spaceX), letψ : X ⊇ Dψ → X be a continuous map and letD ⊆ Dψ∩A.

We say that(D, ψ) stretcheŝA to B̂ along the pathsand write

(D, ψ) : Â⊳ B̂,

if there is a compact setK ⊆ D such that the following conditions are satisfied:

ψ(K) ⊆ B,

for every pathσ ⊆ A with σ ∩ A
−
l 6= ∅ andσ ∩ A−

r 6= ∅, there is a sub-path
γ ⊆ σ ∩ K with ψ(γ ) ∩ B

−
l 6= ∅ andψ(γ ) ∩ B−

r 6= ∅.
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Figure 6: Suppose that a continuous mappingψ transforms the generalized rectangle
R (the “fat” cheese-like object) to the worm-like setψ(R). The two components of the
[ · ]−-set ofR as well as their images underψ are represented by segments (arcs) with
a darker color at the contour of the corresponding figures. The stretching property is
visualized by the fact that there is a “crossing” of the “worm” through the “cheese”.

To put emphasis on the role of the compact setK in the stretching definition, sometimes
we also write

(D,K, ψ) : Â⊳ B̂.

Using a result about plane continua previously applied in a different context also by
Conley [11] and Butler [6] (for a proof, see [63] as well as [59, 60]), the following
fixed point theorem was obtained.

THEOREM 1. Let R̂ = (R,R−) be an oriented rectangle in X. If (D,K, ψ)
: R̂⊳ R̂, then there isw ∈ D (actuallyw ∈ K) such thatψ(w) = w.

An illustration of Theorem 1 is given in Figure 6.

Of course, not all the crossings fit to our purposes. For instance, Figure 7 shows
an example of nonexistence of fixed points.
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Figure 7: An example showing a case in which the stretching property is not satisfied.
The white region is moved to the white one and the darker to thedarker one by a
homeomorphism which does not have fixed points.

In order to better understand which are the good crossings betweenR andψ(R)
that permit to apply our fixed point theorem, we considered the following definitions
of slabs of an oriented rectangle (called “ slices ” in [60]).

Let M̂ = (M,M−) andN̂ = (N,N−) be two oriented cells inX. We say that
M̂ is ahorizontal slabof N̂ and write

M̂ ⊆h N̂,

if M ⊆ N and, either
M

−
l ⊆ N

−
l and M−

r ⊆ N−
r ,

or
M

−
l ⊆ N−

r and M−
r ⊆ N

−
l .

Similarly, we say that̂M is avertical slab of N̂ and write

M̂ ⊆v N̂,

if M ⊆ N and, either
M

+
b ⊆ N

+
b and M+

t ⊆ N+
t ,

or
M

+
b ⊆ N+

t and M+
t ⊆ N

+
b .
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Figure 8: (taken from [60]). Example of oriented cellsR̃ (white) andψ(R̃) (light color)
with crossings into three slabs (darker color). The[ · ]−-sets are indicated with a bold
line. Among the five cells which are the connected componentsof the intersection
ψ(R) ∩ R, only the three painted with darker color are suitable to playthe role of the
M’s for the application of Theorem 2.

Now, given three oriented rectangles (cells) inX, which are denoted bŷA = (A,A−),
B̂ = (B,B−) andM̂ = (M,M−), we say that̂B crosseŝA in M̂ and write

M̂ ∈ {Â ⋔ B̂},

if
M̂ ⊆h Â and M̂ ⊆v B̂.

The symbol⋔ is borrowed from the case of transversal intersections, however we point
out that in our situation (although confined to sets which aretwo-dimensional in nature)
we don’t need any smoothness assumption. In fact, our setting is that of topological
spaces. From the above definitions and by Theorem 1 the following result easily fol-
lows.

THEOREM 2. Let Â = (A,A−) and B̂ = (B,B−) be oriented cells in X. If
(D,K, ψ) : Â⊳ B̂ and there is an oriented cell̂M such thatM̂ ∈ {Â ⋔ B̂}, then
there existsw ∈ K ∩ M such thatψ(w) = w.

A situation like that depicted in Figure 8 in which we have more than one good
intersection between the domain and the image of a homeomorphism is typical of the
horseshoe maps and thus, as a next step, we can look for the existence of a complete
dynamics onm symbols, wherem ≥ 2 is the number of the crossings. With this
respect, we have to recall that a very general topological theory has been developed in
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the recent years by Kennedy, Yorke and their collaborators in a series of fundamental
papers in this area (see [33, 35, 36, 37, 38]). Our goal instead is to take advantage of
our simplified framework in which we consider only sets whichare homeomorphic to
a square and prove the existence of periodic points of any order. To this aim, we have
to apply Theorem 1 to the iterates of the mapψ and select carefully some subset of
the domainD in order to find “true” periodic points (for instance those with a long
minimal period). First, however, we need a further definition, taken from [39].

We say thatψ : X ⊇ Dψ → X has achaotic dynamics of coin-tossing type
on k symbolsif k ≥ 2 and there is a metrizable spaceZ ⊆ X andk pairwise disjoint
compact setsW1 , . . . ,Wk ⊆ Z ∩ Dψ such that, for each two-sided sequence(sn)n∈Z

with
sn ∈ {1, . . . , k}, ∀ n ∈ Z,

there is a sequence of points(zn)n∈Z with

zn ∈ Wsn and zn+1 = ψ(zn) , ∀ n ∈ Z.

In other words, any possible itinerary on the setsW1 . . . ,Wk is followed by some
point.

As an auxiliary tool in order to obtain at the same time the existence of such
kind of chaotic trajectories and also the fact that all the periodic itineraries can be
followed by some periodic point, we have the following theorem (see [59]), which is
also reminiscent of some results in [34] and [73].

THEOREM 3. Assume that there is a (double) sequence of oriented rectangles
(Âk)k∈Z and maps((Dk, ψk))k∈Z , with Dk ⊆ Ak , such that(Dk, ψk) : Âk⊳ Âk+1
for each k∈ Z. Then the following conclusions hold:

(a1) There is a sequence(wk)k∈Z withwk ∈ Dk andψk(wk) = wk+1 for all k ∈ Z;

(a2) For each j∈ Z there is a compact and connected setC j ⊆ D j satisfying

C j ∩ (A j )
+
b 6= ∅, C j ∩ (A j )

+
t 6= ∅

and such that for eachw ∈ C j there is a sequence(yℓ)ℓ≥ j , with yℓ ∈ Dℓ and
y j = w, yℓ+1 = ψℓ(yℓ) for eachℓ ≥ j ;

(a3) If there are integers h, k with h< k such thatÂh = Âk , then there is a finite
sequence(zi )h≤i≤k , with zi ∈ Di andψi (zi ) = zi+1 for each i= h, . . . , k − 1,
such that zh = zk , that is, zh is a fixed point ofψk−1 ◦ · · · ◦ ψh .

The proof of(a1) and partially also that of(a2) could be given by adapting to
our setting the argument in [33, Lemma 3 and Proposition 5]. As to (a3), we apply
Theorem 1. The existence of the continuum (compact connected set)C j in (a2) is a
byproduct of the topological lemma that we employ also in theproof of Theorem 1.
We give all the main details along the proof of Theorem 11 in Section 3.2 and refer to
[59] for more information.
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From Theorem 3 several corollaries can be obtained. Now we just recall a few
of them which are taken from [59] and [60]. Due to space limitation, we don’t give
here other applications to ODEs. We just mention the recent thesis by Covolan [12]
which contains a detailed description of the results in [33]and those in [59, 60] and
where it is shown that our theorem, when applied to the searchof fixed points for
the iterates of a two-dimensional map, may add some useful information (about the
existence of periodic points) to the conclusions obtained in some recent articles (like,
e.g., [30, 75, 76, 77]), where the theory of topological horseshoes was applied to prove
the existence of a chaotic dynamics in various different models.

THEOREM 4. Suppose that̂A = (A,A−) andB̂ = (B,B−) are oriented cells
in X. If (D,K, ψ) : Â⊳ B̂ and there are k≥ 2 oriented cellŝM1 . . . , M̂k such that

M̂i ∈ {Â ⋔ B̂}, for i = 1, . . . , k,

with
Mi ∩ M j ∩ K = ∅, for all i 6= j, with i, j ∈ {1, . . . , k},

then the following conclusion holds:

(b1) ψ has a chaotic dynamics of coin-tossing type on k symbols (with respect to the
sets Wi = Ki = K ∩ Mi );

(b2) For each one-sided infinite sequences = (s0, s1, . . . , sn, . . . ) ∈ {1, . . . , k}N
there is a continuumCs ⊆ Ks0 with

Cs ∩ (Ms0)
+
l 6= ∅, and Cs ∩ (Ms0)

+
r 6= ∅,

such that for each pointw ∈ Cs , the sequence

z j +1 = ψ(z j ), z0 = w, for j = 0,1, . . . ,n, . . .

satisfies
z j ∈ Ksj , ∀ j = 0,1, . . . ,n, . . . ;

(b3) ψ has a fixed point in each setKi := Mi ∩ K and, for each finite sequence
(s0, s1, . . . , sm) ∈ {1, . . . , k}m+1, with m ≥ 1, there is at least one point z∗ ∈
Ks0 such that the position

z j +1 = ψ(z j ), z0 = z∗, for j = 0,1, . . . ,m

defines a sequence of points with

z j ∈ Ksj , ∀ j = 0,1, . . . ,m and zm+1 = z∗.

As a comment to this result, we look again at Figure 8 and observe that, besides
having a coin-tossing dynamics on three symbols, we have also the existence of fixed
points in each of the three darker regions and, moreover, once we have labelled these
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Figure 9: (compare to Figure 6). Now the worm crosses nicely the cheese for two times
and we obtain a complete dynamics on two symbols (as well as periodic points of any
period).

three regions with corresponding symbols, say 1,2,3,we have also that to any periodic
sequence in{1,2,3} we can find a corresponding periodic point for the mapψ which
follows (alongψ) the itinerary described by the periodic sequence. Figure 8illustrates
the case in whichψ is a homeomorphism and the three good intersections are pairwise
disjoint. Actually, our Theorem 3 is more flexible (cf. Corollary 2 below) and it allows
to come to the same conclusion by a careful selection of disjoint subsets of the domain
of the map (which is not necessarily a homeomorphism). As an illustration of this
remark, let us consider Figure 9.

In this direction, two possible corollaries of Theorem 3 arethe following. They cor-
respond, respectively: (a) to the property(H±) which holds with respect to the
solutions of system(1) and the two conical shellsW(+) andW(−), and (b) to the
example depicted in Figure 9. We refer to [59] for the proof ofboth the corollaries, as
well as for the proof of a more general result from which they both come.

COROLLARY 1. Let R̂0 = (R0,R
−
0 ) and R̂1 = (R1,R

−
1 ), be two oriented

rectangles withR0 ∩ R1 = ∅ and such that

ψ : R̂i⊳ R̂ j , ∀ i, j ∈ {0,1}.
Then the following conclusions hold:

(c1) ψ has a dynamics of coin-tossing type with respect to the pair(R0,R1).;
(c2) For every sequences = (sn)n , with sn ∈ {0,1} for each n≥ 0, there is a

continuumCs ⊆ Rs0 satisfying

Cs ∩ (Rs0)
+
b 6= ∅, Cs ∩ (Rs0)

+
t 6= ∅
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Figure 10: (compare to Figure 9). The two good crossings comefrom two disjoint
subregions (those painted with a darker color) of the domain.

and such that for eachw ∈ Cs there is a sequence(yn)n , with yn ∈ Rsn and
y0 = w, yn+1 = ψ(yn) for each n≥ 0;

(c3) For each finite sequence(s0, s1, . . . , sk) ∈ {0,1}k+1 with sk = s0 , there is a
w0 ∈ Rs0 which generates a finite sequence(wℓ)0≤ℓ≤k such that

ψ(wℓ) = wℓ+1 ∈ Rsℓ , ∀ ℓ = 0, . . . , k − 1

andwk = w0 .

COROLLARY 2. Let R̂ = (R,R−) be an oriented cell and suppose that there
are two disjoint compact setsD0 ,D1 ⊆ R ∩ Dψ such that

(Di , ψ) : R̂⊳ R̂ , ∀ i ∈ {0,1}.

Then the following conclusions hold:

(d1) ψ has a dynamics of coin-tossing type with respect to the pair(D0,D1);
(d2) For every sequences = (sn)n , with sn ∈ {0,1} for each n≥ 0, there is a

continuumCs ⊆ Ds0 satisfying

Cs ∩ (R)+b 6= ∅, Cs ∩ (R)+t 6= ∅

and such that for eachw ∈ Cs there is a sequence(yn)n , with yn ∈ Dsn and
y0 = w, yn+1 = ψ(yn) for each n≥ 0;

(d3) For each finite sequence(s0, s1, . . . , sk) ∈ {0,1}k+1 with sk = s0 , there is a
w ∈ Ds0 which generates a finite sequence(wℓ)0≤ℓ≤k such that

ψ(wℓ) = wℓ+1 ∈ Dsℓ , ∀ ℓ = 0, . . . , k − 1

andwk = w0 .
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1.3. Extensions to higher dimensions

Suppose now that we have a (non-autonomous) nonlinear differential system inRN

(with N possibly strictly larger than 2)

(5) x′ = F(t, x)

with F : R×� → R
N a continuous vector field (more general Carathéodory hypothesis

could be considered as well) which satisfies a local Lipschitz condition with respect to
x ∈ �, where� is an open subset ofRN. Assume also that there isT > 0 such that
F(t + T, x) = F(t, x) for every(t, x) ∈ R × �. Then we can define the Poincaré’s
operator

Q : � ⊇ DQ → R
N, z0 7→ ζ(t0 + T; t0, z0),

whereζ(· ; t0, z0) is the solution of(5) satisfying the initial conditionx(t0) = z0 . From
the fundamental theory of ODEs we know thatDQ is an open subset of� andQ is a
homeomorphism ofDQ onto its imageQ(DQ). The problems that we want to discuss
concern:

(A) the search ofT-periodic solutions of equation(5),

(B) the existence of “true” subharmonic solutions (that is,mT-periodic solutions of
(5), for somem ≥ 2, that are notjT -periodic for everyj = 1, . . . ,m − 1),

(C) the evidence of a complex behavior of the solutions of(5). For instance, the
existence of two sets like the setsW(+) andW(−) found in [55] for the systems
x′

1 = x2 , x′
2 = −q(t)g(x1), where the trajectories can arbitrarily get in and

out respecting any a priori fixed coin-tossing sequence of indexes (say 0 or 1 or
“left” and “right”) labelling the two sets.

For these goals, following a classical method [40] we rely onthe study of the Poincaré’s
mapQ and its iterates, or, in other words, we investigate the discrete dynamical system
associated toQ. Actually, we study general mapsψ which are not necessarily home-
omorphisms (even continuity on their whole domain will be not assumed; of course,
we’ll need continuity on some “interesting” subsets of their domain) for which we
discuss the existence of fixed points, periodic points and chaotic-like dynamics. Our
main assumption is astretching condition along the pathsthat extends to a broader
setting the property(H±) recalled above as well as it generalizes to higher dimension
the previous treatment for the two-dimensional case considered in [56, 59, 60].

Maps which act on a topological rectangle as an expansion along some direc-
tions and a compression along the remaining ones have been widely studied in the
literature. They appear, for instance, in the constructionof Markov partitions (cf. [51,
Appendix 2, pp.169–177]) and therefore they are crucial in the study of the multidi-
mensional chaos. Another area in which such maps are involved concerns the search
of periodic solutions for periodic non-autonomous differential systems which are par-
tially dissipative (cf. [2, 3, 41]). In order to set a suitable list of hypotheses for a
fixed point theorem concerning a continuous mappingψ = (ψu, ψs) defined on aN-
dimensional rectangleR = Bu[0,1] × Bs[0,1] ⊆ R

N = R
u × R

s (where we think
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at theu-components and thes-components as the unstable-expansive and the stable-
compressive ones, respectively), a reasonable choice of assumptions to put on the map
ψ along thes-component will be that of taking conditions that reduce to those of the
Brouwer or of the Rothe fixed point theorems (or to analogous ones) in the special case
whenu = 0 ands = N.On the other hand, it seems perhaps less evident which could be
the best choice of assumptions to express the expansive effect along thes-components.
With this respect, both conditions on the norm (like in [2, 3]) and componentwise con-
ditions (like in [80, 81]) have been assumed. As we have already explained with some
details in the first part of this Introduction, motivated by the stretching property(H±)
discovered in [55] for equation(2) we obtained in [56] a fixed point theorem for planar
mappings where the main hypothesis requires that the map expands the paths connect-
ing two opposite sides of a topological rectangle. Further generalizations were then
given in [59, 60], but still for a setting which is basically two-dimensional in nature.
We recall that an expansive condition for paths connecting the opposite faces of aN-
dimensional rectangle was also considered by Kampen in [32], allowing an arbitrary
number of expansive directions (see [32, Corollary 4]). However, when reduced to the
special caseN = 2, Kampen’s result and ours seem to differ in some relevant points.
In particular, a crucial assumption of our fixed point theorem in [56] allows the map
to be defined only on some subsets of the rectangle and, moreover, even when the the
mapping is defined on the whole rectangle, the assumptions in[32] and those in [56]
about the compressing direction are basically different. One of the main features that
we ask to a fixed point theorem for expansive-compressive mappings is to depend on
hypotheses that can be easily reproduced for compositions of maps. This, in turns,
permits to apply the theorem to the iterates ofψ and thus obtain results about the ex-
istence of nontrivial periodic points. Since our path-stretching property well fits also
with respect to this requirement (of course, it is not the only one; in fact, nice alternative
approaches are available in literature), we want to addressour investigations toward a
suitable extension of such property to the caseN > 2.

1.4. Contents

After such a long introduction in which we surveyed some of our preceding results
for the two-dimensional case, we are ready to present some new developments in the
higher dimensional setting. Then the rest of this paper is organized as follows. In
Section 2 we present our main result (Theorem 6) which is a fixed point for a com-
pact map defined on a subset of a cylinder in a normed space. In order to simplify
the exposition, we confine ourselves to the idealized situation in which we split our
space as a productR× X and indicate its elements as pairs(t, x), so that we can easily
express our main assumption as an hypothesis of expansion ofthe paths contained in
the cylinderB[a, R] = [−a,a] × B[0, R] along thet-direction. The principal tool for
the proof of our basic fixed point theorem is the Leray−Schauder continuation theo-
rem in its strongest form asserting the existence of a continuum of solution-pairs for
a nonlinear operator equation depending on a real parameter(Théor̀eme Fondamental
[42]). Such result, with its variants and extensions, is oneof the main theorems of the
Leray−Schauder topological degree theory and it has found severalimportant applica-
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tions to bifurcation (and co-bifurcation) theory [20, 21, 22, 62], to the investigation of
the structure of the solution set for parameter dependent equations [19, 31, 43] and to
the study of nonlinear problems in absence of a priori bounds[7, 10, 44, 46]. Thus, as
a byproduct of our proof of Theorem 6 we also provide a new proof of the main fixed
point result for planar maps in [57], without the need to relyon properties of plane
topology.

Then, we give some variants of Theorem 6 which are analogous to the different
forms in which the Schauder fixed point theorem is usually presented. In Section 3 we
investigate an abstract fixed point property for topological spaces which express in a
more abstract fashion the content of Theorem 6 and its variants. An analysis of such a
new fixed point property allows (like in the case of the classical fixed point property)
to prove that it is invariant under homeomorphisms as well asit is preserved under
continuous retractions. This in turns, permits to obtain some general results in which
we produce fixed points for maps defined on topological cylinders. By topological
cylinders we mean sets which are obtained from a cylinder like B[a, R] after a defor-
mation given by a homeomorphism. For instance, the following result (see Corollary 3
of Section 3.1) is obtained.

THEOREM 5. Let K 6= ∅ be a compact convex subset of a normed space. Let
Z be a compact topological space which is homeomorphic to[0,1] × K , via a home-
omorphism h: Z → [0,1] × K . Define

Z−
l := h−1({0} × K ), Z−

r := h−1({1} × K ).

Suppose thatψ : Z ⊇ Dψ → Z is a map which is continuous on a setD ⊆ Dψ and
assume the following property is satisfied:

there is a closed setW ⊆ D such that for every pathσ ⊆ Z with σ ∩ Z−
l 6= ∅

and σ ∩ Z−
r 6= ∅, there is a sub-pathγ ⊆ σ ∩ W with φ(γ ) ∩ Z−

l 6= ∅,
φ(γ ) ∩ Z−

r 6= ∅.

Then there exists a fixed pointz̃ ofψ with z̃ ∈ D (actually,z̃ ∈ W).

The possibility of studying topological cylinders (instead of topological rectan-
gles like in [59, 60]) open the way toward an extension of the results about oriented
rectangles presented in Section 1.3 to higher dimensional objects possessing a priv-
ileged direction. Thus we conclude the paper with a list of possible applications to
maps which stretch the paths along a direction in a(1,N − 1)-rectangular cell(see
Section 4.1 for the corresponding definition).

1.5. Notation

Throughout the paper, the following notation is used. LetZ be a topological space and
let A ⊆ B ⊆ Z. By clB A and intB A we mean, respectively, the closure and the interior
of A relatively to B (that is, as a subset of the topological spaceB with the topology
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inherited byZ). When no confusion may occur, we also set clA and intA for clZ A and
intZ A, respectively.

For a metric space(X,d), we denote byB(x0, R) := {x ∈ X : d(x, x0) < r }
the open ball of centerx0 ∈ X and radiusr > 0 and byB[x0, R] := {x ∈ X :
d(x, x0) ≤ r } the corresponding closed ball. Given a mapψ : X ⊇ Dψ → Y, with
X,Y metric spaces and a given subsetD of the domainDψ of ψ, we say thatψ is
compact onD if it is continuous onD andψ(D) is relatively compact inY, that is,
cl(ψ(D)) is compact.

Let Z be a topological space, letθ1 : [a1,b1] → Z andθ2 : [a2,b2] → Z
be two continuous mappings (parameterized curves). We write θ1 ∼ θ2 if there is a
homeomorphismh of [a1,b1] onto[a2,b2] (a change of variable in the parameter) such
thatθ2(h(t)) = θ1(t), ∀ t ∈ [a1,b1]. It is easy to check that∼ is in fact an equivalence
relation and thatθ1([a1,b1]) = θ2([a2,b2]) wheneverθ1 ∼ θ2 . By a pathγ in Z we
mean (formally) the equivalence classγ = [θ ] of a continuous parameterized curve
θ : [a,b] → Z. In this case, with small abuse in the notation, we writeγ ⊆ Z. Since
the image setθ([a,b]) is the same for eachθ : [a,b] → Z with γ = [θ ], the set

γ̄ := {θ([a,b]) : θ ∈ γ }
is well defined. Given a setA ⊆ Z and a pathγ ⊆ Z, we writeγ ∩ A 6= ∅ to mean
that γ̄ ∩ A 6= ∅, that is, for every parameterized curveθ representingγ we have that
θ(t) ∈ A for somet in the interval-domain ofθ. Given a pathσ ⊆ Z, we say that
γ ⊆ Z is asub-pathof σ and writeγ ⊆ σ if there isθ : [a,b] → Z with [θ ] = σ

such that the restrictionθ |[c,d], for some[c,d] ⊆ [a,b], representsγ. According to
these positions, given the pathsγ, σ ⊆ Z and a setW ⊂ Z, the conditionγ ⊆ σ ∩ W,
means thatγ is a sub-path ofσ with values in W. If Z,Y are topological spaces and
φ : Z ⊇ Dφ → Y is a continuous map, then for any pathγ ⊆ Dφ andθ : [a,b] → Dφ
such that[θ ] = γ, we have thatφ ◦ θ : [a,b] → Y is a continuous map. It is easy to
check thatφ ◦ θ1 ∼ φ ◦ θ2 whenθ1 ∼ θ2 and thereforeφ(γ ) := [φ ◦ θ ] is well defined.

At last we recall a known definition. LetZ be a topological space. We say that
Z is arcwise connectedif, given any two pointsP, Q ∈ Z with P 6= Q, there is a
continuous mapθ : [a,b] → Z such thatθ(a) = P andθ(b) = Q. In such a situation,
we’ll also write P, Q ∈ γ, whereγ = [θ ]. In the case of a Hausdorff topological
spaceZ, the image setθ([a,b]) turns out to be a locally connected metric continuum
(a Peano space according to [29]). Then, the above definitionof arcwise connectedness
is equivalent to the fact that, given any two pointsP, Q ∈ Z with P 6= Q, there exists
an arc (that is the homeomorphic image of a compact interval) contained in Z and
havingP andQ as extreme points (see, e.g., [18, p.29], [29, pp.115–131] or [71]).

2. A fixed point theorem in normed spaces and its variants

2.1. Main results

Let (X, ‖ · ‖) be a normed space and suppose that

φ = (φ1, φ2) : R × X ⊇ Dφ → R × X
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is a map (not necessarily continuous on its whole domainDφ even if, in the sequel, we
assume the continuity ofφ on some relevant subsetD of Dφ).

Let D ⊆ Dφ be a given set (in our applications we’ll usually takeD closed, for
instance,D = W of Theorem 6 below, but such an assumption for the moment is not
required). We are looking for fixed points ofφ belonging toD, i.e., we want to prove
the existence of a pair̃z = (t̃, x̃) ∈ D which solves the equation

{
t = φ1(t, x)
x = φ2(t, x).

Our first result is the following.

THEOREM 6. LetB[a, R] := [−a,a] × B[0, R] and define

Bl := {(−a, x) : ‖x‖ ≤ R}, Br := {(a, x) : ‖x‖ ≤ R}

the left and the right bases of the cylinderB[a, R]. Assume that

φ is compact onD ∩ B[a, R]

and there is a closed subsetW ⊆ D ∩ B[a, R] such that the assumption

(H) for every pathσ ⊆ B[a, R] with σ ∩ Bl 6= ∅ andσ ∩ Br 6= ∅, there is a
sub-pathγ ⊆ σ ∩W withφ(γ ) ⊆ B[a, R] andφ(γ )∩Bl 6= ∅, φ(γ )∩Br 6= ∅,

holds. Then there existsz̃ = (t̃, x̃) ∈ W ⊆ D, with φ(z̃) = z̃.

Proof. First of all we observe that, as a consequence of Dugundji Extension Theorem
and Mazur’s Lemma (see, e.g., [64, p.22] in the case of Banachspaces or [16, Th.2.5,
p.56] for a general situation), there exists acompactoperatorφ̃ defined onR×X which
extendsφ restricted toW, i.e.

φ̃ : R × X → R × X, φ̃|W = φ|W.

Consider also the projection

PR : X → B[0, R], PR(x) := x min{1, R‖x‖−1}

and define the compact operator

ψ = (ψ1, ψ2), ψ1(t, x) := φ̃1(t, x), ψ2(t, x) := PR( φ̃2(t, x) )

Note that ifz̄ = (t̄, x̄) is a fixed point ofψ with

(6) z̄ ∈ W and φ2(t̄, x̄) ∈ B[0, R],

then t̄ = ψ1(z̄) = φ̃1(z̄) = φ1(z̄) and x̄ = ψ2(z̄) = PR(φ̃2(z̄)) = PR(φ2(z̄)) =
φ2(t̄, x̄), so thatz̄ ∈ W is a fixed point ofφ.
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We study now the auxiliary fixed point problem

(7) x = ψ2(t, x), x ∈ X

where we take, for a moment,t ∈ [−a,a] as a parameter.

Observe that, by definition,ψ2(t, x) ∈ B[0, R] for every(t, x) and therefore,
for anyr > R, it follows that

x − ψ2(t, x) 6= 0, ∀ t ∈ [−a,a], ∀ x ∈ ∂B(0, r ).

Thus the Leray−Schauder topological degree

d0 := deg(I − ψ2(t, ·), B(0, r ),0)

is well defined and is constant with respect tot ∈ [−a,a]. Using the compact homo-
topy hλ(x) defined by

(λ, x) 7→ x − λψ2(t, x), with λ ∈ [0,1] andx ∈ B[0, r ]

we find thathλ(x) 6= 0 for everyλ ∈ [0,1] and x ∈ ∂B(0, r ) and therefored0 =
deg(I , B(0, r ),0) = 1. Hence, the Leray−Schauder Th́eor̀eme Fondamental [42] im-
plies that the solution set

6 := {(t, x) ∈ [−a,a] × B(0, r ) : x = ψ2(t, x)}

is nonempty and contains a continuum (compact and connectedset)S such that

p1(S) = [−a,a],

where we have denoted byp1 : R×X → R, p1(t, x) = t, the projection of the product
space onto its first factor (see also [44] for more information about this fundamental
result). Since the projection ofS onto thet-axis covers the interval[−a,a], we obtain

S ∩ Bl 6= ∅, S ∩ Br 6= ∅.

By the definition ofPR it is clear also that

(8) p2(S) ⊆ B[0, R] ⊆ B(0, r ),

where we have denoted byp2 : R × X → X, p2(t, x) = x, the projection of the
product space onto its second factor.

Let nowε ∈ ]0, r − R[ be a fixed number and consider a covering ofS by a finite
number of open balls of the form]ti − ε, ti + ε[ ×B(xi , ε), with (ti , xi ) ∈ S. Without
loss of generality, we can suppose that−a ≤ t1 < t2 . . . ti−1 < ti . . . tN ≤ a, whereN
is the number of the balls required for the covering. The set

Uε :=
N⋃

i=1

]ti − ε, ti + ε[ ×B(xi , ε) ⊆] − a − ε,a + ε[ ×B(0, r ),
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is open and connected. Hence, it is arcwise connected as well. Therefore, there is a
continuous mapθ : [0,1] → Uε with θ(0) ∈ Bl andθ(1) ∈ Br and, without loss
of generality (i.e., possibly cutting off some points of theinterval and changing the
parameter for the curve) we can also assume that

θ1(s) := p1(θ(s)) ∈ [−a,a], ∀ s ∈ [0,1].

Next, we define the new curveζ(s) = (ζ1(s), ζ2(s)), with

ζ1(s) := p1(θ(s)) = θ1(s), ζ2(s) := PR(p2(θ(s))) = PR(θ2(s))

and observe thatζ(·) satisfies the following properties:

(I1) ζ(s) ∈ Vε ∩ B[a, R], ∀ s ∈ [0,1] ;

(I2) ζ(0) ∈ Bl andζ(1) ∈ Br ;

where we have set

Vε :=
N⋃

i=1

]ti − ε, ti + ε[ ×B(xi ,2ε).

To check(I1), let us setx := ζ2(s) and assume that‖x‖ > R as well asx ∈ B(xi , ε),
for somei . Then,

∥∥∥∥
Rx

‖x‖ − xi

∥∥∥∥ = ‖Rx− ‖x‖ xi ‖/‖x‖

≤ R

‖x‖ ‖x − xi ‖ + ( ‖x‖ − R)
‖xi ‖
‖x‖ < 2ε.

The proofs of all the remaining cases for the verification of(I1) are obvious.

From(I1) and(I2), it follows that the pathσ := [ζ ] is contained in the cylinderB[a, R]
and it has a nonempty intersection with the left and the rightbases ofB[a, R]. Then,
by hypothesis(H), we know that there exists a sub-pathγ of σ, such thatγ ⊆ W with
φ(γ ) ⊆ B[a, R] andφ(γ )∩Bl 6= ∅, φ(γ )∩Br 6= ∅. Let ξ = (ξ1, ξ2) : [0,1] → R×X
be a continuous map such that[ξ ] = γ. By the above assumptions, we have that

(J1) ξ(s) ∈ Vε ∩ W, ∀ s ∈ [0,1] ;

(J2) φ(ξ(0)) ∈ Bl and φ(ξ(1)) ∈ Br ;

(J3) φ(ξ(s)) ∈ B[a, R], ∀ s ∈ [0,1] ;
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are satisfied.

We consider now the continuous mapg : [0,1] ∋ s 7→ ξ1(s)−φ1(ξ(s)), where
ξ1(s) = p1(ξ(s)). Sinceξ(s) ∈ γ̄ ⊆ σ̄ , we have thatξ1(0) ≥ −a and therefore
g(0) ≥ −a− (−a) = 0. Similarly, one can check thatg(1) ≤ a−a = 0. By Bolzano’s
Theorem, we conclude that there exists someŝ = ŝε ∈ [0,1] such that, setting

t̂ = t̂ε := ξ1(ŝ), x̂ = x̂ε := ξ2(ŝ), ẑ = ẑε := (t̂, x̂),

we find that
ẑ ∈ Vε ∩ W, t̂ = φ1(ẑ), φ2(ẑ) ∈ B[0, R].

By the definition ofφ̃ andψ, it is clear that

ẑ ∈ Vε ∩ W, t̂ = ψ1(ẑ), φ2(ẑ) ∈ B[0, R].

Moreover, for eacĥz ∈ Vε ∩ W, there isẑi ∈ S such that||ẑ − ẑi || < 2ε.
Then, lettingε = εn ց 0 and passing to a subsequence on the correspondingẑn’s
(thanks to the compactness ofS), we can find a point

z̄ = (t̄, x̄) ∈ S

such that (by the continuity ofφ andψ and the closure ofW)

z̄ ∈ S ∩ W, t̄ = ψ1(z̄), φ2(z̄) ∈ B[0, R],

follows. The fact thatS is contained in the solution set6 of (7) implies that

x̄ = ψ2(t̄, x̄)

and thereforēz ∈ W is a fixed point ofψ (since we have already proved thatt̄ =
ψ1(t̄, x̄)). The fact thatφ2(t̄, x̄) ∈ B[0, R], implies (in view of(6) and the remarks at
the beginning of the proof) thatz̄ ∈ W is a fixed point ofφ.

REMARK 1. The first part of the proof of Theorem 6 can be used to obtain
the following result where we use a slightly different expansive condition which is
inspired from [33, 36, 37]. We recall that here by acontinuumwe mean a compact and
connected set.

THEOREM 7. With the notation of Theorem 6, assume thatφ is compact onD
∩ B[a, R] and there is a closed subsetW ⊆ D ∩ B[a, R] such that the assumption

(H ′) for every continuumσ ⊆ B[a, R] with σ ∩Bl 6= ∅ andσ ∩Br 6= ∅, there is a
continuumŴ ⊆ σ∩W withφ(Ŵ) ⊆ B[a, R] andφ(Ŵ)∩Bl 6= ∅, φ(Ŵ)∩Br 6= ∅,

holds. Then there existsz̃ = (t̃, x̃) ∈ W ⊆ D, with φ(z̃) = z̃.

Proof. We follow the proof of Theorem 6 till to(8). Now, assumption(H ′) guarantees
the existence of a continuumŴ ⊆ S ∩ W with φ(Ŵ) ⊆ B[a, R] andφ(Ŵ) ∩ Bl 6= ∅,
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φ(Ŵ) ∩ Br 6= ∅. This means that there are pointsQ1 = (q1
1,q

1
2), Q2 = (q2

1,q
2
2) ∈ Ŵ

such thatφ1(Q1) = −a andφ1(Q2) = a. This implies thatp1(Q1) − φ1(Q1) =
q1

1 +a ≥ −a+a = 0 andp1(Q2)−φ1(Q2) = q2
1 −a ≤ a−a = 0. By the Bolzano’s

Theorem we can conclude that there exists a pointz̄ = (t̄, x̄) ∈ Ŵ ⊆ S ∩ W such that
t̄ = ψ1(z̄) and, by(8), φ2(z̄) ∈ B[0, R]. At this point, we can complete our argument
as in the proof of Theorem 6. Indeed, the fact thatS is contained in the solution set6
of (7) implies that

x̄ = ψ2(t̄, x̄)

and thereforēz ∈ W is a fixed point ofψ. The fact thatφ2(t̄, x̄) ∈ B[0, R], implies (in
view of (6) and the remarks at the beginning of the proof of Theorem 6) that z̄ ∈ W is
a fixed point ofφ.

REMARK 2. In our theorems we have confined ourselves to the case of compact
maps. Extensions can be given to more general operators like, locally compact,k-
contractive, etc., provided that a decent degree theory is available (see [15, 27, 50] for
the corresponding definitions).

2.2. Results related to Theorem 6

Like in the case of the Schauder fixed point theorem, we give now some variants of
Theorem 6 (see Theorem 8 and Theorem 9 below). As in Theorem 6 we assume that
X is a normed space and

φ : R × X ⊇ Dφ → R × X

is a map which is continuous on a setD ⊆ Dφ . For the subsequent proofs, we system-
atically check condition(H) by taking as a representation of the pathσ a continuous
curveθ(s) which is parameterized on the interval[0,1] and look for a suitable restric-
tion of θ(s) with s ∈ [s0, s1] ⊆ [0,1], as a representation of a sub-pathγ ⊆ σ.

We start with a preliminary lemma.

LEMMA 1. Letρ = (ρ1, ρ2) : B[a, R] := [−a,a] × B[0, R] → B[a, R] be a
continuous map such that, for each t∈ [−a,a], ρ1(t, x) = t andρ2(t, ·) is a retraction
of B[0, R] onto its image. Define

R := ∪t∈[−a,a]{ρ(t, x) : x ∈ B[0, R]} = ρ(B[a, R])

and
Rl := ρ(Bl ), Rr := ρ(Br ).

Assume that
φ is compact onD ∩ R

and there is a closed subsetW ⊆ D ∩ R such that the assumption

(H) for every pathσ ⊆ R with σ ∩ Rl 6= ∅ andσ ∩ Rr 6= ∅, there is a sub-path
γ ⊆ σ ∩ W with φ(γ ) ⊆ R andφ(γ ) ∩ Rl 6= ∅, φ(γ ) ∩ Rr 6= ∅,
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holds. Then there existsz̃ = (t̃, x̃) ∈ W ⊆ D ∩ R, with φ(z̃) = z̃.

Proof. Given the compact operatorφ : D ∩ R → R × X we define

ψ(t, x) := φ(ρ(t, x)) = φ(t, ρ2(t, x)), for (t, x) ∈ D ′ := ρ−1 (D ∩ R) .

Clearly,ψ is compact onD ′ = D ′ ∩ B[a, R]. We also define

W ′ := ρ−1(W) ⊆ B[a, R] =: B.

Consider now a continuous parameterized curveθ = (θ1, θ2) : [0,1] → B[a, R] such
thatθ(0) ∈ Bl (that is,θ1(0) = −a) andθ(1) ∈ Br (that is,θ1(1) = a). Then for the
curveϑ : [0,1] ∋ s 7→ ρ(θ(s)), it holds that

ϑ(s) ∈ R, ∀ s ∈ [0,1] and ϑ(0) ∈ Rl , ϑ(1) ∈ Rr .

By assumption(H) referred toR, there exists a restriction ofϑ to an interval[s0, s1] ⊆
[0,1] such thatϑ(s) ∈ W for everys ∈ [s0, s1] and, moreover,

φ(ϑ(s)) ∈ R, ∀ s ∈ [s0, s1],
as well as

φ(ϑ(s0)) ∈ Rl and φ(ϑ(s1)) ∈ Rr , or φ(ϑ(s1)) ∈ Rl and φ(ϑ(s0)) ∈ Rr .

Just to fix one of the two possible cases for the rest of the proof, suppose that the first
possibility occurs (the treatment of the other case is exactly the same, modulo minor
changes in the role ofs0 ands1). Then, by the definition ofϑ, W ′ andψ, we can also
write that

θ(s) ∈ W ′, ∀ s ∈ [s0, s1],
and

ψ(θ(s)) ∈ R ⊆ B, ∀ s ∈ [s0, s1]
ψ(θ(s0)) ∈ Rl ⊆ Bl , ψ(θ(s1)) ∈ Rl ⊆ Br .

We have thus proved that assumption(H) of Theorem 6 is satisfied with respect to
the operatorψ and the cylinderB[a, R] and therefore Theorem 6 guarantees that there
exists forψ a fixed pointz̃ = (t̃, x̃) ∈ W ′ ⊆ D ′, with ψ(z̃) = z̃. As a last step, we
just recall that the range ofψ coincides with the range ofφ and thatρ (as a retraction)
is the identity onR. This implies that̃z = (t̃, x̃) ∈ W ⊆ D ∩ R with φ(z̃) = z̃.

THEOREM 8. Let C 6= ∅ be a closed convex subset of the normed space X. Let
C := [−a,a] × C and define

Cl := {(−a, x) : x ∈ C}, Cr := {(a, x) : x ∈ C}.
Assume that

φ is compact onD ∩ C

and there is a closed subsetW ⊆ D ∩ C such that the assumption
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(H) for every pathσ ⊆ C with σ ∩ Cl 6= ∅ andσ ∩ Cr 6= ∅, there is a sub-path
γ ⊆ σ ∩ W with φ(γ ) ⊆ C andφ(γ ) ∩ Cl 6= ∅, φ(γ ) ∩ Cr 6= ∅,

holds. Then there existsz̃ = (t̃, x̃) ∈ W ⊆ D ∩ C, with φ(z̃) = z̃.

Proof. By assumption, the operatorφ = (φ1, φ2) is compact onD∩C, hence,φ(D∩C)

is bounded inR × X. In particular, there isR> 0 such that,

||φ2(t, x)|| < R, ∀ z = (t, x) ∈ D ∩ C.

As a consequence of the Dugundji Extension Theorem, the closed convex setC′ :=
C ∩ B[0, R] is a retract ofB[0, R] (actually, it is a retract of the whole spaceX,
but for us it is more convenient to restrict the retraction toB[0, R]). We denote by
̺ : B[0, R] → C′ such a continuous retraction.

If we define nowC ′ := [−a,a] × C′ and

C ′
l := {(−a, x) : x ∈ C′}, C ′

r := {(a, x) : x ∈ C′},

as well asD ′ := D ∩ C ′ andW ′ := W ∩ C ′, we find that

(H) for every pathσ ⊆ C ′ with σ ∩ C ′
l 6= ∅ andσ ∩ C ′

r 6= ∅, there is a sub-path
γ ⊆ σ ∩ W ′ with φ(γ ) ⊆ C ′ andφ(γ ) ∩ C ′

l 6= ∅, φ(γ ) ∩ C ′
r 6= ∅,

holds. At last, we define the continuous retraction

ρ = (ρ1, ρ2) : B[a, R] := [−a,a] × B[0, R] → B[a, R],

ρ1(t, x) = t, ρ2(t, x) = ̺(x)

and easily check that now the setC ′ plays here the same role as the setR in Lemma 1.
Then, according to Lemma 1, there existsz̃ = (t̃, x̃) ∈ W ′ ⊆ W, with φ(z̃) = z̃. The
proof is complete.

THEOREM 9. Let K 6= ∅ be a compact convex subset of the normed space X.

LetK := [−a,a] × K and define

Kl := {(−a, x) : x ∈ K }, Kr := {(a, x) : x ∈ K }.

Suppose that there is a closed subsetW ⊆ D ∩ K such thatφ is continuous onW and
the assumption

(H) for every pathσ ⊆ K with σ ∩ Kl 6= ∅ andσ ∩ Kr 6= ∅, there is a sub-path
γ ⊆ σ ∩ W with φ(γ ) ⊆ K andφ(γ ) ∩ Kl 6= ∅, φ(γ ) ∩ Kr 6= ∅,

holds. Then there existsz̃ = (t̃, x̃) ∈ W ⊆ D ∩ K, with φ(z̃) = z̃.

Proof. This result is an immediate consequence of Theorem 8, with the positionC :=
K .
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REMARK 3. Variants of Theorem 8 and Theorem 9 can be obtained, as a con-
sequence of Theorem 7, using condition(H ′) instead of condition(H). For instance,
Theorem 9 could be accompanied by the following.

THEOREM 10. Under the same positions of Theorem 9, suppose that there is a
closed subsetW ⊆ D ∩ K such thatφ is continuous onW and the assumption

(H ′) for every continuumσ ⊆ K with σ ∩ Kl 6= ∅ andσ ∩ Kr 6= ∅, there is a
continuumŴ ⊆ σ ∩ W with φ(Ŵ) ⊆ K andφ(Ŵ) ∩ Kl 6= ∅, φ(Ŵ) ∩ Kr 6= ∅,

holds. Then there existsz̃ = (t̃, x̃) ∈ W ⊆ D ∩ K, with φ(z̃) = z̃.

3. Extensions, remarks and consequences

3.1. The “stretching along the paths” fixed point property

Let Z be a topological space. According to a well known definition,Z has the fixed
point property(FPP) if every continuous map ofZ into itself has at least a fixed point.
The FPP is invariant by homeomorphisms and it is preserved under continuous retrac-
tions. Thus, by the Brouwer fixed point theorem, we know that any topological space
which is homeomorphic to (a retract of) a closed ball of a finite dimensional normed
space has the FPP. It is the aim of this section to show that something similar (even
if not exactly the same) holds with respect to the assumptionof “stretching along the
paths”(H) and the corresponding fixed point result in Theorem 6.

We consider now the following situation.

DEFINITION 1. Assume that Z is a topological space and Z−
l , Z−

r are two
nonempty disjoint subsets of Z. We set

Z− := Z−
l ∪ Z−

r

and define
Z̃ := (Z, Z−).

We call Z̃ a two-sided oriented space or simply an oriented space. In view of our
applications below which concern the case of arcwise connected spaces and where the
family of paths connecting Z−l to Z−

r is involved, we call̃Z a path-oriented space when
Z is arcwise connected.
We say that̃Z has the fixed point property for maps stretching along the paths (in
the sequel referred as FPP-γ ) if Z is arcwise connected and, for every pair(D, ψ),
satisfying the following conditions:

(i1) D ⊆ Z;
(i2) ψ : D → Z is continuous;

(i3) there is a closed setW ⊆ D such that, for every pathσ ⊆ Z withσ ∩ Z−
l 6= ∅

andσ ∩ Z−
r 6= ∅, there is a sub-pathγ ⊆ σ ∩ W with ψ(γ ) ∩ Z−

l 6= ∅ and
φ(γ ) ∩ Z−

r 6= ∅;
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there exists at least a fixed point ofψ in D.

DEFINITION 2. Suppose we have two arcwise connected topological spaces
Z,Y and assume that Z−l , Z−

r are two nonempty disjoint subsets of Z with Z− =
Z−

l ∪ Z−
r , as well as Y−l , Y−

r are two nonempty disjoint subsets of Y, with Y− =
Y−

l ∪ Y−
r . Defining, as abovẽZ = (Z, Z−) and Ỹ = (Y,Y−) the corresponding

path-oriented spaces, we say that the pair(D, ψ) stretches̃Z to Ỹ along the paths and
write

(D, ψ) : Z̃⊳ Ỹ,

if the conditions

( j1) D ⊆ Z;

( j2) ψ : D → Y is continuous;

( j3) there is a closed setW ⊆ D such that, for every pathσ ⊆ Z withσ ∩ Z−
l 6= ∅

and σ ∩ Z−
r 6= ∅, there is a pathγ ⊆ σ ∩ W with ψ(γ ) ∩ Y−

l 6= ∅ and
φ(γ ) ∩ Y−

r 6= ∅;

hold.
Accordingly, we have that̃Z has the FPP-γ if and only if for every pair(D, ψ) with
(D, ψ) : Z̃⊳ Z̃, there is at least a fixed point ofψ in D.

REMARK 4. The definition of a map stretching along the paths was introduced
in [56, 57] and refined in [59, 60] in the case of two-dimensional oriented cells. Our
Definition 2 above is a generalization of the previous cited one as it reduces to [60]
in the situation considered therein. We note that in [60], aswell as in the other pre-
ceding papers, the mapψ was allowed to be defined possibly on some larger domains.
However, up to a restriction, we can always enter in the case of Definition 2 when we
consider the situation described in [60].
In the definition of path-oriented space, as well as in the subsequent stretching condi-
tion, the order in which we label the two setsZ−

l andZ−
r (or Y−

l andY−
r ) has no effect

at all.
We also point out that given two nonempty disjoint setsWl and Wr of a topologi-
cal spaceW, the condition that there exists a pathσ ⊆ W with σ ∩ Wl 6= ∅ and
σ ∩ Wr 6= ∅ is equivalent to the existence of a continuous mapθ : [0,1] → W with
θ(0) ∈ Wl andθ(1) ∈ Wr .

The choice of the notatioñZ instead ofẐ (previously considered in Section 1.2 and
next again in Section 4.1) comes from the fact that, even if all the applications we
present here are for thê[ · ]-sets, nonetheless, the oriented spaces[̃ · ] are, in principle,
more general. Thus we prefer to think to thê[ · ]-sets as some particular cases of the
[̃ · ]-sets.
Finally, we mention that some analogous definitions, previously introduced in the liter-
ature (see, for instance, the concept of quadrilateral set given in [36]) also fit with our
definition of oriented space.
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The next two lemmas extend to the case of the FPP-γ two corresponding clas-
sical results about the usual fixed point property. Their proof is quite standard and
therefore it is omitted.

LEMMA 2. Let Z,Y be two arcwise connected topological spaces and let h:
Z → Y be a homeomorphism. Suppose Z−

l and Z−
r are nonempty disjoint subsets of

Z and set Y−l = h(Z−
l ), Y−

r = h(Z−
r ). ThenZ̃ has the FPP-γ if and only ifỸ has the

FPP-γ.

Proof. We leave the proof as an exercise.

LEMMA 3. Let Z,Y be two arcwise connected topological spaces with Y⊆ Z
and let r : Z → Y be a continuous retraction. Suppose Y−

l and Y−
r are nonempty

disjoint subsets of Y and set Z−
l = r −1(Y−

l ), Z−
r = r −1(Y−

r ). ThenỸ has the FPP-γ
if Z̃ has the FPP-γ.

Proof. The proof follows the same argument (mutatis mutandis) of that of Lemma 1
and therefore it is omitted.

COROLLARY 3. Let K 6= ∅ be a compact convex subset of a normed space.
Let Z be a compact topological space which is homeomorphic to[−1,1] × K , via a
homeomorphism h: Z → [−1,1] × K . Define

Z−
l := h−1({−1} × K ), Z−

r := h−1({1} × K ).

ThenZ̃ has the FPP-γ.

Lemma 2 and Lemma 3 together with Theorem 6 (or its variants) permit to give
some straightforward examples with some geometrical meaning. For simplicity, we
confine ourselves to subsets of a finite dimensional spaceE.

EXAMPLE 1. LetZ ⊆ E be a compact set which is homeomorphic to the closed
unit ball B[0,1] ⊆ R

N, with N ≥ 1. Let P, Q ∈ Z with P 6= Q be two given points.
Letψ : E ⊇ Dψ → E be a continuous map and suppose thatE ⊆ Dψ is a closed set
such thatfor every pathσ ⊆ Z, with P, Q ∈ σ, there is a sub-pathγ ⊆ σ ∩ E with
ψ(σ) ⊆ Z and P, Q ∈ ψ(γ ). Thenψ has at least a fixed point inE ∩ Z.

Proof. We discuss only the caseN ≥ 2, since forN = 1, the result is obvious. Let us
consider the cylinder

C := {(x1, . . . , xN−1 , xN) : ||(x1, . . . , xN−1)|| ≤ 1, |xN| ≤ 1}

on which we select as a right and left sides the south and the north bases respectively:

Cl := {x = (x1, . . . , , xN) ∈ C : xN = −1},

Cr := {x = (x1, . . . , , xN) ∈ C : xN = 1}
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and we also setC− := Cl ∪ Cr . Theorem 6 implies that the path-oriented space
C̃ = (C,C−) has the FPP-γ and therefore Lemma 3 ensures that the same fixed point
property holds also with respect to retracts ofC̃. The closed unit ballB[0,1] is a retract
of the cylinderC through the continuous map̺defined by

̺(x) = (x1 min {1, δ(x)} , . . . , xN−1 min {1, δ(x)} , xN) ,

where

δ(x) = δ(x1, . . . , xN−1, xN) :=

√
1 − x2

N√
x2

1 + · · · + x2
N−1

.

Hence, the path oriented spacẽB = (B, B−), with B = B[0,1], B− = B−
l ∪ B−

r ,

B−
l = {South pole} andB−

r = {North pole} has the FPP-γ. Finally, Lemma 2 implies
the the FFP-γ holds for every oriented space in which the base spaceZ is homeo-
morphic to a closed ball and we select asZ−

l and Z−
r two different points ofZ. This

concludes the proof.

EXAMPLE 2. Consider the cone

K = {(x1, . . . , xk , xk+1) : ||(x1, . . . , xk)|| ≤ xk+1 ≤ 1} ⊆ R
k+1

and select the point 0= (0, . . . ,0,0) ∈ K and the baseKl = {(x1, . . . , xk ,1) :
||(x1, . . . , xk)|| ≤ 1} ⊆ K . Let Z ⊆ E be a compact set which is homeomorphic toK ,
by a homeomorphismh : Z → K . DefineZ−

r = h−1({0}) andZ−
l = h−1(Kl ). Then

Z̃ has the FPP-γ.

Proof. It is possible to obtain our claim by suitably adapting the argument employed
in the proof of Example 1. We omit the details.

REMARK 5. We observe that one could define a fixed point property (say FPP-
Ŵ) for maps satisfying a condition which extends property(H ′) to general (oriented)
topological spaces. Then, after having obtained from Theorem 7 a result analogous to
Lemma 2, the following corollary can be proved.

COROLLARY 4. Let K 6= ∅ be a compact convex subset of a normed space.
Let Z be a compact topological space which is homeomorphic to[−1,1] × K , via a
homeomorphism h: Z → [−1,1] × K . Define

Z−
l := h−1({−1} × K ), Z−

r := h−1({1} × K ).

Then, for every pair(D, ψ), satisfying the following conditions:

(i1) D ⊆ Z;

(i2) ψ : D → Z is continuous;
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Figure 11: A possible illustration of Example 2 inR3, where we have denoted byP
the pointh−1({0}) and byA the surfaceh−1(Kl ) of the deformed coneZ. According
to our result there exists at least a fixed pointz = ψ(z) ∈ W, for any continuous map
ψ defined on a closed subsetW of Z and with values inZ having the property that any
pathσ in Z and joiningP to A contains a sub-pathγ ⊆ σ ∩ W with ψ(γ ) ⊆ Z and
ψ(γ ) joining P to A.

(i ′3) there is a closed setW ⊆ D such that, for every continuumσ ⊆ Z with
σ∩Z−

l 6= ∅ andσ∩Z−
r 6= ∅, there is a continuumŴ ⊆ σ∩W withψ(Ŵ)∩Z−

l 6=
∅ andφ(Ŵ) ∩ Z−

r 6= ∅;

there exists at least a fixed point ofψ in D.

In the present paper we do not further pursue the research in this direction and
confine ourselves to the study of the stretching condition along the paths. Investiga-
tions toward the fixed point properties for maps satisfying an expansive conditions with
respect to other kind of connected sets will be considered elsewhere.

3.2. Further definitions and consequences

As a next step, we give now some simple (but nevertheless useful) properties about the
stretching along the paths condition. Unless otherwise specified, all the spaces involved
are arcwise connected topological spaces. When we consider atriple (Z, Z−

l , Z−
r ), we

always assume thatZ−
l and Z−

r are nonempty disjoint subsets ofZ. First of all, we
consider two further definitions.

DEFINITION 3. Let Z̃ = (Z, Z−) and Ỹ = (Y,Y−) be two path-oriented
spaces with Y a subspace of Z. We say that̃Y is a horizontal slab of̃Z and write

Ỹ ⊆h Z̃,

if every pathγ ⊆ Y withγ ∩ Y−
l 6= ∅ andγ ∩ Y−

r 6= ∅ is such thatγ ∩ Z−
l 6= ∅ and
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γ ∩ Z−
r 6= ∅.

Similarly, we say that̃Y is a vertical slab of̃Z and write

Ỹ ⊆v Z̃,

if every pathσ ⊆ Z with σ ∩ Z−
l 6= ∅ andσ ∩ Z−

r 6= ∅ contains a sub-pathγ ⊆ Y
such thatγ ∩ Y−

l 6= ∅ andγ ∩ Y−
r 6= ∅.

REMARK 6. The definition of slabs generalizes the case of rectangleswith hor-
izontal and vertical sides parallel to the contracting and expanding directions in the
Smale horseshoe (see, for instance, [72, Section 2.3]). In our general setting of a
topological spaceZ oriented by the paths connecting two disjoint subsetsZ−

l andZ−
r

and in view of Theorem 6, we consider as horizontal-expanding the “direction” along
(Z−

l , Z−
r ) (of course, in a very vague sense and taking also into accountthe fact that

in our setting “horizontal” and “vertical” are merely conventional terms). Definition
3 generalizes the analogous concepts of “slices” considered in [60] in the setting of
oriented two-dimensional cells and recalled in Section 1.2as well as some possibilities
considered in [61] forN-dimensional cells (namely, the case in which there is a one-
dimensional expansive direction). Note that our definitions are purely topological in
nature and therefore we do not need (like in [72, Section 2.3]) the slabs to be described
by means of graphs of Lipschitz functions. We refer to Figure14 as a possible picture
of horizontal and vertical slabs in a simple situation.

Having available in the general setting the definition of slabs, we can now bor-
row from [60] and [61] the next definition (compare also to thecorresponding definition
in Section 1.2).

DEFINITION 4. Let Z̃ = (Z, Z−), Ỹ = (Y,Y−) and X̃ = (X, X−) be three
path-oriented spaces with X,Y, Z subspaces of the same topological space W and
X ⊆ Y ∩ Z.
We say that̃Y crosses̃Z in X̃ and write

X̃ ∈ {Z̃ ⋔ Ỹ},

if
X̃ ⊆h Z̃ and X̃ ⊆v Ỹ.

REMARK 7. As already remarked in [60] and [61], in our setting, the definition
of X̃ ∈ {Z̃ ⋔ Ỹ}, covers very general situations, in particular also when there is no way
to define any kind of transversal intersection. A possible illustration is given in Figure
15 of Section 4.

LEMMA 4. The following properties hold:

(e1) if (D, ψ) : Z̃⊳ Ỹ and(E, φ) : Ỹ⊳ X̃ , then(F, φ ◦ ψ) : Z̃⊳ X̃ for F =
D ∩ ψ−1(E) ;
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(e2) if φ : Z → Y is a homeomorphism such thatφ(Z−
l ) = Y−

l andφ(Z−
r ) = Y−

r
(or φ(Z−

l ) = Y−
r andφ(Z−

r ) = Y−
l ), then(Z, φ) : Z̃⊳ Ỹ ;

(e3) if (D, ψ) : Z̃⊳ Ỹ, then(D ∩ X ∩ψ−1(W), ψ) : X̃⊳ W̃, for everyX̃ ⊆h Z̃
and everyW̃ ⊆v Ỹ ;

(e4) if (D, ψ) : Z̃⊳ Ỹ, thenψ has a fixed point inD∩ X, for everyX̃ ∈ {Z̃ ⋔ Ỹ},
having the FPP-γ .

Proof. The above properties follow immediately by the corresponding definitions.

Now we are in position to consider a sequence of spaces and maps and obtain a
result which is in line with [34] and [73] and extend to a general setting some results
[59, Theorem 2.2], [60, Theorem 4.2] previously obtained inthe two-dimensional set-
ting. For simplicity, we confine ourselves to the framework of compact metric spaces.
This simplifies somehow our proofs. We point out, however, that some of the properties
exposed in the next Theorem 11 would be still true in some moregeneral situations.

THEOREM 11. Suppose that there is a (double) sequence of path-oriented spa-
ces

(X̃k)k∈Z = ((Xk, X−
k ))k∈Z ,

where, for each k∈ Z, Xk is a compact and arcwise connected metric space. Denote
by (X−

k )l and (X−
k )r the two sides of X−k . Assume that there is a sequence of maps

((Dk, ψk))k∈Z , such that

(Dk, ψk) : X̃k⊳ X̃k+1 , ∀ k ∈ Z.

Then the following conclusions hold:

(a1) There is a sequence(wk)k∈Z withwk ∈ Dk andψk(wk) = wk+1 for all k ∈ Z;

(a2) For each j ∈ Z there is a compact setC j ⊆ D j such that for eachw ∈ C j

there exists a sequence(yℓ)ℓ≥ j , with yℓ ∈ Dℓ and yj = w, yℓ+1 = ψℓ(yℓ) for
eachℓ ≥ j .
The compact setC j satisfies the following separation property:

C j ∩σ 6= ∅, for each pathσ ⊆ X j withσ∩(X−
k )l 6= ∅ andσ∩(X−

k )r 6= ∅;

(a3) If there are integers h, k with h < k such that̃Xh = X̃k and X̃h possesses
the FPP-γ, then there is a finite sequence(zi )h≤i≤k , with zi ∈ Di andψi (zi ) =
zi+1 for each i= h, . . . , k − 1, such that zh = zk .

Proof. As in [59, Theorem 2.2] we prove the three properties in the reverse order.
First of all we observe that, for eachi ∈ Z, there is a closed (and hence compact)
set Wi ⊆ Di ⊆ Xi such that, for every pathσ ⊆ Xi with σ ∩ (Xi )

−
l 6= ∅ and

σ ∩ (Xi )
−
r 6= ∅, there is a sub-pathγ ⊆ σ ∩ Wi with ψi (γ ) ∩ (Xi+1)

−
l 6= ∅ and

ψi (γ ) ∩ (Xi+1)
−
r 6= ∅.
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Proof of (a3). Let k = h + s for somes ≥ 1. Let us also set̃Z = X̃h = X̃k , and
ψ = ψk−1 ◦ · · · ◦ ψh . By property(e1) of Lemma 4 we have that(D, ψ) : Z̃⊳ Z̃,

with

D := {z ∈ Wh : ψ j ◦ · · · ◦ ψh+1 ◦ ψh(z) ∈ Wj +1 , for j = h, . . . , k − 1}.

Then the assumption about the FPP-γ for Xh implies the existence of a fixed point
z∗ ∈ D for ψ. Moreover,zh := z∗ ∈ Dh and, settingzi = ψi−1 ◦ · · · ◦ ψh(zh), for
i = h + 1, . . . , k, the verification of the properties in(a3) is straightforward.

Proof of (a2). The situation described here is similar to that considered in [33, The
Expander Lemma, p.417]. Without loss of generality, assumej = 0. Define the closed
set

S = {x ∈ W0 : ψℓ ◦ · · · ◦ ψ0(x) ∈ Wℓ+1 , ∀ ℓ = 0,1,2, . . .}.
Let γ0 ⊆ X0 be a path intersecting both the components ofX−

0 . By the stretching
assumption betweeñX0 andX̃1 , there is a sub-pathγ1 ⊆ W0 ⊆ D0 such thatψ0(γ1) ⊆
X1 and withψ0(γ1) meeting both the components ofX−

1 . On the other hand, the path
ψ0(γ1) = σ1 contains a sub-pathσ2 ⊆ W1 ⊆ D1 such thatψ1(σ2) ⊆ X2 and with
ψ1(σ2) intersecting both the components ofX−

2 . We also defineγ2 = {x ∈ γ1 :
ψ0(x) ∈ σ2}. Then, by induction, we can find a sequence of nonempty compactsets
contained inX0

W0 ⊇ γ0 ⊇ γ1 ⊇ γ2 ⊇ . . . γn ⊇ γn+1 ⊇ . . .

with ψi (γi ) ⊆ Wi+1 ⊆ Di+1 and such thatψi ◦ · · · ◦ ψ0(γi+1) is a path inXi+1
meeting both the components ofX−

i+1 . Taking a pointw ∈ ∩∞
n=0γn we have that

ψℓ ◦ · · · ◦ψ0(w) ∈ Wℓ+1 ⊆ Dℓ+1 for eachℓ ≥ 0. Thus, any pathγ0 ∈ X0 intersecting
both the components ofX−

0 contains a point ofS which generates a sequence as in
(a2).

Proof of(a1). A diagonal argument (see, e.g., [33, Proposition 5] or [56, Theorem 2,
(w4)]) allows to prove(a1) as a consequence of(a2). We give a sketch of it for the
reader’s convenience. By(a2) we have that for eachn = 1,2, . . . there is a compact
setC−n ⊆ W−n ⊆ D−n such that

K j +1,n := ψ j ◦ · · · ◦ ψ−n(C−n) ⊆ Wj +1 ⊆ D j +1 .

We take a pointy j,n ∈ K j,n , for each j ≥ −n + 1, in order to form the infinite matrix

y0,1 y1,1 . . . y j,1 . . .

y−1,2 y0,2 y1,2 . . . y j,2 . . .

y−2,3 y−1,3 y0,3 y1,3 . . . y j,3 . . .

. . .

y−n+1,n . . . y−2,n y−1,n y0,n y1,n . . . y j,n . . .

. . .

where, for eachn and j,we have thatψ j (y j,n) = y j +1,n .Now, a standard compactness
and diagonal argument (or, from another point of view, the fact that the product of
countably many sequentially compact spaces is sequentially compact) allows to pass to
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the limit on each “column” along a common subsequence of indexes in order to find,
for each j ∈ Z, a pointw j ∈ Wj ⊆ D j and the continuity ofψ j implies also that
ψ(w j ) = w j +1 , ∀ j ∈ Z.

3.3. A final remark about sub-paths

We conclude this section with a remark about the stretching condition that we have
chosen for property(H) and its variants and consequences. As pointed out in the In-
troduction, our definition is mainly motivated by our previous applications to ODEs
and, more precisely, to our paper [55] where we obtained the stretching property(H±)
in a concrete example of the planar system(1). In that specific example, the proof
was carried on by considering a continuous parameterized curve defined in the interval
[0,1[ and with an unbounded image inR2. Subsequently, in our search of fixed points
for general continuous mappings defined on two-dimensionalcells we used a defini-
tion of path as the continuous image of an interval. As shown in [60] as long as we
are concerned with fixed points of a single mapping defined on atopological rectangle,
there is no effect on the possible different choices in the definitions. With this respect,
consider also Theorem 6 and Theorem 7 which show how, as long as we are looking for
the existence of a fixed point, the stretching condition for paths and that for continua
are both sufficient to obtain the desired result. Things, however, seem to be somehow
more complicated when we focus our attention on the search offixed points for the
composition of maps (and thus, in particular, for the iterations of a given map). In such
a case, the possibility of considering parameterized curves (modulo some equivalent
relation like in Section 1.5) instead of images of curves as sets embedded in a space,
looks simpler from the point of view of stating some hypotheses which are easily ver-
ifiable through the composition of maps. In the next example we try now to express
better our point of view which lead to the choice of definitionfor a path considered in
Section 1.5.

EXAMPLE 3. We define the function

g : [0,3π ] → R, g(t) := max{t − 4π,min{t, π − t}}

and the continuous curve

θ = (θ1, θ2) : [0,3π ] → R
2, θ1(t) := cos(g(t)), θ2(t) := sin(g(t)) = sin(t).

Observe that for the pathγ = [θ ], the image set is

γ̄ = {θ(t) : t ∈ [0,3π ]} = S1 := {(x, y) ∈ R
2 : x2 + y2 = 1}.

The motion of the pointθ(t) along the circumferenceS1 can be described as follows:
we start fort = 0 at the pointP = (1,0), we move onS1 in the counterclockwise
sense till to the pointP′ = (0,1) for t = π/2. At this moment, the pointθ(t) starts
moving to the reverse direction (clockwise sense) till it reaches again the pointP′ at
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Figure 12: The bold line viewed from a suitably chosen point of perspective represents
the arc inR

3 parameterized byt 7→ (t, θ1(t), θ2(t)), for t ∈ [0,3π ].
The plot has been performed by Maple software.

the timet = 5π/2. Finally, the motion switches again to the counterclockwisesense
and the pointQ = (−1,0) is reached at the timet = 3π.
Let us set nowZ = S1 andZ−

l = {P}, Z−
r = {Q} (we intentionally take this choice

to show that the terms “left” and “right” are merely conventional and their order is
not important). According to our definitions,γ is a path inZ with γ ∩ Z−

l 6= ∅ and
γ ∩ Z−

r 6= ∅. If we consider now the arcsŴupper := {(x, y) ∈ S1 : y ≥ 0} and
Ŵlower := {(x, y) ∈ S1 : y ≤ 0} which are contained in̄γ , we see that whileŴlower is
the image set of a sub-path ofγ, Ŵupper is not the image of any sub-path ofγ.

4. Applications to topological cells in finite dimensional spaces, periodic points
and topological dynamics

In this section we propose an application of the results in Section 3 to the setting of
[26, 56, 57, 59, 60, 61, 82].

4.1. Definitions

Let X be a Hausdorff topological space. We define a(1,N − 1)-rectangular cell of X
as a pair

N̂ = (N, cN),

whereN ⊆ X is a compact set andcN : N → [−1,1]N ⊆ R
N is a homeomorphism

of N onto its image[−1,1]N. Sometimes, it will be convenient to put in evidence the
Hausdorff topological spaceX containing a given cellN and the dimensionN of the
codomain of the homeomorphism. In such a situation, we’ll write

N̂ = (N, cN ; X,N).
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Figure 13: A possible picture of a(1,2)-rectangular cell̂N, where we have put in
evidence the two components of theN− set which are painted with a darker color.

Our definition of(1,N − 1)-rectangular cell is borrowed from that ofh-set given by
Zgliczyński and Gidea [82, Definition 1] and considered also by Pireddu and Zanolin
in [61]. However, we point out that, differently than in [82]and [61], we don’t assume
hereN to be a subset ofRN and moreover in the present case the homeomorphismcN

is defined only onN whence in the above cited articlescN was defined on the whole
spaceX. We also define the sets

N
−
l := cN

−1( {−1} × [−1,1]N−1 ), N−
r := cN

−1( {1} × [−1,1]N−1 ),

conventionally calledthe left and the right faces of̂N, as well as the set

N− := N
−
l ∪ N−

r .

If we define now
Ñ := (N,N−),

we have that̃N is a path-oriented spaces which possesses the FPP-γ.

Our definition of oriented cell̂N fits with that of (1,N − 1)-window considered by
Gidea and Robinson in [25] and, in the special caseN = 2, is equivalent to that of
two-dimensionaloriented cellby Papini and Zanolin in [60].

For completeness we also recall the form that the stretchingcondition takes with
respect to the path-oriented spaces determined by the rectangular cells that we have just
defined.

Let Â = (A, cA ; X,N1) andB̂ = (B, cB ; Y,N2) be two rectangular cells contained
in the Hausdorff topological spacesX andY, respectively. Letφ : X ⊇ Dφ → Y be
a map (not necessarily continuous on its whole domainDφ) and let us consider a set
D ⊆ Dφ .
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DEFINITION 5. We say that the pair(D, φ) stretchesÂ to B̂ along the paths
and write

(D, φ) : Â⊳ B̂,

if φ is continuous onD∩A and, moreover, there is a compact setW ⊆ D∩A such that,
for every pathσ ⊆ A with σ ∩ A

−
l 6= ∅ andσ ∩ A−

r 6= ∅, there is a pathγ ⊆ σ ∩ W

withψ(γ ) ∩ B
−
l 6= ∅ andφ(γ ) ∩ B−

r 6= ∅.

Observe that this definition coincides with

(D′ , φ) : Ã⊳ B̃,

according to Definition 2, for

D′ = D ∩ A ∩ φ−1(B).

As in [60] we introduce now some special subsets of a cell which are crucial for our
applications.

DEFINITION 6. Let M̂ = (M, cM ; X,d1) and N̂ = (N, cN ; X,d2) be two
rectangular cells of the same topological space X and letM̃ = (M,M−) and Ñ =
(N,N−) be the corresponding path-oriented spaces. We say thatM̂ is a horizontal
slab ofN̂ and write

M̂ ⊆h N̂,

if M̃ ⊆h Ñ, that is, if M ⊆ N and if every pathγ ⊆ M with γ ∩ M
−
l 6= ∅ and

γ ∩ M−
r 6= ∅ is such thatγ ∩ N

−
l 6= ∅ andγ ∩ N−

r 6= ∅.
Similarly, we say that̂M is a vertical slab of̂N and write

M̂ ⊆v N̂,

if M̃ ⊆v Ñ, that is, if M ⊆ N and if every pathσ ⊆ N with σ ∩ N
−
l 6= ∅ and

σ ∩ N−
r 6= ∅ contains a sub-pathγ ⊆ M such thatγ ∩ M

−
l 6= ∅ andγ ∩ M−

r 6= ∅.

REMARK 8. Note that in order to havêM ⊆h N̂ it is equivalent to require that
M ⊆ N and either

M̂
−
l ⊆ N̂

−
l , M̂−

r ⊆ N̂−
r

or

M̂
−
l ⊆ N̂−

r , M̂−
r ⊆ N̂

−
l .

In this manner, our definition of horizontal slab reduces to the one of horizontal slice
in [60, Def.1.2]

As in Section 3, we can now borrow from [60] and [61] the next definition.
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Figure 14: Examples of̂M ⊆h N̂ and ofM̂ ⊆v N̂ (the left and the right figures,
respectively). The painted areas representM̂ as embedded in̂N. The contours of[ · ]−-
sets for the oriented cellŝM andN̂ are indicated with a bold line.

DEFINITION 7. Let Â, B̂ andM̂ be three rectangular cells withA,B,M sub-
spaces of the same topological space X and suppose thatM ⊆ A ∩ B.

We say that̂B crosseŝA in M̂ and write

M̂ ∈ {Â ⋔ B̂},

if
M̂ ⊆h Â and M̂ ⊆v B̂.

4.2. Applications

At this step, we can just reconsider the same main results from [59, 60] already proved
for the stretching property in the case of generalized two-dimensional cells and extend
them to(1,N − 1)-rectangular cells. For instance, we have the following (compare to
Theorem 4).

THEOREM12. Suppose that̂A = (A,A−) andB̂ = (B,B−) are oriented cells
in X. If (D, ψ) : Â⊳ B̂ and there are k≥ 2 oriented cellŝM1 . . . , M̂k such that

M̂i ∈ {Â ⋔ B̂}, for i = 1, . . . , k,

with
Mi ∩ M j ∩ D = ∅, for all i 6= j, with i, j ∈ {1, . . . , k},
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Figure 15: InR
3, the (1,2)-rectangular cell̂N (the cheese shaped set) is crossed by

the (1,2)-rectangular cell̂M (the snake-like set). Among the four intersections ofM

with N, the first two (counting from the left and painted by a darker color) belong to
{N̂ ⋔ M̂}.

then the following conclusion holds:

• ψ has a chaotic dynamics of coin-tossing type on k symbols (with respect to the
setsKi := D ∩ Mi ).

• ψ has a fixed point in each setKi := D ∩ Mi and, for each finite sequence
(s0, s1, . . . , sm) ∈ {1, . . . , k}m+1, with m ≥ 1, there is at least one point z∗ ∈
Ks0 such that the position

z j +1 = ψ(z j ), z0 = z∗, for j = 0,1, . . . ,m

defines a sequence of points with

z j ∈ Ksj , ∀ j = 0,1, . . . ,m and zm+1 = z∗.

REMARK 9. The two conclusions in Theorem 12 corresponds to(a1) and(a3)

of Theorem 11. We could derive from(a2) also a conclusion about the existence of a
continuum of initial points which generate any (fixed) forward itinerary and thus obtain
an extension of the conclusion(b2) of Theorem 4. This one as well as some related
topics, which require a more careful treatment, will be discussed elsewhere.

As shown by this example, from Theorem 11 and the definitions of stretching,
slabs and crossings adapted to the case of(1,N − 1)-rectangular cells, we have now
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available all the tools which are needed in order to achieve afull extension of the
topological results contained in [59, 60] and partially recalled in Section 1.2, to maps
which expand the arcs along one direction. A more complete investigation on this
subject will appear in a future work.
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[31] IZE J., MASSABÒ I., PEJSACHOWICZ J. AND V IGNOLI A., Structure and dimension of global
branches of solutions to multiparameter nonlinear equations, Trans. Amer. Math. Soc.291 (1985),
383–435.

[32] KAMPEN J.,On fixed points of maps and iterated maps and applications, Nonlinear Anal.42 (2000),
509–532.
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