Rend. Sem. Mat. Univ. Pol. Torino - Vol. 64, 4 (2006) Syzygy 2005

G. Restuccia

SYMMETRIC ALGEBRAS OF FINITELY GENERATED GRADED MODULES AND s-SEQUENCES

Dedicated to Paolo Valabrega on the occasion of his 60^{th} birthday

Abstract. We study properties of the symmetric algebra of finitely generated graded modules M on a Noetherian ring R, generated by s-sequences. For these modules we investigate the Eisenbud-Goto conjecture. If R = K [X1, . . . , Xn] is a polynomial ring over a field K and M has linear syzygies, we consider the jacobian dual module of M in order to describe the Rees algebra of M.

1. Introduction

The aim of this paper is to study an interesting class of finitely generated modules M on a Noetherian ring R for which the initial ideal of the presentation ideal J of their symmetric algebra is very simple. More precisely, with respect to a special order on the variables that correspond to the generators of the module M, we have a good expression for the initial ideal of J . This area was investigated in [7], where the authors computed some algebraic invariants of Sym_R(M) or their bounds in terms of special ideals of the ring R. The theory gives definitive results if R is the polynomial ring in m variables on a field K of any characteristic by using the Gröbner basis theory (in the following K always denotes a field). Here we would like to study an application of previous results essentially in two directions. We have many areas of applications and this is only the starting point of investigation via s-sequences. The first is to test the Eisenbud-Goto conjecture (EGC) for the symmetric algebra of a module M generated by an s-sequence. After we have given formulations in this case, we begin to work in this direction. For regular sequences of forms in the polynomial ring (which are strong s-sequences) we prove the (EGC). If M has linear syzygies on the polynomial ring R = K [X_1, . . . , X_m ], a nice construction of [12] leads to the jacobian dual module N of M. N is a finitely generated module on the ring Q = K [Y_1, . . . , Y_n] and we have the isomorphism Sym_R(M) = Sym_Q (N). Then it is interesting to ask, when M is generated by an s-sequence, if N is generated by an s-sequence and viceversa, and this is the second area. In this context it is possible to describe the Rees algebra of the module M as a quotient of the symmetric algebra by its torsion submodule. In particular, in section 1 we give the definition of s-sequence introduced in [7], we recall some known results and we formulate the Eisenbud-Goto conjecture for the symmetric algebra of a finitely generated graded module M generated by an s-sequence on a Noetherian ring in different ways. In particular, if R = K [X_1, . . . , X_m ] is the polynomial ring, we give it in terms of the annihilator ideals of the s-sequence. As an application, we verify (EGC) for a regular sequence of forms of R.

In section 2 we introduce the jacobian dual of a module M on a polynomial ring 479

480 G. Restuccia

R = K [X_1, . . . , X_m ]. This module can be defined if the presentation matrix of M has linear entries in the variables X_i and its interest appears in many fields of commutative algebra. If this module N over the polynomial ring K [Y_1, . . . , Y_n] is generated by a strong s-sequence, we obtain that the torsion submodule of Sym_R(M) coincides with the first annihilator ideal of the s-sequence generating N and it is an ideal of Q. The Rees algebra of M, as a quotient of Sym_R(M) by its torsion submodule, can be computed. As an example, we consider a monomial ideal with linear syzygies not generated by an s-sequence, whose jacobian dual is generated by an s-sequence. The idea is to address our interest to many computations in this direction.

2. Preliminaries

Let R be any Noetherian ring and M a finitely generated R-module with generators f_1, . . . , f_n. If we consider a presentation of M

R^{m f}→ R^n → M → 0,

then f is represented by an n×m matrix (a_{i j} ) with entries in R, 1 ≤ i ≤ n, 1 ≤ j ≤ m. The symmetric algebra of M on R, Sym_R(M) = ⊕_{i≥0} S_i (M), where, for each i, S_i (M) is the component of degree i of Sym_R(M), has a presentation:

0 → J → Sym_R(R^n) → Sym_R(M) → 0

and Sym_R(R^n) ≃ R[Y_1, . . . , Y_n] is the polynomial ring on R in the variables Y_j , J is the relation ideal of Sym_R(M), J = (g_1, . . . , g_m ), with g_i form of degree 1 in the Y_j , g_i =

�_n j=1 a_{i j} Y_j , for i = 1, . . . , m, then Sym_R(M) ≃ R[Y_1, . . . , Y_n]�J .

The main problem is how to compute standard algebraic invariants of the graded algebra Sym_R(M) such as the dimension dim(Sym_R(M)), the multiplicity e(Sym_R(M)), the depth depth(Sym_R(M)) with respect to the graded maximal ideal Sym_R(M)^+ = ⊕_{i>0} S_i (M), the regularity reg(M), in terms of the corresponding invariants of special quotients of the ring R.

The first three invariants are classical. For the last invariant, we recall that reg(M) is the Castelnuovo-Mumford regularity of the graded module M. Its importance is briefly indicated in Eisenbud-Goto theorem which is an interesting description of regularity in terms of the graded Betti numbers of M ([2]).

They show that reg(M), when M is a graded finite R-module, where R = K [X_1, . . . , X_m ], measures the “complexity” of the minimal free resolution of M as an S-module. Therefore regularity plays an important role in many fields of commutative algebra.

More precisely, if we consider a graded minimal free resolution of M on S

0 → F_ℓ → · · · → F_1 → F_0 → M → 0,

if b_i is the maximum degree of the generators of the free module F_i , then

reg(M) = sup{b_i − i, i ≥ 0}.

Symmetric algebras and s-sequences 481

In other words, reg(M) is the smallest integer m such that for every j, the j-th syzygy module of M is generated in degree ≤ m + j (equivalently, reg(M) = sup{β_{i,i+ j} ≠ 0, for some i}, where β_{i,ℓ} are the graded Betti numbers of M).

If R is not a polynomial ring, the regularity of M can be infinite. A nice area of investigation in commutative algebra is the study of graded homogeneous algebras A generated in the same degree such that reg_A(A/m^+) = 0 as an A-module and m^+ is the maximal graded ideal of A.

A computation of the previous invariants can be obtained for a finitely generated R-module that is generated by an s-sequence f_1, . . . , f_n in the sense of [7]. Consider the presentation of Sym_R(M)

Sym_R(M) = R[Y_1, . . . , Y_n]/J.

The ideal Sym_R(M)^+ is generated by the residue classes of the Y_i that are called f^∗_i , because the variables Y_i correspond to the generators of the module M = R f_1 + · · · + R f_n in the presentation of Sym_R(M). For every i = 1, . . . , n, we set M_{i−1} = R f_1 + · · · + R f_{i−1} and let I_i = M_{i−1} :_R f_i be the colon ideal. We set I_0 = (0) for convenience. Since M_i /M_{i−1} ≃ R/I_i , so I_i is the annihilator of the cyclic module R/I_i , I_i is called an annihilator ideal of the sequence f_1, . . . , f_i .

Consider the polynomial ring R[Y_1, . . . , Y_n] and let < be a monomial order on the monomials of R[Y_1, . . . , Y_n] in the variables Y_i such that

Y_1 < Y_2 < · · · < Y_n.

We call < an admissible order. With respect to this term order, if f = � a_αY^α, Y^α = Y^{α1}_1 · · · Y^{αn}_n , α ∈ N^n, we put in_< f = a_αY^α, where Y^α is the largest monomial in f such that a_α ≠ 0. If we assign degree 1 to each variable Y_i and degree 0 to the elements of R, we have the following facts:

1) J is a graded ideal,

2) the natural epimorphism S → Sym_R(M) is a graded homomorphism of graded algebras on R, S is a graded ring and Sym_R(M) is a graded ring.

DEFINITION 1. The sequence f_1, . . . , f_n is an s-sequence for M if

(I_1Y_1, I_2Y_2, . . . , I_nY_n) = in_< J.

If I_1 ⊆ I_2 ⊆ · · · ⊆ I_n, the sequence is a strong s-sequence.

EXAMPLE 1. Any d-sequence of elements a_1, . . . , a_n in R is a strong s-se-quence, with respect to the reverse lexicographic order on the Y_i , with Y_1 < Y_2 < · · · < Y_n ([7], Cor. 3.3).

As a consequence regular sequences, proper sequences are strong s-sequences, since they are d-sequences ([10]).

If I = (a_1, . . . , a_n), we have Sym_R(I ) = R_R(I ), the Rees algebra of I .

482 G. Restuccia

If R = K [X_1, . . . , X_m ] we can use the Gröbner basis theory and Buchberger’s algorithm to compute in_< J .

If R = K [X_1, . . . , X_m ], then Sym_R(M) = K [X_1, . . . , X_m , Y_1, . . . , Y_n]/J . We can introduce a term order on

S = K [X_1, . . . , X_m , Y_1, . . . , Y_n]

such that Y_1 < Y_2 < · · · < Y_n and X_i < Y_i for any i.

For example X_1 < X_2 < · · · < X_m < Y_1 < Y_2 < · · · < Y_n is such a term order. If G is a Gröbner basis for J ⊂ K [X_1, . . . , X_m , Y_1, . . . , Y_n], we have in_< J = (in_<G) = (in_< f, f ∈ J ) and if the elements of G are linear in the Y_i s, it follows that f_1, . . . , f_n is an s-sequence for M.

REMARK 1. If R = K [X_1, . . . , X_m ], from the theory of Gröbner basis, if f_1, . . . , f_n is an s-sequence with respect to any admissible term order <, then f_1, . . . , f_n is an s-sequence for another admissible term order, too.

THEOREM 1 ([7]). Suppose R is a standard graded algebra, M is a graded R-module which is generated by the homogeneous s-sequence f_1, . . . , f_n, where all f_i have the same degree, I_1, . . . , I_n are the annihilator ideals of the sequence f_1, . . . , f_n. Then:

i) dim Sym_R(M) = max_{0≤r≤n}

1≤r_1≤···≤r_n ≤n

{dim R/(I_{r1} + · · · + I_{rn} ) + r}

ii) e(Sym_R(M)) = � 0≤r≤n

1≤r_1≤···≤r_n ≤n

e(R/(I_{r1} + · · · + I_{rn} )),

where dim R/(I_{r1} + · · · + I_{rn} ) = d − r, d = dim Sym_R(M).

For a strong s-sequence we have:

d = dim Sym_R(M) = max_{0≤r≤n}{dim R/I_r + r},

e(Sym_R(M)) = � 0≤r≤n

dim R/I_r =d−r

e(R/I_r ).

THEOREM 2 ([7]). If R = K [X_1, . . . , X_m ] and M is generated by elements of the same degree, which are a strong s-sequence, then

1) reg(Sym_R(M)) ≤ max{reg(R/I_i ), i = 1, . . . , n} + 1,

2) depth(Sym_R(M)) ≥ min{depth(R/I_i ) + i, i = 0, . . . , n}.

The notion of s-sequence can be useful essentially:

1) to test some conjectures for graded modules M generated by s-sequences, “via” conjectures about annihilator ideals of M, in particular we are interested to test

Symmetric algebras and s-sequences 483

the Eisenbud-Goto conjecture (EGC) for Sym_R(M), when M has generators of the same degree and the regularity is the ordinary regularity.

The (EGC), that involves all invariants of Sym_R(M), can be more easily verified if M is generated by an s-sequence.

2) to describe the Rees algebra of the R-module M, R = K [X_1, . . . , X_m ],

R_R(M) = Sym_R(M)/(Sym_R(M))_0

and to test (EGC) in the case the matrix of the relations of M is linear in the variables X_1, . . . , X_m . In this situation in fact we have a nice construction that collects many cases of ideals and modules (in particular those ones with linear resolution): the jacobian dual module N.

If N is the Jacobian dual of M, then natural questions arise:

i) When the jacobian dual N of M is generated by an s-sequence? ii) If it is the case, does Sym_Q (N) verify (EGC)?

3. Eisenbud-Goto conjecture

There are several conjectures to connect the measures of the complexity of an algebra. One of the most important is the following:

CONJECTURE 2. (EGC) If A is a standard graded domain on a field K then

reg(A) ≤ e(A) − codim(A),

where codim(A) = emb dim(A) − dim(A).

If A is Cohen-Macaulay, the conjecture is true and we have equality ([2]). We will establish the (EGC) for symmetric algebras of finitely generated graded module M generated by s-sequences.

We consider different formulations of the conjecture.

1) (EGC1) Eisenbud-Goto conjecture for the symmetric algebra of a module M on a standard graded algebra R, generated on R by a strong s-sequence of elements of the same degree, and such that Sym_R(M) is a domain

reg(Sym_R(M)) ≤ e(Sym_R(M)) − codim(Sym_R(M))

2) (EGC2) If R = K [X_1, . . . , X_m ], M a graded R-module generated by a strong s-sequence of elements of the same degree, Eisenbud-Goto conjecture for the symmetric algebra of M in terms of the annihilator ideals of the strong s-sequence generating M is

max{reg(R/I_i ) : i = 1, . . . , n} + 1 ≤ n� i=1 e(R/I_i ) − (n + m) + max_{0≤i≤n}{dim(R/I_i ) + i}

484 G. Restuccia

3) (EGC3) Eisenbud-Goto conjecture for any annihilator prime ideal of a strong s-sequence of the same degree > 1, generating a graded R-module M, R = K [X_1, . . . , X_m ], or R standard graded algebra that is a domain (EGC_i ) reg(R/I_i ) ≤ e(R/I_i ) − codim(R/I_i ), for i = 1, . . . , n, dim R/I_i = d − i. (EGC’_i ) reg(R/I_i ) ≤ e(R/I_i ) − m + dim(R/I_i ), i = 1, . . . , n, dim R/I_i = d − i. In 2) and 3) d = dim Sym_R(M).

4) The same conjecture formulated for the Rees algebra R(M), when R(M) = Sym_R(M), R a standard graded domain and M generated on R by a strong s-sequence of elements of the same degree, becomes: (EGC1’) reg(R(M)) ≤ e(R(M)) − codim(R(M)).

If R = K [X_1, . . . , X_m ], M a graded finitely generated R-module generated by an s-sequence of elements of the same degree, Eisenbud-Goto conjecture of R(M) = Sym_R(M) in terms of annihilator ideals of the strong s-sequence generating M (for example, M is an ideal of R = K [X_1, . . . , X_m ] generated by a d-sequence of elements of R):

(EGC2’) max{reg(R/I_i ) : i = 1, . . . , n} ≤ n� i=1 e(R/I_i ) − n

(EGC3’) reg(R/I_i ) ≤ e(R/I_i ) − m + dim(R/I_i )

Some implications: (EGC2) ⇒ (EGC1) If R = K [X_1, . . . , X_m ], by Theorem 1 and Theorem 2, we have:

reg(Sym_R(M)) ≤ max{reg R/I_i : i = 1, . . . , n} + 1 ≤ n� i=1 e(R/I_i ) − (n + m) − max_{0≤i≤n}{dim(R/I_i + i)}

≤ e(Sym_R(M)) − codim(Sym_R(M))

(EGC’_i ) ⇒ (EGC_i ), for any ideal I_i , i = 1, . . . , n.

reg(R/I_i ) ≤ e(R/I_i ) − m + dim(R/I_i ) ≤ e(R/I_i ) − codim(R/I_i ).

(EGC’_i ) for every i = 1, . . . , n ⇒ (EGC2)

Since (EGC’_i ) is true for every i, i = 1, . . . , n, we have:

max{reg R/I_i : i = 1, . . . , n} ≤ n� i=1 e(R/I_i ) − (n + m) − (n − 2)m + dim(R/I_s ) + n� i=1 i≠s

dim(R/I_i )

Symmetric algebras and s-sequences 485

≤ n� i=1 e(R/I_i ) − (n + m) + n� i=1 i≠s

(dim(R/I_i ) − m) + dim R/I_s

≤ n� i=1 e(R/I_i ) − (n + m) + dim R/I_s + s − 1

since n ≤ m.

If s is the integer such that dim(R/I_s ) + s = max_{1≤i≤n}{dim(R/I_i ) + i}, then we have

max{reg R/I_i : i = 1, . . . , n} ≤ n� i=1 e(R/I_i ) − (n + m) − (n − 2)m + dim(R/I_s ) + n� i=1 i≠s

dim(R/I_i )

≤ n� i=1 e(R/I_i ) − (n + m) + n� i=1 i≠s

(dim(R/I_i ) − m) + dim R/I_s

≤ n� i=1 e(R/I_i ) − (n + m) + dim R/I_s + s − 1

since dim R/I_i − m ≤ 0, i = 1, . . . , n.

In order to state the (EGC) for the jacobian dual module N of M, we need some facts on N. As a consequence we will give the formulation of (EGC) for N in the next section.

EXAMPLE 2 (Regular sequences). Let R be a Noetherian ring and let f_1, . . . , f_n be a regular sequence of elements of R. Then f_1, . . . , f_n is a strong s-sequence with respect to any reverse lexicographic order on the variables Y_1, . . . , Y_n such that Y_1 < Y_2 < . . . < Y_n with annihilator ideals I_1 = (0), I_2 = ( f_1), . . . , I_n = ( f_1, . . . , f_{n−1}) and in_< J = (( f_1)Y_2, . . . , ( f_1, . . . , f_{n−1})Y_n).

In fact a regular sequence is a d-sequence, hence the assertion follows.

THEOREM 3. Let R be a Noetherian ring and let f_1, . . . , f_n be a regular sequence. Let I = ( f_1, . . . , f_n) and Sym_R(I ) = R[Y_1, . . . , Y_n]/J . Then we have:

1) J is minimally generated by the elements g_{i j} = f_i Y_j − f_j Y_i , 1 ≤ i < j ≤ n. 2) If R = K [X_1, . . . , X_m ], the set {g_{i j} , 1 ≤ i < j ≤ n} is a Gröbner basis with respect to any reverse lexicographic order on the Y_j and such that Y_1 < . . . < Y_n.

486 G. Restuccia

Proof. 1) Put g_{i j} = f_i Y_j − f_j Y_i , i < j and suppose that {g_{i j} }_{1≤i< j≤n} is not a minimal system of generators of J . Then f_i Y_j − f_j Y_i = � (ρ,k)≠(i, j)

h_{ρk} g_{ρk} ,

fore some i, j, 1 ≤ i < j ≤ n.

Hence f_i = � ρ> j

h_{jρ} f_ρ + � ρ< j

h_{ρ j} f_ρ

and this is a contradiction.

2) We have to consider the S-couples:

i) S(g_{i j} , g_{ik} ), j ≠ k ii) S(g_{i j} , g_{k j} ), i ≠ k iii) S(g_{i j} , g_{kρ} ), i ≠ k, j ≠ ρ For i), S(g_{i j} , g_{ik} ) = Y_i (− f_k Y_j + f_j Y_k ). For ii), S(g_{i j} , g_{k j} ) = f_j (− f_i Y_k + f_k Y_i ). For iii), S(g_{i j} , g_{kρ} ) = − f_k Y_ρ g_{i j} − f_j Y_i g_{kρ} . So, by Buchberger’s criterion we get in_<(J ) = (in_<g_{i j} ).

Now, let R = K [X_1, . . . , X_m ] be a polynomial ring and let I be an ideal of R generated by an R-sequence f_1, . . . , f_n of homogeneous elements. Case I: f_1, . . . , f_n have the same degree a.

PROPOSITION 1. reg(Sym_R(I )) ≤ (n − 1)(a − 1) + 1.

Proof. Since f_1, . . . , f_n is a strong s-sequence, then we can apply the formula reg(Sym_R(I )) ≤ max{reg(R/I_i ), 1 ≤ i ≤ n} + 1, where I_0 = I_1 = (0), I_2 = ( f_1), . . . , I_n = ( f_1, . . . , f_{n−1}). The result follows by the Koszul resolution for the annihilator ideals I_i , 2 ≤ i ≤ n.

PROPOSITION 2. Let I = ( f_1, . . . , f_n) ⊂ R = K [X_1, . . . , X_m ] be generated by a regular sequence of forms of the same degree a. Then (EGC2’) is true. Proof. We have to prove that max{reg(R/I_i ), 1 ≤ i ≤ n} ≤ � 1≤i≤n

e(R/I_i ) − n

Symmetric algebras and s-sequences 487

that is

(n − 1)a − (n − 1) ≤ n� i=1 a^{i−1} − n

(n − 1)a ≤ a + a^2 + · · · + a^{n−1}.

The assertion follows.

PROPOSITION 3. Let I = ( f_1, . . . , f_n) ⊂ R = K [X_1, . . . , X_m ] be generated by a regular sequence of forms of the same degree a ≥ 2. Then (EGC’_i ) is true for i, 1 ≤ i ≤ n, such that the annihilator ideal I_i is a prime ideal.

Proof. We have to prove that reg(R/I_i ) ≤ e(R/I_i ) − i + 1, i.e. (i − 1)a − (i − 1) ≤ a^{i−1} − i + 1 and (EGC’_i ) is true.

REMARK 2.

1) For n > 1, in Proposition 1 we have in fact equality. The result can follow from the resolution of the algebra Sym_R(I ) = R(I ), by employing the Eagon-Northcott complex. Let S = K [X_1, . . . , X_m ; Y_1, . . . , Y_n] and let F and G be finitely generated free graded S-modules of rank 2 and m respectively. Consider a graded homomorphism of degree zero g : G → F, g represented by the matrix � f_1 ... f_n Y_1 ... Y_n � . We can write g : S(−a)^n → S^2 and we consider the Koszul complex arising from g.

K (g) : 0 → n� G ⊗ S(F)(−n) → n−1�

G ⊗ S(F)(−n + 1) → · · ·

· · · → G ⊗ S(F)(−1) → S(F) → 0,

where S(F) = Sym_S(F) = S[T ] = S[T_1, T_2] and the differential δ : i� G ⊗ S(F)(−i) → i−1�

G ⊗ S(F)(−i + 1)

is defined by

δ(t_1 ∧ t_2 ∧ . . . ∧ t_i ⊗ f (T )) = i� j=1 (−1)^j g(t_j )t_1 ∧ t_2 ∧ . . . ∧ ^t_j ∧ . . . ∧ t_i ⊗ f (T ).

Since ht(J ) = n − 1, dim R(I ) = m + 1 = n + m − ht(J ) and J is perfect. The complex

D_0(g) : 0 →

�^0�

G ⊗ S_{n−2}(F)

�_∗ → � G ⊗ S_{n−3}(F)(−1)

�_∗ → · · · → �^{n−3}� G ⊗ S_1(F)(−n + 3)

�_∗ → �^{n−2}�

G ⊗ S_0(F)(−n + 2)

�_∗ → S → 0,

488 G. Restuccia

resolves S/J ([7], (2.16)).

Since any generator of J has degree a + 1, the shift in the place 1 is −a, that is a is the shift of the generators of the module (∧^{n−2}G ⊗ S_0(F))^∗. Finally, the complex above is the dual of a Koszul complex. Hence:

reg(S/J ) = (n − 1)a − (n − 1) + 1.

2) If f_1, . . . , f_n is a regular sequence of n forms of degree a ≥ 2, Sym_R(I ) = R(I ), I = ( f_1, . . . , f_n) and reg(R) ≤ reg R(I ) ≤ max{reg R + 1, reg R + n(a − 1)} ([5], Corollary 2.6).

For m = 1, reg R = 0, reg R(I ) = 0. The assertion follows and (EGC) is true. For m > 1, reg R = 0 and 0 ≤ reg R(I ) ≤ max{1, n(a − 1)} = n(a − 1).

For n ≥ 3, what is needed is n(a − 1) ≤ n� i=1 a^{i−1} − n + 1, na ≤ n� i=1 a^{i−1} + 1. If we

write na = a + (a + a) + (n − 3)a, we have na ≤ a + a^2 +

�_n i=4 a^{i−1} and (EGC) is true.

Case II: f_1, . . . , f_n are forms of different degrees d_1, . . . , d_n, d_1 ≤ d_2 ≤ . . . ≤ d_n. Consider R as a graded ring by assigning to each variable X_i degree 0. Then S = R[Y_1, . . . , Y_n] is a graded ring if we assign to each variable Y_i degree 1. Let < be a monomial order on the monomials in Y_1, . . . , Y_n such that Y_1 < Y_2 < · · · < Y_n. Since f_1, . . . , f_n is a regular sequence, it is a strong s-sequence and in_< J = (I_1Y_1, . . . , I_nY_n), I_i = ( f_1, . . . , f_{i−1}) for i = 1, . . . , n. As a consequence

reg R(I ) = reg R[Y_1, . . . , Y_n]/J ≤ reg R[Y_1, . . . , Y_n]/in_< J =

= reg R[Y_1, . . . , Y_n]/(I_1Y_1, . . . , I_nY_n) ≤ max{reg(R/I_i ), 1 ≤ i ≤ n} + 1.

But the last regularity is 0, since all matrices have entries of degree 0 in the minimal graded resolution of any annihilator ideal I_i . We need R(I ) is a standard graded algebra for the formulation of (EGC).

4. Jacobian dual

Let R = K [X_1, . . . , X_s ] be a polynomial ring and let E be a finitely generated Rmodule with presentation :

R^{m ϕ}→ R^n → E → 0

where the entries of the n × m matrix A = (a_{i j} ) that represents ϕ are homogeneous linear forms.

The equations of the symmetric algebra of E, Sym_R(E) = S(E) are

f_j = n� i=1 a_{i j} Y_i j = 1, . . . , m.

Symmetric algebras and s-sequences 489

There is a naive duality for S(E), obtained from rewriting the equations f_j in the X_i ’s variables.

f_j = n� i=1 a_{i j} Y_i = s� i=1 b_{i j} X_i j = 1, . . . , m

and B = (b_{i j} ) is an s × m matrix of homogeneous linear forms in the Y_i ’s variables.

We have:

A^t � � � Y_1 . . Y_n

� � � = B^t � � � X_1 . . X_s

� � � = � � � f_1 . . f_m

� � �. Now we put Q = K [Y_1, . . . , Y_n] and consider the cokernel N of the map

Q^{m �}→ Q^s → N → 0,

where � is the map represented by B.

N defines the Jacobian dual module of E ([12], [14]).

EXAMPLE 3. We can write the relation f = (X_1 − 2X_2)Y_1 + (X_1 + X_2)Y_2 + X_3Y_3 as f = (Y_1 + Y_2)X_1 + (−2Y_1 + Y_2)X_2 + Y_3 X_3.

REMARK 3. Sym_R(E) ∼= Sym_Q (N).

EXAMPLE 4. Suppose that A ∼= B, in the sense that the two matrices A and B have the same elements under the substitution X_i −→ Y_i , n = s. Then R ∼= Q and E ∼= N.

There is a nice situation that will be interesting in the following.

Let R = K [X_1, . . . , X_n], I = m_+ = (X_1, . . . , X_n), Sym_R(m_+) = R(m_+) = K [X_1, . . . , X_n; Y_1, . . . , Y_n]/J , where J is generated by the binomials X_i Y_j − X_j Y_i , 1 ≤ i < j ≤ n, the 2 × 2-minors of the 2 × n matrix � X_1 X_2 ... X_n Y_1 Y_2 ... Y_n � . The binomials in the X_i ’s give the dual matrix B of the relation matrix A of m_+ under the substitution X_i → Y_j , i, j = 1, . . . , n.

Notice that the set of binomials is an universal Gröbner basis for the ideal J and this implies m_+ is generated by an s-sequence linear in the Y_i ’s and linear in the X_i ’s, too.

Another example is given by m_i = (X_1, . . . , X_i ), i < n.

Sym_R(m_i ) = K [X_1, . . . , X_n; Y_1, . . . , Y_i ]/J_i

where J_i is generated by the binomials X_ℓY_s − X_s Y_ℓ, 1 ≤ ℓ < s ≤ i, the 2 × 2 minors of the matrix � X_1 X_2 ... X_i Y_1 Y_2 ... Y_i � .

490 G. Restuccia

Put S = K [Y_1, . . . , Y_i ], Sym_R(m_i ) = Sym_S(N) and X_1, . . . , X_i is an s-sequence (it is a regular sequence) for m_i and the sequence of 1-forms x^∗_1 , . . . , x^∗_i is an s-sequence for the jacobian dual N of m_i , where x_1, . . . , x_n are the residue classes of X_1, . . . , X_n in S[X_1, . . . , X_n]/J_i .

PROPOSITION 4. Let R = K [X_1, . . . , X_m ] be a polynomial ring and M a graded R-module generated by forms f_1, . . . , f_n of the same degree. Suppose that the relation ideal J of Sym_R(M) is generated by forms that are linear in both sets of variables X and Y , and let N be the jacobian dual of M generated by x_1, . . . , x_m , where x^∗_1 , . . . , x^∗_m are the images of the elements X_1, . . . , X_m in the ring K [X_1, . . . , X_m ; Y_1, . . . , Y_n]/J .

Suppose J has a Gröbner basis linear in the X and Y variables with respect to the reverse lexicographic order on all variables and to the two orders of variables X_m > . . . > X_1 > Y_n > . . . > Y_1 and Y_n > . . . > Y_1 > X_m > . . . > X_1. Then M is generated by an s-sequence if and only if N is generated by an s-sequence.

Proof. It is a consequence of the previous facts.

REMARK 4. The strong case concerns J with a universal Gröbner basis that is linear in the X and Y variables with respect to any permutation of variables.

REMARK 5. If we know the Gröbner basis of J that is linear in the variables X and Y , with respect to the reverse lexicographic order and to the two orders of variables X_m > . . . > X_1 > Y_n > . . . > Y_1 and Y_n > . . . > Y_1 > X_m > . . . > X_1, then we can write the annihilator ideals of the sequences f_1, . . . , f_n and x_1, . . . , x_m by using lemma 3.3 of [9].

The theorem gives the annihilator ideals for the s-sequence generating the jacobian dual N of M, but the proof can be repeated to have the annihilator ideals of M.

EXAMPLE 5. Let I = (X^2, Y^2, XY ) that is generated by an s-sequence ([7], Examples 1.5(1)). The jacobian dual N of I is generated by an s-sequence, too, but the relation ideal J has a Gröbner basis linear in the X_i ’s, but not linear in the Y_i ’s ([7]).

Now consider Sym_R(M) = R[Y_1, . . . , Y_n]/J ∼= Q[X_1, . . . , X_m ]/J = Sym_Q (N). Let x^∗_1 , . . . , x^∗_m be the images of X_1, . . . , X_m mod J that we can consider as the generators of N (we denote by x_1, . . . , x_m the generators of N).

We recall some propositions:

PROPOSITION 5. Let I ⊂ R be an ideal generated by f_1, . . . , f_n. Then the following conditions are equivalent:

1) f_1, . . . , f_n is a d-sequence;

2) (0 : f_1) ∩ I = 0 and f_2, . . . , f_n is a d-sequence in R/( f_1).

Symmetric algebras and s-sequences 491

Proof. [7], Lemma 3.1.

PROPOSITION 6. Let M be an R-module generated by f_1, . . . , f_n. Then the following conditions are equivalent:

1) f_1, . . . , f_n is a strong s-sequence with respect to the lexicographic order induced by Y_n > Y_{n−1} > . . . > Y_1;

2) f^∗_1 , . . . , f^∗_n is a d-sequence in Sym_R(M). Proof. [7], Theorem 3.2.

PROPOSITION 7. Let M be a finitely generated R-module, and let R be a domain. Then Sym_R(M) is a domain if and only if (Sym_R(M))_0 = 0, where (Sym_R(M))_0 ⊆ Sym_R(M) is the torsion submodule of M ([13]).

THEOREM 4. Suppose N is generated by a strong s-sequence x_1, . . . , x_m . Then we have

1. x^∗_1 , . . . , x^∗_m is a d-sequence in Sym_Q (N); 2. the ideal (0 : x^∗_1 ) is generated by elements of Q; 3. if (0 : x^∗_1 ) is a prime ideal then Sym_Q (N)/(0 : x^∗_1 ) ∼= R(M).

Proof. 1) If N is generated by a strong s-sequence, then x^∗_1 , . . . , x^∗_m is a d-sequence in Sym_R(N) (by Proposition 6).

Then (0 : x^∗_1 ) ∩ (x^∗_1 , . . . , x^∗_m ) = (0) and (0 : x^∗_1 ) is generated by polynomials in Y_1, . . . , Y_n and we have 2).

3) Suppose (0 : x^∗_1 ) a prime ideal of Q = K [Y_1, . . . , Y_n]. So Sym_Q (N)/(0 : x^∗_1 ) ∼= Sym_R(M)/(0 : x^∗_1 ) is a domain, then (0 : x^∗_1 ) ⊆ (Sym_R(M))_0, where (Sym_R(M))_0 is the torsion submodule of Sym_R(M). Since R is a domain, (0 : x^∗_1 ) = (Sym_R(M))_0 (by Proposition 7), then Sym_R(M)/(0 : x^∗_1 ) ∼= R(M), the Rees algebra of M ([3]).

EXAMPLE 6.

M = I = (X^2_1, X^2, X_1 X_2) ⊂ R = K [X_1, X_2], X_2 > X_1 R^{2 φ}→ R^3→I → 0

A = (a_{i j} ) = � � X_2 0 0 X_1 −X_1 −X_2 � � J = ( f_1, f_2), where f_1 = X_2Y_1 − X_1Y_3 = Y_1 X_2 − Y_3 X_1

492 G. Restuccia

f_2 = X_1Y_2 − X_2Y_3 = Y_3 X_2 − Y_2 X_1

The sequence X^2_1, X^2, X_1 X_2 is a strong s-sequence for the ideal I ([7], Ex. 1.5(1)). Consider B = (b_{i j} ) = � −Y_3 Y_2 Y_1 −Y_3 � . If S = K [Y_1, Y_2, Y_3], the jacobian dual module N of I is

0 −→ S^{2 ψ}−→ S^2 −→ N −→ 0

S( f_1, f_2) = Y_3 f_1 + Y_1 f_2 = (−Y^2_3 + Y_1Y_2)X_1 = f_3. Then a Gröbner basis w.r.t. X_2 > X_1 > Y_3 > Y_2 > Y_1 is { f_1, f_2, f_3},

in_< J = ((Y_1, Y_3)X_2, (Y^2_3 − Y_1Y_2)X_1).

I^∗_0 = (0), I^∗_1 = (Y^2_3 − Y_1Y_2), I^∗_2 = (Y_1, Y_3), and since I^∗_1 ⊂ I^∗_2 , x_1, x_2 is a strong s-sequence for N.

From f_3 = (−Y^2_3 + Y_1Y_2)X_1, we have: (0 : x^∗_1 ) = (Y_1Y_2 − Y^2_3 ). In order to prove (Y^2_3 − Y_1Y_2) is a prime ideal in Sym_Q (N) we remark that J^′ = ( f_1, f_2, Y^2_3 − Y_1Y_2) is a prime ideal in Sym_Q (N) if and only if (Y_1Y_2 − Y^2_3 ) is a prime ideal in Sym_Q (N). But J^′ is the ideal generated by the 2 × 2-minors of the generic matrix � X_1 Y_3 Y_1 X_2 Y_2 Y_3 � . Then the assertion follows and (Y_1Y_2 − Y^2_3 ) is a prime ideal in Sym_Q (N) and

Sym_Q (N)/(0 : x^∗_1 ) ∼= Sym_R((X^2_1, X^2, X_1 X_2))/(0 : x^∗_1 ) ∼= R(I ) ∼= ∼= R[Y_1, Y_2, Y_3]/(−Y_3 X_1 + Y_1 X_2, −Y_2 X_1 + Y_3 X_2, Y_1Y_2 − Y_3^2).

EXAMPLE 7 (Monomial square-free matroidal ideals). Now we follow the notations used in [11, page 130].

Let I be a monomial ideal of K [x_1, . . . , x_n] with the minimal set of generators G(I ) = {x^{J1} , . . . , x^{Jt} }, where x^J = x^{j1}_1 · · · x^{jn}_n , J = ( j_1, . . . , j_n) and i = (0, 0, . . . , 1, . . . , 0). We set |J | = j_1 + · · · + j_n. We can associate the vector

�_t

i=1 a_i ⊗x^{Ji} to a syzygy of I

�_t i=1 a_i x^{Ji} , where ⊗ means ⊗_K .

For any monomial order on K [x_1, . . . , x_n], we will say that

x_i ⊗ x^J < x_k ⊗ x^k if x_i x^J < x_k x^k .

If u ∈ G(I ), we put ν_i (u) = j_i , if x^{ji}_i appears in the monomial u. Now, let I be a monomial ideal for which all generators have the same degree. I is matroidal if it satisfies the following exchange property ([24]):

For all u, v ∈ G(I ) and all i with ν_i (u) > ν_i (v), there exists an integer j with ν_j (v) > ν_j (u), such that x_j (u/x_i ) ∈ G(I ).

Symmetric algebras and s-sequences 493

THEOREM 5. Let I be a matroidal square-free ideal with generators x^{J1} , . . . , x^{JN} of the same degree. Then a minimal set of generators for the first syzygies of I has the form

x_j ⊗ x^{Ji} − x_t ⊗ x^{Jℓ} , j + J_i = t + J_ℓ, x^{Ji} , x^{Jℓ} ∈ G(I )

where j < t, t integer such that if J_i = (a_1, . . . , a_n), a_k = b_k , k = t + 1, . . . , n and such that b_j > a_j , for some x^{Jk} ∈ G(I ), J_k = (b_1, . . . , b_n).

Proof. In the reverse lexicographic order we can suppose that x^{J1} > x^{J2} > · · · > x^{JN} . Let x^{Ji} < x^{Jk} . Then there exists an integer t such that a_m = b_m for m = t + 1, . . . , n, J_i = (a_1, . . . , a_n), J_k = (b_1, . . . , b_n) and a_t > b_t . Hence there exists an integer j with b_j > a_j such that u^′ = x_j (x^{Ji} /x_t ) ∈ G(I ). Thus there is a syzygy of the form x_j ⊗ x^{Ji} − x_t ⊗ x^{Jℓ} , x^{Jℓ} ∈ G(I ).

EXAMPLE 8.

I = (x_1, x_2)(x_3, x_4) = (x_1x_3, x_1x_4, x_2x_3, x_2x_4)

In the reverse lexicographic order and for x_4 > x_3 > x_2 > x_1

x_4x_2 > x_3x_2 > x_4x_1 > x_3x_1.

We consider the mapping Y_1 → x^{J4} = x_3x_1, Y_2 → x^{J3} = x_4x_1, Y_3 → x^{J2} = x_3x_2, Y_4 → x^{J1} = x_4x_2. The syzygies are:

x_1 ⊗ x^{J2} − x_2 ⊗ x^{J4} −→ f_1 = x_2Y_1 − x_1Y_3;

x_1 ⊗ x^{J1} − x_2 ⊗ x^{J3} −→ f_2 = x_2Y_2 − x_1Y_4;

x_3 ⊗ x^{J3} − x_4 ⊗ x^{J4} −→ f_3 = x_4Y_1 − x_3Y_2;

x_3 ⊗ x^{J1} − x_4 ⊗ x^{J2} −→ f_4 = x_4Y_3 − x_3Y_4.

The relations matrix of I is � � � x_2 0 x_4 0 0 x_2 −x_3 0 −x_1 0 0 x_4 0 −x_1 0 −x_3

� � �

and the dual matrix is � � � −Y_3 −Y_4 0 0 Y_1 Y_2 0 0 0 0 −Y_2 −Y_4 0 0 Y_1 Y_3

� � � Consider the order x_4 > · · · > x_1 > Y_4 > · · · > Y_1, J has a Gröbner basis linear in the x_i variables. In fact J = ( f_1, f_2, f_3, f_4) and a Gröbner basis of J is

494 G. Restuccia

G = { f_1, f_2, f_3, f_4, f_5, f_6} with f_5 = x_4(Y_2Y_3 − Y_1Y_4), f_6 = x_2(Y_2Y_3 − Y_1Y_4), in_< J = ((Y_3, Y_4)x_1, (Y_3Y_2)x_2, (Y_2, Y_4)x_3, (Y_3Y_2)x_4), I^∗_1 = (Y_3, Y_4), I^∗_2 = (Y_3Y_2), I^∗_3 = (Y_2, Y_4), I^∗_4 = (Y_3Y_2).

The jacobian dual N of I is generated by an s-sequence x^∗_1 , . . . , x^∗_4 that is not a strong s-sequence.

The torsion submodule of Sym_R(I ) can be read in the dual matrix:

0 : x^∗_1 = � � � −Y_1 Y_2 Y_3 Y_4 � � � � = (Y_1Y_4 − Y_3Y_2).

REMARK 6. The ideal I is not generated by an s-sequence. The Gröbner basis of J is not linear in the variables Y_1, . . . , Y_4 for any admissible order such that Y_4 > Y_3 > Y_2 > Y_1. Then we are forced in this case to study the invariants of Sym_Q (N) ∼= Sym_R(M) “via” the jacobian dual.

The computation of the annihilator ideals of the s-sequence generating N can be done by the lemma 3.2 of [9]. Moreover this lemma can be used to compute the annhilator ideals of a generating s-sequence of M, changing the variables x_i ’s with the Y_j ’s and for a term order on all variables x_i ’s and Y_j ’s, that is admissible for x_i and for Y_j , for example x_n > x_{n−1} > . . . > x_1 > Y_n > Y_{n−1} > . . . > Y_1 or Y_n > Y_{n−1} > . . . > Y_1 > x_n > x_{n−1} > . . . > x_1.

In general, it is possible that M is not generated by an s-sequence and N is generated by an s-sequence. If this is the case (Ex. 8), we can obtain the Rees algebra of M by the quotient Sym_R(M)/I_1^∗, I_1^∗ = 0 : x_1^∗ = (Sym_R(M))_0, where I_1^∗ is a prime ideal. Then (EGC) can be true for R(M) that is a domain,

(EGC1^∗) reg(R(M)) ≤ e(R(M)) − codim(R(M)).

Moreover we have, if R = K [X_1, . . . , X_m ], M a graded finitely generated R-module, N the jacobian dual on Q = K [Y_1, . . . , Y_n], generated by an s-sequence of elements of Q of the same degree, Eisenbud-Goto conjecture for the symmetric algebra Sym_Q (N), in terms of the annihilator ideals I^∗_1 , . . . , I^∗_m of Q. (EGC2^∗) max{reg(Q/I^∗_i ) : i = 1, . . . , m} + 1 ≤

�_m i=1 e(Q/I^∗_i ) − (n + m)+ + max_{0≤i≤m} {dim(Q/I^∗_i ) + i} (EGC^∗_i ) reg(Q/I^∗_i ) ≤ e(Q/I^∗_i ) − codim(Q/I^∗_i ), for i = 1, . . . , m. (EGC^∗_i^′) reg(Q/I^∗_i ) ≤ e(Q/I^∗_i ) − n + dim(Q/I^∗_i ), for i = 1, . . . , m.

EXAMPLE 9. I = (X^2, Y^2, XY ), Sym_R(I ) verifies the inequality of (EGC2), I_0 = I_1 = (0), I_2 = (X^2), I_3 = (X, Y ).

reg(R/I_2) = 1, reg(R/I_3) = 0, e(R/I_2) = 2, e(R/I_3) = 1

then:

max{reg(R/I_i ), i = 1, 2, 3} < 3� i=1 e(R/I_i ) − 2

Symmetric algebras and s-sequences 495

is true. For the jacobian dual: I^∗_1 = (Y^2_3 − Y_1Y_2), I^∗_2 = (Y_1, Y_3)

reg(Q/I^∗_1 ) = 1, reg(Q/I^∗_2 ) = 0, e(Q/I^∗_1 ) = 2, e(Q/I^∗_2 ) = 1 then the inequality:

max{reg(Q/I^∗_i ), i = 1, 2} < 2� i=0 e(Q/I^∗_i ) − 2 + 1

is verified.

REMARK 7. Let M be a graded module on R = K [X_1, . . . , X_m ], let N be the jacobian dual of M. Suppose that x_1, . . . , x_m is a strong s-sequence for N and (0 : x^∗_1 ) is a prime ideal of Q. Then x^∗_1 , . . . , x^∗_m is a d-sequence in R(M) = Sym_Q (N)/(0 : x^∗_1 ).

Our attention actually applies to prove the conjecture via the annihilator ideals of the jacobian dual of large classes of monomial ideals with linear resolution.

References

[1] BRUNS W. AND VETTER U., Determinantal rings, LNM 1327, Springer-Verlag, Berlin 1988. [2] EISENBUD D. AND GOTO S., Linear free resolutions and minimal multiplicity, J. Algebra 88 (1984), 89–133.

[3] EISENBUD D., HUNEKE C. AND ULRICH B., What is the Rees algebra of a module?, Proc. Amer.

Math. Soc. 131 (2003), 701–708.

[4] HERZOG J. AND HIBI T., Cohen-Macaulay polymatroidal ideals, preprint.

[5] HERZOG J., POPESCU D. AND TRUNG N.V., Regularity of Rees algebras, J. London Math. Soc. 65 (2) (2002), 320–338.

[6] HERZOG J., RESTUCCIA G. AND RINALDO G., Regularity and depth of the symmetric algebra, Beitraege der Algebra und Geometrie, to appear (2004).

[7] HERZOG J., RESTUCCIA G. AND TANG Z., s-sequences and symmetric algebras, Manuscripta Math.

104 (2001), 479–501.

[8] HERZOG J., TRUNG N.V. AND ULRICH B., On the multiplicity of blow-up rings of ideals generated by d-sequences, J. Pure Appl. Algebra 80 (1992), 273–297.

[9] HERZOG J., TANG Z. AND ZARZUELA S., Symmetric and Rees algebras of Koszul cycles and their Gröbner bases, Manuscripta Math. 112 (2003), 489–509.

[10] HUNEKE C., The theory of d-sequences and powers of ideals, Adv. in Math. 46 (1982), 249–279. [11] ELIAS J., GIRAL J.M., MIRÒ-ROIG R.M. AND ZARZUELA S., Six Lectures on Commutative Algebra, Progress in Mathematics 165, Birkhäuser, 1998.

[12] SIMIS A., ULRICH B. AND VASCONCELOS W.V., Jacobian dual fibrations, Amer. J. Math. 115 (1) (1993), 47–75.

[13] SAMUEL P., Anneaux gradués factoriels et modules réflexifs, Bull. Soc. Math. France 92 (1964), 237– 249.

[14] VASCONCELOS W.V., Arithmetic of Blowup Algebras. London Math. Soc. Lect. Note Series 195, Cambridge University Press, Cambridge 1994.

496 G. Restuccia

AMS Subject Classification: 13A30, 13C15, 16W50.

Gaetana RESTUCCIA, Dipartimento di Matematica, Università di Messina, Contrada Papardo, salita Sperone 31, 98166 Messina, ITALIA e-mail: grest@dipmat.unime.it