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VECTOR BUNDLES, REFLEXIVE SHEAVES AND LOW

CODIMENSIONAL VARIETIES
Dedicated to Paolo Valabrega on the occasion of his 60th birthday

Abstract. We give a short, but hopefully up–to–date account on the theory of vector bundles
and reflexive sheaves on projective spaces and hypersurfaces.

1. Introduction

The theory of vector bundles and reflexive sheaves has been developed rapidly from
the 70’s up to today, (see the fundamental papers [33], [35])mainly because of its
connection with the geometry of low codimensional varieties. An important motivation
for the study of these objects came out from the conjecture ([34]) that any smooth
2-codimensional variety inPr , r > 6, is complete intersection. Recently, a strong
impulse towards the theory followed the interest on the study of subvarieties of general
hypersurfaces.

In this note, we show a general approach which, at least for rank 2, seems to
us sufficient to justify the introduction and inspection of vector bundles and reflexive
sheaves, in the task of understanding the geometry of projective subvarieties.

The note is also a tribute to Paolo Valabrega, in the occasionof his 60th birthday.
Paolo was the advisor of my thesis and inspired all my early studies in Mathematics.
He addressed me to the theory of algebraic varieties, about 25 years ago. One of his
first intuition concerned the role that vector bundles play in the development of a point
of view for understanding the geometrical behaviour of low codimensional varieties.

I hope that writing down some fundamental aspects of the theory of rank 2
bundles and reflexive sheaves, will be useful for propagating a point of view in the
theory of projective varieties, that Paolo followed in his geometrical papers, in the last
years.

2. Subvarieties of projective spaces

Many concepts that will be displayed through the note, are infact independent from the
characteristic of the ground field. Some of them (but it is notentirely clear which) do
not even need the presence of a ground field itself. Nevertheless, it is more comfortable
to work over an algebraically closed field of characteristic0. So let us say that, through
the note, we only consider projective spaces and projectivevarieties defined over the
complex fieldC.

In the study of varieties of codimension one in the projective spacePr , one has
little to deal with complicate relations between the local and global description.
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Indeed hypersurfacesX are always described by a single equation, a homoge-
neous polynomialF in the ringC[x0, . . . , xr ], and properties of the hypersurface are
strictly connected with properties ofF . For instance, deformations ofX correspond to
deformations of the equationF (modulo the action ofC∗).

In principle, if one wants to describeX in terms of 0-locus of functions, it
is necessary to deal with the local equations ofX in the various affine pieces ofPr .
Hence, there are transition functions which displayX as the 0-locus of a section of a
line bundle, usually indicated asOPr (d), d being the degree ofF . However, as the
global sections ofOPr (d) coincide with homogeneous polynomials of degreed, then
one could also forget this description and go on with the elementary algebraic point of
view.

As soon as one considers codimension 2, things become “dramatically” more
complicated and new methods cannot be avoided.

First of all, givenX ⊂ P
r of codimension 2, by no means one can be sure of the

existence of two homogeneous polynomialsF, G such thatX coincides globally with
the locus whereF = G = 0. Even locally, the existence of the two defining equations
is not guaranteed.

Varieties for which the two defining equations exist (on the whole projective
space) are(global) complete intersection. In general, a variety of codimensionm
is a (global) complete intersection when there arer − m homogeneous polynomials
F1, . . . , Fr −m such thatX coincides with the locusF1 = · · · = Fr −m = 0.

When the same condition is true locally, thenX is locally complete intersection.

Things become a little easier when we restrict to study onlysmoothsubvarieties
X ⊂ P

r , i.e. subvarieties without singular points. In this case, one can find a Zariski
open cover ofPr such that, on any piece of the cover,X is defined by two polynomial
equations. In other words, every smooth subvariety is locally complete intersection.

Turning back to the case of smooth varieties of codimension 2, one could expect
that the transition functions determined on the open cover by the equations of a smooth
subvarietyX, could determine a rank 2 bundleE onP

r such thatX coincides with the
0-locus of a section ofE. Unfortunately, this turns out to be false, in general. Indeed
the glueing conditions are not trivial onX.

Whenr = 2 andX is a discrete set of points, then the glueing conditions are
local on a finite set, so they behave friendly and one is alwaysable to define a vector
bundleE out from some local equations ofX.

On the other hand, when dim(X) ≥ 1, the glueing condition becomes non–
trivial. The resulting data define a line bundle onX, which is a twist of the canonical
bundleωX , the line bundle defined by the differentials onX.

Serre’s construction ([64]) shows that one obtains a rank 2 bundle E on P
r

associated withX as soon asωX is the restriction toX of some line bundleOPr (d).
VarietiesX satisfying this property are calledsubcanonical. The restriction ofE to X
turns out to be isomorphic to the normal bundle ofX: NX = TPr |X/TX .

For general varieties, the difference betweenωX and the restriction ofOPr (d)

determines somesingularity of E and E is no longer a vector bundle, but just are-
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flexive sheaf, i.e. a torsion free sheaf such that the double dualE∗∗ is canonically
isomorphic toE.

OPEN PROBLEM 1. It is still an open problem to determine areasonableset of
conditions which extend the previous theory to varieties ofcodimension greater than 2.

In codimension 3, a theorem of M. Kreuzer ([41]) shows that any set of distinct
points in the 3-space can be realized as the 0-locus of a rank 3bundle onP

3. The
bundle, however, is in general far from being unique. It is not clear (and difficult)
to determine which invariants are allowed for a vector bundle of rank 3 with sections
vanishing exactly on a given setZ of points. Observe that any set of distinct points is
automatically subcanonical.

We do not know a precise description of curves inP
4 which can be realized as

the 0-locus of sections of a rank 3 vector bundle. A theorem ofChang proves, however,
that not every smooth subcanonical curve inP

4 shares this property ([10]).

For other varieties, observe that we have the following necessary condition:

(∗) All the Chern classes of the tangent sheaf (or the cotangent sheaf) of X are cut
on X by Chern classes ofP

r .

In other words, the Chern classes ofTX sit in the image of the restriction map
Chow(Pr )→Chow(X).

We do not know to which extent the previous condition is also sufficient. It
coincides with subcanonicity for curves, thus it is sufficient for curves inP

3 (and for
codimension 2) but it is not sufficient for curves inP

4.

We guess that the condition could be sufficient only as soon as2 dim(X)+1 ≥ r .

Other, more geometrical, generalizations of the notion of subcanonical varieties
could be tested. For instance, it would be interesting to know if the following could be
true:

(Q) A smooth surface X⊂ P
5 is the0-locus of a section of a rank3 vector bundle if

and only if there exists a (reflexive?) sheaf T of rank2 on P
5, whose restriction

to X is isomorphic to the tangent sheaf TX .

OPEN PROBLEM 2. Useless to say that even more complicate would be to de-
termine in general when a 2-codimensional subvarietyX ⊂ P

r is the 0-locus of a rank
2 torsion free sheaf, having singularities in a given dimension ≥ 0.

The subcanonical condition can be rephrased in terms of liaison.

Roughly speaking, we say that two subvarietiesX, X′ of codimension 2 are
(directly) linkedby the complete intersectionY of two hypersurfaces of degreesa, b,
whenY = X ∪ X′. We will write

X ∼a,b X′.

Indeed one should consider a more refined definition, which takes care of the
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case whereX, X′ have overlapping components. We refer to the paper [51] for aprecise
statement.

It is classical that whenX ∼a,b X′, then the canonical classωX of X is cut by
hypersurfaces of degreea+b−r −1 passing throughX′, outside the intersectionX∩X′.
As a consequence, whenX is subcanonical, withωX = OX(e) (= OPr (e) ⊗ OX) then
there exists a hypersurface of degreea+b−r −1−ewhich exactly cutsX ∩ X′ on X′.
ThusX′ turns out to be described by the vanishing of three homogeneous polynomials,
of degreesa, b, a + b − r − 1 − e.

In general, one can see that we needr + 1 equations to describe point by point
a subvariety of codimension 2: namely, with two equations one describes a complete
intersection of codimension 2, containingX. The third equation restricts the intersec-
tion to X ∪ {a subvariety of codimension 3} and so on, increasing the codimension of
the residue by 1 at every step, up to the reach of the empty set.

Thus subcanonical varieties are exactly those which are linked to subvarieties of
codimension 2 defined by 3 equations, which is the minimum allowed for non complete
intersection varieties.

For curves inP3, this remark exhausts the possible cases, for any curve in the
3-dimensional projective space can be cut with 4 equations (see e.g. [66]).

What happens for higher dimensional object seems widely unknown, even for
the initial cases.

OPEN PROBLEM 3. In P
4, a general (smooth) surface can be described by 5

equations. Surfaces directly linked to subcanonical surface, can be cut by 3 equations.

The problem asks for a description of the geometry of surfaces which can be
described with 4 equations.

Even if their canonical classω is not cut by hypersurfaces ofP
4, they have the

following property:

(∗∗) there exists a numberu ∈ Z such that, in the Chow ring, the intersection
ωX · (ωX ⊗ OX(u)) is 0.

The previous property should be also sufficient for a surfacein P
4 to be cut by

4 equations.

In general the geometry (existence, properties, deformations, classification) of
this class of surfaces, which are, in a sense, a natural generalization of subcanonical
surfaces, is unknown.

The theory could be generalized in two ways: first considering varieties of codi-
mension 2 inPr , r > 4, cut by 4 equations, then to varieties of codimension 2 cut by
any intermediate number of equations, between 4 andr .

Generalizations to subvarieties of higher codimension seem truly out of reach!
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3. Subcanonical subvarieties

Let us restrict our attention tosmoothsubcanonical varietiesX of codimension 2 inPr .
Also we assume in this sectionr ≥ 3, so that dim(X) ≥ 1.

We sete to be the number such that the canonical bundleωX coincides with the
restrictionOX(e) = OPr (e) ⊗ OX . e is also theindex of specialityof X, i.e.

e = max{i : dim H0(ωX(−i )) > 0}.

Fixing e, we will also say thatX is e-subcanonical.

In this setting, Serre’s correspondence shows that there exists a vector bundleE
onP

r and a sections ∈ H0(E) such thatX coincides with the 0–locus ofs. Identifying
any homogeneous summand of the Chow ring ofP

r with Z, Serre’s correspondence
shows that the Chern classes ofE are:

c1 = e+ r + 1

c2 = deg(X).

Locally, s is defined by two polynomials in any set of an open cover ofP
r . The

Koszul complexes of the two polynomials link globally to give the fundamental exact
sequence:

(1) 0 → 32E∗ = OPr (−c1) → E∗ = E(−c1) → IX → 0

whereIX is the ideal sheaf ofX.

From this description, it turns out thatX is globally complete intersection of
hypersurfaces of degreea, b if and only if sequence (1) coincides with the (global)
Koszul complex of two polynomials of degreea, b, i.e. whenE splits:

PROPOSITION1. In the previous setting, X is complete intersection of hyper-
surfaces of degree a, b if and only if the local Koszul complex globalizes, i.e. if and
only if E decomposes in a direct sum of line bundles E= OPr (a) ⊕ OPr (b).

Thus, the problem of detecting when a smooth subcanonical subvariety of codi-
mension 2 is complete intersection is rephrased, in the language of bundles, as a par-
ticular case of the generalsplitting problem :

SP: Determine conditions under which a vector bundleE of rankn decomposes into
a direct sum⊕OPr (ai ).

An implicit answer to the splitting problem for rank 2 inP3 was determined in
1942 by G. Gherardelli.

DEFINITION 1. We say that a variety X⊂ P
r is t-normal if the surjection of

line bundlesOPr (t) → OX(t) = OPr (t) ⊗ OX yields also a surjection of the spaces of
global sections H0(OPr (t)) → H0(OX(t)).

1-normal varieties are also calledlinearly normal varieties.

X isarithmetically normal if it is t-normal for all t .
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In [28] Gherardelli proves the following result:

THEOREM 1. A curve C⊂ P
3 is complete intersection if and only if it is(a)

subcanonical and(b) arithmetically normal.

A result of Strano ([65]) proves that a smooth 2-codimensional subvarietyX ⊂
P

r , r ≥ 4, is complete intersection if and only if its general hyperplane section is.

Thus, summing up these two results, we obtain:

COROLLARY 1. A smooth subvariety X⊂ P
r , r ≥ 3, of codimension2 is

complete intersection if and only if it is subcanonical and its general curvilinear section
is arithmetically normal.

To understand Gherardelli’s result for the splitting of rank 2 bundles, one needs
to consider the cohomology ofE.

REMARK 1. The natural sequence

(2) 0 → IX(t) → OPr (t) → OX(t) → 0

shows thatX is t-normal if and only if H1(IX(t)) = 0. From the cohomological
sequence associated to (1), one obtains

H1(IX(t)) = H1(E(−c1 + t)).

Thus:

A rank 2 bundle onP
3 decomposes in a sum of line bundles if and only if

H1(E(i )) = 0 for all i .

The previous splitting criterion has been extended in 1962 by A. Horrocks, to
vector bundles of any rank in any projective space.

THEOREM 2 (Horrocks splitting criterion).A vector bundle E of rank n inPr ,
r > 1, decomposes in a sum of line bundles if and only if:

(3) Hm(E(i )) = 0 for all i and for all 1 ≤ m ≤
r

2

We will refer to vector bundles satisfying condition 3 asarithmetically Cohen-
Macaulay vector bundles (aCM for short).

Let us just observe that Gherardelli’s theorem, Strano’s result and Kleiman’s
proof of the fact that for any vector bundleE, a general section ofE(t) (see [39]), for
t ≫ 0, vanishes in a smooth locus, indeed imply Horrocks criterion for rank 2 vector
bundles inPr , r > 2.

Horrocks criterion has been improved in several ways. A contribute of Paolo
Valabrega to this theory is contained in the paper [18], where he proves that the van-
ishing of one single, well–determined cohomology groupH1E(t0) is enough to cause
the splitting of a rank 2 vector bundle inP3:
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THEOREM 3 (Splitting criterion inP
3). A vector bundle E of rank2 in P

3

decomposes in a sum of line bundles if and only if H1(E(t0)) = 0, where

t0 = −
c1

2
− 1 for even c1, or

t0 ∈
{

−
c1 + 3

2
,−

c1 + 1

2
,−

c1 − 1

2

}

for odd c1

Equivalently: a curve C⊂ P
3 is complete intersection if and only if it is e-subcanonical

and(t0)-normal, where

t0 =
e

2
+ 1 for even e, or

t0 ∈
{

e+ 1

2
,

e+ 3

2
,

e+ 5

2

}

for odd e.

Examples prove that this description is sharp.

REMARK 2. A brief account on the history of this result. The originalproof
was based on theGruson–Peskine speciality lemma(see [31]), which bounds the index
of specialitye.

As pointed out in [53] and [60], indeed, the use of the speciality lemma can be
avoided in the proof of the result.

The same theorem has been subsequently re–obtained by a direct examination
of the cohomology of vector bundles ([52]) or via the theory of the spectrum ([22]).

In the case of rank 2 bundles inPr , r > 3, by using several times the hyperplane
sectional sequence:

(4) 0 → E(−1) → E → E ⊗ OH → 0

whereH is a general hyperplane, then the splitting criterion of Theorem 3 yields:

THEOREM 4. A vector bundle E of rank2 in P
r decomposes in a sum of line

bundles if and only if

H1(E(t0)) = H2(E(t0 − 1)) = · · · = H i (E(t0 − i + 1)) = 0, i = 1, . . . , r − 2,

where
t0 = −

c1

2
− 1 for even c1, or

t0 = either −
c1 + 3

2
,−

c1 + 1

2
,−

c1 − 1

2
for odd c1.

An important improvement of the Horrocks criterion has beenobtained by Evans
and Griffith([29]):
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THEOREM 5. A vector bundle E of rank n inPr (r > 1) decomposes in a sum
of line bundles if and only if:

(5) Hm(E(i )) = 0 for all i and for all m = 1, . . . , min{n − 1, r − 1}.

OPEN PROBLEM 4. For rank 2 bundles, the splitting criterion of Evans and
Griffith reads:

E splits if and only ifH1(E(t)) = 0 for all t.

So we have two different conditions which imply the splitting of a rank 2 bundle: a
“flat” condition, by theorem 5:

H1(E(t)) = 0 for all t

and a “tower” condition, by Theorem 4

H1(E(t0)) = H2(E(t0 − 1)) = · · · = H i (E(t0 − i + 1)) = 0, i = 1, . . . , r − 2

wheret0 is a precise number, depending only on the first Chern class ofE.

The “intersection” of these two conditions yields the following problem:

Q: Is H1(E(t0)) = 0 for some fixedt0 enough to guarantee the splitting of a rank 2
bundle inP

r , r > 3?

Indeed there are few known examples of non–splitting rank 2 bundles inP
4, all

of them essentially obtained from theHorrocks–Mumford bundle ([38]).

In all of these examples,H1E(t0) does not vanish.

It is not a consequence of Theorem 3, but still true, that a rank 2 bundleE on
P

2 decomposes in a sum of line bundles if and only if a precise cohomology group
H1(E(t0)) vanishes. Here the choices of numberst0, for which the statement holds,
widens (see [4]).

Indeed, as observed in the introduction, the correspondence between subvari-
eties of codimension 2 inP2 (i.e. sets of points) and rank 2 vector bundles is weaker
than in higher dimensional spaces.

In P
2, any non-empty set of pointsX has some non–vanishing cohomology

groupH1(IX(t)), thus the notion of “arithmetically normal” becomes meaningless.

Also the notion of “subcanonical” variety is useless, for the theory of lines
bundles on such a finiteX trivializes. One has to use instead the notion ofCayley–
Bacharach number.

e is a Cayley–Bacharach number for the finite setX ⊂ P
2 if, for any point

P ∈ X, one has
H0(IX(e)) = H0(IX−{P}(e)).

In other words, there are no curves of degreee passing throughX − {P} and missing
P.
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If e is a Cayley–Bacharach number forX, then one finds a rank 2 bundleE
on P

2 and a sections of E which vanishes exactly onX. The Chern classes ofE are
c1 = e+ 3, c2 = deg(X).

From this description, one easily understands that there are infinitely many bun-
dles associated toX. As Cayley–Bacharach numbers associated toX may change, we
find bundles associated toX with different Chern classes.

Sets of points inP2 which are complete intersection, are characterized by the
Cayley–Bacharach theorem:

THEOREM 6 (Cayley–Bacharach).A set of point X⊂ P
2 of degree d= ab

is complete intersection of curves of degree a, b if and only if a+ b − 3 is a Cayley–
Bacharach number for X.

Among the many rank 2 bundles associated to a complete intersectionX ⊂ P
2,

there are for sure indecomposable bundles. Nevertheless, it is possible to determine
cohomological criteria for the splitting of rank 2 bundles on P

2.

Namely, the possible sequences which give the dimension of the cohomology
groupsH1(E(t)), as t varies, are classified in [4]. It turns out that we have a crite-
rion for detecting, from the cohomological sequence dimH1(E(t)), the existence of
a global section of some twistE(t) which vanishes on a complete intersection set of
points.

We refer to the paper [4] for details.

OPEN PROBLEM 5. If E is a rank 2 vector bundle onP2, then the possible
structures of the cohomology⊕H1(E(t)), as vector spaces overC, are known, as
explained above. Nevertheless⊕H1(E(t)) is also a module over the polynomial ring.
It is not known which module structures are allowed for this object.

Actually we only know a factorial characterization of the cohomology module
⊕H1(E(t)), via its minimal resolution (see [21] for details).

What we have in mind is a sort of results similar to the one of Ellia and Fiorentini
([24]):

THEOREM 7. The only indecomposable rank2 bundles inP3 whose cohomol-
ogy module⊕H1(E(t)) has trivial multiplication are associated to pairs of skew lines.

Indeed Theorem 3 is a step in this direction. See also [37] forsome bounds on
the dimension ofH1(E(t)) for rank 2 bundles inP3.

OPENPROBLEM 6. A similar description for the structure of⊕H1(E(t)), when
E is a rank 2 vector bundle onPr , r > 2, has been exploited quite partially. E.g.
Decker’s result [21] also works inP3.

In fact, inP
r , r > 2, we do not know a complete description of all the possible

functions dimH1(E(t)) for a vector bundleE of rank 2. We just have partial results.
E.g. Buraggina proved in [8] that the support of the functionis connected. Also Chang
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gave a conjecture on the non–vanishing of cohomology groupsfor rank 2 bundles (see
[9], [27], [20]).

When one considers codimension 2 subvarieties inP
r , with r ≥ 6, then a new

phenomenon occurs: namely the Lefschetz principle impliesthat all smooth subvari-
eties are subcanonical (see e.g. [32]). So any smooth subvariety of codimension 2 is
associated with a rank 2 vector bundle.

Classical algebraic geometers knew very well the difficulties in constructing
smooth subvarieties of low codimension. For codimension 2,there are no examples of
such varieties inPr as soon asr ≥ 5 (but we should mention that such a subvariety
exists inP

5, in characteristic 2, see [45]).

For r ≥ 7, in [34] Hartshorne conjectured that:

CONJECTURE1. All smooth subvarieties of codimension 2 inP
r , r ≥ 7, are

complete intersection.

Equivalently:

All rank 2 bundles inPr , r ≥ 7, decompose in a sum of line bundles.

It is far beyond the scopes of this note to give an account of the state of the art
in the study of Hartshorne’s conjecture. Enough to say that aproof of this conjecture
would bound the study of rank 2 bundles over projective spaces P

r to the case of low
r .

Turning back to the case of curves inP3, let us mention another suggestion
which comes from the splitting Theorem 3.

OPEN PROBLEM 7. Let C be a smooth curve inP3 of degreed and genusg.
Then the index of specialitye of C ranges between 0 and2g−2

d .

e is maximal for subcanonical curves. Assume for a while thate is even,e = 2a.
Then Theorem 3 yields that, for any degree, a subcanonical curve C is arithmetically
normal if and only ifH1(IC(a + 1)) = 0.

The other extremal case ise = 0. Curves for which this condition holds are
callednon–special. A theorem of Mumford ([47]) shows that, ford > 2g − 1, then
a non special curve inP3 is arithmetically normal if and only if it is linearly normal,
i.e. H1(IC(1)) = 0. Observe that in this case alsoa = e/2 is zero, thus Mumford’s
condition can be written as the previous one:H1(IC(a + 1)) = 0.

The question is: can this pattern be extended to the intermediate cases?

Q: is there some (serious) function8(g) such that for smooth curves inP3 with even
index of specialitye = 2a, and ford > 8(g), arithmetically normal is equivalent
to the vanishing of just the unique cohomology groupH1(IC(a + 1))?

It could happen that the numbera + 1 should be replaced by some more com-
plicate expression involvinge, d, g.

Of course, a similar problem can be stated for curves with oddindex of special-
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ity, or for surfaces inP4.

The previous problem suggests to exploit how the behaviour of subcanonical
subvarieties is mirrored by general subvarieties of codimension 2. We consider here
mainly the case of curves inP3 and surfaces inP4.

Fix a smooth curveC in P
3 and calle its index of speciality. Then, glueing

together the various local equations ofC, one ends up with a sheafF which is not
locally free, unlessC is subcanonical.F is just a reflexive sheaf of rank 2, a rank 2
“vector bundle with singularities”. Thesingularitiesof F are the points where it is not
locally free, i.e. the points at which the fiber ofF jumps in dimension. These points
belong toC, and their number depend on the construction of the glueing.Namely,
taking any valueǫ ≤ e, one gets a reflexive sheafF with Chern classesc1 = ǫ + 4,
c2 = deg(C) andc3 = 2g − 2− ǫd (whereg is the genus of the curve), such that there
is a sections ∈ H0(F) which vanishes exactly alongC.

As above, by taking the glueing of the local Koszul complexes, one gets an exact
sequence:

(6) 0 → OP3 → F → IX(c1) → 0

In this situation,F is singular exactly atc3 = 2g − 2 − ǫd points. ThusF is a
rank 2 bundle exactly whenc3 = 0.

A completely analogue construction works also inP
4 andP

5. It could work also
in higher dimensional projective spaces, but due to Barth–Larsen Theorem [32], every
smooth subvariety of codimension 2 is subcanonical in such spaces, thus the reflexive
sheaf theory here is useless.

One may arise, for reflexive sheaves, the same splitting problem that exists on
rank 2 bundles: i.e., find cohomological conditions under which the reflexive sheafF
(is a vector bundle and) decomposes into a sum of line bundles.

It turns out easily thatF decomposes if and only if, for allt , H1(F(t)) =
H2(F(t)) = 0. Observe that, sinceF is not locally free, theH2 sequence could be, in
principle, completely different from theH1 sequence.

The cohomological criterion has been refined by M. Roggero, for curves inP3

(see [54], and [60] for the extension to higher dimensional spaces):

THEOREM 8 (Roggero’s criterion).A reflexive sheaf F of rank2 on P
3 with

first Chern classes c1 ∈ {−1, 0} is a vector bundle and decomposes into a sum of line
bundles, if and only if H2(F(t)) = 0 for some number t in the range[−3+c1,−3−c1].

Observe that the condition, via Serre duality, coincides with the one of Theorem
3 for vector bundles.

OPEN PROBLEM 8. Is there some analogue of Evans-Griffith criterion of The-
orem 5 for rank 2 reflexive sheaf on higher dimensional spaces?

Can this be intersected with Roggero’s criterion?
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OPEN PROBLEM 9. Let us mention that Strano’s criterion for the splitting of a
rank 2 reflexive sheaf extends indeed to any rank. Is this truealso for other splitting
criteria?

The starting point of our discussion works verbatim, if we consider subvarieties
of codimension 2 of some varietyY with good geometrical properties.

Namely, for instance, if we consider a subvarietyX ⊂ Y of codimension 2 in a
smooth complete intersection varietyY, then Serre’s correspondence also works: ifX
is subcanonical, then one can find a rank 2 bundleE on Y, with a sections vanishing
alongX. The exact sequence (1) now reads:

(7) 0 → OY(−c1) → E∗ = E(−c1) → IX,Y → 0.

where again we use integers to signify the tensor product by line bundles onY belong-
ing to the image of the restriction map:

ρ : Pic(Pr ) → Pic(Y)

which, in our cases, will usually be a surjection.

We have:

PROPOSITION2. In the previous setting, E decomposes in a direct sum of line
bundles E= L ⊕ M if and only if X is complete intersection of the0–loci of a section
of L and a section of M.

It turns out that the analogy between the theory of rank 2 bundles onP
r and

on Y, stops soon when we consider splitting criteria, even for very simple complete
intersectionY.

EXAMPLE 1. LetY be a smooth quadric inP4. Then there are linesX insideY.
X cannot be complete intersection of two surfaces inY. Indeed the mapρ : Pic(Pr ) →
Pic(Y) surjects, thus any surface inY arises by intersectingY with an hypersurface in
P

4, thus any complete intersection curve inY has even degree.

On the other hand,X is subcanonical, so we have a rank 2 bundleE on Y,
associated withX, which cannot decompose. AsX is arithmetically normal inP4,
then the exact sequence 0→ OP4(−2) = IY → IX → IX,Y → 0 shows that
H1(IX,Y(t)) = 0 for all t . By the exact sequence (7), this in turn impliesH1(E(t)) =
0 for all t .

Hence Horrocks splitting criterion does not work on a general quadric inP
4.

One can prove (see e.g. [50]) that the rank 2 bundle associated with a lineX is
essentially the unique counterexample to the Horrocks splitting criterion, on a quadric
hypersurfaceY of P

4.

The situation for hypersurfaces ofP
4 has been clarified by C. Madonna, who

found in [42] that Horrocks splitting criterion is valid except for bundles whose first
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Chern class fits in a well determined range. Indeed Madonna went over proving an
extension of the splitting criterion of Theorem 3:

THEOREM 9 (Madonna’s criterion).Let Y ⊂ P
4 be a smooth hypersurface of

degree d. Let E be a rank2 vector bundle on Y . Set:

(8) b := max{i : H0(E(−i )) 6= 0}

and assume
c1 − 2b ≤ −d + 2 or c1 − 2b ≥ d.

Then the following are equivalent:

(i ) E decomposes in a sum of line bundles E= OY(a) ⊕ OY(b);

(i i ) H1(E(t)) = 0 for all t .

Observe that Madonna’s range−d + 2 < c1 − 2b < d is empty whend = 1,
i.e. whenY = P

3. Also it reduces to a singleton whend = 2, corresponding to the
case of the rank 2 bundle associated with a line.

Madonna’s range forc1 is indeed sharp. On one hand, ifY contains a line,
then the associated rank 2 bundle satisfies and contradicts Horrocks splitting criterion.
On the other hand, one find examples of rank 2 bundles withc1 = d − 1, whenY
corresponds to the pfaffian of a skew-symmetric matrix of linear forms (see [2] for
details).

OPEN PROBLEM 10. Madonna’s criterion has been extended to a wider class
of threefolds, as complete intersection threefolds or regular subcanonical threefolds.
See [42] for details.

However, an extension to more complicate classes of threefolds (for which the
Serre correspondence could present some failures) is unknown.

OPEN PROBLEM 11. Using Madonna’s criterion or direct constructions, one
could try to classify all rank 2 vector bundles on smooth threefolds X ⊂ P

4, which
does not decompose and nevertheless satisfyH1(E(t)) = 0 for all t .

This has been done for deg(X) = 2 ([50]), deg(X) = 3 ([1]) and deg(X) = 4
([43]). For deg(X) = 5, in [15] one finds a description of all the bundles with the
previous property, whichcould exist on a smooth quintic. The effective existence is
not known (but see [40] for some partial results).

In general, on a smooth hypersurface of degreed > 5, it is not known, for a
fixed c1 in Madonna’s range, which values one has for the second Chernclass of an
indecomposable aCM rank 2 bundle.

The situation becomes only a little easier when one looks atgeneralhypersur-
facesX of P

4. The situation does not change for deg(X) ≤ 5, while for deg(X) = 6,
i.e. for canonical hypersurfaces, we have:
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THEOREM 10. On a general hypersurface X of degree6 in P
4, the Horrocks

splitting criterion holds for rank2 bundles. Namely, a rank2 bundle E decomposes in
a sum of line bundles if and only if H1(E(t)) = 0 for all t .

As a consequence, Gherardelli’s criterion holds: a smooth curve in X is com-
plete intersection of X and two other hypersurfaces if and only if it is subcanonical and
arithmetically normal.

Proof. See [16].

OPEN PROBLEM 12. Although one can hope to play some induction on the
degree, by now we do not know whether Horrocks splitting criterion is valid for rank 2
bundles on a smooth hypersurface of degreed > 6 in P

4.

REMARK 3. For rank 2 bundles on a general hypersurface ofP
r , r > 4, the

splitting criterion works, except for quadrics inP5.

This has been proved for hypersurfaces of degreed = 3, 4, 5, 6 inP
5 in [17] and

extended to any degree in a recent paper by Mohan Kumar, Rao and Ravindra ([46]).
The extension to higher dimensional projective spaces follows easily by Strano’s crite-
rion.

The cased = 2, r > 5 is easy. In fact, by Madonna’s criterion, Horrocks split-
ting theorem would fail only when the quadric contains a linear space of codimension
2, which is not the case for general quadrics.

OPEN PROBLEM 13. Extend the previous theory to other classes of threefolds,
as complete intersections, subcanonical threefolds, etc.

OPENPROBLEM 14. Is there some analogue of Evans-Griffith criterion of The-
orem 5 for rank 2 bundles on general hypersurfaces ofP

r , r > 3?

OPEN PROBLEM 15. Some particular smooth sextic threefoldX in P
4 does

not satisfies Horrocks splitting criterion. E.g. ifX contains a line, then this line is
associated with a rank 2 bundle which is indecomposable and aCM.

The situation is similar to the Noether–Lefschetz principle for surfaces of degree
d > 3 in P

3: we know that, on a general surface, all line bundles are restrictions of line
bundles on the projective space. However, for some particular surface, new line bun-
dles may arise. Surfaces which do not satisfy the Noether–Lefschetz principle, fill up
some subsets of the parametrizing spaceP(H0(OP3(d))), which are calledNoether–
Lefschetz loci. The study of these Noether–Lefschetz loci has several applications in
Algebraic Geometry.

Analogously, one may ask to describe the locus inP(H0(OP4(6))) which para-
metrizes hypersurfaces of degree 6 inP

4 bearing some indecomposable aCM rank 2
bundle.

OPEN PROBLEM 16. For the case of surfaces inP3, Madonna’s criterion for
the splitting of rank 2 vector bundles also works: Horrocks criterion is valide outside a



Vector bundles and varieties 395

narrow range for the invariantb of Theorem 9.

It would be interesting to know a description of all indecomposable aCM rank
2 bundles on ageneralsurface of degreed of P

3.

For d = 2 this is more or less well known. The cased = 3 has been solved by
Faenzi ([25]), while the cased = 4 is essentially well known. Ford = 5, a forthcoming
paper ([14]) will describe the situation.

The problem is open for higher values ofd. Giving a precise description of
all possible shapes of the functiont 7→ dim(H1(E(t))), for vector bundles on smooth
surfaces ofP3, seems a task. However, using a lemma on the Hilbert functionof sets
of points on surfaces ([13]), in a forthcoming paper [5] we are ready to give serious
restriction for the possible shapes of the function.

At the end of this section, we would like to point out that, as in the case ofP3,
non–subcanonical curvesC lying in smooth hypersurfacesX ⊂ P

4 are associated with
rank 2 reflexive sheavesF on X.

M. Valenzano (see [67]) extended to this situation a mix between Madonna’s
and Roggero’s criteria:

THEOREM 11. Let F be a reflexive sheaf of rank2 on a smooth hypersurface
X ⊂ P

4 of degree d. Set b:= max{i : H0(E(−i )) 6= 0} and assume

c1 − 2b ≤ −d + 2 or c1 − 2b ≥ d.

Then F is a vector bundle and decomposes in a sum of line bundles F = OX(a) ⊕
OX(b) if and only if

H2
(

F

(

d − c1 − 6

2

))

= 0 for even d− c1;

H2
(

F

(

d − c1 − 7

2

))

= 0 for odd d− c1.

OPEN PROBLEM 17. It is clearly not an easy task, but it could be worthy of
some effort, the attempt to apply the methods used for rank 2 bundles, to obtain in-
formation on the Chern classes of reflexive sheaves on smoothhypersurfaces ofP4 (or
even more general threefolds).

This could be a way to answer some interesting question aboutcurves contained
in general threefolds ofP4. E.g. questions like the following ones are still unanswered:

• Q1: Is it true that every smooth, connected arithmetically normal curve on a
general smooth threefold of degreed > 5 in P

4 has degree multiple ofd?

• Q2: Is the statement true for subcanonical curves?

See [30] and [68] for a discussion on the subject.
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Finally, in order to construct examples of subcanonical curves in smooth three-
folds, one can try to consider double structures on curves, following the pattern intro-
duced by Ferrand inP3 (see [26]). In [6] one finds some generalization to multiple
structures. In [44] one can find a systematic study of such structures.

Let us point out that a generalization of Ferrand construction has been per-
formed in Valabrega’s paper [18], §3. The construction yields examples of subcanoni-
cal curves and vector bundles whose cohomological properties can be controlled rather
deeply. Indeed, several pathological examples of rank 2 bundles onP

3 can be obtained
in this way (see e.g. [11]).

OPEN PROBLEM 18. Reproduce the multiple structure construction of [18] for
curves and varieties in more general spaces, and exploit which kind of bundles one may
obtain.

4. Families of varieties and vector bundles

The study of deformations of vector bundles and reflexive sheaves has a natural interest
in projective Algebraic Geometry. Let us set the problem from the very beginning.

Any hypersurfaceX of the projective spacePr is defined by a single homoge-
neous equationF ∈ C[x0, . . . , xr ]. In order to deformX we need just to deform the
homogeneous polynomialF . The set of all hypersurfaces that can be obtained with
a deformation ofX coincides thus the set of hypersurfaces defined by homogeneous
equations of the same degree ofF . They are parametrized by the points of a projective
space

|OPr (d)| = P(H0(OPr (d)))

whered is the degree ofF . Hence, at this level, any hypersurface is described by its
degree plus a point in a projective space.

If we replaceP
r with a (even smooth, irreducible) projective varietyV , then

some of the previous facts fail.

A hypersurfaceX ⊂ V , i.e. a subvariety of codimension 1 inV , is no longer
globally defined, modulo the homogeneous ideal ofV , by a unique equation. Never-
theless, asV is smooth,X is defined by a unique equation in a suitable Zariski open
neighbourhood of any point ofV . These equations may vary as the Zariski open set
varies. They match in the overlapping of the neighbourhoods, modulo well defined
transition functions. ThusX determines a line bundleL X overV and a global section
sX ∈ H0(L X), with the property thatX is exactly the locus wheresX vanishes. This is
true not only set-theoretically, but in a refined algebraic sense, i.e. scheme-theoretically.

In order to deformX in V , we may clearly take a deformation of the section
sX ∈ H0(L X). So the hypersurfaces ofX associated to global sections ofL X are the
“first–level” deformations ofX.

However, depending on the geometry of the varietyV , it is possible that a defor-
mation of the transition functions ofL X could determine also a deformation of the line
bundle, which carries a deformation of the global sections. We get thus a family of line
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bundles and for anyG in the family and any non–zero global sectiont ∈ H0(G), the
locus defined byt = 0 is also a hypersurface obtained with a deformation ofX. Line
bundlesG obtained from a deformation ofL X are indeed of the typeL X + ǫ, where
ǫ is a line bundle which lies in a variety (Pic0(V)) which parametrizes line bundles
numerically equivalent to 0.

Thus, deformations ofX are parametrized by points of a space which is a pro-
jective fibration over a subvariety of Pic0(V).

Pic0(V) is trivial whenX is rational, or a hypersurface of dimension≥ 2. On the
other hand, when for instanceV is a non–rational curve, then Pic0(V) has a complicate
geometrical structure, exploited in the Brill–Noether theory.

When we consider subvarietiesX of codimension 2 in a projective space (or,
even worse, in a subvarietyY) then the structure becomes suddenly much more difficult
to describe.

First of all, we do not have a nice organization of such objects in terms of
sections of some vector bundle.

An organization of this type would follow, from Serre’s construction, only in
the case of subcanonical varieties. For the general case, one should refer to reflexive
sheaves, which however are not uniquely determined, even intheir numeric features,
by the subvarietyX.

Restricting our attention to subcanonical varietiesX, nevertheless one has a
notion of “linear” deformation: fix a rank 2 bundle associated to X and a sections ∈
H0(E) which vanishes alongX and take a deformation ofs insideP(H0(E)). This
is, roughly speaking, the concept equivalent to a deformation of local equations for
subvarieties of codimension 1. Besides that, there are the deformations that one can
reach by moving the pair (bundle, global section).

This sounds as a very reasonable theory, but unfortunately the space parametriz-
ing vector bundles of rank 2, even on a projective space, may have a very intricate
structure, whose understanding is far from being complete.The situation worsens if
we replacePr with some varietyY.

OPEN PROBLEM 19. A systematic study of the deformations of a subcanonical
variety, from this point of view, has been scarcely carried on. Even a collection of
fundamental results, as the space parametrizing subcanonical deformations, is sparse
in a set of papers which, at least occasionally, deal with thesubject.

See e.g. [63], [12], [27] for examples.

A similar problem of course could be introduced for non–subcanonical varieties,
just replacing the rank 2 bundle with a rank 2 reflexive sheaf.

In any event, it seems natural to believe that the organization of deformations
of 2-codimensional varieties in terms of linear deformations plus deformations of the
bundle (or the reflexive sheaf) could lead to some new point ofview in the theory.

One more reason to look at the vector bundle in order to understand subvarieties
of codimension 2 is given by the notion of “twist”.
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Namely, if X is the 0–locus of a section of a rank 2 vector bundleE, then 0–loci
of sections of a twistE(n) = E ⊗ OPr (n) yields subvarieties which, for many features
(cohomology, deformations, etc.) are similar toX. Thus one can changeX with some
new subvarietyX′ in order to obtain geometrical information, play induction, and so
on.

The general non–sense rule, in this game of passing from 0–loci of sections of
E to 0–loci of sections ofE(n) is:

• n ≫ 0 H⇒ geometrically simpler, arithmetically more complicate

• n ≪ 0 H⇒ geometrically more complicate, arithmetically simpler.

Beware that starting with a smooth subcanonical varietyX and taking sections
of E(n), n ≪ 0, one may easily obtain varieties with very bad singularities (even
non–reduced ones!).

However we have the following Bertini-type theorem ([39]):

THEOREM 12. Assume that E isgenerated by global sections, i.e. there exists
a surjective mapO t

Pr → E for some t. Then a general global section of E has smooth
zero locus.

Thus, by replacingE with E(n), n ≫ 0 (when possible), one may always
assume that the zero locus of a general section ofE is smooth.

Observe that the Castelnuovo–Mumford criterion [48], §14,provides a cohomo-
logical procedure to determine when a vector bundle (actually, any torsion free sheaf)
is generated by global sections:

THEOREM13 (Castelnuovo-Mumford criterion).If H i (E(−i )) = 0 for all i >

0, then E is generated by global sections.

This also suggests the following (probably non–sense, in any case very hard):

OPEN PROBLEM 20. Determine necessary and sufficient conditions onE, n
such that a general section ofE(n) has smooth zero locus.

OPENPROBLEM 21. Provide conditions onE under which, for alln, H0(E(n))

6= 0 implies that a general section ofE(n) has smooth zero locus.

OPEN PROBLEM 22. Assume thatE has a global section whose zero locus is
smooth. Assume thatE(1) has sections which vanish in codimension 2. May one
conclude that a general section ofE(1) has smooth zero locus?

A basic question in this theory is

Q): Given a vector bundle E, for which n one has H0(E(n)) 6= 0;

and a similar question clearly arises for reflexive sheaves.
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Consider the case rank(E) = 2 andE has a section whose zero locus isX. Via
the usual exact sequence

0 → OPr → E → IX(c1) → 0

the question can be rephrased as follows:

assume we are given a subcanonical variety X of codimension2. For which values d
are there hypersurfaces of degree d which contain X?

Notice that the rephrasement, however, is not perfectly coherent. Namely

min{d : H0(IX(d)) 6= 0} = min{d : H0(E(d − c1)) 6= 0}

unlessE is strongly normalized, i.e. unless dimH0(E) = 1. Indeed whenE is nor-
malized, min{d : H0(E(d − c1)) 6= 0} = c1 but X lies in no hypersurfaces of degree
c1.

OPEN PROBLEM 23. Find “serious” geometrical conditions on a subcanonical
variety X of codimension 2 which determine whetherX is the zero locus of a section
of a strongly normalized rank 2 bundle.

We know indeed that subcanonical varietiesX, X′ which are zero loci of sec-
tions ofE, E(n) respectively, for the same rank 2 bundleE, aredoubly linked. Namely
there exists a varietyY which is directly linked both toX and X′. With this respect,
zero loci of sections of strongly normalized rank 2 bundles often have minimal degree
in their equivalence class with respect to the relation:X ∼ Y ⇐⇒ X is doubly linked
to Y.

Going back to the main argument of this section, let us noticethat the question
about the minimal degreed of a hypersurface which contains a given varietyX is a non
trivial one. In general,X is always contained in a hypersurface of degree deg(X) ([18],
§2). However this bound, which turns out to be sharp for linear subvarieties, is rather
coarse.

In this setting, the main result is due to Hartshorne, who proved in [36]:

THEOREM14. Let F be a rank2 reflexive sheaf inP3, with second Chern class
c2 ≥ 0 and c1 ∈ {0,−1}. Then H0F(n) 6= 0 provided that n>

√
3c2 + 1 − 2 if

c1 = 0, or n >
√

3c2 + (1/4) − (3/2) if c1 = −1.

This result, although partial, it is indeed sharp in its range.

Improvement are possible if one knows something on the cohomology of E.
For instance, Paolo Valabrega proved in [18] the following result:

THEOREM 15. Let E be a rank2 bundle inP
3. Assume H0(E) 6= 0 and

H1(E(c1)) = 0. Then c2 ≥ c1
√

c1 + 2c1 − 2
√

c1.

Notice that, for the case ofP2, almost any answer comes out from our knowl-
edge of the shape of the functiont 7→ dim H1(E(t)) (see e.g. [4]).
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Beware that Kleiman’s Theorem 12 does not work for reflexive sheaves. Namely
there are reflexive sheavesF such that no sections ofF(n) vanish in a smooth locus, for
all n. Reflexive sheaves having sections with smooth zero locus are calledcurvilinear.

For general reflexive sheaves, Paolo Valabrega and M. Roggero proved the fol-
lowing bound ([59]), which works for any Chern classes:

THEOREM16. Let F be a reflexive sheaf inP3 having a non zero global section.
Then H0(F(t)) 6= 0 for some t≤ c1 + 2

√
3c2 + 1 + 3c1/4.

The same authors extended these methods to produce similar bounds for sub-
canonical surfaces and rank 2 bundles inP

4.

OPEN PROBLEM 24. Repeat this analysis for rank 2 vector bundles and re-
flexive sheaves on threefolds different fromP3, as general hypersurfaces, complete
intersections, etc.

When the vector bundle or reflexive sheafE onP
3 is strongly normalized, then

the minimal degree of a surface containing the zero locus of asection ofE evidently
does no longer represent the minimal level of twist such thatE has sections. Instead it
is connected with the level of asecond sectionof E:

DEFINITION 2. Let F be a reflexive sheaf of rank2 on P
3. Call α the minimal

integer such that H0(F(α)) 6= 0. Then for all n≥ α the space H0(F(n)) contains
all the products of a section of H0(F(α)) by forms of degree n− α. These products
vanishes along a surface.

Defineβ as the minimal integer such that

dim H0(F(β)) > dim H0(OP3(n − α)).

In other words,β is the first level of twist such thatF(β) has a section which
does not depend algebraically from a minimal section.

REMARK 4. If dim H0(F) > dim H0(F(−1)) = 0 andC is the zero locus of
a (minimal) section ofE, thenc1 + β is the minimal degree of a surface containingC.

If Y is the smooth irreducible zero locus of a section ofF(n), for n ≫ 0, thenY
is contained in a complete intersection curve of minimal type (n+α + c1, n+β + c1).

Roggero proved in [53] that the general section ofF(n) vanishes along a curve
exactly when eithern = α or n ≥ β.

Thus the knowledge of this second section level has relevantapplications in the
theory of vector bundles and curves.

In particular, it allows to start with the procedure of liaison, which produces
exactly the chance of reading properties of a given curve in some other, hopefully
simpler, variety.

In this setting, the best known results has been found by Paolo Valabrega, Rog-
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gero and Nollet. In a series of papers ([55], [57], [58], [59]) culminating with [49],
they prove the following:

THEOREM 17. Let F be a rank2 reflexive sheaf, with c1 = 0,−1. Consider
the numbersα, β defined in 2. Let T0 be the largest real root of the polynomial:

T3 − (6c2 + 6αc1 + 6α2 + 1)T + 3(2α + c1)(c2 + c1α + α2).

Thenβ ≤ T0 − α − c1 − 1.

The same paper contains applications of this result to determine the minimal
degree of a surface containing a given curve, where the wordcurve in this setting
means any generically complete intersection subscheme of pure dimension 1 (possibly
reducible and non reduced). This generalization of the question about the geometry
of a curve to such non–trivial varieties produced recently ahuge amount of literature,
which we do not record here.

OPEN PROBLEM 25. A similar analysis for rank two bundles and reflexive
sheaves on surfaces and threefolds which are not projectivespaces is only at a very
initial stage.

OPEN PROBLEM 26. Only few ideas are known about the extensions of these
theories to codimension 3 or higher, e.g. to rank 3 bundles.

Finally, let us point out quickly another huge field of researches in this theory.

As we said at the beginning of the section, besides the study of curves or vari-
eties arising from the section of one fixed vector bundle, onemaydeform the bundle
itself, just as one does in the study of linear systems.

Classification spaces (Moduli spaces) for vector bundles are extensively studied
in the literature, and we will not even try to present here an overview of the theory,
neither a short patch of it.

Let us simply recall a long–standing open problem, which is strictly related to
the above discussion on the cohomological properties of vector bundles.

It is well known that, in the border of most Moduli spaces of vector bundles,
one finds also non–locally free sheaves, which are, in general, just torsion free.

For instance, starting with the decomposable bundleOP3(2) ⊕ OP3(2), whose
general sections correspond to an elliptic quartic, complete intersection of two quadrics
Q1, Q2, and moving the quadrics to acquire a common plane, there is alimit curve C
which splits in the union of an elliptic plane curve and a line. Accordingly, the bundle
OP3(2) ⊕ OP3(2) is the general element of a family whose special memberE0, which
corresponds toC, is not locally free. Notice that, in any event,H1(E0(n)) = 0 for all
n.

The cohomology groups are semi–continous in flat families, and there are ex-
amples of flat deformations in which the general elements have some vanishing co-
homology groups which do not vanish for the special element (see e.g. [12]). Nev-
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ertheless there is no known example of splitting bundles of rank 2 which degener-
ate to non–splitting ones. After Horrocks criterion, this means that we do not know
whetherH1(E(n)) = 0 for all n and for all general elements in the family, implies that
H1(E0(n)) = 0 for any special element which is locally free.

As sections ofE(n) vanish on smooth varieties, forn ≫ 0, the problem can be
exactly rephrased as follows:

• Are thereflat families ofsmoothcurves inP3 whose general member is complete
intersection, while some special member is not?

The problem, although apparently quite basic, seems very hard. Only partial
answers are known.

E.g. one gets a negative answer by imposing that all the members of the family
belong to surfaces of small degree ([19]).

On the other hand, Mohan Kumar proved in [45] that there are examples of this
type in positive characteristic.

For an overview of the setting of the theory, one can read the paper [19].

The interesting feature of this problem resides in the (quite unusual) fact that
no precise feeling seems available, through the mathematical community, on what the
answer should be.

This justifies the absence of conjectures.
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