Rend. Sem. Mat. Univ. Pol. Torino - Vol. 63, 4 (2005) Control Theory and Stabil., I

N. Martins – V. Neves^∗

NONSTANDARD DISCRETE DERIVATIVES AND EXISTENCE THEOREMS FOR ODE

Abstract. We present nonstandard generalizations of Peano’s and Carathéodory’s Existence Theorems, which avoid Ascoli’s Theorem as well as Lebesgue’s Dominated Convergence Theorem.

1. Introduction

Nonstandard Analysis is a mathematical theory discovered by Abraham Robinson in the early 1960’s ([9]) which among other things provides a logical foundation for the concept of infinitesimal number.

We begin with a brief and informal presentation of the main tools necessary for the understanding of this paper. Background on foundations of Nonstandard Analysis may be found in either [2], [4] or [11] and nonstandard integration theory is treated in [5], [6], [10] or [1].

⋆R is a proper ordered field extension of R, the set of real numbers. The elements of^⋆R are said hyperreals numbers. A hyperreal number x is

1. infinitesimal if |x| <^1_n for all n ∈ N;

2. finite if |x| < n for some n ∈ N;

3. infinite if it is not finite.

We denote by^⋆R_b the set of all finite hyperreal numbers and by^⋆R_∞ the set of all infinite hyperreal numbers. For x, y ∈^⋆R, x ≈ y means that x − y is infinitesimal or, in other words, x is infinitely close to y.

THEOREM 1. (Standard Part Theorem) If x ∈^⋆R_b, there exists one and only one real number r ∈ R, called the standard part of x and denoted by st(x) or^∘x, such that x ≈ r. Moreover, st(x + y) = st(x) + st(y) and st(xy) = st(x)st(y) whenever x, y ∈^⋆R_b.

The nonstandard universe consists of a pair of structures, V (R) and V (^⋆R), and a mapping_⋆ (.) : V (R) → V (^⋆R)

∗Work for this article was partially supported by the R&D unit Center for Research in Optimization and Control (CEOC) of the University of Aveiro and grant POCTI/MAT/41683/2001 of the Portuguese Foundation for Science and Technology (FCT) via FEDER. 383

384 N. Martins – V. Neves

which associates to each element a ∈ V (R) its nonstandard extension ⋆a ∈ V (^⋆R).

All elements of V (R) and their nonstandard extensions are called standard, that is, for all a ∈ V (R), a and^⋆a are standard. Elements of standard sets will be called internal; in particular,^⋆a is also internal. All elements of V (^⋆R) which are not internal, are called external.

The nonstandard extension of N,^⋆N, is the set of hypernatural numbers and we denote by^⋆N_∞ the set of infinite hypernatural numbers.

A family C of sets satisfies the finite intersection property (f.i.p.) if intersections of finite subfamilies of C are non empty. In the following, if E is a set, P(E) denotes the set of subsets of E, P_{f in}(E) the set of all finite subsets of E and card(E) the cardinality of E. If E ∈ V (R), the elements of^⋆P_{f in}(E) are called hyperfinite subsets of^⋆ E.

A bounded formula is a first order formula that can be written in such a way that all quantifiers range over a fixed set. A sentence is a formula without free variables.

The mapping^⋆(.) satisfies the following principles.

THEOREM 2. (Polysaturation Principle) Given a set E ∈ V (R) and C ⊆ ⋆P(E), if C verifies the f.i.p. and card(C) < card(V (R)), then C has non empty intersection.

THEOREM 3. (Transfer Principle) Suppose φ(a_1, · · · , a_n) is a bounded sentence whose only constants are the a_i . Then φ(a_1, · · · , a_n) is true in V (R) if and only if φ(^⋆a_1, · · · ,^⋆a_n) is true in V (^⋆R).

The Transfer Principle shows that hyperfinite sets have the same formal properties of finite sets; any hyperfinite set of hyperreals has a minimum and a maximum. The Transfer Principle also shows that a set B ∈ V (^⋆R) is hyperfinite iff there exists N ∈^⋆N and an internal bijective map f : B → {n ∈^⋆N | n ≤ N}. Another consequence of the Transfer Principle is that the map^⋆(.) respects boolean operations. Polysaturation Principle creates new nonstandard elements.

We say that a bounded formula φ is standard (resp. internal) if all of its constants denote standard (resp. internal) elements of V (^⋆R).

THEOREM 4. A set b ∈ V (^⋆R) is standard (resp. internal) iff there exits a set a ∈ V (R) and a bounded standard (resp. internal) formula φ such that b = {x ∈ ⋆a|φ(x)}.

THEOREM 5. For any set A ∈ V (R) there exists a hyperfinite set H such that

A ⊆ H ⊆^⋆ A.

A is infinite iff both inclusions are strict. In particular, the set A is infinite iff^⋆ A contains nonstandard elements.

DEFINITION 1. Let Y ∈^⋆P(R) and F : Y →^⋆R be an internal function. Then

Nonstandard discrete derivatives and existence theorems for ODE 385

F is said to be S-continuous if for all x, y ∈ Y we have x ≈ y ⇒ F(x) ≈ F(y).

Some relations between this notion and the usual continuity are the following results.

THEOREM 6. A function f : R → R is 1. continuous on c ∈ R iff for all x ∈^⋆R such that x ≈ c then^⋆ f (x) ≈ f (c); 2. continuous iff^⋆ f is S-continuous in^⋆R_b; 3. uniformily continuous iff^⋆ f is S-continuous in^⋆R.

THEOREM 7. If [a, b] ⊆ R, F :^⋆[a, b] →^⋆R is internal and S-continuous and there exists z ∈^⋆[a, b] such that F(z) is finite, then

1. F(x) is finite for all x ∈^⋆[a, b];

2. the standard function f : [a, b] → R, defined by f (t) =^∘ F(t) is continuous and for all x ∈^⋆[a, b],^⋆ f (x) ≈ F(x).

DEFINITION 2. Let Y ∈^⋆P(R) and F : Y →^⋆R an internal function. Then F is S-absolutely continuous if N� i=1 |F(b_i ) − F(a_i )| ≈ 0

for every hyperfinite collection {[a_1, b_1[, [a_2, b_2[, · · · , [a_N , b_N [} (where [a, b[ denotes the set {t ∈^⋆R : a ≤ t < b} ∩ Y ) of non overlapping subintervals of Y such that

�_N i=1(b_i − a_i ) ≈ 0.

THEOREM 8. If [a, b] ⊆ R, F :^⋆[a, b] →^⋆R_b is internal and S-absolutely continuous function, then there exists a standard absolutely continuous function f : [a, b] → R such that f (t) =^∘ F(t).

REMARK 1. 1. It is clear that each S-absolutely continuous function is Scontinuous.

2. Theorems 7 and 8 remain true if we substitute^⋆[a, b] by a hyperfinite set X such that st(X) = [a, b] with a, b ∈ R.

3. Often we avoid^⋆ on nonstandard extensions of functions.

386 N. Martins – V. Neves

2. Loeb integration theory

Loeb measures were discovered by Peter Loeb in 1975 ([8]). These measures are obtained from an internal measure in the following way.

Suppose that (�, A, μ) is an internal measure space, that is, � is an internal non empty set, A an internal algebra on � and μ : A →^⋆R an internal finitely additive measure. In general, this is not a measure space because A is not a σ -algebra except in the trivial case where A is finite. The Loeb measure generated by μ will be denoted by μ_L and is a measure defined in a family of subsets of � that contains the internal algebra A and that coincide with^∘μ = st(μ) on A.

DEFINITION 3. Let B ⊆ � (B not necessarily internal). We say that

1. B is a Loeb null set if for each real ϵ > 0 there exists an internal set A ∈ A such that B ⊆ A and μ(A) < ϵ;

2. B is Loeb measurable if there exists a set A ∈ A such that A△B := (A \ B) ∪ (B \ A) is Loeb null. Denote the collection of all Loeb measurable sets by L(A);

3. For B ∈ L(A) define μ_L (B) =^∘μ(A) for all A ∈ A such that A△B is Loeb null (where^∘x = st(x) = +∞ if 0 < x ∈ ⋆R_∞); μ_L (B) is called the Loeb measure of B.

Note that μ_L : L(A) → [0, +∞] and ∀A ∈ A μ_L (A) =^∘μ(A).

THEOREM 9. L(A) is a σ -algebra, called Loeb σ -algebra, and μ_L is a complete σ -additive measure on L(A).

(�, L(A), μ_L ) is a measure space, called the Loeb space, generated by (�, A, μ). Note that μ_L acts on sets which may not be standard.

An important example of a Loeb space is the Loeb counting measure space. Fix N ∈^⋆N_∞, define △ =^1_N and make

(1) T = {k△ : k = 0, 1, 2, · · · , N − 1} = {0, 1 N , 2 N , · · · , 1 − 1 N }. T is usually called hyperfinite time line with increment △. Denoting the set of all internal subsets of T by A and defining ν : A →^⋆[0, 1] by

ν(A) = card(A) card(T) = card(A) N we obtain an internal measure space (T, A, ν) called internal counting measure space. The Loeb space (T, L(A), ν_L ) generated by (T, A, ν) is called the Loeb counting measure space. This hyperfinite space can be used to represent the Lebesgue space ([0, 1], L, λ) :

Nonstandard discrete derivatives and existence theorems for ODE 387

THEOREM 10. Let (T, L(A), ν_L ) be the Loeb counting measure space. A set A ⊆ [0, 1] is Lebesgue measurable iff

st^{−1}_T (A) = {t ∈ T :^∘t ∈ A}

is Loeb measurable and λ(A) = ν_L (st^{−1}_T (A)).

We deal now with measurable functions.

DEFINITION 4. A function f : � → R is Loeb measurable if f is μ_L - measurable in the conventional sense, that is, for every open set B ⊆ R, f^{−1}(B) ∈ L(A).

DEFINITION 5. An internal function F : � →^⋆R is ⋆-measurable if F^{−1}(A) ∈ A, for any^⋆open set A ⊆^⋆R.

Some connections between these notions are given in the following theorem.

THEOREM 11. If F : � →^⋆R is internal and ⋆-measurable, then^∘ F is Loeb measurable.

DEFINITION 6. Let (X, L, λ) be a standard measure space. An internal ⋆- measurable function F :^⋆ X →^⋆R is a (two legged) lifting of f : X → R if

∘ F(x) = f (^∘x)^⋆λ_L - a.a. x ∈^⋆ X

(a.a. means almost all).

THEOREM 12. (Anderson’s Theorem) Let (X, L, λ) be a Lebesgue measure space, (Y, �) a Hausdorff space with a countable base of open sets and f : X → Y a Lebesgue measurable function. Then^⋆ f is a lifting of f .

This may be considered the main lemma for Carathéodory’s Existence Theorem 19, the basic ideas of its proof being that nearness in^⋆Y is "measured countably" — u ≈ y ∈ Y if and only if u ∈^⋆ B_n, for whatever basic open set B_n such that y ∈ B_n (n ∈ N) —, countable unions of null sets are also null as well as sets of the form^⋆C�st^{−1}(C) ([5, page 158]).

REMARK 2. Anderson proves this result in the case where (X, L, λ) is a complete Radon space. A proof of a version of Anderson’s Theorem is given in [5, page 167].

Loeb measures are classical measures over σ -algebras (with possibly nonstandard elements), thus Loeb integration theory is simply the classical theory of integration with respect to Loeb measure: in particular, a Loeb measurable function f : � →

388 N. Martins – V. Neves

R is Loeb integrable if f is integrable in the classical sense with respect to the Loeb measure μ_L , in which case the Loeb integral � � f dμ_L is a real number.

The ⋆-integral or internal integral of a ⋆-measurable function F : � →^⋆R is obtained by Transfer of the definition of the standard integral.

Although Theorem 11 says that if F : � →^⋆R is internal and ⋆-measurable then^∘ F is Loeb measurable and for all x ∈ �

F(x) ≈^∘ F(x),

the equation

(2)^∘ � � Fdμ � = � � ∘ Fdμ_L

is, in general, false:

EXAMPLE 1. Let (T, L(A), ν_L ) be the Loeb counting measure space. Define the internal ⋆-measurable function

F(τ ) = � N^2 if τ = 0 0 if τ ∈T \ {0}

where N ∈^⋆N_∞ is the same used in the construction of T. Then � T ∘ Fdν_L = 0 (since ∘ F(τ ) = 0 for ν_L - almost all τ ∈ T) and � T Fdν = � τ ∈T

F(τ ) 1 N = N.

To obtain equality of^∘ � � Fdμ � and � � ∘ Fdμ_L we must restrict the class of ⋆-integrable functions.

DEFINITION 7. An internal ⋆-measurable function F : � →^⋆R is S-integrable if 1. � � | F | dμ is finite;

2. for all A ∈ A such that μ(A) ≈ 0, then � A | F | dμ ≈ 0;

3. if A ∈ A and F ≈ 0 on A, then � A | F | dμ ≈ 0.

Condition 1 is necessary to guarantee that all S-integrable function are ⋆-integrable. Condition 2 is needed for equality (2), because � A ∘ | F | dμ_L = 0, so � A | F | dμ must be infinitesimal. The last condition is also necessary to obtain equality (2) because in this case, � A ∘ | F | dμ_L = 0.

Note that if the internal measure μ is finite, the last condition is always satisfied, since F ≈ 0 on A means that for every ϵ ∈ R^+, � A | F | dμ ≤ ϵμ(A).

Nonstandard discrete derivatives and existence theorems for ODE 389

For f : [0, 1] → R we define ^f : T → R by ^f (τ ) = f (^∘τ ).

THEOREM 13. Let (T, L(A), ν_L ) be the Loeb counting measure space and ([0, 1], L, λ) the Lebesgue measure space on [0, 1]. The following conditions are equivalent:

1. f : [0, 1] → R is Lebesgue integrable;

2. ^f : T → R is Loeb integrable;

3. there exists an internal S-integrable function F : T →^⋆R that is a lifting of f .

In this case � [0,1]

f (t)dλ(t) = � T ^f (τ )dν_L (τ ) =^∘ � T Fdν � =^∘ � � τ ∈T

F(τ ) 1 N �

REMARK 3. Note that the last theorem defines the Lebesgue integral on [0, 1] as the standard part of some hyperfinite sum. This is also true for the Lebesgue integral on R (see [10] for details).

The next theorem characterizes nonstandard extensions of Lebesgue integrable functions.

THEOREM 14. Let (Z, L, λ) be a Lebesgue measure space and suppose that f : Z → R is Lebesgue integrable. Then^⋆ f :^⋆ Z →^⋆R is S-integrable.

3. Nonstandard discrete derivative

Let T be the hyperfinite time line with respect to the increment △ =^1_N and N ∈ N_∞ (see (1)). The nonstandard discrete derivative ([12]) of an internal function X : T → ⋆R is the function X^′ : T \ {1 − △} →^⋆R defined by

X^′(t) :=

X (t + △) − X (t) △ . THEOREM 15. Let (T, A, ν) be the internal counting measure space and suppose X : T →^⋆R_b is an internal function. The following conditions are equivalent:

1. X is S-absolutely continuous;

2. X^′ is S-integrable; 3. � A | X^′ | dν = � τ ∈A | X

′(τ ) | △ ≈ 0 for all A ∈ A such that ν(A) ≈ 0.

390 N. Martins – V. Neves

4. Nonstandard Peano’s Existence Theorem

THEOREM 16. (Nonstandard Peano’s Existence Theorem)^∗ Suppose F : T ×^⋆R →^⋆R_b is internal and α ∈^⋆R. Then there exists one and only one internal S-absolutely continuous function X : T →^⋆R such that (3) � X (0) = α X^′(t) = F(t, X (t)) (t ∈ T \ {1 − △}) Moreover, if α is finite, then X (T) ⊆^⋆R_b. Proof. Define X : T →^⋆R recursively by X (0) = α X (t + △) := X (t) + F(t, X (t))△ (t ∈ T \ {1 − △}).

X is internal, by construction

(4) X (t) = α + k−1� i=0 F(i△, X (i△))△ (t = k△ ∈ T) and

(5) X^′(t) =

X (t + △) − X (t) △ = F(t, X (t)) (t ∈ T \ {1 − △}).

X is actually S-Lipschitz, that is, (6) |X (t) − X (s)| ≤ M|t − s| (s, t ∈ T) where M ∈ R is such that |F(t, z)| ≤ M for all (t, z) ∈ T ×^⋆R:

Suppose that s = k_1△ < k_2△ = t, for certain k_1, k_2 ∈ {0, 1, · · · , N − 1}. Then

|X (t) − X (s)| = |

k_2−1�

i=k_1

F(i△, X (i△))△|

≤ k_2−1�

i=k_1

|F(i△, X (i△))|△

≤ k_2−1�

i=k_1 M△ = M(t − s).

∗The reader might wish to consult chapter 8 of [7], where this subject is also treated from another viewpoint.

Nonstandard discrete derivatives and existence theorems for ODE 391

Then X satisfies (6) and is S-absolutely continuous.

Using the definition of the discrete derivative, it is clear that there exists only one internal function X : T →^⋆R such that (3) holds.

Using (4) we can prove that, for each k = 0, 1, · · · , N − 1

|X (k△) − α| ≤ k−1� i=0 |F(i△, X (i△))|△ ≤ k−1� i=0 M△ ≤ M

hence, X (T) ⊆ [α − M, α + M]. If α is finite, we conclude that X (T) ⊆^⋆R_b.

5. Peano’s Existence Theorem

Using Nonstandard Peano’s Existence Theorem we can prove

THEOREM 17. (Peano’s Existence Theorem) Suppose f : [0, 1] × R → R is bounded and continuous and x_0 ∈ R. Then there exists x : [0, 1] → R such that � x(0) = x_0 x^′(t) = f (t, x(t))

Proof. Suppose F =^⋆ f_{|T×⋆R} : T ×^⋆R →^⋆R. F is internal, F(T ×^⋆R) ⊆^⋆R_b and for each τ ∈ T and y ∈^⋆R_b,_∘ F(τ, y) = f (^∘τ,^∘ y);

note that F(τ, y) =^⋆ f (τ, y) ≈ f (^∘τ,^∘ y)

because τ ≈^∘τ ∈ [0, 1], y ≈^∘ y ∈ R and f is continuous.

By Nonstandard Peano’s Existence Theorem, there exists an internal S-absolutely continuous function

X : T →^⋆R_b

such that � X (0) = x_0 X^′(τ ) = F(τ, X (τ )) (τ ∈ T \ {1 − △})

Theorem 8 says there exists a standard absolutely continuous function x : [0, 1] → R such that x(^∘τ ) =^∘ X (τ )

for all τ ∈ T. Hence x(0) =^∘ X (0) = x_0

so that x satisfies the initial condition.

392 N. Martins – V. Neves

Using the definition and continuity of x we have that X (τ ) ≈ x(^∘τ ) ≈ x(τ ) (τ ∈ T) and since f is continuous, ⋆ f (τ, X (τ )) ≈^⋆ f (τ, x(τ )) ≈ f (^∘τ, x(^∘τ )) (τ ∈ T).

Hence G : T →^⋆R such that G(τ ) =^⋆ f (τ, X (τ )) is a lifting of the Lebesgue integrable function g : [0, 1] → R, g(t) = f (t, x(t)).

Moreover, G is S-integrable since for all A ∈ A � A | G | dν ≤ � A Mdν = Mν(A) where M ∈ R is an upper bound of f , and then � T | G | dν ≤ M and � A | G | dν ≈ 0 whenever ν(A) ≈ 0.

Next, we will prove that x is a solution to the initial value problem. Fix z ∈ [0, 1] and τ = k△ ∈ T such that τ ≈ z. Observe that

(7) x(z) =^∘ X (τ )

= x_0 +^∘

�_{k−1} i=0 F(i△, X (i△))△ � = x_0 +^∘

�_{k−1} i=0 G(i△)△ � = x_0 + � [0,z] f (t, x(t))dλ(t) (Theorem 13)

6. Nonstandard Carathéodory’s Existence Theorem

THEOREM 18. (Nonstandard Carathéodory’s Existence Theorem) Let F : T ×^⋆R →^⋆R be an internal ⋆-measurable function. Suppose there exists an internal S-integrable function M : T →^⋆R such that ∀(τ, x) ∈ T ×^⋆ R | F(τ, x) |≤ M(τ ).

Then, for each α ∈^⋆R there exists one and only one internal S-absolutely continuous function X : T →^⋆R such that (8) � X (0) = α X^′(τ ) = F(τ, X (τ )) (τ ∈ T \ {1 − △}) If α is finite, then X (T) ⊆^⋆R_b.

Nonstandard discrete derivatives and existence theorems for ODE 393

Proof. Define X : T →^⋆R as in the proof of Nonstandard Peano’s Existence Theorem. In this case, for each τ = k△ ∈ T we have

| X (τ ) − α |=| k−1� i=0 F(i△, X (i△))△ |≤ k−1� i=0 M(i△)△ ≤ � T Mdν

and � T Mdν is finite since M is S-integrable. Hence, if α is finite, X (T) ⊆^⋆R_b. It remains to be proven that X is S-absolutely continuous. We will use Theorem 15. Take A an internal subset of T such that ν(A) ≈ 0. Note that � τ ∈A

| X^′(τ ) | △ = � τ ∈A

| F(τ, X (τ )) | △ ≤ � τ ∈A

M(τ )△ = � A Mdν.

Since M is S-integrable, � A Mdν ≈ 0 and therefore � A | X^′ | dν ≈ 0 which proves that X is S-absolutely continuous.

7. Carathéodory’s Existence Theorem

Using Nonstandard Carathéodory’s Existence Theorem we can prove

THEOREM 19. (Carathéodory’s Existence Theorem) Suppose that the function f : [0, 1] × R → R is Lebesgue measurable, continuous in the second variable and let x_0 ∈ R. If there exists a Lebesgue integrable function m : [0, 1] → R such that

∀(t, x) ∈ [0, 1] × R | f (t, x) |≤ m(t)

then there exists a solution x to the problem (9) � x(0) = x_0 x^′(t) = f (t, x(t)) a.a. t ∈ [0, 1]

Proof. Since f : [0, 1]×R → R is a Lebesgue measurable function then F =^⋆ f |_{T×}⋆_R : T×^⋆R →^⋆R is ⋆-measurable. Theorem 14 says^⋆m :^⋆[0, 1] →^⋆R is S-integrable and therefore M =^⋆m |_T is also S-integrable. Using the Transfer Principle we conclude that ∀(t, x) ∈^⋆[0, 1] ×^⋆R |^⋆ f (t, x) |≤^⋆m(t)

and then ∀(τ, x) ∈ T ×^⋆R | F(τ, x) |≤ M(τ ).

Nonstandard Carathéodory’s Existence Theorem shows that there exists an internal S-absolutely continuous X : T →^⋆R_b such that � X (0) = x_0 X^′(τ ) = F(τ, X (τ )) (τ ∈ T \ {1 − △})

394 N. Martins – V. Neves

and for all τ = k△ ∈ T

X (τ ) = x_0 + k−1� i=0 F(i△, X (i△))△ ∈^⋆R_b.

Since X (T) ⊆^⋆R_b, we can choose r ∈ R^+ such that ∀τ ∈ T | X (τ ) |≤ r.

Defining x : [0, 1] → R by x(^∘τ ) =^∘ X (τ ) (τ ∈ T) we conclude, by Theorem 8, that x is absolutely continuous. We will prove that this function is a solution to problem (9).

By hypothesis f is Lebesgue measurable, then the function ~f : [0, 1] → C([−r, r]) where C([−r, r]) denotes the Banach space of real continuous functions on [−r, r], defined by ~f (t)(z) = f (t, z) ((t, z) ∈ [0, 1] × [−r, r]) is also Lebesgue measurable. Taking the uniform topology in C([−r, r]) and using Anderson’s Theorem we can conclude that ⋆ ~f :^⋆[0, 1] →^⋆C([−r, r]) is a lifting of ~f we respect of the Loeb measure^⋆λ_L , that is ⋆ ~f (τ ) ≈ ~f (^∘τ )^⋆λ_L − a.a. τ ∈^⋆[0, 1].

Using the definition of the uniform norm in C([−r, r]) we conclude that � ∀z ∈^⋆[−r, r]^⋆ f (τ, z) ≈^⋆ f (^∘τ, z)

�_⋆ λ_L − a.a. τ ∈^⋆[0, 1].

Since f is continuous in the second variable, we obtain that � ∀z ∈^⋆[−r, r]^⋆ f (τ, z) ≈ f (^∘τ,^∘ z)

�_⋆ λ_L − a.a. τ ∈^⋆[0, 1].

Therefore

⋆ f (τ, X (τ )) ≈ f (^∘τ,^∘ (X (τ ))) = f (^∘τ, x(^∘τ )) ν_L − a.a. τ ∈ T because ν_L (T) = 1.

Finally we may now prove that for all t ∈ [0, 1], x(t) = x_0 + � [0,t]

f (s, x(s))dλ(s)

as we did in the proof of Peano’s Existence Theorem.

Nonstandard discrete derivatives and existence theorems for ODE 395

References

[1] ANDERSON R., Star-finite representations of measures spaces, Trans. Amer. Math. Soc. 271 (1982), 667–687.

[2] ARKERYD O., CUTLAND J. AND HENSON C. (EDS.), Nonstandard analysis, Theory and applications, Kluwer 1997.

[3] CODDINGTON E. AND LEVINSON N., Theory of ordinary differential equations, McGraw-Hill 1955. [4] CUTLAND N. (ED.), Nonstandard analysis and its applications, CUP 1988. [5] CUTLAND N., NEVES V., OLIVEIRA F. AND PINTO J. (EDS.) Developments in nonstandard mathematics, Longman 1995.

[6] CUTLAND N., Loeb measures in practice: recent advances, Springer 2000. [7] DIENER F. AND REEB G., Analyse non standard, Hermann 1989.

[8] LOEB P., Conversion from nonstandard to standard measures spaces and applications in probability theory, Trans. Amer. Math. Soc. 211 (1975).

[9] ROBINSON A., Non-standard analysis, Proc. Roy. Acad. Amsterdam Ser A, 64 (1961), 432–440. [10] STROYAN K. AND BAYOD J., Foundations of infinitesimal stochastic analysis, North-Holland 1986. [11] STROYAN K. AND LUXEMBURG W., Introduction to the theory of infinitesimals, Academic Press 1976.

[12] TUCKEY C., Nonstandard methods in the calculus of variations, Longman Scientific & Technical 1993.

AMS Subject Classification: 26E35, 28E05, 34A12.

Natália MARTINS, Vítor NEVES, Department of Mathematics, University of Aveiro, Campus Universitário de Santiago, 3810-193 Aveiro, PORTUGAL e-mail: nataliam@mat.ua.pt, vneves@mat.ua.pt