Rend. Sem. Mat. Univ. Pol. Torino - Vol. 63, 4 (2005) Control Theory and Stabil., I

E. Girejko^∗

ON GENERALIZED DIFFERENTIAL QUOTIENTS OF SET-VALUED MAPS

Abstract. There are many important maps that are not differentiable in the classical way. In this paper one of the concepts of generalized differential, called Generalized Differential Quotient (abbr. GDQ), is studied. GDQ may exist for functions not differentiable in the classical sense and for set-valued maps, but it is not unique. Existence of minimal GDQs has been proved.

1. Introduction

The axiomatic definition of generalized differentiation theory (abbr. GDT) has been introduced by Hector Sussmann in [5]. He described also a few theories satisfying the axioms of GDT (see [5]). One of them is the theory of Generalized Differential Quotients (abbr. GDQs). It is known that GDQ of a single-valued or set-valued map, unlike ordinary differential, is not unique. In order to develop further Sussmann’s theory we have then to answer some questions concerning GDQs: Which of GDQs are the best mathematical tools? Is any intersection of GDQs also a GDQ? The answers to these questions extend the basic issues concerning GDQ. Since GDQs are generalization of Clarke generalized gradients we will start with the definition of these gradients.

DEFINITION 1. Let f : X → R be Lipschitz near x ∈ X, where X is a finitedimensional real linear space, and let v be a vector in X. The generalized directional derivative of f at x in the direction v, denoted f^∘(x; v), is defined as follows:

f^∘(x; v) = lim_{y→x} sup_{t↓0} f (y + tv) − f (y) t , where y is a vector in X and t is a positive scalar.

DEFINITION 2. Let X^∗ denote the dual space of X, i.e. the space of all bounded linear functionals ζ : X → R. Let f : X → R and x ∈ X. Then the generalized gradient of f at x, denoted ∂ f (x), is the subset of X^∗ given by

{ζ ∈ X^∗ : f^∘(x; v) ≥ ⟨ζ, v⟩ for all v in X}.

Here are some basic properties of generalized gradients (we assume that f is Lipschitz near x):

∗This work was supported in part by CTS and in part by KBN (Bialystok Technical University grant No. W/IMF/1/04) 357

358 E. Girejko

(a) ∂ f (x) is a nonempty, convex, compact subset of X^∗ (b) for every v in X, one has

f^∘(x; v) = max{⟨ζ, v⟩ : ζ ∈ ∂ f (x)}.

EXAMPLE 1. Consider f : R → R such that f (x) = x^2 sin^1_x . Then f is differentiable at 0, Lipschitz near 0 and f^′(0) = 0. We will show that ∂ f (0) = [−1, 1]. Let us take v ≥ 0, then we can calculate:

f^∘(0; v) = lim_{y→0} sup_{t↓0}

(y + tv)^2 sin^1_{y+tv} − y^2 sin^1_y t = lim_{y→0} sup_{tv↓0} v((y + tv)^2 sin^1_{y+tv} − y^2 sin^1_y ) tv = lim sup_{y→0}(2vy sin 1 y − v cos 1 y ). Since lim_{y→0} y sin^1_y = 0, we have

lim sup_{y→0}(2vy sin 1 y − v cos 1 y ) = lim sup_{y→0}(−v cos 1 y ) = v.

By analogy for v < 0 we will get f^∘(0; v) = −v, thus

f^∘(0; v) = � v for v ≥ 0 −v for v < 0

i.e. f^∘(0; v) = | v |. Thus ∂ f (0) consists of those ζ satisfying | v |≥ ζ v for all v; that is, ∂ f (0) = [−1, 1].

2. Generalized differential quotients (GDQs)

If X, Y are metric spaces and SV M(X, Y ) denotes the set of all set-valued maps from X to Y , then SV M_{comp}(X, Y ) will denote the subset of SV M(X, Y ) whose members are the set-valued maps from X to Y that have a compact graph. We say that a sequence {F_j }_{j∈N} of members of SV M_{comp}(X, Y ) inward graph-converges to an F ∈ SV M_{comp}(X, Y ) - and write F_j^{igr}−→ F - if for every open subset � of X × Y such that Gr(F) ⊆ � there exists a j_� ∈ N such that Gr(F_j ) ⊆ � whenever j ≥ j_� (Gr(F) denotes the graph of F, where Gr(F) = {(x, y) : y ∈ F(x)}).

DEFINITION 3. Assume that X, Y are metric spaces. A regular set-valued map from X to Y is a set-valued map F such that for every compact subset K of X, the

On generalized differential quotients of set-valued maps 359

restriction F⌈K of F to K belongs to SV M_{comp}(K, Y ) and is a limit - in the sense of inward graph-convergence - of a sequence of continuous single-valued maps from K to Y .

We use REG(K, M) to denote the set of all regular set-valued maps from K to M. When f : X → Y is a single-valued map, then f belongs to REG(X, Y ) if and only if f is continuous.

An important class of examples of regular maps is provided by the following results.

THEOREM 1. [5] Assume that K is a compact metric space, Y is a normed space, and C is a convex subset of Y. Let F ∈ SV M(K, C) be a set-valued map such that the graph of F is compact and the value F(x) is a nonempty convex set for every x ∈ K . Then F is regular as a map from K to C.

Thus compactness of the graph of F, in principal, guarantees regularity of F. We can relax this assumption imposing compactness of the values of F and adding upper semicontinuity of F.

THEOREM 2. [5] Assume that X is a metric space, Y is a normed space, and C is a convex subset of Y. Let F ∈ SV M(X, C) be an upper semicontinuous set-valued map with nonempty compact convex values. Then F ∈ REG(X, C).

THEOREM 3. [5] Assume that X, Y, Z are metric spaces. Let F ∈ SV M(X, Y ), G ∈ SV M(Y, Z). Then the composite map G ∘ F belongs to REG(X; Z).

DEFINITION 4. Let m, n ∈ Z_+, F : R^m ↠ R^n be a set-valued map, x ∈ R^m , y ∈ R^n (y ∈ F(x)) and let � be a nonempty compact subset of R^{n×m} . Then an element of � is a n ×m matrix. Let S be a subset of R^m . We say that � is a generalized differential quotient (abbr. "GDQ") of F at (x ,y ) in the direction of S, and write � ∈ G DQ(F; x, y; S) if for every positive real number δ there exist U, G such that 1. U is a compact neighborhood of 0 in R^m and U ∩ S is compact; 2. G is a regular set-valued map from x + U ∩ S to the δ-neighborhood �^δ of � in R^{n×m} ;

3. G(x) · (x − x) ⊆ F(x) − y for every x − x ∈ U ∩ S

The above definition of GDQ can be extended to the one defined for manifolds (see [5]).

G DQs are generalizations of Clarke generalized gradients and, like other generalized differentials introduced by Sussmann, are not unique. Every compact overset ~� of � ∈ G DQ(F; x, y; S) also belongs to G DQ(F; x, y; S).

Let X, Y be finite-dimensional real linear spaces. A G DQ of F : X ↠ Y at a point (x, y) can be identified with a set of nonempty compact linear multimaps from

360 E. Girejko

X to Y , where a linear multimap from X to Y is a subset of Lin(X, Y ). Note that a linear multimap is a set of linear maps whilst a set-valued map is a map with values that are sets.

EXAMPLE 2. Let f (x) = x sin^1_x and f (0) = 0. This function is not differentiable in the classical way. We will show that [−1, 1] ∈ G DQ( f ; 0, 0; R), i.e. that for every δ > 0 there exist U, G such that 1. U is a compact neighborhood of 0 in R 2. G is a regular set-valued map from U to the δ-neighborhood �^δ of � 3. G(x) · x = f (x) for every x ∈ U.

Let U = [−1, 1] and G(x) = � sin^1_x if x ≠ 0 [−1, 1] if x = 0 Then points 1. and 3. are satisfied. One can show using Theorem 2 that G is a regular set-valued map. Hence the point 2. is also satisfied.

EXAMPLE 3. Let us consider the function f : R → R defined as follows f (x) = x^2 sin(^1_x ) and f (0) = 0. Then f is Lipschitz and differentiable in the classical sense. One can show that [−1, 1] ∈ G DQ( f ; 0, 0; R) and [−1, 1] is also the Clarke generalized gradient of f at 0. But for Lipschitz maps usually exist generalized differentials smaller then Clarke’s generalized gradient, like in our case: { f^′(0)} ∈ G DQ( f ; 0, 0; R)

3. Minimal GDQs

In Example 3 we have seen that there are many GDQs: there exist Clarke generalized gradient and classical derivative and both of them are GDQs for the same function in the same point and in the same direction. This leads us to the following question: which GDQ one should deal with? We are interested in minimal GDQs (in the sense of inclusion of sets). They are the simplest. We are going to show that such minimal GDQs exist. In [3] we studied minimal multidifferentials of set-valued maps. Multidifferential is another concept of a generalized differential introduced by Sussmann.

LEMMA 1. [2] Let U be an open subset of a topological space X. If the family {K_s }_{s∈S} of closed subsets of the space X includes at least one compact set and � s∈S K_s ⊂

U then there exists such a finite set {s_1, ..., s_n} ⊂ S such that K_{s1} ∩ K_{s2} ∩...∩ K_{sn} ⊂ U.

The following lemma is easy to prove.

LEMMA 2. Let �_k , k ∈ N be a sequence of descending compact sets

�_1 ⊃ �_2 ⊃ ...

and let � k �_k = � (then � is compact and � ≠ ∅). Then for every δ > 0 there exist δ^′

On generalized differential quotients of set-valued maps 361

and k ∈ N such that �_k ⊂ �^{δ′}_k ⊂ �^δ

THEOREM 4. Let F ∈ SV M(R^n, R^m ) and �_k ∈ G DQ(F; x, y; R^n) for k = 1, 2, .... Let us assume that �_1 ⊃ �_2 ⊃ ... and � k �_k = �. (� ≠ ∅ and � is compact

as implied by definition of �_k ). Then

� ∈ G DQ(F; x, y; R^n)

Proof. Without loss of generality we can assume that x = 0 and y = 0. We have to show that for every δ > 0 there exist U_δ and G_δ such that conditions of definition of G DQ are satisfied for �.

From the assumption we have that for every δ > 0 and every k ∈ N there exist U_{δ,k} and G_{δ,k} such that U_{δ,k} is a compact neighborhood of 0 in R^n, G_{δ,k} ∈ REG(U_{δ,k} , �^δ_k ) where �^δ_k is a δ-neighborhood of �_k in R^{n×m} and G_{δ,k} (x) · x ⊆ F(x) for every x ∈ U_{δ,k} and k ∈ N.

It is sufficient to show that for every δ > 0 there exist δ^′ < 0 and �_k with its neighborhood �^{δ′}_k contained in δ-neighborhood of �. But this fact follows from Lemma 2. So if we put U_δ = U_δ′_{,k} and G_δ = G_δ′_{,k} then from the arbitrary of choice of δ we get what we wanted to show.

COROLLARY 1. If the set of GDQs of a set-valued map F at (x, y) is not empty then there exists in this set at least one minimal GDQ at this point in the sense of inclusion of sets.

Proof. From Kuratowski-Zorn Lemma, a family of sets with the property that descending sequences have a lower bound, possesses a minimal element. In our case such a sequence (D_k ) of GDQs has a lower bound – their intersection D. Thus there exists for the family of GDQ a minimal element D, which we call a minimal GDQ .

COROLLARY 2. An intersection of every descending sequence of G DQs of F at (x, y) in the direction of S is again a G DQ of F at the same point in the same direction.

Proof. Immediately from the definition of GDQ and from Theorem 4.

COROLLARY 3. Every element � of G DQ(F; x, y; S) contains a minimal element of G DQ(F; x, y; S) in the sense of inclusion of sets.

Proof. Assume that � does not contain such a minimal element. Let us construct a descending sequence of element of G DQ(F; x, y; S). Then from Corollary 2 we have that intersection of this sequence is a minimal GDQ and we have a contradiction.

362 E. Girejko

EXAMPLE 4. Consider the function f : R → R defined by f (x) = |x|. Then one can show that [−1, 1] ∈ G DQ( f ; 0, 0; R) and that this is the minimal GDQ. This interval is also Clarke generalized gradient of f at 0. However for f (x) = x^2 sin^1_x and f (0) = 0 the same interval is again Clarke generalized gradient of f at 0, while the minimal GDQ is just the ordinary derivative at 0 equal 0.

References

[1] CLARKE F., Optimization and nonsmooth analysis, SIAM, Philadelphia 1990.

[2] ENGELKING R., General topology, Polish Scientific Publ., Warsaw 1977.

[3] GIREJKO E., On multidifferentials of multifunctions, Zeszyty Naukowe Politechniki Bialostockiej, Matematyka-Fizyka-Chemia 20 (2001), 23–35.

[4] SUSSMANN H.J., New theories of set-valued differentials and new version of the maximum principle of optimal control theory, in: “Nonlinear Control in the Year 2000”, (Eds. Isidori A., Lamnabhi- Lagarrigue F. and Respondek W.), Springer-Verlag, London 2000, 487–526.

[5] SUSSMANN H.J., Warga derivate containers and other generalized differentials, in: “Proceedings of the 41stIEEE 2002 Conference on Decision and Control”, Las Vegas 2002 1; IEEE Publications, New York 2002, 1101–1106.

[6] SUSSMANN H.J., Path-integral generalized differentials, in: “Proceedings of the 41stIEEE 2002 Conference on Decision and Control”, Las Vegas 2002 4; IEEE Publications, New York 2002, 4728–4732.

AMS Subject Classification: 54C60, 49J52.

Ewa GIREJKO, Institute of Mathematics and Physics, Bialystok Technical University, Wiejska 45A, Bialystok, 15-351, POLAND e-mail: egirejko@pb.bialystok.pl