Rend. Sem. Mat. Univ. Pol. Torino - Vol. 63, 4 (2005) Control Theory and Stabil., I

R. Giambò^∗

AN ANALYTICAL THEORY FOR OPTIMAL CONTROLS ON RIEMANNIAN MANIFOLDS

Abstract. The problem of interpolation in a Riemannian manifold (M, g) discussed in [9] (using variational techniques on a suitable functional fra-mework) is here reviewed, stating the main existence results for minimizers and multiplicity and regularity results for critical points of the involved functional f .

1. Introduction

In recent years, a geometric theory of the so–called Riemannian cubic polynomials has been developed [3, 5, 8, 12]. With the aim of a generalization, variational problems with Lagrangians involving higher order derivatives can be encountered in Control Theory, especially in robotics (see for instance [2], where higher order interpolation in Riemannian manifold is exploited), and has been successively developed [1, 4, 6, 10].

This paper intends to give a brief survey of the results contained in [9], where intepolating polynomials of odd order 2k + 1 on Riemannian manifolds are studied as critical points of a functional involving covariant derivatives of k–th order of the velocity. The path space where one looks for critical points consists of curves in the Sobolev space H^{k+1}, satisfying boundary conditions on position and velocity and all its covariant derivatives up to order k − 1 at the initial and final point. This set is shown to be a Hilbert manifold, and the functional defined on it is shown to satisfy a compactness property (Palais–Smale condition). In this way, classical techniques from Global Analysis can be applied to recover results of multiplicity of critical points, and also existence of curves that globally minimize the functional on the path space. It is interesting to note that, in spite of the sub–Riemannian nature of the variational problem, the class of Riemannian polynomials does not contain abnormal minimizers.

2. The variational framework

The space of paths satisfying higher order regularity assumptions and suitable boundary conditions, which is the domain of our variational problem, is introduced here in an abstract context. The main idea is to establish some topological properties of the space to be used later (Remark 2 and Section 4) where homotopic invariants play a crucial role.

Let M be a functor that associates to each compact interval I = [a, b] of R and to each differentiable manifold M a topological space, denoted by M(I, M), consisting of curves x : I → M. Since the purpose is to study sets of curves satisfying boundary

∗Dipartimento di Matematica e Informatica, Università degli Studi di Camerino, Italy 349

350 R. Giambò

conditions involving derivatives up to the k–th order (with k ≥ 1), it is natural to consider the case that each curve in the class M be of class C^k . For the detailed axiomatic definition of M, we refer the reader to [9].

REMARK 1. For the purposes of this paper, the basic examples of M are the functors C^k and W^{k+1,p}, with p ≥ 1; note however that, depending on the variational problem to be studied, many other relevant examples of regularity might be considered, like for instance a regularity of Sobolev mixed type.

Let us now fix two arbitrary points p, q ∈ M. We have an inclusion

(1) M_{p,q} � [a, b], M � ⊂ C^0_{p,q} � [a, b], M � , where

M_{p,q} � [a, b], M � = � x ∈ M([a, b], M) : x(a) = p, x(b) = q � , (2) C^0_{p,q} � [a, b], M � = � x ∈ C^0 � [a, b], M � : x(a) = p, x(b) = q � . (3) Using a classical result by Palais [13], it can be proved that (1) is actually a homotopy equivalence.

Note however that, so far, no boundary conditions, other that the initial and final position of the curve, have been imposed. To involve higher order boundary conditions, jet spaces will be used. Let us simply recall (referring the reader to [14] for more details) that, fixed x ∈ M, we can set:

J^k (M)_p = � x ∈ C^k � ]−ε, ε[ , M � : x(0) = p � ∼ where ∼ is the equivalence relation:

x_1 ∼ x_2 ⇐⇒ � φ ∘ x_1

�_{(i)}

(0) = � φ ∘ x_2

�_{(i)} (0), i = 1, . . . , k

for some (hence for all) local chart φ of M around p; we will denote by [x] the equivalence class of the curve x by the above equivalence relation. The disjoint union � p∈M J^k (M)_p can be canonically given a topological space structure, and will be denoted by J^k (M).

Observe now that for all t_0 ∈ [a, b] we have a well defined continuous map

J^k_{t0} : M � [a, b], M � −→ J^k (M)_{x(t0)}

that is obtained by sending a curve x to its equivalence class in J^k (M)_{x(t0)}. It can be seen that imposing boundary conditions related to retracts of the jet spaces J^k (M)_p and J^k (M)_q does not affect the homotopy type of the paths space. In other words, we have the following proposition (see [9] for the proof):

PROPOSITION 1. Let S_1 ⊂ J^k (M)_p and S_2 ⊂ J^k (M)_q be retracts, and set:

(4) M_{p,q} � [a, b], M; S_1, S_2 � = � x ∈ M_{p,q} � [a, b], M � : J^k_a(x) ∈ S_1, J^k_b(x) ∈ S_2 � .

An analytical theory for optimal controls 351

Then, the inclusion M_{p,q} � [a, b], M; S_1, S_2 � → M_{p,q} � [a, b], M � is an homotopy equivalence.

Using the homotopy equivalence (1) already stated, we can immediately deduce the following corollary:

COROLLARY 1. Under the assumptions of Proposition 1, the spaces C^0_{p,q} � [a, b], M � and M_{p,q} � [a, b], M; S_1, S_2 � have the same homotopy type.

3. Variational formulation for Riemannian polynomials

We will now proceed with the study of the variational problem arising from the interpolation problem. Let us consider a smooth m-dimensional manifold M and a complete Riemannian metric g on M. We will denote by ∇ the covariant derivative of the Levi– Civita connection of g and by R the curvature tensor of ∇ chosen with the following sign convention: R(X, Y ) = [∇_X , ∇_Y ]−∇_{[X,Y ]}. We will write indifferently R(X, Y )Z or R(X, Y, Z), the latter notation being more appropriate when dealing with covariant derivatives of R.

For all k ∈ N and all p ∈ [1, +∞], we say that a curve x : [a, b] → M is of class W^{k,p} if for all local chart (U, φ) of M and all interval [c, d] ⊂ x^{−1}(U), the composition φ ∘x|_{[c,d]} is in the Sobolev space W^{k,p} � [c, d], R^m � of C^{k−1} curves having p-integrable weak k-th derivative. It is well known that W^{k,p} � [a, b], M � is an infinite dimensional Banach manifold modelled on W^{k,p} � [a, b], R^m � . We will set H^k = W^{k,2}, since we will be mainly interested in H^{k+1} � [0, 1], M � , which is a complete Hilbert manifold.

For all x ∈ H^{k+1} � [0, 1], M � , the tangent space T_x H^{k+1} � [0, 1], M � is identified with the Hilbert space of all vector fields along x of class H^k .

It is easy to see that the map:

H^{k+1} � [0, 1], M � ∋ x → � ẋ(0), D dt ẋ(0), . . . ,^{Dk−1}_{dtk−1} ẋ(0); ẋ(1), D dt ẋ(1), . . . ,^{Dk−1}_{dtk−1} ẋ(1) � , where^D_{dt} denotes covariant differentiation along the curve x, is a submersion taking value in the cartesian product T M^{(k)} × T M^{(k)}, where T M^{(k)} is the Whitney sum of vector bundles T M ⊕ . . . ⊕ T M (k times) with itself. Thus, if p, q are fixed points of M, and if v_1, . . . , v_k ∈ T_p M, w_1, . . . , w_k ∈ T_q M are given tangent vectors, the set

(5) � := H^{k+1} � [0, 1], M; p, v_1, . . . , v_k ; q, w_1, . . . , w_k �

consisting of those curves x ∈ H^{k+1} � [0, 1], M � such that:

x(0) = p, ẋ(0) = v_1, . . . ,^{Dk−1}_{dtk−1} ẋ(0) = v_k ,

x(1) = q, ẋ(1) = w_1, . . . ,^{Dk−1}_{dtk−1} ẋ(1) = w_k (6)

352 R. Giambò

is a smooth embedded closed (hence complete) submanifold of H^{k+1} � [0, 1], M � . For all x ∈ �, the tangent space T_x � is identified with the closed subspace of T_x H^{k+1} � [0, 1], M � consisting of those vector fields V such that:

V (0) = D dt V (0) = . . . =^{Dk}_{dtk} V (0) = 0,

V (1) = D dt V (1) = . . . =^{Dk}_{dtk} V (1) = 0. (7)

and is endowed with the Riemannian structure induced by the Hilbert space inner product ⟨V, W ⟩ =

�_1 0 g �_{Dk+1}

dt^{k+1} V,

D^{k+1} dt^{k+1} W � dt. REMARK 2. The metric g induces a diffeomorphism � between the fiber bundle J^k (M) and the vector bundle T M^{(k)}, that for each point π ∈ M is given by

(8) J^k (M)_π ∋ [x]^{�π}−→ � ẋ(0), D dt ẋ(0), . . . ,^{Dk−1}_{dtk−1} ẋ(0) � ∈ T_π M ⊕ . . . ⊕ T_π M.

If S_1 and S_2 denote the counterimages of (v_1, . . . , v_k ) via �_p and (w_1, . . . , w_k ) via �_q respectively, then it is easily seen that S_1 and S_2 are retracts of J^k (M)_p and J^k (M)_q respectively. It follows that Corollary 1 applies to the functional space � defined in (5), to conclude that � has the same homotopy type of the based loop space C^0_{p,q} � [a, b], M � . In view of the above discussion, we will cast our variational problem on the space �. Indeed, we now give the following definition:

DEFINITION 1. A a critical point x of the functional

(9) f (x) = 1 2 �_1 0 g �_{Dk}

dt^k ẋ,

D^k dt^k ẋ � dt. in � will be called a polynomial curve of order 2k + 1 in M satisfying the boundary conditions (6).

We are now going to establish the key property that the functional f needs to satisfy in order to recover results stated in Section 4. First, let us recall a couple of basic definitions. Given a smooth functional f : X → R on the Banach manifold X , and given a smoothly varying Banach space structure h on each tangent space T_x X , a Palais–Smale sequence for f is a sequence (x_n)_n in X such that:

1. lim_{n→∞} f (x_n) = c ∈ R;

2. lim_{n→∞} ‖d f (x_n)‖_{xn} = 0, where ‖ · ‖_x is the norm of bounded linear functionals on T_x X induced by h.

We also recall that the functional f is said to satisfy the Palais–Smale condition if every Palais–Smale sequence for f has a converging subsequence in X .

An analytical theory for optimal controls 353

Palais–Smale condition is the compactness property required to apply classical results from Global Analysis. Of course, choosing the suitable path space is a crucial step. For instance, let us study cubic polynomials (k = 1) on the sphere S^2. If we take H^2_{p,q} ([0, 1], S^2) as functional space – i.e. without fixing initial and final velocity – one can define a sequence x_n of curves making n loops around the great circle at p and q. This is a Palais–Smale sequence, but obviously does not possess any converging subsequence. Indeed, in the case we are studying, the constraints imposed by boundary conditions (6) on derivatives make things work properly, so that the following key result holds:

THEOREM 1. The functional f : � → R satisfies the Palais–Smale condition.

REMARK 3. It may be worthwhile noticing that Palais–Smale condition holds for a whole class of functionals on �, also involving lower order derivatives, that contains the case introduced in (9) as a particular situation.

4. Conclusions

We are now ready to state the main results, applying Global Analysis techniques. To begin, a result of existence of Riemannian polynomials can be obtained:

PROPOSITION 2. Each homotopy class of curves joining p and q contains a polynomial curve x of order 2k + 1 satisfying boundary conditions (6) and that minimizes the action functional f in that homotopy class.

Proof. It is an easy application of the so-called Minimax Principle (see for instance [15]) and of Remark 2.

We recall that if X is a topological space and Y ⊆ X , then the Ljusternik- Schnirelman category cat_X (Y) is an homotopic invariant, given by the (possibly infinite) minimal number of closed, contractible subsets of X that cover Y; we set cat(X ) = cat_X (X ). The core of the Ljusternik–Schnirelman theory is given by the following classical result [15]:

PROPOSITION 3. Let X be a complete Banach manifold and let f : X → R be a functional bounded from below that satisfies the Palais–Smale condition. Then, f has at least cat(X ) critical points; moreover, if cat(X ) = +∞, then f has arbitrarily large critical values.

In this case, Ljusternik–Schnirelman theory gives us a lower bound for Riemannian polynomials:

PROPOSITION 4. There exist at least cat � C^0_{p,q} � [0, 1], M � polynomial curves of order 2k + 1 in M satisfying the boundary conditions (6). If M is not contractible, then there exists a sequence (x_n)_{n∈N} of polynomial curves of order 2k + 1 in M satisfying

354 R. Giambò

(6), and such that: lim_{n→∞} f (x_n) = +∞.

Proof. It follows immediately from Remark 2, Theorem 1 and Proposition 3. If M is not contractible, a well known result of Fadell and Husseini (see [7]) states that C^0_{p,q} � [0, 1], M � has infinite Ljusternik–Schnirelman category.

Regularity of Riemannian polynomials is ensured by standard variational arguments instead:

PROPOSITION 5. A Riemannian polynomial of order 2k+1 satisfying boundary conditions (6) is smooth, and satisfies a differential equation of the form:

(10)^{D2k+1}_{dt2k+1} ẋ + G � ẋ, D dt ẋ, . . . ,^{D2k}_{dt2k} ẋ � = 0,

where G : T M^{(2k)} → R is a map given by the sum of tensor fields over M obtained from R and its covariant derivatives.

Proof. Computing the first variation of f at x is a lengthy but straightforward process that gives (11)

d f (x)V =

�_1 0 g �_{Dk}

dt^k ẋ,

D^{k+1} dt^{k+1} V + F � ẋ, D dt ẋ, . . . ,^{Dk−1}_{dtk−1} ẋ, V, D dt V, . . . ,^{Dk−1}_{dtk−1} V � dt, where F = 0 if k = 0 and F : T M^{(2k)} → R is defined by: (12) F � ẋ, D dt ẋ, . . . ,^{Dk−1}_{dtk−1} ẋ, V, D dt V, . . . ,^{Dk−1}_{dtk−1} V � = k−1� j=0 D^j dt^j � R(V, ẋ)^{Dk− j−1}_{dtk− j−1} ẋ � , k ≥ 1.

Then, Euler–Lagrange equations (10) are obtained by successive integration by parts in (11), keeping in mind that the conditions (7) imply that all the boundary terms arising from these integration by parts vanish.

EXAMPLE 1. Euler–Lagrange equation (10) for the cubic case (k = 1) is

D^3 dt^3 ẋ − R � ẋ, D dt ẋ � ẋ = 0,

whereas fifth order polynomials (k = 2) satisfy

D^5 dt^5 ẋ + R � D dt ẋ,^{D2}_{dt2} ẋ � ẋ − R � ẋ,^{D3}_{dt3} ẋ � ẋ = 0.

Finally, Morse theory can be applied, at least whenever (p, v_1, . . . , v_k ) and (q, w_1, . . . , w_k ) are not conjugate by Riemannian polynomials, that is it does not exist a critical point x ∈ � of f such that the second variation d^2 f (x) of f at x is degenerate. Let us recall that, if f : X → R is a C^2 map on a Hilbert manifold, f is a

An analytical theory for optimal controls 355

Morse function if all its critical points are nondegenerate (i.e. d^2 f (x_0) is represented by an invertible self–adjoint operator on T_{x0} X , whenever x_0 is a critical point), and the Morse index m(x_0) is defined to be the index of the bilinear form d^2 f (x_0).

In general, the central result of Morse theory can be stated as follows [15, 11]:

PROPOSITION 6. Let X be a complete Hilbert manifold, f : X → R a Morse function which is bounded from below and satisfies the Palais–Smale condition. Then, given any coefficient field F and denoted by β_n(X ; F) the n-th Betti’s number of X (i.e., the dimension of the n-th singular homology vector space with coefficient in F), and by P(X ; F)(z) =

�_∞ n=0 β_n(X ; F)z^n the Poincaré polynomial of X with coefficients in F, then there exists a formal power series Q(z) =

�_∞ n=0 q_n z^n with coefficients q_n ∈ N � {+∞} such that the following identity between formal power series holds:

(13) � x critical point of f

z^{m(x)} = P(X ; F)(z) + (1 + z)Q(z).

In our case, it can be showed [9] that f : � → R is a Morse function if and only if (p, v_1, . . . , v_k ) and (q, w_1, . . . , w_k ) are not conjugate by Riemannian polynomials. Then, using Remark 2, Theorem 1 and the above proposition, one gets the following form for (13):

(14) ∞� n=0 κ_n z^n = P � C^0_{p,q} � [0, 1], M � ; F � + (1 + z)Q(z),

where κ_n is the the number of Riemannian polynomials of order 2k + 1 in M satisfying the boundary conditions (6) and having Morse index n. In particular, if β^0_n denotes the n–th Betti number of C^0_{p,q} � [0, 1], M � , we can state the following result:

PROPOSITION 7. Assuming that (p, v_1, . . . , v_k ) and (q, w_1, . . . , w_k ) are not conjugate by Riemannian polynomials of order 2k + 1, then there are at least

�_∞ n=0 β^0_n Riemannian polynomials of order 2k + 1 in M satisfying (6). Moreover, the number of such polynomials is either infinite or odd.

Proof. It follows from the above discussion, whereas last statement comes from (14) setting z = 1.

References

[1] ALTAFINI C., Geometric control methods for nonlinear systems and robotic applications, Ph. D. Thesis Division of Optimization and Systems Theory, Department of Mathematics, Royal Institute of Technology, Stockholm, Sweden 2001.

[2] BAILLIEUL J., Proceedings of the IEEE International Conference on Robotics and Automation, Nice 1992, 715–721.

[3] CAMARINHA M., The Geometry of cubic polynomials on Riemannian manifolds, Ph. D. Thesis in Pure Mathematics, University of Coimbra, Portugal 1996.

[4] CAMARINHA M., CROUCH P. AND SILVA LEITE F., Splines of class Ck on non-Euclidean spaces, IMA J. Math. Control Inform. 12 (4) (1995), 399–410.

356 R. Giambò

[5] CAMARINHA M., CROUCH P. AND SILVA LEITE F., On the geometry of Riemannian cubic polynomials, Diff. Geom. Appl. 15 (2001), 107–135.

[6] CROUCH P. AND SILVA LEITE F., The dynamic interpolation problem: on Riemannian manifolds, Lie groups, and symmetric spaces, J. Dynam. Control Systems 1 (2) (1995), 177–202.

[7] FADELL E. AND HUSSEINI S., Category of loop spaces of open subsets in Euclidean space, Nonlinear Analysis: T.M.A. 17 (1991), 1153–1161.

[8] GIAMBÒ R., GIANNONI F. AND PICCIONE P., An analytical theory for Riemannian cubic polynomials, IMA J. Math. Control Inform. 19 (4) (2002), 445–460 [9] GIAMBÒ R., GIANNONI F. AND PICCIONE P., Optimal control on Riemannian manifolds by interpolation, Math. Control Signals Systems 16 (4) (2004), 278-296.

[10] HERMANN R., The differential geometric structure of general mechanical systems from the Lagrangian point of view, J. Math. Phys. 23 (1) (1982), 2077–2089.

[11] MERCURI F., PICCIONE P. AND TAUSK D.V., Notes on Morse theory, Publicações Matemáticas IMPA, Rio de Janeiro 2001.

[12] NOAKES L., HEINZINGER G. AND PADEN B., Cubic splines on curved spaces, IMA J. Math. Control Inform. 6 (1989), 465–473.

[13] PALAIS R., Homotopy theory of infinite dimensional manifolds, Topology 5 (1966), 1–16. [14] PALAIS R., Foundations of global nonlinear analysis, W. A. Benjamin, New York–Amsterdam 1968. [15] PALAIS R. AND TERNG CH.-L., Critical point theory and submanifold geometry, Lect. Notes in Math.

1353, Springer-Verlag, Berlin 1988.

AMS Subject Classification: 53Cxx, 58E10.

Roberto GIAMBÒ, Dipartimento di Matematica e Informatica, Università degli Studi di Camerino, Via Madonna delle Carceri, 62032 Camerino (MC), ITALY e-mail: roberto.giambo@unicam.it