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A. L. Sasu

EXPONENTIAL INSTABILITY AND COMPLETE

ADMISSIBILITY FOR SEMIGROUPS IN BANACH SPACES

Abstract. We associate a discrete-time equation to an exponentially bounded semigroup
and we characterize the exponential instability of the semigroup in terms of the complete
admissibility of the pair(l∞(N, X), l∞(N, X)). As a consequence, we obtain that in cer-
tain conditions aC0-semigroup is exponentially unstable if and only if the pair(Cb(R+,

X), Cb(R+, X)) is admissible with respect to an integral equation associated with it. We
apply our results at the study of the exponential dichotomy of semigroups.

1. Introduction

In recent years an impressive progress has been made in the field of the asymptotic be-
haviour of evolution equations. There is an extensive literature concerning the asymp-
totic properties of semigroups of linear operators and their applications (see [1]-[3], [6],
[8], [11], [17], [20], [21], [23], [27]). The possibility ofreducing the non-autonomous
case of the asymptotic behaviour of evolution families or oflinear skew-product flows
to the autonomous case of the properties of the evolution semigroups associated on
diverse Banach function spaces, has proved to be an important source for interesting
applications (see [3], [16]).

In this context the input-output conditions or the so-called theorems of Perron type
became valuable tools in the study of the properties of evolution equations and their
applications in control theory (see [3], [5], [7], [9], [10], [12]-[16], [24], [27]). These
techniques have a long and impressive history that goes backto the work of Perron (see
[22]). Perron’s method has been successfully extended by Massera and Schäffer in [9]
and by Daleckii and Krein in [5], respectively, in infinite dimensional spaces. Discrete-
time theorems of Perron type for exponential stability havebeen proved by Przyluski
in [24]. Discrete-time conditions of Perron type for uniform exponential dichotomy
have been presented by Coffmann and Schäffer in [4] and by Henry in [7]. Recently,
dichotomy has been expressed using discrete-time techniques of Perron type in [3],
[12], [13], [27]. For other input-output conditions for exponential dichotomy we refer
to [10] and [16].

In the past ten years beside stability and dichotomy, instability of evolution equa-
tions become one of the problems of special interest (see [11], [14], [16]). The aim of
this paper is to obtain general input-output conditions forexponential instability of one
parameter semigroups and to point out their relevance in thestudy of the exponential
dichotomy.

Exponential instability of a semigroup will be related to the solvability of an equa-
tion associated with it. Using discrete-time methods, we establish the connections be-
tween the complete admissibility of the pair(l∞(N, X), l∞(N, X)) and the exponential
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instability of an exponentially bounded semigroup. As a consequence we obtain that
a C0-semigroupT = {T(t)}t≥0 is exponentially unstable and it can be extended to
a group if and only if the pair(Cb(R+, X), Cb(R+, X)) is admissible for it. We ap-
ply our results in order to obtain new characterizations forexponential dichotomy of
semigroups.

2. Complete admissibility and exponential instability

The purpose of this section is to establish discrete-time characterizations for exponen-
tial instability of exponentially bounded semigroups.

Let X be a real or a complex Banach space. Throughout this paper, the norm onX
and onB(X)-the Banach algebra of all bounded linear operators onX, will be denoted
by || · ||.

DEFINITION 1. A familyT = {T(t)}t≥0 ⊂ B(X) is called a semigroup if T(0) = I
and T(t + s) = T(t)T(s), for all t , s ≥ 0.

DEFINITION 2. A semigroupT = {T(t)}t≥0 is said to be:

(i ) exponentially bounded if there are M≥ 1 andω > 0 such that

||T(t)|| ≤ Meωt , ∀t ≥ 0;

(i i ) C0-semigroup iflim
tց0

T(t)x = x, for all x ∈ X.

REMARK 1. EveryC0-semigroup is exponentially bounded (see [21]).

DEFINITION 3. A semigroupT = {T(t)}t≥0 is said to be

(i ) exponentially stable if there are two constants K, ν > 0 such that

||T(t)x|| ≤ K e−νt ||x||, ∀(t, x) ∈ R+ × X;

(i i ) exponentially unstable if there are two constants K, ν > 0 such that

||T(t)x|| ≥ K eνt ||x||, ∀(t, x) ∈ R+ × X.

LEMMA 1. LetT = {T(t)}t≥0 be an exponentially bounded semigroup on X. Then

(i ) T is exponentially stable if and only if there areδ > 0 and c ∈ (0, 1) such that
||T(δ)x|| ≤ c||x||, for all x ∈ X;

(i i ) T is exponentially unstable if and only if there areδ > 0 and c > 1 such that
||T(δ)x|| ≥ c||x||, for all x ∈ X.

Proof. It is immediate.

We denote
l∞(N, X) = {s : N → X | sup

k∈N

||s(k)|| < ∞}
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which is a Banach space with respect to the norm|||s||| = sup
k∈N

||s(k)||.

DEFINITION 4. The pair(l∞(N, X), l∞(N, X)) is said to be completely admissi-
ble for the semigroupT = {T(t)}t≥0 if for every s∈ l∞(N, X) there exists a unique
γs ∈ l∞(N, X) such that the pair(γs, s) verifies the equation

(Ed) γs(n + 1) = T(1)γs(n) + T(1)s(n), ∀n ∈ N.

REMARK 2. If T = {T(t)}t≥0 is a semigroup, consider the discrete-time linear
control system

{

x(n + 1) = T(1)x(n) + T(1)s(n), n ∈ N

x(0) = x0.
(2.1)

wheres ∈ l∞(N, X) and x0 ∈ X. For every initial conditionx0 and every input
s ∈ l∞(N, X), the solution of the system (2.1) is given by

x(n; x0, s) = T(n)x0 +

n−1
∑

k=0

T(n − k)s(k), ∀n ∈ N
∗.

Then from Definition 4 we have that the pair(l∞(N, X), l∞(N, X)) is completely ad-
missiblefor T if and only if for everys ∈ l∞(N, X) there is a unique initial condition
x0 ∈ X such thatx(· ; x0, s) ∈ l∞(N, X).

LEMMA 2. If the pair (l∞(N, X), l∞(N, X)) is completely admissible for the ex-
ponentially bounded semigroupT = {T(t)}t≥0, then T(1) is invertible.

Proof. Let x ∈ X with T(1)x = 0. Consider the sequencesγ1, γ2 : N → X, γ1(k) =

0, γ2(k) = T(k)x. Thenγ1, γ2 ∈ l∞(N, X) and both verify the equation(Ed) for
s = 0. It follows thatγ1 = γ2, so x = γ2(0) = γ1(0) = 0. It results thatT(1) is
injective

Let x ∈ X and lets : N → X, s(n) = −χ{1}(n)x. From hypothesis there is
γ ∈ l∞(N, X) such that the pair(γ, s) verifies the equation(Ed

T). Then, denoting by

δ : N → X, δ(n) =

{

γ (1) − x, n = 0
γ (n + 1), n ≥ 1.

we have thatδ ∈ l∞(N, X) and an easy computation shows that the pair(δ, 0) verifies
the(Ed

T).

From hypothesis we deduce thatδ = 0. In particular, this implies thatγ (1) = x.
But γ (1) = T(1)γ (0). It follows thatx ∈ Im T(1). This shows thatT(1) is surjective
and the proof is complete.

THEOREM 1. If the pair (l∞(N, X), l∞(N, X)) is completely admissible for the
exponentially bounded semigroupT = {T(t)}t≥0, thenT is exponentially unstable.
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Proof. Consider
D : l∞(N, X) → l∞(N, X), D(s) = γs.

It is easy to see thatD is a closed linear operator, so it is bounded.

Let x 6= 0 and letδ(n) = ||T(n)x||, for all n ∈ N. From Lemma 2 we obtain that
δ(n) 6= 0, for all n ∈ N. For everyn ∈ N, we consider the sequences

sn : N → X, sn(k) = −
χ{0,...,n}(k)

δ(k)
T(k)x

and

γn : N → X, γn(k) =

∞
∑

j =k

χ{0,...,n}( j )

δ( j )
T(k)x

whereχ{0,...,n} denotes the characteristic function of the set{0, . . . , n}. Thensn, γn ∈

l∞(N, X). A simple computation shows that the pair(γn, sn) verifies the equation
(Ed), for everyn ∈ N. It follows thatDsn = γn, for all n ∈ N.

Let L = ||D||. Since|||sn||| = 1, for everyn ∈ N, we deduce that

n
∑

j =k

1

δ( j )
≤

L

δ(k)
, ∀n, k ∈ N, n ≥ k

so
∞
∑

j =k

1

δ( j )
≤

L

δ(k)
, ∀k ∈ N.

Let

α : N → R, α(n) =

∞
∑

j =n

1

δ( j )

and letν > 0 be such thatL ≤ [1/(eν − 1)]. Then we have that

(eν − 1)α(n + 1) ≤ (eν − 1)α(n) ≤ 1/δ(n)

soeν α(n + 1) ≤ α(n), for all n ∈ N. It follows that

1

δ(n)
≤ α(n) ≤ e−νnα(0) ≤

L

||x||
e−νn, ∀n ∈ N

∗.

Thus, we deduce that

δ(n) ≥
eνn

L
||x||, ∀n ∈ N

∗.

Let p ∈ N
∗ with eνp > L. Taking into account thatp andν do not depend onx,

settingc = eνp/L, we have thatc > 1 and

||T(p)x|| ≥ c ||x||, ∀x ∈ X.

By applying Lemma 1 (ii) we deduce thatT is exponentially unstable.
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REMARK 3. If T = {T(t)}t≥0 is a semigroup onX and there ist0 > 0 such that
T(t0) is invertible, thenT(t) is invertible, for allt ≥ 0. Then it can be extended to a
group (see [21]). In this case, ifS(t) := T(t)−1, for all t ≥ 0, thenT is exponentially
unstable if and only ifS is exponentially stable.

THEOREM 2. Let T = {T(t)}t≥0 be an exponentially bounded semigroup on X.
Then,T is exponentially unstable and it can be extended to a group ifand only if the
pair (l∞(N, X), l∞(N, X)) is completely admissible forT.

Proof. Necessity.Let s ∈ l∞(N, X). Define

γs : N → X, γs(n) = −

∞
∑

j =n

T( j − n)−1s( j )

where for everyk ∈ N, T(k)−1 denotes the inverse of the operatorT(k). We observe
that the pair(γs, s) verifies the equation(Ed). To prove the uniqueness ofγs, it is
sufficient to show that ifγ ∈ l∞(N, X) and

γ (n + 1) = T(1)γ (n), ∀n ∈ N (2.2)

thenγ = 0. Indeed, sinceT is exponentially unstable, from relation (2.2) it follows
that

||γ (n)|| = ||T(n)γ (0)|| ≥ K eνn||γ (0)||, ∀n ∈ N (2.3)

whereK , ν > 0 are given by Definition 3 (ii). Sinceγ ∈ l∞(N, X), from relation (2.3)
it follows thatγ (0) = 0. Then from relation(2.2) we obtain thatγ = 0.

In conclusion, we deduce that the pair(l∞(N, X), l∞(N, X)) is completely admis-
sible forT.

Sufficiency.It follows from Theorem 1, Lemma 2 and Remark 3.

3. Exponential instability of C0-semigroups

In what follows, as consequences of the results in the previous section we deduce nec-
essary and sufficient conditions for exponential instability of C0-semigroups in terms
of the solvability of an integral equation.

Let X be a real or a complex Banach space and letT = {T(t)}t≥0 be a C0-
semigroup onX.

In what follows, we denote byCb(R+, X) the linear space of all continuous func-
tionsu : R+ → X with the property that sup

t≥0
||u(t)|| < ∞. With respect to the norm

|||u||| := sup
t≥0

||u(t)||

Cb(R+, X) is a Banach space.
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DEFINITION 5. The pair(Cb(R+, X), Cb(R+, X)) is said to be completely admis-
sible forT if for every u∈ Cb(R+, X), there exists a unique function fu ∈ Cb(R+, X)

such that the pair( fu, u) verifies the integral equation

(Ec) fu(t) = T(t − s) fu(s) +

∫ t

s
T(t − τ )u(τ ) dτ, ∀t ≥ s ≥ 0.

THEOREM 3. Let T = {T(t)}t≥0 be a C0-semigroup on X. If the pair
(Cb(R+, X), Cb(R+, X)) is completely admissible forT, thenT is exponentially un-
stable.

Proof. Let M, ω > 0 be such that||T(t)|| ≤ Meωt , for all t ≥ 0.

Let β : [0, 1] → [0, 2] be a continuous function with compact support such that

suppβ ⊂ (0, 1) and
1
∫

0
β(τ) dτ = 1.

We prove that the pair(l∞(N, X), l∞(N, X)) is completely admissible forT. In-
deed, lets ∈ l∞(N, X). We define the function

v : R+ → X, v(t) = T(t − [t])s([t])β(t − [t]).

Then
||v(t)|| ≤ 2Meω||s([t])||, ∀t ≥ 0

sov ∈ Cb(R+, X). From hypothesis there ish ∈ Cb(R+, X) such that the pair(h, v)

verifies the equation(Ec). In particular, for everyn ∈ N we have that

h(n + 1) = T(1)h(n) +

∫ n+1

n
T(n + 1 − τ )v(τ ) dτ = T(1)h(n) + T(1)s(n).

Settingγs(n) = h(n), for all n ∈ N, we have thatγs ∈ l∞(N, X) and the pair(γs, s)
verifies the equation(Ed).

To prove the uniqueness ofγs it is sufficient to show that ifγ ∈ l∞(N, X) is such
that

γ (n + 1) = T(1)γ (n), ∀n ∈ N (3.1)

thenγ = 0.

Let γ ∈ l∞(N, X) which verifies the relation (3.1). Consider the function
g : R+ → X, g(t) = T(t − [t])γ ([t]). From relation (3.1) we deduce thatg is
continuous and

g(t) = T(t − τ )g(τ ), ∀t ≥ τ ≥ 0. (3.2)

Since the pair(Cb(R+, X), Cb(R+, X)) is completely admissible forT, from re-
lation (3.2) it follows thatg = 0, so γ = 0. Thus, we deduce that the pair
(l∞(N, X), l∞(N, X)) is completely admissible forT and using Theorem 1 we obtain
the conclusion.
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THEOREM 4. Let T = {T(t)}t≥0 be a C0-semigroup on X. Then,T is ex-
ponentially unstable and it can be extended to a group if and only if the pair
(Cb(R+, X), Cb(R+, X)) is completely admissible forT.

Proof. Necessity.Let u ∈ Cb(R+, X) and let

f : R+ → X, f (t) = −

∫ ∞

t
T(τ − t)−1u(τ ) dτ.

Then, f ∈ Cb(R+, X) and the pair( f, u) verifies the equation(Ec). Using similar
arguments as in the necessity of Theorem 2 we obtain the uniqueness off .

Sufficiency.It follows from Theorem 3, Lemma 2 and Remark 3.

4. An application for the case of exponential dichotomy of semigroups

In what follows we will apply our results in order to characterize the exponential di-
chotomy of semigroups in Banach spaces.

Let X be a real or a complex Banach space and letT = {T(t)}t≥0 be an exponen-
tially bounded semigroup onX.

DEFINITION 6. T is said to be exponentially dichotomic if there exist a projection
P ∈ B(X) and two constants K≥ 1 andν > 0 such that:

(i ) T(t)P = PT(t), for all t ≥ 0;

(i i ) T(t)| : K er P → K er P is an isomorphism, for all t≥ 0;

(i i i ) ||T(t)x|| ≤ K e−νt ||x||, for all x ∈ Im P and all t≥ 0;

(i v) ||T(t)x|| ≥ 1
K eνt ||x||, for all x ∈ K er P and all t≥ 0.

DEFINITION 7. Let Y be a linear subspace of X. Y is said to beT- invariant if
T(t)Y ⊂ Y , for all t ≥ 0.

We consider the linear subspace

X1 = {x ∈ X : sup
t≥0

||T(t)x|| < ∞}.

We suppose thatX1 is a closed linear subspace which has aT-invariant (closed) com-
plementX2 such thatX = X1 ⊕ X2. Let P be the projection corresponding to the
above decomposition, i.e.Im P = X1 andK er P = X2.

REMARK 4. T(t)P = PT(t), for all t ≥ 0.

REMARK 5. (i ) If Ts(t) = T(t)|Im P, for all t ≥ 0, thenTs = {Ts(t)}t≥0 is an
exponentially bounded semigroup onIm P.

(ii) If Tu(t) = T(t)|K er P, for all t ≥ 0, thenTu = {Tu(t)}t≥0 is an exponentially
bounded semigroup onK er P.
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DEFINITION 8. The pair(l∞(N, X), l∞(N, X)) is said to be admissible forT if
for every s∈ l∞(N, X) there existsγ ∈ l∞(N, X) such that the pair(γ, s) verifies the
discrete-time equation

γ (n + 1) = T(1)γ (n) + s(n), ∀n ∈ N. (4.1)

In what follows we establish the connections between the exponential dichotomy
of the semigroupT and the admissibility of the pair(l∞(N, X), l∞(N, X)).

PROPOSITION1. If the pair (l∞(N, X), l∞(N, X)) is admissible forT, then for
every s∈ l∞(N, X) there is a uniqueγ ∈ l∞(N, X) such that the pair(γ, s) verifies
the equation(4.1) andγ (0) ∈ K er P.

Proof. Let s ∈ l∞(N, X). Then there is̃γ ∈ l∞(N, X) such that the pair(γ̃ , s) verifies
the equation (4.1). Then for

γ : N → X, γ (n) = γ̃ (n) − T(n)Pγ̃ (0)

we have thatγ ∈ l∞(N, X) andγ (0) = (I − P)γ̃ (0) ∈ K er P. Moreover, it is easy to
see that the pair(γ, s) verifies the equation (4.1).

To prove the uniqueness ofγ , let δ ∈ l∞(N, X) with δ(0) ∈ K er P such that the
pair (δ, s) verifies the equation (4.1).

Settingα = γ − δ, it follows that α(n + 1) = T(1)α(n), for all n ∈ N and
α(0) ∈ K er P. Sinceα ∈ l∞(N, X) we deduce that

||T(n)α(0)|| = ||α(n)|| ≤ |||α|||, ∀n ∈ N

soα(0) ∈ Im P. This implies thatα(0) = 0, soδ = γ .

THEOREM 5. If the pair (l∞(N, X), l∞(N, X)) is admissible forT, then T(t)| :

K er P → K er P is an isomorphism, for all t≥ 0 and there are K1, ν1 > 0 such that

||T(t)x|| ≥
1

K1
eν1t ||x||, ∀t ≥ 0,∀x ∈ K er P.

Proof. From hypothesis we deduce that the pair(l∞(N, K er P), l∞(N, K er P)) is ad-
missible for the semigroupTu. In particular, we have that for everys ∈ l∞(N, K er P)

there isγ ∈ l∞(N, K er P) such that

γ (n + 1) = Tu(1)γ (n) + Tu(1)s(n), ∀n ∈ N. (4.2)

Moreover, using Proposition 1 we deduce that the sequenceγ which verifies (4.2)
is uniquely determined. It follows that the pair(l∞(N, K er P), l∞(N, K er P)) is
completely admissible forTu. Then, from Theorem 2 we obtain the conclusion.

THEOREM 6. If the pair (l∞(N, X), l∞(N, X)) is admissible forT, then there are
K2, ν2 > 0 such that

||T(t)x|| ≤ K2 e−ν2t ||x||, ∀t ≥ 0,∀x ∈ Im P.
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Proof. Let x ∈ Im P. Consider the sequence

s : N → X, s(n) = T(n)x.

Sincex ∈ Im P, we have thats ∈ l∞(N, X). From Proposition 1 it follows that there is
γ ∈ l∞(N, X) with γ (0) ∈ K er P such that the pair(γ, s) verifies the equation (4.1).
Then we have that

γ (n) = T(n)γ (0) + nT(n − 1)x, ∀n ∈ N
∗.

From Theorem 5, there areK1, ν1 > 0 such that

1

K1
eν1n ||γ (0)|| ≤ ||T(n)γ (0)|| ≤ ||γ (n)|| + n||T(n − 1)x|| ≤

≤ |||γ ||| + n|||s|||, ∀n ∈ N
∗.

This inequality implies thatγ (0) = 0, so

γ (n) = nT(n − 1)x, ∀n ∈ N
∗.

Hence we obtain that

sup
n∈N

(n + 1)||T(n)x|| < ∞, ∀x ∈ Im P.

From the uniform boundedness principle it follows that there is M > 0 such that

(n + 1)||T(n)x|| ≤ M ||x||, ∀n ∈ N,∀x ∈ Im P.

This shows that there isp ∈ N
∗ such that

||Ts(p)x|| ≤
1

2
||x||, ∀x ∈ Im P.

By applying Lemma 1 for the semigroupTs we obtain the conclusion.

The main result of this section is:

THEOREM 7. T is exponentially dichotomic if and only if the pair
(l∞(N, X), l∞(N, X)) is admissible forT.

Proof. Necessity.Let P be the projection given by Definition 6. For everyk ∈ N, let
T(k)−1

| denote the inverse of the operatorT(k)| : K er P → K er P. If s ∈ l∞(N, X)

we define the sequenceγ : N → X by

γ (n) = χ
N∗ (n)

n
∑

k=1

T(n − k)Ps(k − 1) −

∞
∑

k=n+1

T(k − n)−1
| (I − P)s(k − 1).

Thenγ ∈ l∞(N, X) and the pair(γ, s) verifies the equation (4.1). This shows that the
pair (l∞(N, X), l∞(N, X)) is admissible forT.

Sufficiency.It follows from Theorem 5 and Theorem 6, takingK = max{K1, K2}

andν = min{ν1, ν2}.
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