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RECENT RESULTS ON LINEAR SYSTEMS ON GENERIC K3

SURFACES

Abstract. In this note we relate about the problem of evaluate the dimension of linear systems
through fat points defined on genericK3 surfaces.

1. Introduction and statement of the problem

In what follows we assume that the ground field is algebraically closed of characteristic
0. With Swe always denote a smooth projectivegeneric K3 surface, i.e. Pic(S) = 〈H 〉
and letn = H 2. Considerr points in general position onS, to each one of them
associate a natural numbermi called themultiplicity of the point. We will denote by
L = Ln(d, m1, . . . , mn) the linear system|d H| through ther points with the given
multiplicities. Define thevirtual dimensionof the system asv(L) = d2n/2 + 1 −∑

mi (mi + 1)/2 and itsexpected dimensionby e = max{v,−1}. Observe thate ≤
dim(L) and that the inequality may be strict if the conditions imposed by the points
are dependent. In this case we say that the system isspecial. By S′ we will denote the
blow-up ofS along ther points, given two curvesA, B on S, the intersectionAB will
be defined as the intersection of their strict transforms onS′. The problem of classifying
special systems has been largely studied for linear systemson the plane [2, 6, 11] and
more generally for systems on rational surfaces [7, 8]. The main conjecture on the
structure of such systems has been formulated in [8]. In thisnote we report about some
recent results in the case of genericK 3 surfaces. In [3] the authors proved that on the
projective plane this conjecture is equivalent to an older one given by Segre in [11].
The advantage of Segre conjecture is that it can be formulated in the same way on any
surface. Starting from this idea we proved in [4] the equivalence of Conjecture 1 with
Conjecture 2 on a genericK 3 surface. An attempt to prove Conjecture 2 has been done
in [5] by using a degeneration technique inspired by [1]. Themain result, by using this
technique, is Theorem 1 which relates the speciality of somelinear systems through
points of the same multiplicity with the speciality of systems through just one point.
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2. The equivalence of the two conjectures

As stated in the introduction we consider here an extension,to any surface, of Segre
conjecture about special linear systems.

CONJECTURE1. If L is non-empty and reduced linear system on a surfaceS, then
it is non-special.

By Bertini second theorem, this conjecture tell us that ifL is special, then there
exists an irreducible curveC such that 2C ⊆ Bs(L). This means that, if Conjecture 1
is true, then in order to give a classification of special systems on a surface we should
be able to classify the type of the curveC. In the case of genericK 3 surfaces we
proved the equivalence of the preceding conjecture with thefollowing (see [4]).

CONJECTURE2. LetL andSbe as above, then

(i) L is special if and only ifL = L4(d, 2d) orL = L2(d, d2) with d ≥ 2;

(ii) if L is non-empty then its general divisor has exactly the imposed multiplicities
in the pointspi ;

(iii) if L is non-special and has a fixed irreducible componentC then

a) L = L2(m+ 1, m+ 1, m) = mC+ L2(1, 1) with C = L2(1, 12) or

b) L = 2C with C ∈ {L4(1, 13),L6(1, 2, 1),L10(1, 3)} or

c) L = C.

(iv) if L has no fixed components then either its general element is irreducible or
L = L2(2, 2).

The proof of this result proceeds by analyzing the base locusof the systemL.
Assume that there exist distinct irreducible curvesCi andD j such thatL =

∑
µi Ci +∑

Di +M, whereµi ≥ 2 andM has no fixed components. Given two irreducible
curvesA, B ⊆ Bs(L), by Conjecture 1 we have thatv(A) = v(B) = v(A+ B) = 0,
but v(A + B) = v(A) + v(B) + AB− 1, so AB = 1. This givesCi C j = Ci D j =
Di D j = 1 andC2

i ≤ 1. In (see [4]) we prove that given two irreducible curvesA
andB on S then eitherAB 6= 1 or A = L2(1, 12) andB is an irreducible element of
L2(1, 1).

3. A degeneration of K3 surfaces

In this section we consider an attempt to prove conjecture 2 by using a degeneration of
K 3 surfaces to a union of planes and the blow-up of aK 3 along points. Let1 be an
open disk and letX be the blow-up ofS× 1 alongb general points ofS× {0}. The
threefoldX is equipped with two projectionsp1, p2 on 1 andS respectively and the
general fiberXt of p1 is isomorphic toS, while X0 is a reducible surface given by the
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union of b planes with a surfaceS. The last surface is the blow-up ofS along theb
points. Each one of theb planesPi cuts a curveRi on S which is a line inPi and a
(−1)-curve inS. Now given a line bundleL on S it is possible to construct infinitely
many line bundles (depending on the integerk) OX(L, k) := p∗2(L) ⊗ OX(kS) on X
such that each one restricted toXt givesL. DefiningX (L, k) as the restriction toX0
we have that

X (L, k)|Pi = OP2(k)

X (L, k)|S = b
∗(L)⊗OS(−

∑b
i=1 kEi ),

whereb : S → S is the blow-up map. This construction allows us to degenerate
a system onS to a union of systems on thePi ’s and S in the following way. Let
Z := m1q1+ · · · +mr qr be a subscheme ofSwith points in general position. Chosen
a1, . . . , ab positive integers such thata1 + · · · + ab ≤ r , let Z′i be the specialization
of ai points ofZ to points ofPi (with the same multiplicities). LetZ′

S
be the residual

subscheme, made ofr −
∑

ai general points ofS. GivenZ′ := Z′1+ . . .+ Z′b + Z′
S
,

one has thatX (L, k) ⊗ IZ′ , is a degeneration ofL ⊗ IZ . In this way, the starting
systemL throughr degenerate to the systemL0 on X0 made by theLi on thePi and
by theLS on S. Observe that the last system corresponds to a system onS through
less thanr points. In this way, by using the fact that the homogeneous planar systems
L2(d, m4), L2(d, m9) are never special, it is possible to use the preceding degeneration
in an inductive way. So, for example consider the systemLn(d, m4h

), takeb = 4h−1

and put four general points on each of thePi . In this way the speciality of the start-
ing system is related to that ofLn(d, m4h−1

) and so on. More generally we have the
following (see [5]).

THEOREM 1. If Ln(d, m) is non-special for all non-negative integers(d, m) then
Ln(d′, m′4

h9k
) is non-special for all non-negative integers(d′, m′, h, k).

Unfortunately it is an open problem to evaluate if a system through just one point
is special or not. The only known example isL4(d, 2d) as stated in Conjecture 2.
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