Rend. Sem. Mat. Univ. Pol. Torino - Vol. 62, 2 (2004)

C. Macci^∗

LARGE DEVIATIONS ESTIMATES FOR SOME LEVEL CROSSING PROBABILITIES IN BAYESIAN SETTING

Abstract. The probabilities of rare events have interest in some network and risk problems and, in this paper, we concentrate our attention on some level crossing probabilities for Brownian Motion and Poisson Process. We are interested in large deviations estimates and we present the Bayesian and frequentist approaches which lead to different conclusions; more precisely, as argued in other works in the literature on this topic, the Bayesian approach is more conservative. In the Bayesian framework we always deal with conjugate families of prior distributions.

1. Introduction

The study of level crossing probabilities has interest in several fields (mathematical risk theory connected with insurance problems, queueing theory and others). In this paper we consider the probabilities that some real valued stochastic processes (starting at zero) cross a positive level; moreover we are interested in large deviations estimates.

Stochastic processes can be used to model some phenomena. We are able to choose the stochastic process (in a suitable class) which better models the phenomena if we know all its relevant characteristics. On the other hand, without this knowledge, we have some unknown parameter to estimate.

The methods proposed so far tipically separate the point estimation of the parameter and the estimation of the level crossing probability. Anyway this approach can give a very misleading inference; for instance see the part of Introduction in [6] on the gambler’s ruin.

On the other hand one can integrate the point estimation of the parameter and the estimation of level crossing probability using the Bayesian approach as in [6]. More precisely, instead of considering point estimation, our aim is to produce a full description of the uncertainty about the parameter, providing more information and coherence for the level crossing probabilities estimation. The main tool in the Bayesian approach is the so called predictive level crossing probability which is � � p(Q, θ)π(dθ|X_1, . . . , X_n)

where:

• p(Q, θ) is the probability that the process crosses the positive level Q when the

∗This work has been partially supported by Murst Project ”Processi Stocastici e applicazioni a Filtraggio, Controllo, Simulazione e Finanza Matematica”. The author thanks the referee for some useful comments which led to an improvement in the presentation of the paper. The author also thanks W. Dambrosio for the continuity of λ → w(1)λ in the proof of Proposition 3 and C. Sinestrari for the proof of Proposition 4. 179 parameter is θ ∈ � (� is the set of all possible values for θ);

• π(·|X_1, . . . , X_n) is the posterior distribution of the parameter θ given an i.i.d. nsample (X_1, . . . , X_n) drawn from the stochastic process.

The stochastic processes considered in this paper are Brownian Motion (with unknown drift or with unknown variance) and Poisson Process (with unknown intensity and with known negative drift). We present two kinds of large deviations estimates for level crossing probabilities: the first kind concerns the case Q = qn for some fixed q > 0 and n → ∞; the second kind is inspired by the so called slow Markov walk limit in large deviations theory (see e.g. [2], Example 1 and Theorem 2). We point out that (1) and (3) provide the frequentist estimates concerning slow Markov walk limit.

Let us conclude with the outline of the paper. Section 2 is devoted to recall some preliminaries; in particular some level crossing probabilities estimates are recalled, which can be considered as the frequentist estimates. In section 3 we present a Bayesian version of the estimates presented in section 2; we are not aware of any work on this topic in which Bayesian estimates concerning the slow Markov walk limit appear. Some concluding remarks are presented in section 4 where we point out the analogies with some other works cited in the bibliography.

2. Preliminaries

2.1. Preliminaries on large deviations

The main topic in this paper is large deviations, so let us recall some basic definitions (see e.g. [4], Chapter 1). Let � be a Hausdorff topological space with Borel σ -algebra B_� and let us call rate function a lower semicontinuous function I : � → [0, ∞]; then a family of probability measures (ν_n)_{n≥1} on (�, B_�) satisfies the large deviations principle (LDP) with rate function I if

lim sup n→∞ 1 n log ν_n(F) ≤ − inf_{ω∈F} I (ω) (∀F closed) and lim inf n→∞ 1 n log ν_n(G) ≥ − inf_{ω∈G} I (ω) (∀G open).

We also say that a family of �-valued random variables (Y_n) satisfies the LDP if the inequalities above hold with ν_n ≡ P(Y_n ∈ ·). We point out that in each proposition of section 3 we have a family of random probability measures (namely the posterior distributions) which satisfies the LDP almost surely.

2.2. Preliminaries on Brownian Motion

Let (B_t )_{t≥0} be a standard Brownian Motion and let (Z^{(μ,σ 2)}_t )_{t≥0} be defined as follows:

Z^{(μ,σ 2)} t ≡ B_σ 2_t + μt;

thus (Z^{(μ,σ 2)}_t )_{t≥0} is a Brownian Motion with drift μ ∈ R and variance parameter σ^2 > 0.

In order to introduce the level crossing probabilities it is useful to consider the random variables (T_Q (μ, σ^2) : Q > 0) defined by

T_Q(μ, σ^2) ≡ inf{t ≥ 0 : Z^{(μ,σ 2)}_t > Q};

then (Z^{(μ,σ 2)}_t )_{t≥0} crosses any positive level Q with probability P(T_Q (μ, σ^2) < ∞) and P(T_Q (μ, σ^2) < ∞) ≡ � 1 μ ≥ 0 e^{2Q μσ 2} μ < 0

≡ e^{−Qwμ,σ 2} ,

where w_{μ,σ} 2 ≡ max{0, −2^μ_{σ 2} }.

In conclusion, for all q > 0, we have

lim_{n→∞} 1 n log P(T_{qn}(μ, σ^2) < ∞) ≡ lim_{n→∞} 1 n log e^{−qnwμ,σ 2} ≡ −qw_{μ,σ} 2 ;

(1) lim_{n→∞} 1 n log P(T_q (μ, σ^2 n ) < ∞) ≡ lim_{n→∞} 1 n log e^{−qwμ,σ 2/n} ≡ −qw_{μ,σ} 2 .

2.3. Preliminaries on Poisson Process

Let (N_t )_{t≥0} be a standard homogeneous Poisson Process (namely with intensity equal to 1) and let (Z^{(λ)}_t (ε))_{t≥0} be defined as follows:

Z^{(λ)}_t (ε) ≡ εN λ_{ε t} − ct;

thus (Z^{(λ)}_t (ε))_{t≥0} is a suitable compound Poisson Process with drift. More precisely we have a compound Poisson Process which can have upwards jumps equal to ε only and the intensity for these jumps is^λ_ε ; moreover, for all λ > 0, (Z^{(λ)}_t (ε))_{t≥0} crosses any positive level with probability 1 when c ≤ 0 and so that we choose c > 0.

In order to introduce the level crossing probabilities it is useful to consider the random variables (T^{(ε)}_Q (λ) : Q > 0) defined by

T^{(ε)}_Q (λ) ≡ inf{t ≥ 0 : Z^{(λ)}_t (ε) > Q};

then (Z^{(λ)}_t (ε))_{t≥0} crosses any positive level Q with probability P(T^{(ε)}_Q (λ) < ∞).

Furthermore let (F_ε : ε > 0) be the function defined by

F_ε(γ ) ≡ λ ε (e^{εγ} − 1) − cγ

and let w^{(ε)}_λ be defined by

w^{(ε)}_λ ≡ sup{γ ≥ 0 : F_ε(γ ) ≤ 0};

then, since we have

sup{γ ≥ 0 : F_ε(γ ) ≤ 0} ≡ sup{γ ≥ 0 : F_1(εγ ) ≤ 0},

we get the identity εw^{(ε)}_λ ≡ w^{(1)}_λ .

By adapting some standard topic (see e.g. the proof of Theorem 5.1 in [1], Chapter XII, Section 5), we have

P(T^{(ε)}_Q (λ) < ∞) ≡ e^{−w(ε)λ Q}E_{Pw(ε)λ} � e^{−w} (ε) λ [N_{T (ε)Q (λ)}−cT^{(ε)}_Q (λ)−Q]�

where P_w(ε)_λ is a suitable probability measure such that P_w(ε)_λ (T^{(ε)}_Q (λ) < ∞) = 1 for all Q > 0; then, since we have

P_w(ε)_λ (0 < N_T (ε)_{Q (λ)} − cT^{(ε)}_Q (λ) − Q < ε) = 1,

we get the following refinement of Lundberg inequality:

(2) e^{−w(ε)λ (Q+ε)} ≤ P(T^{(ε)}_Q (λ) < ∞) ≤ e^{−w(ε)λ Q} .

In conclusion (2) provides the following limits for all q > 0 (the first one is trivial while for the second one we have to employ εw^{(ε)}_λ ≡ w^{(1)}_λ with ε =^1_n ):

lim_{n→∞} 1 n log P(T^{(1)}_{qn} (λ) < ∞) ≡ −qw^{(1)}_λ ;

(3) lim_{n→∞} 1 n log P(T^{( 1n )}_q (λ) < ∞) ≡ −qw^{(1)}_λ .

3. Bayesian estimates

In this section we present a Bayesian version of the estimates presented above. More precisely we observe the processes (Z^{(μ,σ 2)}_t ) and (Z^{(λ)}_t (1) + ct) when t is an integer and one of the parameters is unknown. Thus we consider some suitable statistical models and, for each one, we consider the conjugate family of prior distributions presented in [3] (Chapter 9); furthermore we prove an almost sure LDP for the posterior distributions applying Gärtner Ellis Theorem (see e.g. [4], Chapter 2, Section 3); finally we derive the estimates for level crossing probabilities using Varadhan’s Lemma (see e.g. [4], Chapter 4, Section 3). We point out that posterior distributions can be expressed in a closed form since we deal with conjugate families; this fact leads to an easy application of Gärtner Ellis Theorem for posterior distributions.

In view of what follows, we introduce some useful notation. • Let H (ν_1|ν_2) be the relative entropy of ν_1 with respect to ν_2, namely

H (ν_1|ν_2) = � � � log(^{dν1}_{dν2} (ω))ν_1(dω) ν_1||ν_2 ∞ otherwise ;

it is known that H (ν_1|ν_2) is nonnegative and it is equal to zero if and only if ν_1 = ν_2 (see e.g. [9], Chapter 2, Section 3, Theorem 3.1).

• Let N_{μ,σ} 2 be the Normal distribution with mean μ ∈ R and variance σ^2 > 0. • Let P_λ be the Poisson distribution with parameter λ > 0. • Let G_{α,β} be the Gamma distribution with parameters α, β > 0.

3.1. Brownian Motion with unknown drift

In this subsection we consider (Z^{(μ,σ 2)}_t ) where μ is unknown and σ^2 =^1_r is known. In such a case it is useful to consider the function −w_{μ̂,} 1_r defined by

−w_{μ̂,} 1_r (q) ≡ sup_{μ∈R}[−qw_{μ,} 1_r − H (N_{μ̂,} 1_r |N_{μ,} 1_r )].

PROPOSITION 1. Let (X_n) be the sequence defined by

X_n ≡ Z^{(μ, 1r )}_n − Z^{(μ, 1r )}_{n−1}

and let (X_n) be the sequence of sample means, i.e. X_n ≡^1_n

�_n k=1 X_k ≡^{Z (μ,} 1 r ) n n . Furthermore let N_{μ0 ,} 1_{r0} be any prior Normal distribution for the parameter μ and let N_{μ0 ,} 1_{r0} (·|X_1, . . . , X_n) be the corresponding posterior distribution. Then X_n converges to μ̂ almost surely (where μ̂ is the true value of the parameter) and we have:

lim_{n→∞} 1 n log � R P(T_{qn}(μ, 1 r ) < ∞)N_{μ0,} 1_{r0} (dμ|X_1, . . . , X_n) ≡ −w_{μ̂,} 1_r (q);

lim_{n→∞} 1 n log � R P(T_q (μ, 1 rn ) < ∞)N_{μ0,} 1_{r0} (dμ|X_1, . . . , X_n) ≡ −w_{μ̂,} 1_r (q).

Proof. It is known (see e.g. [3], 1970, Chapter 9, Section 5, Theorem 1) that N_{μ0 ,} 1_{r0} (·|X_1, . . . , X_n) = N_{r0 μ0+nr X nr}

0 +nr

,^1_{r0+nr} . Moreover, since X_n converges to μ̂, in general we have

�_{μ̂}(γ ) ≡ lim_{n→∞} 1 n log � R e^{nγ μ} N_{μ0 ,} 1_{r0} (dμ|X_1, . . . , X_n) ≡

≡ lim_{n→∞} 1 n (nγ r_0μ_0 + nr X_n r_0 + nr + (nγ )^2 2(r_0 + nr)

) ≡ γ μ̂ + γ^2 2r ; thus, by Gärtner Ellis Theorem, N_{μ0 ,} 1_{r0} (·|X_1, . . . , X_n) satisfies the LDP with rate function �^∗_{μ̂}(μ) ≡ sup_{γ ∈R}[γ μ − �_{μ̂}(γ )] ≡ H (N_{μ̂,} 1_r |N_{μ,} 1_r )

(the latter equality can be checked). In conclusion we obtain the desidered limits by Varadhan’s Lemma since the function μ → −w_{μ,} 1_r is continuous.

3.2. Brownian Motion with unknown variance

In this subsection we consider (Z^{(μ,σ 2)}_t ) where μ is known (and the inequality μ < 0 avoids trivial cases) and σ^2 =^1_r is unknown. In such a case it is useful to consider the function −w_{μ,} 1_{r̂} defined by

−w_{μ,} 1_{r̂} (q) ≡ sup_{r>0}[−qw_{μ,} 1_r − H (G 1_{2 ,} r̂_2 |G 1_{2 ,} r_2 )].

PROPOSITION 2. Let (X_n) be the sequence defined by

X_n ≡ (Z^{(μ, 1r )}_n − Z^{(μ, 1r )}_{n−1} − μ)^2

and let (X_n) be the sequence of sample means, i.e. X_n ≡^1_n

�_n

k=1 X_k . Furthermore let G_{α,β} be any prior Gamma distribution for the parameter r and let G_{α,β} (·|X_1, . . . , X_n) be the corresponding posterior distribution.

Then X_n converges to^1_{r̂} almost surely (where r̂ is the true value of the parameter) and we have:

lim_{n→∞} 1 n log �_∞ 0 P(T_{qn}(μ, 1 r ) < ∞)G_{α,β} (dr|X_1, . . . , X_n) ≡ −w_{μ,} 1_{r̂} (q);

lim_{n→∞} 1 n log �_∞ 0 P(T_q (μ, 1 rn ) < ∞)G_{α,β} (dr|X_1, . . . , X_n) ≡ −w_{μ,} 1_{r̂} (q).

Proof. It is known (see e.g. [3], 1970, Chapter 9, Section 5, Theorem 2) that

G_{α,β} (·|X_1, . . . , X_n) = G_{α+} n_{2 ,β+} n_{2 X n} .

Moreover, since X_n converges to^1_{r̂} almost surely, in general we have

�_{r̂} (γ ) ≡ lim_{n→∞} 1 n log �_∞ 0 e^{nγ r} G_{α,β} (dr|X_1, . . . , X_n) ≡

≡ lim_{n→∞}

�_{α+ n2} n log(^{β+ n2 X n}

β+^n_2 X_n −nγ ) nγ < β + n 2 X_n ∞ nγ ≥ β +^n_2 X_n ≡ � � � 1 2 log(^{12r̂}_{12r̂ −γ} ) γ <^1_{2r̂} ∞ γ ≥^1_{2r̂} ; thus, by Gärtner Ellis Theorem, G_{α,β} (·|X_1, . . . , X_n) satisfies the LDP with rate function

�^∗_{r̂} (r) ≡ sup_{γ ∈R}[γ r − �_{r̂} (γ )] ≡ � H (G 1_{2 ,} r̂_2 |G 1_{2 ,} r_2 ) r > 0 ∞ r ≤ 0

(the latter equality can be checked). In conclusion we obtain the desidered limits by Varadhan’s Lemma since the function r → −w_{μ,} 1_r is continuous.

3.3. Poisson Process

In this subsection we consider (Z^{(λ)}_t (1)) where λ is unknown. In such a case it is useful to consider the function −w_{λ̂} defined by

−w_{λ̂}(q) ≡ sup_{λ>0}[−qw^{(1)}_λ − H (P_{λ̂}|P_λ)].

PROPOSITION 3. Let (X_n) be the sequence defined by

X_n ≡ Z^{(λ)}_n (1) − Z^{(λ)}_{n−1}(1) + c

and let (X_n) be the sequence of sample means, i.e. X_n ≡^1_n

�_n k=1 X_k ≡^{Z (λ)n (1)+cn}_n .

Furthermore let G_{α,β} be any prior Gamma distribution for the parameter λ and let G_{α,β} (·|X_1, . . . , X_n) be the corresponding posterior distribution.

Then X_n converges to λ̂ almost surely (where λ̂ is the true value of the parameter) and we have:

lim_{n→∞} 1 n log �_∞ 0 P(T^{(1)}_{qn} (λ) < ∞)G_{α,β}(dλ|X_1, . . . , X_n) ≡ −w_{λ̂}(q);

lim_{n→∞} 1 n log �_∞ 0 P(T^{( 1n )}_q (λ) < ∞)G_{α,β}(dλ|X_1, . . . , X_n) ≡ −w_{λ̂}(q).

Proof. It is known (see e.g. [3], 1970, Chapter 9, Section 4, Theorem 1) that

G_{α,β} (·|X_1, . . . , X_n) = G_{α+nX n ,β+n}.

Moreover, since X_n converges to λ̂ almost surely, in general we have

�_{λ̂}(γ ) ≡ lim_{n→∞} 1 n log �_∞ 0 e^{nγ λ}G_{α,β} (dλ|X_1, . . . , X_n) ≡

≡ lim_{n→∞}

�_{α+nX n} n log(^{β+n}_{β+n−nγ} ) nγ < β + n ∞ nγ ≥ β + n ≡ �^ λ log(^1_{1−γ} ) γ < 1 ∞ γ ≥ 1 ; thus, by Gärtner Ellis Theorem, G_{α,β} (·|X_1, . . . , X_n) satisfies the LDP with rate function �^∗_{λ̂}(λ) ≡ sup_{γ ∈R}[γ λ − �_{λ̂}(γ )] ≡ � H (P_{λ̂}|P_λ) λ > 0 ∞ λ ≤ 0

(the latter equality can be checked).

In view of what follows let us recall the following inequalities which follow from (2) (for P(T^{(1)}_{qn} (λ) < ∞) is trivial while for P(T^{( 1n )}_q (λ) < ∞) we employ the identity εw^{(ε)}_λ ≡ w^{(1)}_λ with ε =^1_n ):

e^{−w(1)λ (qn+1)} ≤ P(T^{(1)}_{qn} (λ) < ∞), P(T^{( 1n )}_q (λ) < ∞) ≤ e^{−w(1)λ qn}.

Moreover for all ε > 0 there exists n_ε ≥ 1 such that the next inequalities hold for all n ≥ n_ε:

(4) e^{−(q+ε)w(1)λ n} ≤ P(T^{(1)}_{qn} (λ) < ∞), P(T^{( 1n )}_q (λ) < ∞) ≤ e^{−qw(1)λ n}.

Now let us point out what follows: the function

γ → λ_γ =

�_{cγ}

e^γ −1 γ ≠ 0

c γ = 0

is continuous so that its inverse λ → γ_λ is also continuous and then we can say that λ → w^{(1)}_λ is continuous since the identity w^{(1)}_λ ≡ max{γ_λ, 0} holds. The continuity of λ → w^{(1)}_λ allows to apply Varadhan’s Lemma and, by taking into account (4), we have

−w_{λ̂}(q + ε) ≤ lim inf_{n→∞} 1 n log �_∞ 0 P(T^{(1)}_{qn} (λ) < ∞)G_{α,β}(dλ|X_1, . . . , X_n) ≤

≤ lim sup n→∞ 1 n log �_∞ 0 P(T^{(1)}_{qn} (λ) < ∞)G_{α,β} (dλ|X_1, . . . , X_n) ≤ −w_{λ̂}(q) and −w_{λ̂}(q + ε) ≤ lim inf_{n→∞} 1 n log �_∞ 0 P(T^{( 1n )}_q (λ) < ∞)G_{α,β}(dλ|X_1, . . . , X_n) ≤

≤ lim sup n→∞ 1 n log �_∞ 0 P(T^{( 1n )}_q (λ) < ∞)G_{α,β}(dλ|X_1, . . . , X_n) ≤ −w_{λ̂}(q).

Thus we conclude the proof showing that −w_{λ̂} is a continuous function. In order to do that one can check that −w_{λ̂} is a convex function which assumes finite values since we have 0 ≥ −w_{λ̂}(q) ≥ −qw^{(1)}_{λ̂} (∀q > 0);

then, since lim_{q→0}+ −w_{λ̂}(q) = −w_{λ̂}(0) = 0, the continuity of −w_{λ̂} follows from a well known result for convex functions (see e.g. [11], Chapter 3, Theorem 3.2).

4. Concluding remarks

Let us consider the sequences (X_n) in each proposition in section 3 and assume that all the parameters are known. Then we can say what follows:

if μ in Proposition 1 is known, (X_n) satisfies the LDP with rate function μ̂ → H (N_{μ̂,} 1_r |N_{μ,} 1_r );

if r in Proposition 2 is known, (X_n) satisfies the LDP with rate function r̂ → H (G 1_{2 ,} r̂_2 |G 1_{2 ,} r_2 );

if λ in Proposition 3 is known, (X_n) satisfies the LDP with rate function λ̂ → H (P_{λ̂}|P_λ).

Then, if we compare the rate functions above with the rate functions for posterior distributions presented in each proposition of section 3, the roles played by the two arguments of H (·|·) are interchanged.

This fact has some analogies with other works in the literature: Theorem 1 in [7] deals with random variables taking values in a finite set, Theorem 1 in [8] deals with random variables taking values in a compact metric space and a Dirichlet process as prior distribution, Theorem IV.3 in [10] and Theorem 1 in [5] deal with discrete time Markov chains.

In order to explain the interchange of arguments in the relative entropy, let us use the symbol θ for the parameters μ, r and λ which appear in each one of the propositions of section 3. Then: in the LDP of sample means (X_n) we ask how likely it is that X_n is close to some θ̂ given that the true value of the parameter is θ; in the LDP of posterior distributions we ask how likely it is that true value of the parameter is close to θ given that we observe X_n close to some θ̂.

The author thinks that the results in this paper could be extended to a wider class of Lévy processes by referring to appropriate exponential statistical models.

Furthermore let us point out that

(5) −w_{μ̂,} 1_r (q) − (−qw_{μ̂,} 1_r ); −w_{μ,} 1_{r̂} (q) − (−qw_{μ,} 1_{r̂} ); −w_{λ̂}(q) − (−qw^{(1)}_{λ̂} )

are nonnegative and nondecreasing functions (of q). The nonnegativeness is trivial; moreover the functions −w_{μ̂,} 1_r , −w_{μ,} 1_{r̂} and −w_{λ̂} are nonpositive and convex functions (this can be checked) so that the functions (5) are nondecreasing as a consequence of the next proposition.

PROPOSITION 4. Let f : [0, ∞[→ R be a convex function such that

0 ≥ f (q) ≥ −qm (∀q ∈ [0, ∞[)

for some m > 0. Then the function g defined by g(q) ≡ f (q) − (−qm) is nondecreasing.

Proof. Let us consider 0 < x < y and set t =^x_y ; thus we have

f (x) = f (ty + (1 − t)0) ≤ t f (y) + (1 − t) f (0) = t f (y)

since x = ty + (1 − t)0, t ∈]0, 1[ and f is convex. Moreover we have

(1 − t) f (x) = f (x) − t f (x) ≤ t f (y) − t f (x) = t ( f (y) − f (x))

whence we obtain

f (y) − f (x) ≥

1 − t t� � � >0 f (x) ≥

1 − t t (−xm) = − x t m + xm = −ym + xm

which is equivalent to g(y) ≥ g(x).

188 C. Macci

In conclusion the Bayesian estimates of all the level crossing probabilities in this paper are asymptotically guaranteed to be more conservative to a degree which becomes more pronunced as q increases. This fact agrees with the discussion presented in [6] on some general network and risk management problems in a Bayesian context.

References

[1] ASMUSSEN S., Applied probability and queues, John Wiley and Sons, New York 1987. [2] ASMUSSEN S. AND NIELSEN H.M., Ruin probabilities via local adjustment coefficients, J. Appl.

Probab. 33 (1995), 736–755.

[3] DEGROOT M.H., Optimal Statistical Decisions, Mc Graw-Hill, New York 1970. [4] DEMBO A. AND ZEITOUNI O., Large deviations techniques and applications, Jones and Bartlett, Boston 1993.

[5] EICHELSBACHER P. AND GANESH A., Bayesian inference for Markov chains, J. Appl. Probab. 39 (2002), 91–99.

[6] GANESH A., GREEN P., O’CONNELL N. AND PITTS S., Bayesian network management, Queueing Systems Theory Appl. 28 (1998), 267–282.

[7] GANESH A. AND O’CONNELL N., An inverse of Sanov’s Theorem, Statist. Probab. Lett. 42 (1999), 201–206.

[8] GANESH A. AND O’CONNELL N., A large deviation principle for Dirichlet posteriors, Bernoulli 6 (2000), 1021–1034.

[9] KULLBACK S., Information theory and statistics, John Wiley and Sons, New York 1959. [10] PASCHALIDIS I.C. AND VASSILARAS S., On the estimation of buffer overflow probabilities from measurements, IEEE Trans. Inform. Theory 47 (2001), 178–191.

[11] RUDIN W., Real and Complex Analysis (3rd Edition), McGraw-Hill, New York 1986.

AMS Subject Classification: 60F10, 62C10, 62M05.

Claudio MACCI, Dipartimento di Matematica, Università di Roma “Tor Vergata”, Via della Ricerca Scientifica, 00133 Roma, ITALIA e-mail: macci@mat.uniroma2.it Lavoro pervenuto in redazione il 07.05.2003 e, in forma definitiva, il 12.03.2004.