Rend. Sem. Mat. Univ. Pol. Torino - Vol. 62, 2 (2004)

V. Demichelis

UNIFORM ERROR BOUNDS FOR CAUCHY PRINCIPAL VALUE INTEGRALS

Abstract. We prove a uniform convergence theorem for the numerical evaluation of certain weighted Cauchy principal value integrals which also gives the order of magnitude of the error. This theorem is then applied to derive uniform error bounds in the numerical integration of these integrals based on several spline approximations. These bounds are given in terms of the norms of the underlying spline spaces.

1. Introduction

In this paper we derive a uniform error bound, with respect to the parameter λ, in the numerical evaluation of weighted Cauchy principal value (CPV) integrals of the form

(1) I (ω_{αβ} f ; λ) := � J −⟩ω_{αβ} (x) f (x) x − λ dx⟩,

where J := [−1, 1], λ ∈^∘J := (−1, 1) and ω_{αβ} is the Jacobi weight function

(2) ω_{αβ} (x) := (1 − x)^α(1 + x)^β ⟩, α, β > −1⟩.

A sufficient condition on f , ensuring that I (ω_{αβ} f ; λ) exists, is

(3) f ∈ L_μ(A)⟩, A > 0⟩, 0 < μ ≤ 1⟩,

where L_μ(A) := {g ∈ C(J ) : ω(g; t; J ) ≤ At^μ} and, for g ∈ C(J )⟩, ⟩ω(g; t; J ) is the modulus of continuity

ω(g; t; J ) := max_{x,x+h∈J}

0<|h|≤t

|g(x + h) − g(x)|⟩.

A standard way to evaluate I (ω_{αβ} f ; λ) numerically is to replace f by an approximation f_n from a sequence { f_n} such that I (ω_{αβ} f_n; λ) can be evaluated analytically or easily approximated numerically for all n [24].

In many cases, f_n is given in the form

f_n := n� i=0 f (x_{in})φ_{in}

155 so that I (ω_{αβ} f ; λ) is approximated by the quadrature sum

(4) I (ω_{αβ} f_n; λ) = n� i=0 f (x_{in})I (ω_{αβ} φ_{in}; λ)⟩.

We consider the approximation error

(5) r_n(x) := f (x) − f_n(x)

and the quadrature error I (ω_{αβ}r_n; λ).

A general uniform convergence theorem, providing sufficient conditions for I (ω_{αβ} r_n; λ) → 0 as n → ∞, uniformly with respect to λ ∈^∘J , is proved by Rabinowitz in [20], whereas in [24] he generalized this result by proving a uniform convergence theorem for Hadamard finite part (HFP) integrals which are derivatives of CPV integrals. In [11] examples of splines sequences for the evaluation of such HFP integrals are provided.

The previous uniform convergence results [20,24] did not provide uniform error bounds. In [16] a uniform bound for |I (ω_{αβ}r_n; λ)| is given in the case α = β = 0, where f ∈ C^1(J ) is approximated by splines with not-a-knot end conditions [5]. In [17,18] this result has been generalized to HFP integrals approximated by different types of spline-based quadratures, for which error bounds are provided uniformly with respect to λ in [−1 + δ, 1 − δ], for every δ > 0.

Here we continue Rabinowitz’s work [20] by proving a uniform convergence theorem for the numerical evaluation of the CPV integral (1) with Jacobi weight (2) and f satisfying (3), which also gives a bound for |I (ω_{αβ}r_n; λ)| uniformly with respect to

λ ∈^∘J .

We shall consider sequences of approximations { f_n} with f_n ∈ S^m_{Yn} , where S^m_{Yn} is a space of polynomial splines of order m based on a sequence of partitions {�_N : t_{0N} := −1 < t_{1N} < · · · < t_{N N} := 1}, from which the sequence of spline knots {Y_n} and quadrature nodes {X_n} are derived. Setting h_{i N} := t_{i+1,N} − t_{i N} , we say that {�_N } is locally uniform (l.u.) if there exists a constant L ≥ 1, so that L^{−1} ≤ h_{i−1,N} /h_{i N} ≤ L⟩, 1 ≤ i ≤ N − 1, ⟩all N⟩. We define the norm of �_N , H_N = H_n := max_{0≤i≤N−1} h_{i N} and we shall assume that H_n → 0 as n → ∞.

We shall consider two different spline spaces S^m_{YN} for the construction of a sequence of quadrature sums {I (ω_{αβ} f_n; λ)} of the form (4) such that |I (ω_{αβ}r_n; λ)| satisfy the obtained error bounds.

2. Uniform quadrature error bound

The following theorem provides a bound, uniform with respect to λ ∈^∘J , for the quadrature error |I (ω_{αβ}r_n; λ)|, with r_n given in (5).

THEOREM 1. Consider the CPV integral (1) with Jacobi weight (2) and f satisfying (3). Assume that we are given a sequence of approximations { f_n} and a sequence of positive quantities H_n such that f_n ∈ C(J ) and

(i) r_n(1) = 0 if ⟩α ≤ 0

r_n(−1) = 0 if ⟩β ≤ 0

(ii) max_{x∈J} |r_n(x)| ≤ cH^μ_n ⟩, c > 0

(iii) r_n ∈ L_μ(A_1)⟩, for some A_1 > 0 and all n.

If μ + γ > 0, where γ := min⟩(α, β), then � �I (ω_{αβ} r_n; λ) � � = � O(H^μ_n | log H_n|)⟩, γ ≥ 0 O(H^{μ+γ}_n ), γ < 0⟩.

In particular, the O-term holds uniformly with respect to λ in^∘J .

Proof. We set g_n(x) := r_n(x) − r_n(λ)

x − λ and we write

I (ω_{αβ}r_n; λ) =

�_1 −1 ω_{αβ} (x)g_n(x)dx + r_n(λ)I (ω_{αβ} ; λ) := T_1 + T_2.

By the symmetry of the problem, we can assume that λ ≥ 0.

In order to bound |T_2| we consider that in a neighbourhood of λ = 1 [20]

(6) I (ω_{αβ} ; λ) = � O � (1 − λ)^α � + C if α is not an integer O � (1 − λ)^α| log(1 − λ)| + C � if α is an integer.

We can find s > 0 sufficiently small so that, for all λ in (1 − s, 1)⟩, ⟩ (6) holds. Assume that n is sufficiently large so that H_n < s. In the sequel we shall denote by k_j ⟩, ⟩ j = 1, . . . , 7⟩, ⟩ all positive constants independent of λ and n.

We consider at first the case λ ∈ [1 − H_n, 1), i.e. 1 − λ ≤ H_n. If α < 0 then, since r_n(1) = 0, we have that [20]

(7) |r_n(λ)| = |r_n(1) − r_n(λ)| ≤ ω(r_n ; 1 − λ; J ) = O � (1 − λ)^μ � and, using (6) and (7), for some k_1 > 0

|T_2| ≤ k_1(1 − λ)^{μ+α} ≤ k_1 H^{μ+α}_n .

If α = 0, by using (6) and (7), we consider that the function x^μ| log x| increases monotonically in � 0, (1/e)^{1μ} � , so that, for n such that H_n ≤ (1/e)^{1μ} ⟩, ⟩ we have for some k_2 > 0 |T_2| ≤ k_2(1 − λ)^μ| log(1 − λ)| ≤ k_2 H^μ_n | log H_n|⟩.

If α > 0, by using (6) and (ii), for n such that H_n ≤ (1/e)^{1α} ⟩, we have for some k_3, k_4 > 0 |T_2| ≤ k_3 H^μ_n � H^α_n | log H_n| + C � ≤ k_4 H^μ_n ⟩.

In the case 1 − s ≤ λ < 1 − H_n, i.e. H_n < 1 − λ ≤ s, by (6) and (ii), we can write for α < 0 |T_2| ≤ k_5 H^μ_n (1 − λ)^α < k_5 H^{μ+α}_n , k_5 > 0⟩, whereas for α > 0 |T_2| ≤ k_6 H^μ_n ⟩, k_6 > 0⟩.

If α = 0⟩ then, for some k_7 > 0⟩, |T_2| ≤ k_7 H^μ_n | log(1 − λ)| < k_7 H^μ_n | log H_n|.

Finally, in the case λ ∈ [0, 1 − s)⟩, I (ω_{αβ} ; λ) = O(1) [20] and, consequently, |T_2| = O � H^μ_n � . In order to bound |T_1| we consider r ∈ (0, 1/2) and n sufficiently large that H_n < r.

We write

T_1 =

�_{−1+r} −1 ω_{αβ} (x)g_n(x) +

�_1

−1+r

ω_{αβ} (x)g_n(x)dx := I_1 + I_2⟩.

We consider that for λ > 0 and 0 < r < 1/2 (8) 1 + x < |x − λ| , −1 ≤ x ≤ −1 + r and

(9) (1 − x)

� � � � �

> |x − λ|, −1 + r ≤ x < (1 + λ)/2

= |x − λ|, x = (1 + λ)/2

< |x − λ|, (1 + λ)/2 < x ≤ 1⟩. In order to bound |I_1| we set η_1 := max

x∈[−1,−1+r]

(1 − x)^α

and write

|I_1| ≤ η_1

�_{−1+r} −1 (1 + x)^β|g_n(x)|dx = η_1

� � −1+H_n −1 (1 + x)^β |g_n(x)|dx

+ �_{−1+r}

−1+H_n

(1 + x)^β|g_n(x)|dx � := η_1[R_1 + R_2]

Since by (8) |x − λ|^{μ−1} < (1 + x)^{μ−1}, we obtain

R_1 ≤ A_1

�_{−1+Hn} −1 (1 + x)^{β+μ−1}dx =

A_1 H^{μ+β}_n μ + β ⟩.

In order to bound R_2 we consider the following cases. If β < 0, using (8) and (ii), we have that

R_2 ≤ 2cH^μ_n

�_{−1+r}

−1+H_n

(1 + x)^{β−1}dx ≤ 2c |β| H^μ_n (r^β + H^β_n ) < 4c |β| H^{μ+β}_n ⟩.

If β ≥ 0 then, setting η_2 := max_{x∈[−1,−1+r]}(1 + x)^β , using (ii) and noting that | − 1 + H_n − λ| > H_n and that (10) | − 1 + r − λ| > H_n⟩, we obtain R_2 ≤ 2η_2cH^μ_n

�_{−1+r}

−1+H_n

|x − λ|^{−1}dx < 4η_2cH^μ_n | log H_n|.

In order to bound |I_2| we set

η_3 := max

x∈[−1+r,1]

(1 + x)^β ⟩, ḡ_n(x) := (1 − x)^α r_n(x) − r_n(λ) x − λ and write

|I_2| ≤ η_3

� � λ−H_n

−1+r

|ḡ_n(x)|dx +

�_1

λ−H_n

|ḡ_n(x)|dx � := η_3[R_3 + R_4]

In order to bound R_3 we have to consider the following cases.

If λ − H_n < 1 − r then, by setting η_4 := max_{x∈[−1+r,1−r]}(1 − x)^α and using (ii) and (10) we obtain (11) R_3 ≤ 2η_4cH^μ_n | log H_n|⟩.

In the case λ − H_n ≥ 1 − r, if α ≥ 0 then (11) holds with η_4 := max_{x∈[−1+r,1]}(1 − x)^α. If α < 0, then using (9), (10) and (ii), we obtain R_3 < 2cH^μ_n

�_{λ−Hn}

−1+r

|x − λ|^{α−1}dx ≤ 4c |α| H^{μ+α}_n ⟩.

In order to bound R_4 we have to consider the following cases: a) λ + H_n ≤ 1 − r⟩. In this case we write

R_4 =

�_{λ+Hn}

λ−H_n

|ḡ_n(x)|dx +

�_{1−r}

λ+H_n

|ḡ_n(x)|dx

+ �_{1−Hn} 1−r |ḡ_n(x)|dx +

�_1

1−H_n

|ḡ_n(x)|dx := P_1 + P_2 + P_3 + P_4⟩.

Setting η_5 := max_{x∈[−1,1−r]}(1 − x)^α, by using (iii) we have that

P_1 ≤ η_5 A_1

�_{λ+Hn}

λ−H_n

|x − λ|^{μ−1} =

2A_1 μ η_5 H^μ_n ⟩.

Using (ii) and a)

P_2 ≤ 2cη_5 H^μ_n

�_{1−r}

λ+H_n 1 |x − λ| dx ≤ 4cη_5 H^μ_n | log H_n|⟩.

Moreover we have that

P_3 ≤ 2cH^μ_n

�_{1−Hn} 1−r (1 − x)^α 1 |x − λ| dx⟩.

Then in order to bound P_3 we consider at first the case α ≥ 0. Setting η_6 := max x∈[1−r,1]

(1 − x)^α and, using a), we have that

P_3 ≤ 2cη_6 H^μ_n

�_{1−Hn} 1−r 1 |x − λ| dx ≤ 4cη_6 H^μ_n | log H_n|⟩.

If α < 0 and (1 + λ)/2 ≤ 1 − r then, using (9),

P_3 ≤ 2cH^μ_n

�_{1−Hn} 1−r (1 − x)^α|x − λ|^{−1}dx ≤ 2cH^μ_n

�_{1−Hn} 1−r (1 − x)^{α−1}dx ≤ 4c |α| H^{μ+α}_n ⟩.

If α < 0 and 1 − r < (1 + λ)/2 < 1 − H_n, then

P_3 ≤ 2cH^μ_n

� � (1+λ)/2 1−r (1 − x)^α|x − λ|^{−1}dx

+ �_{1−Hn}

(1+λ)/2

(1 − x)^α|x − λ|^{−1}dx � ≤ 4c |α| � 1 2^α + 1 � H^{μ+α}_n ⟩,

since by (9),

�_{(1+λ)/2} 1−r (1 − x)^α|x − λ|^{−1}dx ≤

�_{(1+λ)/2} 1−r |x − λ|^{α−1}dx ≤ � 1 2^α + 1 � 1 |α| H^α_n and �_{1−Hn}

(1+λ)/2

(1 − x)^α|x − λ|^{−1}dx ≤

�_{1−Hn}

(1+λ)/2

(1 − x)^{α−1}dx ≤ � 1 + 1 2^α � 1 |α| H^α_n .

In order to bound P_4, we obtain using (9) and (iii) that

P_4 ≤ A_1

�_1

1−H_n

(1 − x)^α|x − λ|^{μ−1}dx ≤ A_1

�_1

1−H_n

(1 − x)^{μ+α−1}dx =

A_1 μ + α

H^{μ+α}_n ⟩.

b) λ + H_n > 1. Using (iii) we write

R_4 ≤ A_1

�_1

λ−H_n

(1 − x)^α|x − λ|^{μ−1}dx⟩.

If α ≥ 0 then we set η_7 := max_{x∈[−1+r,1]}(1 − x)^α and the following bound holds for R_4

R_4 ≤ η_7 A_1

�_1

λ−H_n

|x − λ|^{μ−1} ≤ η_7 A_1 μ H^μ_n ⟩,

since

(12) 1 − λ < H_n⟩.

If α < 0, taking in account that λ < (1 + λ)/2 < 1, we set

�_1

λ−H_n

(1 − x)^α|x − λ|^{μ−1}dx =

�_{(1+λ)/2}

λ−H_n

(1 − x)^α|x − λ|^{μ−1}dx

+ �_1

(1+λ)/2

(1 − x)^α|x − λ|^{μ−1}dx := S_1 + S_2⟩.

Using (9) and (12) we obtain

S_1 ≤

�_{(1+λ)/2}

λ−H_n

|x − λ|^{μ+α−1}dx ≤ 1 μ + α � 1 − λ 2 �_{μ+α} + H^{μ+α}_n �

< H^{μ+α}_n μ + α � 1 2^{α+μ} + 1 �

and, similarly,

S_2 ≤

�_1

(1+λ)/2

(1 − x)^{μ+α−1}dx = 1 μ + α � 1 − λ 2 �_{μ+α} ≤ H^{μ+α}_n 2^{μ+α}(μ + α) ⟩.

3. Examples of splines for quadratures

In this section we shall give some examples of sequences { f_n} which satisfy (i)-(iii) of Theorem 1.

A first example can be derived from the sequence of approximating splines {Q_n f }, obtained by applying to the function f the quasi interpolating (q − i) operator Q_n defined in [19], and used for numerical integration in [3,4,8].

In order to define Q_n f , we start with a polynomial spline space S^m_{Yn} defined by a positive m, the order of the splines in the space, and a partition �_N .

The knot set Y_n := {y_{0n}, y_{1n}, . . . , y_{n+m−1,n}} is derived from �_N and a set of positive integers d_i , i = 0, 1, . . . , N with d_0 = d_N = m and d_i < m, i = 1, . . . , N −1. The y_{in} are given in nondecreasing order by taking each point of �_N exactly d_i times, so that n =

�_{N−1} i=0 d_i .

A basis for S^m_{Yn} is provided by the set of normalized B-splines of order m {B_i (x); i = 0, . . . , n − 1} defined in [25].

We consider, for l ≤ m, a set of points, called q − i points, {τ_{ij} ; j = 1, . . . , l; i = 0, 1, . . . , n − 1} such that τ_{iν} ≠ τ_{iμ} for ν ≠ μ.

The spline Q_n f can be represented by [3]

(13) Q_n f := n−1� i=0 �^l� j=1 v_{ij} f (τ_{ij} ) � B_i ⟩,

where

v_{ij} := l� ν= j

α_{iν}

�^ν� s=1 s≠ j

(τ_{ij} − τ_{is} )⟩

and the coefficients α_{iν} , defined in [19], are such that Q_n p = p for p ∈ P_l , where P_l is the set of polynomials of order l.

Since a q − i point τ_{ij} may coincide with another q − i point τ_{pq} , the number of distinct function values in (13) can be less than nl. Of course, the set of distinct q − i points will coincide with the set of nodes X_n of the quadrature sum obtained in replacing f by Q_n f in (1).

In particular, if we set l = 2 in (13) and choose as q-i points the Schoenberg points

{τ_{i1} := (y_{i+1,n} + · · · + y_{i+m−1,n}) � (m − 1); i = 0, 1, . . . , n − 1}⟩,

then α_{i2} = 0, i = 0, . . . , n − 1 [19], leading to the Schoenberg variation diminishing spline. In this case {Q_n f } will satisfy (i) and, for l.u. {�_N }⟩, ⟩ (ii) and (iii). Consequently, {Q_n f } will be a viable candidate for { f_n} in Theorem 1.

In the case l ≥ 2 there have been many suggestions for the choice of q − i points [3,8,22,23], which lead to sequences {Q_n f } satisfying (ii) and (iii) if {�_N } is l.u., but, in general, the condition (i) will be not true. We will obtain a sequence { f_n} for Theorem 1 by introducing the following modified splines [10]

Q̂_n f := f (−1)B_0 + n−2� i=1 �^l� j=1 v_{ij} f (τ_{ij} ) � B_i + f (1)B_{n−1}⟩,

for which Q̂_n f (±1) = f (±1) and the conditions (i)-(iii) are true if {�_N } is l.u.

A further example is provided by the optimal nodal (o.n.) splines introduced in [13,14], studied in [7,10,12,15] and used for numerical integration in [1,2,6,21].

Uniform error bounds 163

Let m > 2, N ≡ n ≥ m − 1 and �_N ≡ X_n, i.e. the partition �_N coincides with the quadrature nodes set X_n. We shall call the points of X_n the primary knots of the spline.

The spline knot set Y_n is obtained by inserting (m − 2) distinct points in each interval [x_{in}, x_{i+1,n}], i = 0, . . . , n − 1, so that y_{(m−1)i,n} = x_{in}, i = 0, . . . , n.

Since all knots have multiplicity equal to one, the spline will be C^{m−2}(J ). We consider the set of nodal basis functions {w_i (x); i = 0, . . . , n} defined in [12,15] and the spline space S^m_{Yn} spanned by {w_i }. The defining formula for W_n f ∈ S^m_{Yn} is given by

W_n f (x) := n� i=0 f (x_{in})w_i (x)⟩.

Since w_i (x_{jn}) = δ_{ij} , i, j = 0, . . . , n, the condition (i) of Theorem 1 is true for W_n f ⟩.⟩ Moreover (ii) holds if {X_n} is l.u. and (iii) is true if {Y_n} is l.u.. Consequently, {W_n f } is a viable candidate for { f_n} in Theorem 1.

Acknowledgments. The author would like to thank Professor Dagnino for the encouragement to develop the research that led to this paper. The author would also like to thank the referee for his helpful comments.

References

[1] DAGNINO C. AND DEMICHELIS V., Nodal spline integration rules of Cauchy principal value integrals, Intern. J. Computer Math. 79 (2002), 233–246.

[2] DAGNINO C. AND DEMICHELIS V., Computational aspects of numerical integration based on optimal nodal splines, Intern. J. Computer Math. 80 (2003), 243–255.

[3] DAGNINO C. DEMICHELIS V. AND SANTI E., Numerical integration of singular integrands using quasi-interpolatory splines, Computing 50 (1993), 149–163.

[4] DAGNINO C. AND RABINOWITZ P., Product integration of singular integrands using quasiinterpolatory splines, Computer Math. Applic. 33 (1997), 59–67.

[5] DAGNINO C. AND SANTI E., Spline product quadrature rules for Cauchy singular integrals, J. Comp.

Appl. Math. 33 (1990), 133–140.

[6] DAGNINO C. AND SANTI E., Numerical evaluation of Cauchy principal integrals by means of nodal spline approximation, Revue d’Anal. Num. Theor. Approx. 27 (1998), 59–69.

[7] DAHMEN W. GOODMAN T.N.T. AND MICCHELLI C.A., Compactly supported fundamental functions for spline interpolation, Numer. Math. 52 (1988), 641–664.

[8] DEMICHELIS V., Quasi-interpolatory splines based on Schoenberg points, Math. Comp. 65 (1996), 1235–1247.

[9] DEMICHELIS V., Convergence of derivatives of optimal nodal splines, J. Approx. Th. 88 (1997), 370– 383.

[10] DEMICHELIS V., Spline approximation with interpolation constraints for numerical integration, Intern.

J. Computer Math. 70 (1999), 739–750.

[11] DEMICHELIS V. AND RABINOWITZ P., Finite part integrals and modified splines, BIT Numerical Mathematics 44 (2004), 259–267.

[12] DE VILLIERS J.M., A convergence result in nodal spline interpolation, J. Approx. Theory 74 (1993), 266–279.

164 V. Demichelis

[13] DE VILLIERS J.M. AND ROHWER C.H., Optimal local spline interpolants, J. Comput. Appl. Math.

18 (1987), 107–119.

[14] DE VILLIERS J.M. AND ROHWER C.H., A nodal spline generalization of the Lagrange interpolant, in: “Progress in Approximation Theory” (Eds. Nevai P. andPinkus A.), Academic Press, Boston, 1991, 201–211.

[15] DE VILLIERS J.M. AND ROHWER C.H., Sharp bounds for the Lebesgue constant in quadratic nodal spline interpolation, International Series of Num. Math. 115 (1994), 1–13.

[16] DIETHELM K., Uniform convergence of optimal order quadrature rules for Cauchy principal value integrals, J. Comp. Appl. Math. 56 (1994), 321–329.

[17] DIETHELM K., Error bounds for spline-based quadrature methods for strongly singular integrals, J.

Comp. Appl. Math. 89 (1998), 257–261.

[18] DIETHELM K., Error bounds for spline-based quadrature methods for strongly singular integrals, J.

Comp. Appl. Math. 142 (2002), 449–450.

[19] LYCHE T. AND SCHUMAKER L.L., Local spline approximation methods, J. Approx. Theory 15 (1975), 294–325.

[20] RABINOWITZ P., Uniform convergence results for Cauchy principal value integrals, Math. Comp. 56 (1991), 731–740.

[21] RABINOWITZ P., Product integration of singular integrals using optimal nodal splines, Rend. Sem.

Mat. Univ. Pol. Torino 51 (1993), 1-9.

[22] RABINOWITZ P., Application of approximating splines for the solution of Cauchy singular integral equations, Appl. Num. Math. 15 (1994), 285–297.

[23] RABINOWITZ P., Optimal quasi-interpolatory splines for numerical integration, Annals Numer. Math.

2 (1995), 145–157.

[24] RABINOWITZ P., Uniform convergence results for finite-part integrals, Workshop on Analysis celebrating the 60th birthday of Péter Vértesi and in memory of Ottó Kis and Árpad Elbert, Alfréd Rényi Institute of Mathemathics, Budapest 2001.

[25] SCHUMAKER L.L., Spline functions: Basic Theory, John Wiley and Sons, New York, 1981.

AMS Subject Classification: 65D30, 65D07.

Vittoria DEMICHELIS Dipartimento di Matematica Università di Torino Via Carlo Alberto 10, 10123 Torino, ITALIA e-mail: vittoria.demichelis@unito.it

Lavoro pervenuto in redazione il 22.12.2003 e, in forma definitiva, il 15.06.2004.