Rend. Sem. Mat. Univ. Pol. Torino - Vol. 62, 2 (2004)

M. Badiale - V. Benci - S. Rolando^∗

SOLITARY WAVES: PHYSICAL ASPECTS AND MATHEMATICAL RESULTS

Abstract. This paper originates from a series of lectures given by the second author at the University of Torino, during the Third Fortnight on Nonlinear Analysis (September 24 - October 6, 2001) and is divided into two parts, almost independent. Part 1 proposes a set of ideas concerning the introduction of nonlinear field equations in the theory of particles; indeed, moving from very general mathematical assumptions, we present a deterministic model which exhibits relativistic phenomena. Part 2 contains a survey on some questions concerning solitary waves; we start with old, even historical, matters and touch some more recent developements.

1. Some remarks on variational principles for Lorentz invariant field equations

1.1. Introduction

In this introduction we make some simple basic assumptions, which are shared today by every fundamental theory in physics and yield, as it will be shown in the next sections, very deep consequences.

Throughout these notes, we will not be completely rigorous. For example, we will generally not specify the functional spaces to which the functions we use belong, simply assuming that all the functions involved are ‘good enough’ to allow the computations; in particular, we assume that all the integrals we introduce are finite. (α) The universe is variational, that is we suppose that all the physical phenomena are governed by differential equations which admit a variational formulation.

This variational principle is at once reasonable, if we think that all the fundamental equations of physics (^†) can be seen as the Euler-Lagrange equations of a suitable action functional. For instance

J (x) = � � � 1 2 k� j=1 m_j � �ẋ_j � �^2 − V (t, x) � � dt (Newton)

gives the equations of motion of k particles having masses m_j and whose positions at time t is given by x_j (t) ∈ R^3, where V is the potential energy of the system; more

∗The first and second authors were supported by MIUR, projects “Variational Methods and Nonlinear Differential Equations” and “Metodi variazionali e topologici nello studio di fenomeni non lineari”, respectively.

†Diffusion equations, which are deeply related to stochastic processes, are not variational; nevertheless they are not fundamental, by which we mean that they can be derived from the Newton equation via the Boltzmann theory. 107 generally, using generalized coordinates q (t) = (q_1 (t) , . . . , q_k (t)), the dynamics of a finite dimensional system is determined by the functional

J (q) = � L (t, q, q̇) dt (Lagrange)

where L is the Lagrangian of the system, or by the functional

J (q, p) = � [q̇ · p − H (t, q, p)] dt (Hamilton)

where H is the Hamiltonian of the system and p (t) = ( p_1 (t) , ..., p_k (t)) the generalized momenta.

Also the dynamics of fields can be related to variational principles. From a mathematical point of view, a field is a function

ψ : (x, t) = (x_1, x_2, x_3, t) ∈ R^3 × R −→ ψ (x, t) ∈ R^k

from the physical space-time into the internal parameters space. From a physical point of view, a field can be regarded as a modification of the ‘ether’ (or ‘vacuum’), an ipotetic entity whose internal state at point x and time t is described by the value ψ (x, t). On the subject, we have for example the following variational formulations:

J (A, φ) =^1_2

� � �

E^2 − B^2 � dxdt (Maxwell)

where E = |A_t + ∇φ| and B = |∇ × A| (see Section 1.3 below),

J (ψ) =

� � �

ℏ^2 2m |∇ψ|^2 − ℏiψ_t ψ + V (x) |ψ|^2 � dxdt (Schrödinger)

where m is the particle mass, ℏ the Planck constant and V the potential, J � g_{ij} � = � � R � g_{ij} � dxdt (Einstein)

where R is the scalar curvature of the metric tensor g_{ij} .

REMARK 1. The variational principle has a very long history and can be traced back even to the thought of Aristotle. However, its very discovery has been attributed to P.L.M. de Maupertuis (1698-1759), after he was engaged in polemics with the followers of G.W. Leibniz; in his work “Examen philosophique de la preuve de l’existence de Dieu” (1756), he stated the principle of minimal action as an evidence of rationality in the divine creation. It is well known that these metaphysical ideas were then formalized by L. Euler and G.L. Lagrange in the eighteenth century, but the ultimate reason for which the variational principle holds true in nature is still today a mystery. On the subject, we refer to the essay “Le Meilleur des mondes possibles. Mathématiques et destinée” by I. Ekeland [46].

(β) The universe is invariant for the Poincaré group, that is we suppose that all the equations of the universe are invariant with respect to the group generated by the following transformations:

• time translations, i.e. transformations depending on one parameter having the form � x −→ x t −→ t + t_0

• space translations, i.e. transformations depending on three parameters having the form � x −→ x + x^0 t −→ t

• space rotations, i.e. transformations depending on three parameters having the form � x −→ Rx with R ∈ O (3) t −→ t

• Lorentz transformations, i.e. space-time rotations depending on one parameter v having the form � � � � � x_1 −→ γ (x_1 − vt) x_2 −→ x_2 x_3 −→ x_3

t −→ γ � t −^v_{c2} x_1 �

� � � � � x_1 −→ x_1 x_2 −→ γ (x_2 − vt) x_3 −→ x_3

t −→ γ � t −^v_{c2} x_2 �

� � � � � x_1 −→ x_1 x_2 −→ x_2 x_3 −→ γ (x_3 − vt)

t −→ γ � t −^v_{c2} x_3 �

where γ =^c√_{c2−v2} , |v| < c and c is a constant (dimensionally a velocity).

Indeed, the Poincaré group P is the ten parameters Lie group generated by the above transformations together with the time and parity inversions t −→ −t and x −→ −x.

The assumption of the first three invariances cannot be omitted if we want to make a physical theory, for they express the possibility of repeating experiments. More precisely, translational invariances ask for time and space to be homogeneuos (i.e., whenever and wherever an experiment is performed, it gives the same results) and rotational invariance requires that the space is isotropic (i.e., there is no privileged directions in the universe). Finally, the Lorentz invariance is an empirical fact and we will see that it is the very responsible of relativistic effects; meanwhile, we can already state some of its first consequences, as follows.

• Speaking about rigid bodies, we need lenght to be an invariant; because of the fact that the transformations involving velocity mingle space coordinates with time, we have to state on the contrary that euclidean distance cannot be invariant. So we conclude that rigid bodies do not exist.

• If we want to describe the physical phenomena by means of differential equations, the link between space and time mentioned above forces us to use partial differential equations.

REMARK 2. In the spirit of the so-called “Erlangen program” by F.C. Klein, every theory can be regarded as the set of those properties which are invariant with respect to a certain group of transformations; for example, euclidean geometry is classified as the set of properties which are invariant with respect to rotations, translations and congruences, as well as affine geometry is invariant for the linear group plus translations, as well as topology is invariant under continuous transformations, and so on. In this respect, if we assume the invariance for the Galileo transformations � � � � x_1 −→ x_1 − vt x_2 −→ x_2 x_3 −→ x_3 t −→ t

� � � � x_1 −→ x_1 x_2 −→ x_2 − vt x_3 −→ x_3 t −→ t

� � � � x_1 −→ x_1 x_2 −→ x_2 x_3 −→ x_3 − vt t −→ t

instead of the ones of Lorentz, we obtain classical physics instead of relativity.

The invariance with respect to the Poincaré group P and the variational principle can be joined together as follows. If a physical phenomenon is described by the critical points of a functional J on a proper functional linear space V , i.e.

δ J (u) = 0 with u ∈ V,

then invariance means that there is a representation

T : P → GL (V )

such that

(1) ∀u ∈ V ∀g ∈ P J (u) = J � T_gu � . This implies that u is a solution if and only if T_gu is a solution.

1.2. Scalar fields

Let us consider the action of the Poincaré group P on a scalar field ψ ∈ C:

(2) ∀g ∈ P : T_gψ (x, t) = ψ � g^{−1} (x, t) �

where (x, t) = (x_1, x_2, x_3, t) ∈ R^3 × R.

Probably, the simplest Lagrangian which is invariant with respect to this action is

(3) L_ψ = |ψ_t |^2 − c^2 |∇ψ|^2

and the Euler-Lagrange equation for the functional

(4) S_0 (ψ) = 1 2 � R^3×R

L_ψ (x, t) dxdt is (5) □ψ = 0

where □ =^{∂2}_{∂t 2} − c^2△ is the d’Alembert operator. Indeed, it’s just a matter of substitution to verify that L_{Tg ψ} (x, t) = L_ψ � g^{−1} (x, t) � for every g ∈ P and then the invariance (1) obviously holds for the functional (4), if we notice that |J ac (g)| = 1 for every g ∈ P. Note that the Poincaré invariance (1) is reflected by the fact that if ψ (x, t) is a solution of (5) then also all the functions defined by (2) are solutions; in particular we will consider the function ψ � γ [x_1 − vt] , x_2, x_3, γ � t − v c^2 x_1 � . The main focus of this paper is however the more realistic (from a physical point of view) semilinear wave equation

(6) □ψ + W^′ (ψ) = 0

which is still the simplest, but now nonlinear, equation which satisfies the above assumptions. Here

W^′ = ∂W ∂ψ^1 + i ∂W ∂ψ^2

is the gradient of a C^1 function W : C → R under the usual identification ψ ≡ � ψ^1, ψ^2 � between C and R^2. Other useful and rather natural assumptions on W will be made in the following. The action functional corresponding to equation (6) is then

(7) S (ψ) = 1 2 � R^3×R � |ψ_t |^2 − c^2 |∇ψ|^2 � dxdt − � R^3×R

W (ψ) dxdt.

1.2.1. Conservation laws

By Emmy Noether’s theorem, the invariance of a variational integral under the action of a group of transformations smoothly dependent on one parameter yields a conservation law for any of its extremals. In the present case (^∗), we have the following integrals of the motion, provided that W is of class C^2 and having suitable decay properties on the field ψ (x, t) at ‘spatial’ infinity.

• Time translation invariance implies the conservation of energy, which takes the form

(8) E (ψ) = 1 2 � R^3 � |ψ_t |^2 + c^2 |∇ψ|^2 � dx + � R^3

W (ψ) dx.

∗see Subsection 1.5.1.

• Space translations invariance implies the conservation of momentum, which takes the form

(9) P (ψ) = −Re � R^3

ψ_t ∇ψ dx = − � R^3 � u_t ∇u + u^2 S_t ∇ S � dx where we have used the polar form ψ (x, t) = u (x, t) e^{iS(x,t)} with u, S ∈ R.

• Space rotations invariance implies the conservation of angolar momentum, which takes the form

(10) M (ψ) = Re � R^3

ψ_t (x × ∇ψ) dx.

• Considering transformations in the target space, not in the physical one, the invariance under the gauge transformation

ψ (x, t) −→ ψ (x, t) e^{iθ} (θ ∈ R)

which clearly holds when W depends only on |ψ|, yields another constant of the motion, called charge. Again with the use of a polar expression, it has the form

C (ψ) = Im � R^3

ψ_t ψ dx = � R^3

u^2S_t dx.

Note that the phase translations invariance ψ → ψe^{iθ} is the simplest one we can imagine in the target space (in fact, S^1 is the simplest Lie group).

REMARK 3. It is easy to see that the right-hand sides of (8)-(1.2) change in the ‘natural’ way by a change of reference frame. For instance, considering the change of coordinates x^′ = Rx + x^0 with R ∈ O (3) and ψ^′ � x^′, t � = ψ � R^{−1} � x^′ − x^0 � , t � , we get E � ψ^′ � = E (ψ) and P � ψ^′ � = R P (ψ)

(P denotes the column of the components of P).

1.2.2. Solitary waves

As a consequence of the assumptions we have made, point particles are inadequate to describe interactions. For instance, the problem arises considering the Maxwell equation ∇ · E = δ

(where the Dirac function δ represents a unit-charge point particle) and introducing the gauge potentials associated to the electromagnetic field (see below): in the electrostatic case, one is led to consider the equation

−△φ = δ which has no finite-energy solution (because the fundamental solution φ (x) =^1_{4π|x|} of the Laplacian bears � |∇φ|^2 = +∞) and this makes classical electrodynamics inconsistent (see also [52]).

Hence, turning back to our equation (6), we are interested in the case in which the nonlinearity causes the formation of stable structures which can be considered, owing to their particle-like behaviour, as extended particles, namely solitary waves and solitons (see Part 2); roughly speaking, a solitary wave is a solution of a field equation whose energy travels as a localized packet and a soliton is a solitary wave which asymptotically preserves its localization property under interactions with other localized disturbances.

With a view to investigate the properties of such waves, it is convenient to consider first the so-called standing solitary waves, which have the form

(11) ψ_0 (x, t) = u_0 (x) e^{−iω0t} , u_0 ∈ R

where ω_0 ∈ R can be considered as the frequence of an internal clock. It is then natural to assume that W only depends on |ψ|, i.e.

(12) W (ψ) = f (|ψ|)

where we may take f ∈ C^1 (R; R), f even, f^′ (0) = 0. So, the function ψ_0 is a solution of (6) if and only if (^†)

(13) −△u_0 + 1 c^2 f^′ (u_0) = ω^2_0 c^2 u_0

which means that u_0 is a critical point of the reduced action functional

(14) F (u_0) = 1 2 � R^3 � |∇u_0|^2 − ω^2_0 c^2 u^2_0 � dx + 1 c^2 � R^3

f (u_0) dx.

The existence of a solution to this problem has been first proved in the 70’s by W.A. Strauss [79] and H. Berestycki and P.L. Lions [27], [28], [29] for example with the choice W (ψ) =^1_2 |ψ|^2 −^1_p |ψ|^p and 1 − ω^2_0 > 0, p ∈ ]2, 6[ .

Finally, observing that to any standing wave we can associate a family of travelling waves by applying a Lorentz transformation, we will denote by ψ_v the solitary wave travelling with vector velocity v (|v| < c) which is obtained from the (11) standing one. For sake of simplicity, we consider v = (v, 0, 0) and hence

(15) ψ_v (x, t) = u_0 (γ [x_1 − vt] , x_2, x_3) e^{i(k·x−ωt)}

where k =^ω_{c2} v and ω = γ ω_0.

†see the beginning of Subsection 1.5.2

1.2.3. Space contraction and time dilation

Taking ψ_0 as in (11) and moving it, we have obtained the expression (15): looking at the first argument of the space function u_0, we can see that the size shrinks by a factor γ > 1 in the direction of the movement; this is the contraction of lenght phenomenon.

The position of the travelling object (15) at the time t can be defined as the barycen- ter q (t) = � |ψ_v (x, t)|^2 x dx � |ψ_v (x, t)|^2 dx . By a change of variables one easily deduces that q (t) = q (0) + tv; let us assume, for sake of simplicity, q (0) = (0, 0, 0). If we follow this center during the movement and look at what happens in the position q (t), we have

ψ_v (q (t) , t) = u_0 (γ [tv − vt] , 0, 0) e^i

�_ω c2 vtv−ωt �

= u_0 (0, 0, 0) e^{iωt}

�_{v2} c2 −1 � = u_0 (0, 0, 0) e^{−iγ ω0tγ −2} = u_0 (0, 0, 0) e^{−i ω0γ t}

i.e., the internal frequence is now^{ω0}_γ < ω_0. Time slows down: the internal clock oscillates slower and the movement makes the structure life to last more; this is the dilation of time phenomenon.

1.2.4. The dynamics

The conservation laws stated in the previous Subsection 1.2.1 hold true for any solution of our equation (6). As we are interested in solitary waves, we now compute those constants of the motion referred to these particular solutions.

Let us begin with considering standing solitary waves (11). Under the assumption (12) with W (0) = 0, we can use (^‡) Pohožaev identity

(16) � |∇u_0|^2 dx =

3ω^2_0 c^2 � u^2_0dx − 6 c^2 � W (u_0) dx

for the equation (13), to eliminate W from (8) and get

(17) E (ψ_0) = c^2 3 � R^3

|∇u_0|^2 dx + ω^2_0 � R^3

u^2_0dx.

Turning then to the associated travelling waves (15), we also get (^§)

(18) E (ψ_v) = γ E (ψ_0)

‡see Subsection 1.5.2 §see Subsection 1.5.3 and Subsection 1.5.4

and (19) P (ψ_v) = γ E (ψ_0) c^2 v Since γ > 1 depends on the velocity v, we conclude that the energy of a travelling solitary wave grows with velocity by a factor γ and his momentum is proportional both to v and γ .

Since as a matter of fact we have regarded physical phenomena as solutions of partial differential equations, so far it wouldn’t have made sense to speak about the ‘mass’ of a solitary wave; right now it is possible instead to define the mass m (ψ_v) of any travelling object. Recalling that in classical mechanics we have p = mv, the parallelism obtained in (19) allows us to define the mass still as the ratio between momentum and velocity, namely

(20) m (ψ_v) = γ

E (ψ_0) c^2

and then we have that mass is not constant, but, as the energy, increases with velocity by a factor γ .

Moreover, from (18) and (20), we surprisingly deduce the Einstein equation

E (ψ_v) = m (ψ_v) c^2

for mass and energy.

1.2.5. Conclusions

At the beginning of this section, assuming variational principle and Poincaré invariance we were led to consider the equation (6), as the simplest one satisfying these requirements; in the next subsections, we have seen that all the peculiar facts of special relativity • space contraction and time dilation • increase of mass with velocity • Einstein equation E = mc^2 can be easily deduced from that equation. If we think that Poincaré group was born from electromagnetism as the exact group for which Maxwell equations are invariant, this could appear natural; nevertheless, it is somewhat surprising that relativistic features can be derived from a single equation without extra assumptions. Moreover, if we recall that the operator □ was born a century before Maxwell theory (with J.B. d’Alembert, 1717-1783) and that, interpreting c as the speed of sound, it occurs in the Newtonian mechanics of an elastic membrane, the whole discussion can be seen under a different perspective.

First of all, the theory of relativity is consistent with the ideas of ether theory, namely of a universe filled up with an elastic medium having c as ‘sound speed’.

Moreover, relativistic effects turn out to be related to mathematical principles and they are also exhibited by a classical model; in this respect, the theory of relativity resembles noneuclidean geometries: it can be seen as ‘embedded’ into classical mechanics and its validity should be considered not so absolute as many believe.

Finally, the idea of an absolute time proves to be consistent with relativity.

1.3. Vector fields

So far we have seen the consequences of variational principle and Poincaré invariance on scalar fields; now we turn to consider the way in which the Poincaré group P acts on a vector field U = (A, φ) ∈ R^3 × R:

∀g ∈ P : T_gU (x, t) = gU � g^{−1} (x, t) �

where (x, t) = (x_1, x_2, x_3, t) ∈ R^4.

Assuming hereafter c = 1 (which amounts to a suitable choice of measure units), the simplest Lagrangian which is invariant under this action is

L_{(A,φ)} = |∇φ|^2 − φ^2_t − |∇A|^2 + |A_t |^2

and the Euler-Lagrange equations for the functional

V (A, φ) = 1 2 � R^3×R

L_{(A,φ)} (x, t) dxdt are (21) � □A = 0 □φ = 0.

Assuming, as usual in these notes, that A and its derivatives have all the needed integrability properties, integrations by parts yield

V (A, φ) = 1 2 � R^3×R � |∇φ|^2 − φ^2_t − |∇ × A|^2 − (∇ · A)^2 + |A_t |^2 � dxdt

where ∇· and ∇× denote the divergence and curl operators. In deriving this expression, recall the algebraic identity −△V = ∇ × (∇ × V) − ∇ (∇ · V).

Besides Poincaré invariance, there are other transformations for which V is invariant. For instance, we can change φ and A in such a way that

(22) φ_t + ∇ · A = 0

and V is not changed; this implies that, for every critical point of V we can find a gauge transformation that yields a solution to (21) for which (22) is satisfied. Thus we may assume the extra equation (22), which is the gauge of Lorentz, just as a mathematical trick in order to reduce the number of solutions and, as a matter of fact, this means that we are minimizing V over the manifold given by this equation, which, being it linear, represents a hyperplane in a suitable space of functions.

By some computations and integrations by parts (again assuming all the necessary integrability) using (22) we obtain

(23) V (A, φ) = 1 2 � R^3×R � |A_t + ∇φ|^2 − |∇ × A|^2 � dxdt

and, when V has this form, its Euler-Lagrange equations become

(24) � � � ∂ ∂t (A_t + ∇φ) = −∇ × (∇ × A)

∇ · (A_t + ∇φ) = 0.

Then, setting

E = − (A_t + ∇φ) B = ∇ × A

(25)

from (23) and (24) we get

(26) V (A, φ) = 1 2 � R^3×R � |E|^2 − |B|^2 � dxdt and

(27) � � � � � ∇ × B = E_t ∇ · E = 0 ∇ × E = −B_t ∇ · B = 0.

For this, recall the algebraic identities ∇ × (∇ f ) ≡ 0 and ∇ · (∇ × V) ≡ 0, and observe that ∇ × (A_t + ∇φ) = ∇ × A_t + ∇ × (∇φ) =^∂_{∂t} [∇ × A]. System (27) is the system of Maxwell equations in empty space. Note again that there is no physics in our discussion and even the Maxwell equations turn out to be a consequence of variational principle and Poincaré invariance.

1.4. Maxwell equations and matter

Since in this theory matter is supposed to be a field, satisfying the very simple equation (6) we have examined, by gauge invariance arguments there is a standard way to couple Maxwell equations and matter (^¶) and we are led to describe the interaction between the electromagnetic field (E, B) and the matter field ψ by the functional

I (ψ, A, φ) = 1 2 � R^3×R � |D_t ψ|^2 − |D_x ψ|^2 � dxdt − � R^3×R

W (ψ) dxdt

(28) + 1 2 � R^3×R � |E|^2 − |B|^2 � dxdt

¶see [50] or also [16], [19], [18]

which is the total action, formally obtained by addictioning (7) and (26) and substituting the usual derivatives with the so-called gauge covariant derivatives

D_t = ∂_t + iφ and D_x = ∇ − iA

where (A, φ) is the pair of gauge potentials associated to (E, B) by the relations (25).

By means of the usual polar form ψ = ue^{iS}, under the assumption (12) we can write I explicitly as (^‖)

I (u, S, A, φ) = � R^3×R

L_{u,S,A,φ} (x, t) dxdt

where

L_{u,S,A,φ} = 1 2 � u^2_t − |∇u|^2 − u^2 � |∇ S − A|^2 − (S_t + φ)^2 � + (29)

− f (u) + 1 2 � |A_t + ∇φ|^2 − |∇ × A|^2 �

and then, making its variations with respect to u, S, A and φ, we get the following equations: □u + � |∇ S − A|^2 − (S_t + φ)^2 � u + f^′ (u) = 0 ∂ ∂t � (S_t + φ) u^2 � − ∇ · � u^2 (∇ S − A) � = 0 ∇ × (∇ × A) + ∂ ∂t [A_t + ∇φ] − u^2 (∇ S − A) = 0

∇ · (A_t + ∇φ) − (S_t + φ) u^2 = 0.

These equations can be simplyfied if we set

ρ = (S_t + φ) u^2 j = u^2 (∇ S − A)

so to obtain

(30)

� � � � � � � � � � �

□u + � |∇ S − A|^2 − (S_t + φ)^2 � u + f^′ (u) = 0 ρ_t − ∇ · j = 0 ∇ × B − E_t = j ∇ · E = −ρ ∇ · B = 0 ∇ × E = −B_t

where the second is a continuity equation and the last four are Maxwell equations with respect to a matter distribution having ρ and j respectively as the charge and current densities. On the subject, we quote from [17] the following existence result, which concerns the electrostatic case with the matter field given by a standing wave.

‖The computations concerning the present Section 1.4 are collected in Subsection 1.5.5.

THEOREM 1. If W (ψ) =^1_2 |ψ|^2 −^1_p |ψ|^p with 4 < p < 6 and 1 − ω^2_0 > 0, then

the system (30) has infinitely many solutions (u, S, A, φ) with u ∈ H^1 � R^3 � , S (x, t) =

−ω_0t, A = 0 and φ ∈ D^{1,2} � R^3 � . 1.5. Computations and proofs

1.5.1. Deduction of conservation laws

Let (^{∗∗})

(31) J (v) = � R^4 L � x, v � x � , Dv � x � dx � v ∈ R^N , D = � ∂_{x1} , . . . , ∂_{x4} �

be a functional whose Lagrangian L � x, v, Dv � is defined all over R^{4+N+4N} and at

least of class C^2, and let us consider a smooth transformation

T_ε : � x^∗ = X � x, y; ε � ∈ R^4

y^∗ = Y � x, y; ε � ∈ R^N

from R^4 × R^N into itself, smoothly dependent on a parameter ε ∈ ]−ε_0, ε_0[ and such

that T_0 is the identity map. For any smooth function v : � → R^N of some bounded

domain � ⊂ R^4, we set

∀x ∈ � η_ε � x � = X � x, v � x � ; ε � �^∗_ε = η_ε (�)

∀x^∗ ∈ �^∗_ε v^∗_ε � x^∗ � = Y � η^{−1}_ε � x^∗ � , v � η^{−1}_ε � x^∗ � ; ε �

where it can be shown that η_ε : � → �^∗_ε is a diffeomorphism, provided that ε_0 is

sufficiently small. By Noether theorem (see for example [56] or [55]), if for any domain

� ⊂ R^4 and for any smooth mapping v : � → R^N we have

∀ε ∈ ]−ε_0, ε_0[ � � L � x, v � x � , Dv � x � dx = � �∗ε L � x, v^∗_ε � x � , Dv^∗_ε � x � dx,

then, for every extremal v ∈ C^2, we have

divG = 4� α=1 ∂G_α

∂x_α = 0 where

G_α = 4� β=1 �_N � k=1 ∂L ∂v^k_{xα}

∂v^k

∂x_β

− δ_{αβ} L � μ_β − N� k=1 ∂L ∂v^k_{xα} ω_k

∗∗we will denote x ∈ R4 either by (x, t) or by (x1, x2, x3, x4)

and μ � x � = ∂ X ∂ε � x, v � x � ; 0 � and ω � x � = ∂Y ∂ε � x, v � x � ; 0 � . Then, Gauss integration theorem yields � ∂ B_R ×[t_1,t_2]

G · ν dσ − � B_R

G_4 (x, t_1) dx + � B_R

G_4 (x, t_2) dx = 0

and hence, provided that � ∂ B_R ×[t_1,t_2] G · ν dσ → 0 as R → +∞, we obtain that the

integral � R^3 � � 4� β=1 �_N � k=1 ∂L ∂v^k_t

∂v^k ∂x_β

− δ_{4β} L � μ_β − N� k=1 ∂L ∂v^k_t ω_k � � dx

does not depend on t.

We turn now to the proof of the assertions of Subsection 1.2.1. Let us consider the action functional (7); its Lagrangian density is

L_ψ = L (ψ, Dψ) = 1 2 � ψ^1_t

�_2 + � ψ^2_t

�_2� − c^2 2 n� k=1,2 j=1,2,3 � ψ^k_{x j}

�_2 − W � ψ^1, ψ^2 �

which is of class C^2. Assuming suitable conditions on the decay properties of its critical points, the above argument can be applied, using the invariance properties of S, with respect to the following transformations. Recall that, in what follows, N = 2.

• Time translations. In this case � x^∗ = x + (0, 0, 0, t_0) y^∗ = y.

Here ε = t_0, μ � x � ≡ (0, 0, 0, 1), ω � x � ≡ 0, and the integral

E (ψ) := � R^3

�_2 � k=1 ∂L ∂ψ^k_t

∂ψ^k ∂t − L_ψ � dx

is constant in time. Being^{∂L}_{∂ψ kt} =^{∂ψ k}_{∂t} , we get the formula (8).

• Space translations. These transformations are given by � x^∗ = x + � x^0_1 , 0, 0, 0 � y^∗ = y � x^∗ = x + � 0, x^0_2 , 0, 0 � y^∗ = y � x^∗ = x + � 0, 0, x^0_3 , 0 � y^∗ = y

where ε = x^0_1 (or ε = x^0_2 or ε = x^0_3 ). Then μ � x � ≡ (1, 0, 0, 0) (or μ � x � ≡ (0, 1, 0, 0) or μ � x � ≡ (0, 0, 1, 0)), ω � x � ≡ 0 and we obtain that the integrals

−P_j (ψ) := � R^3 2� k=1 ∂L ∂ψ^k_t

∂ψ^k ∂x_j dx = � R^3 � ψ^1_t ψ^1_{x j} + ψ^2_t ψ^2_{x j} � dx for j = 1, 2, 3 do not depend on t. Being ∇ψ = ∇ψ^1 + i∇ψ^2 and ψ_t = ψ^1_t − iψ^2_t , we get

ψ_t ∇ψ = � ψ_t ψ_{x1} , ψ_t ψ_{x2} , ψ_t ψ_{x3} � = = � ψ^1_t ψ^1_{x j} + ψ^2_t ψ^2_{x j} + i � ψ^1_t ψ^2_{x j} − ψ^2_t ψ^1_{x j} � j=1,2,3

and hence formula (9).

• Space rotations. In this case � x^∗ = (R_1x, t) y^∗ = y with R^1 = � � 1 0 0 0 cos θ − sin θ 0 sin θ cos θ

� � ,

where ε = θ. We have μ_1 � x � = (0, −x_3, x_2, 0), ω_1 � x � ≡ 0 and the integral

M_1 (ψ) := � R^3

�_2 � k=1 ∂L ∂ψ^k_t

∂ψ^k ∂x_2

(−x_3) + 2� k=1 ∂L ∂ψ^k_t

∂ψ^k ∂x_3 x_2 � dx = � R^3 � −x_3 � ψ^1_t ψ^1_{x2} + ψ^2_t ψ^2_{x2} � + x_2 � ψ^1_t ψ^1_{x3} + ψ^2_t ψ^2_{x3} � dx is constant in time. Similarly, with

R_2 = � � cos θ 0 sin θ 0 1 0 − sin θ 0 cos θ � � and R_3 = � � cos θ − sin θ 0 sin θ cos θ 0 0 0 1 � �

we obtain μ_2 � x � = (x_3, 0, −x_1, 0), μ_3 � x � = (−x_2, x_1, 0, 0) and ω_2 � x � ≡ 0 ≡ ω_3 � x � , and the correspondent constant integrals

M_2 (ψ) := � R^3 � x_3 � ψ^1_t ψ^1_{x1} + ψ^2_t ψ^2_{x1} � − x_1 � ψ^1_t ψ^1_{x3} + ψ^2_t ψ^2_{x3} � dx M_3 (ψ) := � R^3 � −x_2 � ψ^1_t ψ^1_{x1} + ψ^2_t ψ^2_{x1} � + x_1 � ψ^1_t ψ^1_{x2} + ψ^2_t ψ^2_{x2} � dx. Explicit computations of ψ_t (x × ∇ψ) yield

Reψ_t (x × ∇ψ) = Re � ψ_t � x_2ψ_{x3} − x_3ψ_{x2} � , ψ_t � x_3ψ_{x1} − x_1ψ_{x3} � , ψ_t � x_1ψ_{x2} − x_2ψ_{x1} � � = � x_2 � ψ^1_t ψ^1_{x3} + ψ^2_t ψ^2_{x3} � − x_3 � ψ^1_t ψ^1_{x2} + ψ^2_t ψ^2_{x2} � , x_3 � ψ^1_t ψ^1_{x1} + ψ^2_t ψ^2_{x1} � − x_1 � ψ^1_t ψ^1_{x3} + ψ^2_t ψ^2_{x3} � , x_1 � ψ^1_t ψ^1_{x2} + ψ^2_t ψ^2_{x2} � − x_2 � ψ^1_t ψ^1_{x1} + ψ^2_t ψ^2_{x1} � � and we obtain (10).

• To get formula (1.2), we notice that

ψe^{iθ} = ψ^1 cos θ − ψ^2 sin θ + i � ψ^1 sin θ + ψ^2 cos θ � . Considering the transformation � � � x^∗ = x

y^∗ = � cos θ − sin θ sin θ cos θ � y we have μ � x � ≡ 0 and ω � x � = � −ψ^2 � x � , ψ^1 � x � , and the integral

C (ψ) := � R^3 � ∂L ∂ψ^1_t � −ψ^2 � + ∂L ∂ψ^2_t ψ^1 � dx = � R^3 � −ψ^1_t ψ^2 + ψ^2_t ψ^1 � dx is constant with respect to t. On the other hand

ψ_t ψ = � ψ^1_t ψ^1 + ψ^2_t ψ^2 � + i � ψ^2_t ψ^1 − ψ^1_t ψ^2 �

and we get (1.2).

1.5.2. Pohožaev identity

Setting ψ_0 (x, t) = u_0 (x) e^{−iω0t} , we have

∂ψ_0

∂t = −iω_0u_0e^{−iω0t} ,^{∂2ψ0}_{∂t 2} = −ω^2_0u_0e^{−iω0 t}

∂^2ψ_0 ∂x^2_β =

∂^2u_0 ∂x^2_β e

−iω_0t for β = 1, 2, 3

and hence □ψ_0 = � −ω^2_0u_0 − c^2△u_0 � e^{−iω0t} .

Under the assumption W (ψ) = f (|ψ|) with f ∈ C^1 (R; R) even and such that f^′ (0) = 0, it is easy to check that W (u) = f (u) for u ∈ R and W^′ (ψ) = f^′ (|ψ|)^ψ_{|ψ|} with W^′ (0) = 0, so that W^′ (u) = f^′ (u) for u ∈ R and

W^′ � e^{iθ} ψ � = e^{iθ} W^′ (ψ) for θ ∈ R.

Hence the function ψ_0 satisfies (6) if and only if

−△u_0 = ω^2_0 c^2 u_0 − 1 c^2 f^′ (u_0) =: g (u_0) .

Applying Pohožaev identity in R^3 (for which see [29] or [62]), we have that solutions of (13) satisfies

(32) � R^3

|∇u_0|^2 dx = 6 � R^3

G (u_0) dx where G (u_0) :=

�_{u0} 0 g (v) dv =^{ω20}_{2c2} u^2_0 −^1_{c2} f (u_0), and (32) gives (16).

1.5.3. Energy of travelling solitary waves

We need the following lemma.

LEMMA 1. For every critical point u of the functional F defined in (14), we have � R^3

u^2_{xβ} dx = 1 3 � R^3

|∇u|^2 dx for β = 1, 2, 3.

Proof. We set u_λ (x) := u � λ^{−1}x_1, x_2, x_3 � and F (u_λ) = 1 2λ � u^2_{x1} dx + λ 2 � � u^2_{x2} + u^2_{x3} � dx − λ � � ω^2_0 2c^2 u^2 − f (u) � dx. As u is a critical point, we obtain d dλ F (u_λ) � � � �_{λ=1} = 0,

hence 1 2 � u^2_{x1} dx = 1 2 � � u^2_{x2} + u^2_{x3} � dx − � � ω^2_0 2c^2 u^2 − f (u) � dx. Repeating the argument, we also obtain 1 2 � u^2_{x2} dx = 1 2 � � u^2_{x1} + u^2_{x3} � dx − � � ω^2_0 2c^2 u^2 − f (u) � dx 1 2 � u^2_{x3} dx = 1 2 � � u^2_{x1} + u^2_{x2} � dx − � � ω^2_0 2c^2 u^2 − f (u) � dx and hence � u^2_{xβ} dx = � u^2_{xα} dx for α, β = 1, 2, 3.

Let us denote by ψ_0 (y, t) = u_0 (y_1, y_2, y_3) e^{−iω0 t} the standing wave and by

ψ (x, t) = u_0 (γ [x_1 − vt] , x_2, x_3) e^{i(kx1−ωt)}, k = ω c^2 v, ω = γ ω_0

the travelling one, obtained as

ψ (x, t) = ψ_0 (g (x, t))

where g : R^4 → R^4 is a Lorentz transformation. Since ψ_t = � −γ v^{∂u0}_{∂y1} − iω_0γ u_0 � e^{i(kx1−ωt)} , ψ_{x2} =^{∂u0}_{∂y2} e^{i(kx1−ωt)}

ψ_{x1} = � γ^{∂u0}_{∂y1} + iω_0γ^v_{c2} u_0 � e^{i(kx1−ωt)} , ψ_{x3} =^{∂u0}_{∂y3} e^{i(kx1−ωt)}

|∇ψ|^2 = γ^2

�_{∂u0}

∂y_1

�_2

+ ω^{2 v2}_{c4} u^2_0 +

�_{∂u0}

∂y_2

�_2 + �_{∂u0}

∂y_3

�_2

|ψ_t |^2 = γ^2v^2

�_{∂u0}

∂y_1

�_2

+ ω^2u^2_0

we get 1 2 � � |ψ_t |^2 + c^2 |∇ψ|^2 � (x, t) dx =

=^{γ 2} � v^2+c^2 � 2 � �_{∂u} 0 ∂y_1

�_2

(γ [x_1 − vt] , x_2, x_3) dx +

+^{c2}_2

� �_{∂u} 0 ∂y_2

�_2 + �_{∂u0}

∂y_3

�_2�

(γ [x_1 − vt] , x_2, x_3) dx +

+^{ω20}_2 γ^{2 c2+v2}_{c2} � u^2_0 (γ [x_1 − vt] , x_2, x_3) dx

=^γ � v^2+c^2 � 2 � �_{∂u} 0 ∂y_1

�_2

dy +^{c2}_2^1_γ

� �_{∂u} 0 ∂y_2

�_2 + �_{∂u0}

∂y_3

�_2�

dy +

+^{ω20}_2^{c2+v2}_{c2} γ � u^2_0dy = �_{γ �v2+c2�} 6 +^1_γ^{c2}_3

� � �

�∇_y u_0 � �^2 dy +^{ω2}0_2^{c2+v2}_{c2} γ � u^2_0dy

where we have used Lemma 1 after the change (y_1, y_2, y_3) = (γ [x_1 − vt] , x_2, x_3). On the other hand, using assumption (12), the same change of variables and identity (16), we have � W (ψ (x, t)) dx = � W � u_0 (γ [x_1 − vt] , x_2, x_3) e^{i(kx1−ωt)} � dx = � W (u_0 (γ [x_1 − vt] , x_2, x_3)) dx

=^1_γ � W (u_0 (y_1, y_2, y_3)) dy

=^1_γ � −^{c2}_6 � � �∇_y u_0�^2 dy +^{ω2}0_2 � u^2_0dy � . Recalling (8), (17) and γ^2 =^{c2}_{c2−v2} , we obtain

E (ψ) = γ

�_{�v2+c2�}

6 +^1_{γ 2}^{c2}_6

� � �

�∇_y u_0�^2 dy + γ^{ω2}0_2

�_{c2+v2}

c^2 + 1 γ^2 � � u^2_0dy = γ �_{c2} 3 � � �∇_y u_0 � �^2 dy + ω^2_0 � u^2_0dy � = γ E (ψ_0) .

1.5.4. Momentum of travelling solitary waves

As before, we denote the standing wave by

ψ_0 (y, t) = u_0 (y_1, y_2, y_3) e^{−iω0 t}

and consider the travelling wave

ψ_{v1} (x, t) = u_0 (γ [x_1 − vt] , x_2, x_3) e^{i(kx1−ωt)} =: u (x, t) e^{iS(x,t)}

where k = vω/c^2, ω = γ ω_0 and v_1 = (v, 0, 0). Recall from Subsection 1.2.1 that P � ψ_{v1} � = − � � u_t ∇u + u^2S_t ∇ S � dx =: − � p dx.

We have

u_t = −γ v^{∂u0}_{∂y1} , u_{x1} = γ^{∂u0}_{∂y1} , S_t = −ω , S_{x1} = k.

Therefore, it is p (x, t) = ( p_1 (x, t) , p_2 (x, t) , p_3 (x, t)) with

p_1 (x, t) = − � γ^2v

�_{∂u0}

∂y_1

�_2

+ kωu^2_0 � (γ [x_1 − vt] , x_2, x_3)

p_2 (x, t) = −γ v

�_{∂u0}

∂y_1

∂u_0 ∂y_2 � (γ [x_1 − vt] , x_2, x_3)

p_3 (x, t) = −γ v

�_{∂u0}

∂y_1

∂u_0 ∂y_3 � (γ [x_1 − vt] , x_2, x_3) .

Using Lemma 1, we obtain

P_1 � ψ_{v1} � = γ^2v

� �_{∂u} 0 ∂y_1

�_2

(γ [x_1 − vt] , x_2, x_3) dx +

(33)

+γ^2ω^2_0^v_{c2} � u^2_0 (γ [x_1 − vt] , x_2, x_3) dx

= γ v

� �_{∂u} 0 ∂y_1

�_2

dy + γ ω^2_0^v_{c2} � u^2_0dy

= γ v

�_1 3 � � �∇_y u_0 � �^2 dy +^{ω2}0_{c2} � u^2_0dy � = γ v

E (ψ_0) c^2 and (34) P_j � ψ_{v1} � = v �_{∂u} 0 ∂y_1

∂u_0 ∂y_j dy for j ≠ 1.

Similarly, if we had considered v_2 = (0, v, 0) and v_3 = (0, 0, v), we would have obtained

(35) P_2 � ψ_{v2} � = γ v^{E(ψ0)}_{c2} and P_j � ψ_{v2} � = v �_{∂u} 0 ∂y_2

∂u_0 ∂y_j dy for j ≠ 2

(36) P_3 � ψ_{v3} � = γ v^{E(ψ0)}_{c2} and P_j � ψ_{v3} � = v �_{∂u} 0 ∂y_3

∂u_0 ∂y_j dy for j ≠ 3.

Since P_α = P � ψ_{vα} � and v_α are invariants (see Remark 3), there exists a unique linear map m such that

(37) P_α = m (v_α) for α = 1, 2, 3

and from (33)-(37) we deduce that in the reference frame with coordinates x = (x_1, x_2, x_3) it is represented by the matrix

M =

� � � � � �

γ E(ψ_0) c^2

�_{∂u0}

∂y_2

∂u_0 ∂y_1 dy

�_{∂u0}

∂y_3

∂u_0 ∂y_1 dy

�_{∂u0}

∂y_1

∂u_0 ∂y_2 dy γ E(ψ_0) c^2

�_{∂u0}

∂y_3

∂u_0 ∂y_2 dy

�_{∂u0}

∂y_1

∂u_0 ∂y_3 dy

�_{∂u0}

∂y_2

∂u_0 ∂y_3 dy γ E(ψ_0) c^2

� � � � � � .

Since M is real symmetric, there is a reference frame x^′ = Rx with R ∈ O (3) in which the matrix M^′ of m is diagonal and, exploiting the invariance of E (ψ_0) (see Remark 3), the above computations can be carried over again to obtain

M^′ = RM R^{−1} =^{γ E(ψ0)}_{c2} I.

Hence, M itself is γ E (ψ_0) /c^2 times the identity matrix and from (37) we get P � ψ_{vα} � =^{γ E(ψ0)}_{c2} v_α for α = 1, 2, 3.

1.5.5. Euler-Lagrange equations for L_{u,S,A,φ}

Let us first derive the expression (29) of the Lagrangian density L_{u,S,A,φ}, which gives the action functional I by means of the polar form

ψ (x, t) = u (x, t) e^{iS(x,t)} with u, S ∈ R.

Letting (A, φ) = � A^1, A^2, A^3, φ � , we have

|D_t ψ|^2 = |ψ_t + iφψ|^2 = � �u_t e^{iS} + ui S_t e^{iS} + iφue^{iS} � �^2 = |u_t + i (uS_t + φu)|^2

= u^2_t + u^2 (S_t + φ)^2 and |D_x ψ|^2 = |∇ψ − iψA|^2 = � � �e^{iS} � u_{xα} + iu � S_{xα} − A^α � α=1,2,3 � � �^2 = 3� α=1 � u_{xα} + iu � S_{xα} − A^α

�_2 = 3� α=1 � u^2_{xα} + u^2 � S_{xα} − A^α

�_2�

= |∇u|^2 + u^2 |∇ S − A|^2 and then, using the assumption (12), from (28) we get

I (u, S, A, φ) = � R^3×R

L_{u,S,A,φ} (x, t) dxdt

where the Lagrangian is given by the formula (29), i.e. (setting D = (∇, ∂_t ))

L_{u,S,A,φ} = L (u, A, φ, Du, DA, Dφ) =

=^1_2 � u^2_t − |∇u|^2 − u^2 � |∇ S − A|^2 − (S_t + φ)^2 � + |A_t + ∇φ|^2 +

− |∇ × A|^2 + � − f (u)

=^1_2 � u^2 (S_t + φ)^2 −

�_3 α=1 � u^2_{xα} + u^2 � S_{xα} − A^α

�_2 − � A^α_t + φ_{xα}

�_2� + − � A^3_{x2} − A^2_{x3}

�_2 − � A^1_{x3} − A^3_{x1}

�_2 − � A^2_{x1} − A^1_{x2}

�_2

+ u^2_t � − W (u) .

Recalling the Euler-Lagrange equations

(38) ∂L ∂v^k − 4� α=1 ∂ ∂x_α � ∂L ∂v^k_{xα} � x, v � x � , Dv � x � � = 0 for k = 1, ..., N

for the generic action functional (31), if we make the variations of I with respect to u, S, A and φ, we get the following equations.

• δ_uI = 0. In this case, we apply (38) with N = 1 and v = u.

Since ∂L ∂u = −u � |∇ S − A|^2 − (S_t + φ)^2 � − f^′ (u) , ∂L ∂u_{xα}

= −u_{xα} ∂L ∂u_t

= u_t , 3� α=1 ∂ ∂x_α � ∂L ∂u_{xα} � = − 3� α=1 u_{xα xα} = −△u

we get −u � |∇ S − A|^2 − (S_t + φ)^2 � − f^′ (u) − u_{tt} + △u = 0.

• δ_SI = 0. In this case, N = 1 and v = S.

Since ∂L ∂ S = 0, ∂L ∂ S_{xα}

= −u^2 � S_{xα} − A^α � , ∂L ∂ S_t

= u^2 (S_t + φ) 3� α=1 ∂ ∂x_α � ∂L ∂ S_{xα} � = − 3� α=1 ∂ ∂x_α � u^2 � S_{xα} − A^α � = −div � u^2 (∇ S − A) �

we get div � u^2 (∇ S − A) � − ∂ ∂t � u^2 (S_t + φ) � = 0.

• δ_AI = 0. In this case, N = 3 and v = � A^1, A^2, A^3 � . We have ∂L ∂ A^α = u 2 � S_{xα} − A^α � ,^{∂L}_{∂ A}α_t = A^α_t + φ_{xα}

while the matrix

�_{∂L}

∂ A^α_{xβ} � α,β=1,2,3

is given by

�_{∂L}

∂ A^α_{xβ} � = � � � 0 A^2_{x1} − A^1_{x2} A^3_{x1} − A^1_{x3} A^1_{x2} − A^2_{x1} 0 A^3_{x2} − A^2_{x3} A^1_{x3} − A^3_{x1} A^2_{x3} − A^3_{x2} 0

� � �

and hence

�_3 β=1 ∂ ∂x_β

�_{∂L}

∂ A^α_{xβ} � = � β≠α � A^β_{xα xβ} − A^α_{xβ xβ} � . If we compute

∇ × (∇ × A) = � � � � � i j k ∂_{x1} ∂_{x2} ∂_{x3} A^3_{x2} − A^2_{x3} A^1_{x3} − A^3_{x1} A^2_{x1} − A^1_{x2}

� � � � �

= � � A^2_{x1 x2} − A^1_{x2x2} − A^1_{x3x3} + A^3_{x1x3} A^3_{x2 x3} − A^2_{x3x3} − A^2_{x1x1} + A^1_{x2x1} A^1_{x3 x1} − A^3_{x1x1} − A^3_{x2x2} + A^2_{x3x2}

� �

we get, from (38), the following vector equation

u^2 (∇ S − A) − ∇ × (∇ × A) − ∂ ∂t [A_t + ∇φ] = 0.

• δ_φI = 0. In this case, N = 1 and v = φ.

Since ∂L ∂φ = u^2 (S_t + φ) ,^{∂L}_{∂φxα} = A^α_t + φ_{xα} ,^{∂L}_{∂φt} = 0 �_3 α=1 ∂ ∂x_α

�_{∂L}

∂φ_{xα} � = �_3 α=1 ∂ ∂x_α � A^α_t + φ_{xα} � = div [A_t + ∇φ]

we get u^2 (S_t + φ) − div [A_t + ∇φ] = 0.

2. Concentration phenomena and solitary waves

2.1. Introduction

A definition of solitary waves and solitons as solutions to field equations will be discussed in Section 2.2. In this introductory section, we want to touch the reasons for which the interest in these notions arises in nonlinear equations, rather than to expound the analysis rigorously.

Accordingly, we have to concern ourselves with the fact that the most wave phenomena are dispersive, as we are going to see through some sample equations in 1+1 dimensions.

Let us consider the well known D’Alembert equation

(39) ψ_{tt} − c^2ψ_{x x} = 0 ψ ∈ C

which is the first and simplest of all wave equations. This equation presents two features which are of relevance to our discussion:

(I) there are solutions representing a wave packet travelling at uniform velocity and with no distorsion in shape; we can construct such a solution taking a localized (^{††}) function f on R and considering f (x ± ct), which moves undistorted at velocity ±c

(II) there are solutions representing separated wave packets approaching each other essentially undistorted and asymptotically retaining their original shapes and velocities after collision; this is the situation we get taking for instance f and g compactly supported and constructing the solution ψ (x, t) = f (x − ct) + g (x + ct), which consists of two wave packets clearly not interacting at all when |t| is large.

A further comprehension of feature (I) relies on the Fourier analysis of the motion. If we look for well-behaved localized solutions (i.e. decaying sufficiently rapidly as |x| → ∞ with fixed t and such to allow the interchange of time derivative and spatial integral), by taking the Fourier transform of (39) we obtain the ordinary differential equation ^ψ_{tt} = −c^2k^2 ^ψ

which is solved by ^ψ (k, t) = A (k) e^{−iωt} + B (k) e^{iωt} where A, B ∈ C are constant with respect to variable t and ω = ck. Then, provided that A and B decay sufficiently rapidly as |k| → ∞, we can recover

(40) ψ (x, t) =^1_{2π}

�_{+∞} −∞ � A (k) e^{i(kx−ωt)} + B (k) e^{i(kx+ωt)} � dk ††We shall use the adjective ‘localized’ for those functions of space variables which are finite in some finite region and decay to zero at infinity, as rapidly as the discussion requires; otherwise, referring to functions of space-time variables, we mean that the localization property is required at any time t.

by the inverse transform, and (40) gives the general solution of (39) by the sum of two wave packets written each as a superposition of plane-wave components. Note that the arbitrary functions A and B are related to the intial conditions ψ (x, 0) = f (x) and ψ_t (x, 0) = g (x) by A =^1_2 � ^f + i^{^g}_ω � and B =^1_2 � ^f − i^{^g}_ω � . The relation ω = ω (k), which gives the frequency of the normal mode e^{i(kx+ωt)} (or, up to a sign, of e^{i(kx−ωt)}) as a function of the wavenumber k, is the dispersion relation of the equation (39). From it we deduce the phase velocity

v_F = ω (k) /k (or v_F = −ω (k) /k)

which gives the velocity of the wave fronts of a single normal mode, and also the group velocity v_G = ω^′ (k) (or v_G = −ω^′ (k) )

which gives the velocity of a superposition of normal modes with nearly the same wavelenght 2π/k (see [68] or [82] for further readings on group velocity).

As a result, once the solutions

f (x ± ct) =^1_{2π}

�_{+∞} −∞ ^f (k) e^{i(kx±ωt)}dk

are written as superpositions of Fourier components, we see that the normal modes travel at the same phase velocity v_F = ±c and with constant group velocity v_G = ±c, and thereby they won’t spread as time goes on.

So, features (I) and (II) hold for the equation (39) because it is both linear and dispersionless (ω^{′′} = 0). However, the most wave phenomena occur in a dispersive medium and the related equations are more complicated. It’s easy to see that the addiction of also the simplest kinds of terms to (39) tends to destroy even feature (I).

Consider for instance the (linear) Klein-Gordon equation (^∗)

(41) ψ_{tt} − c^2ψ_{x x} + ω^2_0ψ = 0 ψ ∈ C.

By the usual Fourier transform method, formula (40) still gives the general solution, but the dispersion relation we get is

(42) ω^2 = c^2k^2 + ω^2_0.

Since groups of waves with nearly the same length propagate at the group velocity v_G = ±c^2k/ � c^2k^2 + ω^2_0, while individual components move through the group with

their phase velocity v_F = ± � c^2k^2 + ω^2_0/k, we see that short-wave groups travel faster than the long-wave ones and thereby the components disperse. Hence we conclude that the linear theory predicts the dispersal of any localized disturbance, and it obviously comes from the term ω^2_0 in (42) and thus from the dispersive term ω^2_0ψ in (41).

∗It was derived by O. Klein [60] and W. Gordon [58] for a charged free particle in an electromagnetic field, using the ideas of quantum theory.

Similarly, the loss of feature (I) may be caused by the addiction to (39) of a simple nonlinear term. For instance, though not all the solutions of the equation

ψ_{tt} − c^2ψ_{x x} + ψ^3 = 0 ψ ∈ C

are known, a numerical approach shows that the term ψ^3 is still dispersive, for it causes the spreading of an arbitrary wave packet (see [72]).

Dispersion phenomena occur in several types of equations. For instance, the well known (linear) Schrödinger equation

iψ_t = −^ℏ_{2m} ψ_{x x} ψ ∈ C

has the general localized solution

ψ (x, t) =^1_{2π}

�_{+∞} −∞ ^f (k) e^{i(kx−ωt)}dk (where f (x) = ψ (x, 0) )

with dispersion relation ω =^ℏ_{2m} k^2 and then velocities v_F =^ℏ_{2m} k and v_G =^ℏ_m k.

In contrast to dispersion, a nonlinearity may also lead to the concentration of a disturbance. For example to study the equation (^†)

u_t + uu_x = 0 u ∈ R,

the method of characteristics applies and the dependence of the propagation velocity of solutions on their height tends to steepen a disturbance until the formation of a shock wave (see [65], [82], [66] and [67] for a detailed discussion).

Actually, for both nonlinear and dispersive equations it is possible that concentration and dispersion effects are just in balance, in such a way that features (I) and (II) are exhibited. The attractive question is then whether a nonlinear field equation admits special solutions which enjoy the essential spirit of feature (I) and also eventually (II); when the answer is positive, such solutions are referred to as solitary waves and solitons, respectively.

2.2. Solitary waves

Solitary waves were first observed by J. Scott Russell on the canal from Edimburgh to Glasgow in 1834. Reporting to the British Association, he wrote [75]:

“I believe I shall best introduce this phænomenon by describing the circumstances of my own first acquaintance with it. I was observing the motion of a boat which was rapidly drawn along a narrow channel by a pair of horses, when the boat suddenly stopped - not so the mass of water in the channel which it had put in motion; it accumulated round the prow of the vessel in a state of violent agitation,

†This equation is an approximation to the more accurate model ut + uux = μuxx , derived by J.M. Burgers [34] for turbulent flows in a channel (see also [59] and [36]).

then suddenly leaving it behind, rolled forward with great velocity, assuming the form of a large solitary elevation, a rounded, smooth and well-defined heap of water, which continued its course along the channel apparently without change of form or diminuition of speed. I followed it on horseback, and overtook it still rolling on at a rate of some eight or nine miles an hour, preserving its original figure some thirty feet long and a foot to a foot and a half in height. Its height gradually diminished, and after a chase of one or two miles I lost it in the windings of the channel. Such, in the month of August 1834, was my first chance interview with that rare and beautiful phænomenon which I have called the Wave of Translation [...].”

Doing laboratory experiments, Russell also deduced empirically that the steady velocity of a solitary wave in a channel of uniform depth h is given by

(43) v^2 = g (h + a)

where a is the amplitude of the wave above the undisturbed water surface and g is the gravitational constant.

J. Boussinesq [33] in 1871 and Lord Rayleigh [73] in 1876 independently recovered this formula through the inviscid equations of water waves and, developing the theory, D.J. Korteweg and G. de Vries [61] derived in 1895 a nonlinear 1+1 dimensional equation governing the motion of long, small amplitude waves propagating in a shallow water channel

(44) u_t = 3 2 � g h � uu_x + 2 3 αu_x + 1 3 σ u_{x x x} � with σ = 1 3 h^3 − T ρ h g where u is the wave height above the undisturbed water surface, α a small but otherwise arbitrary constant related to the uniform motion of the fluid, T the surface tension and ρ the density (for a derivation of equation (44) see also [5]). The equation (44) has been extensively studied and ever since 1960 [54] it has been rediscovered in many physical contexts, such as hydromagnetic waves, plasma physics, lattice dynamics (see [45] and [3] for details and further references).

This equation admits solitary wave solutions

(45) u (x, t) = 4k^2sech^2 � k √ σ � x − x_0 + 2k^2 � g h t � − 2 3 α with k and x_0 arbitrary constant, and they were known even to Korteweg and de Vries. Nevertheless, their remarkable properties were discovered only in 1965 through the numerical approach of N.J. Zabusky and M.D. Kruskal [83], who considered an equation like (44) with periodic boundary conditions (suitable for numerical computations) in x = 0 and x = 2. They found that the initial condition u (x, 0) = cos π x, after steepening and nearly forming a shock wave owing to the prevailing nonlinear term uu_x , then develops in a train of eight distinct waves, for the dispersive term u_{x x x} becomes relevant and comes to balance the nonlinear concentration effect. These waves, each like (45) but with different speeds and amplitudes, move through one another in the same direction and when a taller wave overtakes a smaller one they interact nonlinearly, regaining nevertheless their original velocities and amplitudes after collision. So, they behave almost as if the principle of superposition were valid and the only interaction result is a phase shift. Finally, after a long time, something very close to the initial configuration recurs.

For the very special waves they have observed and which resemble particles in their way of interacting elastically, Zabusky and Kruskal coined the name of ‘solitons’.

From a mathematical point of view, current literature does not provide a universally accepted definition of solitary waves and solitons. In order to generalize the requirements we have so far described qualitatively as features (I) and (II) but also to encompass as many cases of interest as possible, different authors offer slightly different definitions (see also [76] and [38]).

Following [72], our working definition of solitary waves will be in terms of the energy rather than the wave-fields themselves.

Given on the space-time R^3 × R a nonlinear field equation with associated energy functional (see Section 1.2)

E (ψ) = � R^3

E_ψ (x, t) dx,

we call solitary wave any nonsingular solution whose energy density has a space-time dependence of the form

(46) E_ψ (x, t) = ~E_ψ (x−vt)

where ~E_ψ is a localized function and v is some velocity vector.

In other words, a solitary wave is a regular solution of a field equation whose energy density is localized and travels undistorted with constant velocity. The definition extends naturally to systems of coupled equations.

The definition of solitons calls for more stringent requirements and a mathematical formulation becomes finer and rather complicated (see again [72] for a working definition). We content ourselves with the intuitive idea discussed so far and guess it will become clearer after the example exposed below in Section 2.3. Besides, we remark that the distinction between these terms is often dropped in the literature, either because all time-dependent solutions should be known before deciding whether a solitary wave is actually a soliton (so to verify that it interacts elastically with other localized solutions), or also because in many discussions solitary waves alone suit the purpose (provided eventually some addictional requirements, such as certain kinds of stability; see for example [20], [21] and [18]).

As a matter of fact, several equations have yielded solitary waves. In contrast, very few of them bear solitons in a strict sense. Although neither a comprehension of the ultimate reasons for which these special solutions persist nor a technique to decide whether a given equation permits solitons have yet been achieved, here is a list of some features which might be involved in the presence of solitary solutions.

(i) Complete integrability. In this case the equation behaves as an infinite dimensional completely integrable Hamiltonian system and it can be solved exactly by performing the so-called Inverse Scattering Transform (I.S.T.) method, which can be thought of as a nonlinear transformation from physical variables to an infinite set of action-angle variables (see [51], [3], [76]).

This is the case of the Korteweg-deVries equation, which bears infinitely many integrals of motion (see [70]), and also of the sine-Gordon equation (see below)

□u + ω^2_0 sin u = 0 u ∈ R

and the nonlinear Schrödinger equation (see [84])

iℏψ_t = −^{ℏ2}_{2m} △ψ − |ψ|^2 ψ ψ ∈ C

in their 1+1 dimensional version.

(ii) A ‘sufficient’ number of conservation laws. For systems which are not completely integrable, the existence of stable waves may be related to the presence of a ‘large’ number of functions which yield, upon evaluating along the solutions, a vanishing space-time divergence. As discussed in Subsection 1.5.1., this usually provides first integrals of motion.

Structural stability of solutions to nonlinear Klein-Gordon and Schrödinger equations has been proved in [77] and [35].

(iii) Topological constraints. In this case, which will be largely discussed in the following, the solutions are characterized by some topological invariant and then we speak of topological solitary waves.

This is again the case of the sine-Gordon equation in dimension 1+1 (see below), which provides the simplest example of topological solitons.

2.3. Sine-Gordon equation and Derrick’s problem

Hereafter we set the light velocity equal to one:

c = 1 .

In this section, we consider the 1+1 dimensional sine-Gordon equation (^∗)

(47) u_{tt} − u_{x x} + sin u = 0 u ∈ R

∗It’s name was coined by J. Rubinstein [74] as a pun on ‘Klein-Gordon’ and it arises in the study of surfaces with constant negative Gaussian curvature in differential geometry and also in many physical applications, such as two-dimensional models of elementary particles, stability of fluid motions, propagation of crystal dislocations (see [3], [4], [44], [45], [72], [7], [32], [37], [53], [57], [71] and [76] for exhaustive discussions and references).

which is probably the simplest equation admitting soliton soutions and can be seen as a pattern for our further discussions (^†).

Taking into account the results of Section 1.2, (47) is the Euler-Lagrange equation of the action functional

(48) S (u) = � R×R � 1 2 � u^2_t − u^2_x � − V (u) � dxdt

where we can choose V (u) = 1−cos u so to obtain V � 0, and then the related energy functional is

(49) E (u) = 1 2 �_{+∞} −∞ u^2_t dx + 1 2 �_{+∞} −∞ u^2_x dx +

�_{+∞} −∞ (1 − cos u) dx.

Note that the potential V has a discrete infinite set of degenerate minima 2πZ, where it vanishes.

Obviously u (x, t) ≡ kπ is a trivial solution of (47) for every k ∈ Z, but of course we are interested in nontrivial solutions. In particular, we will concern ourselves with nonsingular finite-energy solutions (of which solitary waves are special cases).

So, let u be a classical solution with E (u) < ∞. By this we mean of course that all the integrals in (49) are finite, and this implies 1 − cos u (·, t) ∈ H^1 (R) for all fixed t, being [1 − cos u (·, t)]^2 � 2 [1 − cos u (·, t)] ∈ L^1 and � �^d_{dx} cos u (·, t) � � � |u_x (·, t)| ∈ L^2. Hence lim_{x→±∞} 1 − cos u (x, t) = 0 and from this we deduce that every configuration of u satisfies the asymptotic conditions

(50) u (±∞, t) = lim_{x→±∞} u (x, t) ∈ 2πZ.

Moreover, if we assume that u_t ∈ L^∞ � R^2 � (which is necessarily the case of solitary waves) then the functions of the variable t defined by the left-hand side of (50), being continuous and discrete-valued, must be constant

(51) u (±∞, t) ≡ u (±∞) ∈ 2πZ

i.e., u preserves its asymptotic values as t varies. These facts suggest to consider the sets

H_{(k1,k2)} := � f ∈ C^2 (R; R) | lim_{x→−∞} f (x) = 2k_1π, lim_{x→+∞} f (x) = 2k_2π �

with k_1, k_2 ∈ Z, and the topological space H = � (k_1,k_2 )∈Z^2

H_{(k1,k2 )} ⊂ L^∞ (R) .

It is easy to see that (k_1, k_2) ≠ (h_1, h_2) ⇒ H_{k1,k2} ∩ H_{h1,h2} = ∅ and that each H_{(k1 ,k2)} is an open path-connected subset of H , called sector. The property (51) implies that,

†for other generalizations, see [2] and [81]

for a solution u, the function x → u (x, t) (which we call a configuration of u) stays always in the same connected component H_{(k1 ,k2)} as time evolves. This fact allows a topological classification of the finite-energy nonsingular solutions to the equation (47) satisfying (51), each bearing thereby the pair of indices (k_1, k_2). Moreover, consistent with the invariance of the equation (47) (and also of the action (48)) under the change u → u + 2πk, we can fix k_1 and relate to such solutions a single integer index given by the difference k_2 − k_1, namely

Q (u) := 1 2π �_{+∞} −∞ u_x (x, t) dx.

Q (u) defines a topological index, called topological charge. Note that Q is essentially a boundary condition which is constant in time because of the finiteness of energy, in contrast with the other more familiar conserved quantities (see Subsection 1.2.1) coming from the symmetries of the action functional.

Now, we turn on the particular case of static (i.e. t-independent) nonsingular finiteenergy solutions. They solve the equation

(52) −u^{′′} + sin u = 0 u : R → R

which can be interpreted as a conservative system (or, by a mechanical analogy, as the equation of motion for a unit-mass point particle). The ‘mechanical energy’

E_M = 1 2 � u^′

�_2 − V (u)

(in the analogy, kinetic energy plus potential energy) is constant with respect to x and must equal zero. Indeed u (±∞) ∈ 2πZ implies E_M = lim_{x→±∞} � u^′

�_2 /2, so E (u) < ∞ implies E_M = 0. Hence in the phase plane we get the zero-‘energy’ orbits, that is the solutions u for which

• ∀x ∈ R u^′ (x) = ±2 sin^{u(x)}_2

• ∃k ∈ Z ∀x ∈ R 2πk < u (x) < 2π (k + 1)

• u is monotone and either lim_{x→−∞} u (x) = 2kπ and lim_{x→+∞} u (x) = 2 (k + 1) π or lim_{x→−∞} u (x) = 2 (k + 1) π and lim_{x→+∞} u (x) = 2kπ.

This implies that Q (u) = ±1 for these solutions. Finally, upon integration, we obtain the identities

x − x_0 = ±

�_{u(x)}

u(x_0) du 2 sin (u/2)

= ± ln tan [u (x) /4] tan [u (x_0) /4]

∀x ∈ R.

Using again the invariance u → u+2πk, we impose u (x_0) = π and we get the explicit solutions

(53) u_K (x) = 4 arctan e^{x−x0} and u_A (x) = −4 arctan e^{x−x0} which are the so-called kink and antikink, respectively, and carry Q (u_K) = 1 and Q (u_A) = −1. Note that the translational invariance of (52) is reflected by the fact that a different choice of the arbitrary constant x_0 only brings the solution to shift in space. The energy density of both kink and antikink is given by the localized function

~E (x) = 16e^{2(x−x0)} � 1 + e^{2(x−x0)}

�_2

and hence they are static solitary waves (i.e. corresponding to v = 0 in (46)).

By the Lorentz invariance of (48), travelling solitary waves can be trivially obtained on Lorentz-transforming (53) and their energy density turns out to be

E (x, t) = γ^2 ~E (γ [x − vt])

which represents a single bump travelling undistorted with uniform velocity.

The kink and antikink also exhibit a soliton-like behaviour: there exist solutions of (47) representing the interaction of an arbitrary number of kinks and antikinks, which scatter, collide and rise out again essentially unhurt. For instance, the solution

(54) u_{KA} (x, t) = 4 arctan sinh (γ vt) v cosh (γ x)

as time evolves shows first a (0, −2π)-antikink and a (−2π, 0)-kink approaching each other, then their vanishing in the collision, and finally a (2π, 0)-antikink and a (0, 2π)- kink that re-emerge and go far from each other with the same velocities of the initial pair. Similarly, the configurations of the solutions

(55) u_{KK} (x, t) = 4 arctan v sinh (γ x) cosh (γ vt) and u_{AA} (x, t) = −u_{KK} (x, t)

describe the interaction, respectively, of two kinks (with indices (−2π, 0) and (0, 2π)) and two antikinks, which collide when t is around zero and are far apart at both negative and positive large t, with equal and opposite speeds. Note that Q (u_{KA}) = 0 and Q (u_{KK}) = 2 = −Q (u_{AA}). Note also that the kinks and antikinks involved in (54) and (55) suffer a vertical shift as a consequence of the collision; but, if we consider u ∈ S^1 (i.e. we see u as an angle, consistent with the translational symmetry of the equation) such a displacement becomes meaningless and thus we see exactly the same pair of solitary waves before and after the collision (to be precise, up to a time delay, which is the sole residual effect). The existence of more general solutions describing the interaction of an arbitrary number of kinks and antikinks has been proved in the 70’s (^‡) and is related to the fact that, through the I.S.T. method, all the time-dependent solutions of the equation (47) are known.

In 1963, attempting to find a model for extended elementary particles in contrast with point particles, U. Enz [47] was led to study an equation like (47). He proved

‡see [4] and the work of L.D. Faddeev and collaborators ([49] and references therein)

the existence of nonsingular time-independent solutions with energy density localized about a point on the x axis and, under a further request of stability, he found that the energy is bound to assume only certain discrete values, which can be seen as corresponding to the rest energies of elementary particles. Moving from this work, G.H. Derrick proposed, in a celebrated paper [43], the more realistic 3+1 dimensional model given by the nonlinear Klein-Gordon equation

(56) □ψ + W^′ (ψ) = 0 ψ : R^3 × R → C

which we have already described and discussed in Section 1.2.

Owing to the relativistic invariance of (56), moving waves can be trivially obtained from static solutions by boosting, i.e. turning to a moving coordinate frame by applying a Lorentz transformation. Thus, we are led to concern ourselves with finite-energy static solutions (of which solitary waves are a particular case): they are complex functions of the form

ψ (x, t) = u (x) where x = (x_1, x_2, x_3) ∈ R^3

with

(57) E (u) = � R^N � 1 2 |∇u|^2 + W (u) � dx < ∞

where N = 3, that solve the equation

−△u + W^′ (u) = 0

which is also the Euler-Lagrange equation of the energy functional (57).

In [43] Derrick showed that, if the potential W is nonnegative, any finite-energy static solution of (56) is necessarily trivial, namely it takes a constant value which is a minimum point of W . On the other hand, if the nonnegativity of W is not required, no stable finite-energy static solution is permitted to the equation (56). In fact, the following theorem holds.

THEOREM 2. Let N � 3. The energy functional (57) has no nontrivial local minima, i.e.

δ^2 E (u) � 0 with u nonconstant �⇒ δE (u) ≠ 0.

Moreover, if W � 0 then E does not have any nontrivial critical point at all, namely

δE (u) = 0 �⇒ u (x) ≡ u_0 with W (u_0) = 0.

Proof. Using Derrick’s simple rescaling argument, we set u_λ (x) := u (λx) and

E (u_λ) =^1_{2λN−2} � R^N

|∇u|^2 dx +^1_{λN}

�_N R W (u) dx =:^1_{2λN−2} I_1 +^1_{λN} I_2.

If δE (u) h = 0 for any variation h, we have in particular

(58)^d_{dλ} E (u_λ) � �_{λ=1} =^{2−N}_2 I_1 − N I_2 = 0

and therefore

d^2 dλ^2 E (uλ) � � �_{λ=1} =^{(2−N)(1−N)}_2 I1 + N (N + 1) I2 = (2 − N) I1.

Hence the second variation of E at any nonconstant critical point u is negative for a variation corresponding to a uniform stretching of u. Finally, if W � 0 then both I_1 and I_2 are nonnegative and from (58) we deduce I_1 = I_2 = 0.

REMARK 4. According to Enz’s results as well as to our previous discussion on the equation (47), the above argument is not applicable to the 1+1 dimensional case: if N = 1 we obtain E (u_λ) = λI_1/2 + I_2/λ yielding on differentiation I_1 = 2I_2, which gives no contraddiction.

So, even though no restriction is placed on the sign of W , we are forced to seek static solutions with lack of stability (^∗). In [43], these facts led Derrick to say:

“We are thus faced with the disconcerting fact that no equation of type” (56) “has any time-independent solutions which could reasonably be interpreted as elementary particles.”

At the end of his paper, the author proposed different ways to overcome this difficulty. These ways are briefly described in the following list.

1 We quote from [43]:

“We could take a Lagrangian in which the derivatives occur in higher powers than the second. For example, with the form” � |∇ψ|^2 − |ψ_t |^2

�_n “the nonexistence proof [...] fails for n > 32 . Such a Lagrangian, however, leads to a very complicated differential equation.”

In this spirit, a considerable amount of work has been done by V. Benci and collaborators (^†), and a model equation proposed in [20] will be the topic of the next Section 2.4.

2 Derrick also proposed to use the Dirac operator as linear part instead of the d’Alembert operator, so to obtain first order spinor equations. Unfortunately, for general nonlinearities

“the condition for stability [...] is now very complicated, and the author has been unable to prove or disprove the existence of stable time-independent solutions [...].”

∗see [27], [29] for seeking critical points and [6], [26], [80] for a discussion on stability †see [10], [11], [14], [15], [17] and [19]-[22]

Investigations on this approach can be found in the work of M.J. Esteban and E. Séré (see [48] and references therein).

3 Having in mind the existence results obtained by W. Heisenberg and some other authors, Derrick suggested to make a second quantization of the field equations by “replacing the wavefunction by an operator satisfying some postulated commutation relations” i.e., by considering u : R^3 → H where H is a proper operator space.

4 We quote again from [43]:

“Elementary particles might correspond to stable, localized solutions which are periodic in time, rather than time-independent. [...] However the condition for stability of solutions is now very complicated, and the author has been unable to demonstrate either the existence or nonexistence of stable solutions [...].”

This point of view has been widely developed by different authors (^‡). Here we summarize the basic steps of the strategy adopted under the assumption that W only depends on |ψ|, so that W^′ � e^{iθ} ψ � = e^{iθ} W^′ (ψ) for θ ∈ R and W^′ (u) ∈ R for u ∈ R (see Subsection 1.5.2).

• Make the following ansatz ψ (x, t) = u (x) e^{−iω0 t} , u : R^3 → R, ω_0 ∈ R namely look for solutions to (56) which are, by definition, standing (or stationary) waves.

• Solve the (elliptic) equation −△u − ω^2_0u + W^′ (u) = 0 derived by substitution.

• Use the (Lorentz) group invariance to obtain travelling wave solutions, e.g. v = (v, 0, 0) and ψ_v (x, t) = u (γ [x_1 − vt] , x_2, x_3) e^{i(k·x−ωt)} where k = ωv and ω = γ ω_0.

REMARK 5. The same strategy can be applied to the nonlinear Schrödinger equation

(59) iℏψ_t = − ℏ^2 2m △ψ + W^′ (ψ) ψ : R^3 × R → C

‡see e.g. [28], [29], [79], [30], [31], [77], [78], [69], [63]

(see [25], [13], [42] and also Section 2.5). Looking for standing waves, one has to solve the elliptic equation − ℏ^2 2m △u − ℏω_0u + W^′ (u) = 0.

Solutions travelling with vector velocity v are obtained by using the (Galilean) invariances of (59):

ψ_v (x, t) = u (x − vt) e^{i[k·x−(ω+ω0)t]} where k =^1_ℏ mv and ω =^1_ℏ^m_2 |v|^2.

2.4. Existence of static solutions

We introduce here an existence result for a 3+1 dimensional model generalizing the one suggested by Derrick in his first proposal.

A first existence result is stated in [20], which also gives a topological classification of static solutions by means of a topological invariant: the topological charge. In order to prove the existence of static solutions with nontrivial charge, a study of the behaviour of sequences of bounded energy is needed, in the spirit of the concentrationcompactness principle.

A further generalization is carried out in [14], which developes an existence analysis of the finite-energy static solutions in higher spatial dimension and for a larger class of Lorentz invariant Lagrangian densities, namely

(60) L_ψ = − 1 2 α (σ ) − V (ψ) with σ = |∇ψ|^2 − |ψ_t |^2

where ψ : R^{N+1} → R^k with N � 2 and k � 1, V : � → R with � an open subset of R^k and α (σ ) = aσ + b |σ |^{p2} with p > N, a � 0 and b > 0.

The results of [20] were concerned with the case N = 3, a = 1 and p = 6. If N = 3 and a = 0, (60) is equivalent to the Lagrangian proposed by Derrick. In this section, we will discuss the main results of [14], giving an outline of their proof.

The static solutions ψ (x, t) = u (x) of the Euler-Lagrange equations of the action functional related to L_ψ solve

(61) −a△u − b p 2 △_pu + V^′ (u) = 0

which are the Euler-Lagrange equations of the energy functional

(62) E (u) = � R^N � a 2 |∇u|^2 + b 2 |∇u|^p + V (u) � dx. Here △_pu denotes the vector whose j-th component is div � |∇u|^{p−2} ∇u^j � .

We set k = N + 1 and assume that V is positive on

� = R^{N+1}\ {η} with η = (1, 0, ..., 0)

and singular in η; more precisely, the following assumptions are made on V :

(V1) V ∈ C^1 (�; R)

(V2) V (ξ) � V (0) = 0 for every ξ ∈ �

(V3) V is twice differentiable in 0 and the Hessian matrix V^{′′} (0) is nondegenerate

(V4) there exist c, ρ > 0 such that |ξ| < ρ ⇒ V (η + ξ) � c |ξ|^{− pNp−N}

(V5) V (ξ) > 0 for every ξ ∈ �\ {0} and ν := lim inf_{|ξ|→∞}V (ξ) > 0.

The presence of △_p in (61) implies that the functions u on which the energy E is finite are continuous and decay to zero at infinity (see below); the presence of the singular term V^′ (u) implies that such maps u have to take values in R^{N+1}\ {η}, whose N-th homotopy group satisfies π_N � R^{N+1}\ {η} � ≃ Z. So, the nontrivial topological properties of � permit, as in the sine-Gordon equation, to give a topological classification of the static configurations; it is carried out by means of the topological charge, which depends only on the region where the function is concentrated, namely the support.

We are now able to give the statements of the two main existence theorems. In the first one, it is proved the existence of a static solution to the Euler-Lagrange equations related to the Lagrangian (60), which minimizes the energy among the configurations with nontrivial charge. In the second one, under some symmetry assumptions, it is proved the existence of infinitely many solutions, which are constrained minima of the energy.

THEOREM 3. Let a � 0, b > 0 and p > N � 2. If V satisfies (V1)-(V5) then there exists a weak solution of equation (61), which is a minimizer of the energy functional (62) in the class of those maps whose topological charge is different from zero.

REMARK 6. In the above theorem, assumption (V5) can be avoided if N � 3 and a > 0.

THEOREM 4. Let a, b > 0 and p > N � 2. If V satisfies (V1)-(V5) and

(V6) there exist c_1, ρ_1 > 0 and r > 1 such that

|ξ| � ρ_1 �⇒ � �V^′ (ξ) − V^{′′} (0) ξ � � � c_1 |ξ|^r

(V7) V � ξ^0, gξ̃ � = V � ξ^0, ξ̃ � for every ξ = � ξ^0, ξ̃ � ∈ R × R^N and g ∈ O (N)

then for every q ∈ N\ {0} there exists a weak solution u_q of equation (61) such that its topological charge equals q. Moreover

(63) lim_{q→∞} E � u_q � = +∞.

REMARK 7. The condition (V7) requires that V is invariant under spatial rotations and the solutions we find in Theorem 4 satisfy a spatial rotation invariance as well, namely

(64) ∀g ∈ O (N) u_q (x) = � u^0_q (gx) , g^{−1}ũ_q (gx) �

(see Subsection 2.4 below). On the other hand, it is not clear whether, under the addictional assumption (V7), the solution we find in Theorem 3 satisfies the symmetry property (64).

After making some considerations on the functional setting of the variational problem and giving the definition of the topological charge, we will trace an outline of the proof of the above theorems in Subsection 2.4.

2.4.1. Functional setting

Without loss of generality, we can take b = 1; so the energy functional becomes

E_a (u) = a 2 � R^N

|∇u|^2 dx + 1 2 � R^N

|∇u|^p dx + � R^N

V (u) dx (a � 0, p > N � 2)

and the natural space where to work is the completion W_a of C^∞_c � R^N ; R^{N+1} � with respect to the norm

(65) ‖u‖_a := a ‖∇u‖_L2 + ‖∇u‖_L p + ‖u‖_L2 .

By the Sobolev embedding theorems, since p > N, W_a is continuously embedded in L^∞ � R^N ; R^{N+1} � and every function u in W_a is Hölder continuous and decays to zero at infinity; indeed

(66) W_a → W^{1,p} � R^N ; R^{N+1} � → L^∞ � R^N ; R^{N+1} �

(67) W_a ⊂ C^{0,(p−N)/p} � R^N ; R^{N+1} �

(68) lim_{|x|→∞} |u (x)| = 0.

Thus, recalling that V is singular in η, it make sense to consider, in the space W_a, the open subset �_a := � u ∈ W_a | ∀x ∈ R^N u (x) ≠ η � on which the functional E_a turns out to be real-valued, coercive and weakly lower semicontinuous. Moreover, the link between the singularity estimate requested by the assumption (V4) and the Hölder exponent in (67) can be exploited to prove the following lemma.

LEMMA 2. If {u_n} ⊂ �_a is such that u_n ⇀ u ∈ W_a\�_a, then E_a (u_n) → +∞.

2.4.2. Topological charge

We start making some preliminary considerations which lead to the proper definition of the topological charge.

Every u ∈ �_a, being a continuous function such that u : R^N → R^{N+1}\ {η} and u (∞) = 0, determines a homotopy class

[u] ∈ π_N � R^{N+1}\ {η} �

and thus a topological integer index could be associated to u thanks to the isomorphism π_N � R^{N+1}\ {η} � ≃ Z. If we set

∀q ∈ Z�^q_a := {u ∈ �_a | [u] ≃ q}

we recover �_a = � q∈Z �^q_a and the natural idea is to minimize E_a on each �^q_a . Unfortunately, in this approach the following problems arise:

• �^q_a is not weakly closed

• the operator △_p is not weakly continuous and the concentration-compactness methods cannot be applied directly.

These difficulties can be overcome if we are able to ‘localize’ the charge, so that every bump has its own charge and the charge of any configuration equals the sum of the charge of its bumps.

In order to make this localization possible, the topological charge is defined by means of the Brower topological degree, as follows:

• for every u ∈ W_a, we write u = � u^0, ũ � : R^N → R × R^N

• the open set K (u) := � x ∈ R^N | u^0 (x) > 1 � is the support of u

• the integer ch (u) := deg (ũ, K (u) , 0) is the topological charge of u.

This definition is well-posed because (68) implies that K (u) is bounded and for every x ∈ ∂ K (u) we have ũ (x) ≠ 0, since u^0 (x) = 1 and u (x) ≠ η. Let us notice that if K (u) consists of m connected components K_j (u) we can define also

ch_j (u) := deg � ũ, K_j (u) , 0 � so that, by the additivity of the degree, we obtain

ch (u) = m� j=1 ch_j (u) and then the topological charge is localized.

Moreover, the continuity property of the degree with respect to the uniform norm and the continuity of the embeddings (66) assure that the topological charge is continuous on �_a with respect to the norm (65). Thus the open set �_a of W_a splits into sectors as follows: �_a = � q∈Z �^q_a

where the sets �^q_a := {u ∈ �_a | ch (u) = q} are open in W_a. 2.4.3. Existence of minimizers

In order to prove theorem 3, we will show the existence of a minimizer u of E_a in the open set �^∗_a := {u ∈ �_a | ch (u) ≠ 0} i.e.

(69) E_a (u) = E^∗_a := inf_{�∗a} E_a.

By the existence property of the degree, ch (u) ≠ 0 implies ‖u‖_∞ > 1; hence, E_a is positively bounded from below on �^∗_a (70) E^∗_a � �^∗_a as a consequence of the assertion (71) ∃�^∗_a > 0 ∀u ∈ �_a ‖u‖_∞ � 1 ⇒ E_a (u) � �^∗_a which immediately follows from the continuous embedding (66).

The key point of the proof is the following lemma.

PROPOSITION 1 (SPLITTING LEMMA). Let {u_n} ⊂ �^∗_a be such that E_a (u_n) � M.

There exist l ∈ N with (72) 1 � l � M/�^∗_a and u_1, ..., u_l ∈ �_a , � x^1_n � , ..., � x^l_n � ∈ R^N , R_1, ..., R_l > 0 such that, up to a subsequence,

(73) u_n � · + x^i_n � ⇀ u_i

(74) ‖u_i ‖_∞ � 1

(75) � � �x^i_n − x^jn � � � → ∞ for i ≠ j

(76) l� i=1 E_a (u_i ) � lim inf_{n→∞} E_a (u_n)

(77) ∀x ∈ R^N \

�_l

i=1 B_{Ri} � x^i_n � |u_n (x)| � 1.

Moreover

(78) ch (u_n) = l� i=1 ch (u_i ) and lim sup_{n→∞} � � � �u^n −

�_l i=1u_i � · − x^i_n � � �_∞ � 1.

The Splitting Lemma essentially says that every sequence {u_n} of finite energy and nonzero charge can be seen as the superposition of a finite number of diverging bumps u_i � · − x^i_n � and the charge of u_n is equal to the sum of the charge of these bumps.

Proposition 1 is proved in [20] by means of an iterative procedure, which uses the coercivity of E_a together with Lemma 2 to construct a family of functions satisfying (73)-(76) and terminates when even (77) is met; the process must end in a finite number of steps because of the estimate (72), which follows immediately from (74), (76) and (71). Finally, from (73)-(76), (78) is easily deduced.

Now, if {u_n} ⊂ �^∗_a is a minimizing sequence for the minimization problem (69), we can apply Proposition 1. Since ch (u_n) ≠ 0, from (78) we deduce that there exists i_0 ∈ {1, ..., l} such that ch � u_{i0} � ≠ 0, i.e. u_{i0} ∈ �^∗_a. Then, using (76), we obtain

E^∗_a � E_a � u_{i0} � � l� i=1 E_a (u_i ) � lim inf_{n→∞} E_a (u_n) = E^∗_a

and hence E_a � u_{i0} � = E^∗_a .

In order to sketch the proof of theorem 4, for sake of simplicity we can assume a = 1 and write E, W, ‖·‖ instead of E_1, W_1, ‖·‖_1.

Using assumption (V7), simple computations show that the open set � and the functional E are invariant under the O (N) action defined in the space W by

T_gu (x) = � u_0 (gx) , g^{−1}ũ (gx) � . The subspace of fixed points

X := � u ∈ W | ∀g ∈ O (N) T_gu = u � is closed in W and �_X := � ∩ X turns out to be a natural constraint in finding critical points of E; in particular, every local minimum of E_{|�X} is also a critical point of E and it is then sufficient to prove the existence of minimizers for the problems

E^q := inf_�q_X E with q ∈ N\ {0}

where �^q_X := {u ∈ �_X | ch (u) = q} = �^q ∩ X

is open in X and proves to be not empty.

The main step in the minimization is the deduction of the compactness property given by the following proposition.

PROPOSITION 2. The functional E_{|�X} satisfies the Palais-Smale condition, i.e. any sequence {u_n} ⊂ �_X such that

E (u_n) is bounded and sup_{v∈X,‖v‖=1} � E^′ (u_n) , v � → 0 contains a convergent subsequence.

From Lemma 2 together with the weak lower semicontinuity of E, it easily follows that the sublevels of E

E^c = {u ∈ �_X | E (u) � c} for c ∈ R

are complete and then, recalling (70), we can use standard minimax arguments to conclude that E^q is attained in �^q_X .

Finally, assertion (63) follows from the Splitting Lemma, by contradiction. Indeed, assuming that, up to a subsequence, E � u_q � is bounded, (78) implies that there exists Q ∈ N such that (up to a subsequence) ch � u_q � = Q, and this contradicts ch � u_q � = q → +∞.

2.5. Some other problems concerned with solitary waves

The results of Section 2.4 bear further developements. In this section we give a nonexhaustive list of some problems concerning solitary waves and brielfy outline the way in which they can be treated exploiting topological solitary waves.

2.5.1. Interaction of solitary waves with the electromagnetic field

Consider the model given by the Lagrangian (60) with N = 3: as we have seen in Section 2.4, it admits static solutions u : R^3 → R^4 which are classified by means of the topological charge. If we consider travelling waves

ψ_v (x, t) = u

�_x

1−vt

√_{1−v2} , x_2, x_3 � , v = (v, 0, 0) , |v| < 1 then the fact that the topological charge is a homotopic invariant implies that the function t → ch (ψ_v (·, t)) is constant, i.e. ψ_v (·, t) does not change sector in �_a as t varies; in other words, ch (ψ_v (·, t)) is a topological invariant which can be considered an integral of the motion and interpreted as the electric charge (see [16]). It is then natural to analyze the interaction between the travelling topological solitary wave ψ_v and the electromagnetic field (E, B) and to try to construct a Lorentz invariant model for the electromagnetic theory, namely a model describing particle-like matter interacting with the electromagnetic field through deterministic differential equations defined in a Newtonian space-time (see also Section 1.4).

This program has been carried out in [19], where a model for the interaction is constructed by using only concepts of classical field theory and the existence of static solutions (u, A, φ) with nontrivial charge (ch (u) ≠ 0) to the related system of equations (whose unknowns are the matter field ψ and the gauge potentials (A, φ) associated to the electromagnetic field) is proved. Let us point out that these solutions give rise to solutions (u_v, A_v, φ_v) travelling with velocity v = (v, 0, 0) by

ψ_v (x, t) = u (γ [x_1 − vt] , x_2, x_3)

A^1_v (x, t) = γ � A^1 (γ [x_1 − vt] , x_2, x_3) − vφ (γ [x_1 − vt] , x_2, x_3) � A^2_v (x, t) = A^2 (γ [x_1 − vt] , x_2, x_3)

A^3_v (x, t) = A^3 (γ [x_1 − vt] , x_2, x_3)

φ_v (x, t) = γ � φ (γ [x_1 − vt] , x_2, x_3) − v A^1 (γ [x_1 − vt] , x_2, x_3) �

where ψ_v can be seen as a travelling solitary wave ‘surrounded’ by the electromagnetic field (A_v, φ_v).

2.5.2. Solitary waves and nonlinear Schrödinger equations

The results of Section 2.4, can also be applied to the problem of finding standing waves ψ (x, t) = u (x) e^{−iω0 t} of the nonlinear Schrödinger equation (we set ℏ = 2m = 1 for sake of simplicity)

(79) iψ_t = −△ψ + U (x) ψ + ε^r Nψ ψ : R^N × R → C^N

where N is a proper nonlinear differential operator, U a real function, ε a positive parameter and r ∈ N. In particular, using the same notations of Section 2.4, we consider the operator Nu = −△_pu + V^′ (u)

which can be extended to complex functions in such a way that N � ue^{−iω0t} � = e^{−iω0 t} Nu. Hence, the standing waves of equation (79) are the solutions of the equation

(80) −△u − ω_0u + U (x) u + ε^r � −△_pu + V^′ (u) � = 0.

If U (x) ≡ U_0, choosing ω_0 = U_0 equation (80) reduces to (61) (with a = 1 and b = 2ε^r / p) and the solutions u_q found in theorem 4 allow us to construct the family of standing waves ψ_q (x, t) = u_q (x) e^{−iV0t} , q ∈ N\ {0} which, by using the (Galileian) invariances of (79), give rise to the travelling solitary wave solutions

ψ_{q,k} (x, t) = u_q (x − 2kt) e^{−i(k·x−ωt)}, q ∈ N\ {0}

where k = v/2 and ω = U_0 + |k|^2. In [1] and [12], the properties of these solutions are studied and their orbiltal stability is proved (for suitable values of k).

In the case of U (x) nonconstant, the standing waves of (79) are determined by the solutions of the nonlinear eigenvalue problem

−△u + U (x) u + +ε^r � −△_pu + V^′ (u) � = μu

which (with r > p − N) has been studied in a perturbative setting in [23] and [24], on R^N and in a bounded domain respectively (the latter is the case of the so-called solitary waves in a box).

2.5.3. Semiclassical limit

One of the basic principles in quantum mechanics is the correspondence principle. According to this principle, the quantum mechanics contains the classical mechanics as limit for h̄ → 0 (see [64]). Let us see how this limit can be formally performed. Considering the Schrödinger equation

(81) ih̄ψ_t = −^{h̄2}_{2m} △ψ + V (x) ψ ψ : R^N × R → C

we can write

ψ (x, t) = u (x, t) e^{i S(x,t)h̄} , x = (x_1, ..., x_N ) , u, S ∈ R, u > 0

so that equation (81) takes the form

(82) S_t +^1_{2m} |∇ S|^2 + V (x) −^{h̄2}_{2m} △u u = 0

(83) m ∂ ∂t u^2 + ∇u^2 · ∇ S + u^2△S = 0.

Now we assume that

• h̄ → 0 • � |ψ|^2 dx = � u^2dx = 1

• the probabilty density u^2 concentrates around a point q (t), namely u (x, t) = v (x − q (t)) and v^2 (x − q (t)) → δ (x − q (t)).

Thus, from (83) we get −m∇v^2 · q̇ + ∇v^2 · ∇ S + v^2△S = 0 and, upon multiplying for a test function ϕ and integrating by parts, 0 = � v^2 (mq̇ − ∇ S) · ∇ϕ dx → (mq̇ − ∇ S (q, t)) · ∇ϕ (q) .

Hence, with the above assumptions, equations (82) and (83) formally become S_t +^1_{2m} |∇ S|^2 + V (x) = 0 mq̇ − ∇ S (q, t) = 0 which are the Hamilton-Jacobi formulation of the Newton equation mq̈ + ∇V (q) = 0.

However, this formal deduction cannot in general be performed rigorously. One of the main difficulties is related to the fact that equation (81) is dispersive and a wave packet spreads in a short time. For this reason it is interesting to consider the semiclassical limit for nonlinear Schrödinger equations, in which the nonlinear terms compensate the dispersive nature of equation (81) and solitary wave solutions appear.

Pushing further the methods discussed in Section 2.4, this kind of study has been developed in [8], [9] and [39], [40], [41].

References

[1] ABBONDANDOLO A. AND BENCI V., Solitary waves and Bohmian mechanics, Proc. Nat. Acad. Sci.

U.S.A., to appear.

[2] ABLOWITZ M.J., BEALS R. AND TENENBLAT K., On the solutions of the generalized wave and generalized Sine-Gordon equations, Stud. Appl. Math. 74 (1986), 177–203.

[3] ABLOWITZ M.J. AND CLARKSON P.A., Solitons, nonlinear evolution equations and inverse scattering, Cambridge University Press, 1991.

[4] ABLOWITZ M.J., KAUP D.J., NEWELL A.C. AND SEGUR H., Method for solving the Sine-Gordon equation, Phys. Rev. Lett. 30 (1973), 1262–1264.

[5] ABLOWITZ M.J. AND SEGUR H., Solitons and the inverse scattering transform, SIAM, Philadelphia 1981.

[6] ANDERSON D. AND DERRICK G., Stability of time dependent particle like solutions in nonlinear field theories, J. Math. Phys. 11 (1970), 1336–1346.

[7] BÄCKLUND A.V., Concerning surfaces with constant negative curvature, (trans. by Coddington E.M.)

New Ear, Lancaster, PA 1905.

[8] BADIALE M., BENCI V. AND D’APRILE T., Existence, multiplicity and concentration of bound states for a quasilinear elliptic field equation, Calc. Var. Partial Diff. Eq. 12 (2001), 223–258.

Solitary waves 151

[9] BADIALE M., BENCI V. AND D’APRILE T., Semiclassical limit for a quasilinear elliptic field equation: one-peak and multipeak solutions, Adv. Diff. Eq. 6 (2001), 385–418.

[10] BENCI V., Quantum phenomena in a classical model, Found. Phys. 29 (1999), 1–29. [11] BENCI V., Solitons and the pilot wave theory, Conf. Semin. Mat. Univ. Bari 272 (1999), ii+23. [12] BENCI V., Solitons and Bohmian mechanics, Discrete Contin. Dyn. Syst. 8 (2002), 303–317. [13] BENCI V. AND D’APRILE T., The semiclassical limit of the nonlinear Schrödinger equation in a radial potential, J. Diff. Eq. 184 (2002), 109–138.

[14] BENCI V., D’AVENIA P., FORTUNATO D. AND PISANI L., Solitons in several space dimensions:

Derrick’s problem and infinitely many solutions, Arch. Ration. Mech. Anal. 154 (2000), 297–324. [15] BENCI V. AND FORTUNATO D., Existence of string-like solitons, Ricerche Mat. 48 (1999), 399–406. [16] BENCI V. AND FORTUNATO D., Solitons and relativistic dynamics, in: “Calculus of variations and partial differential equations, Pisa 1996” (Ed. Ambrosio L.), Springer, Berlin 2000.

[17] BENCI V. AND FORTUNATO D., Solitary waves of the nonlinear Klein-Gordon equation coupled with the Maxwell equations, Rev. Math. Phys. 14 (2002), 409–420.

[18] BENCI V. AND FORTUNATO D., Some remarks on the semilinear wave equation, preprint. [19] BENCI V., FORTUNATO D., MASIELLO A. AND PISANI L., Solitons and the electromagnetic field, Math. Z. 232 (1999), 73–102.

[20] BENCI V., FORTUNATO D. AND PISANI L., Soliton like solutions of a Lorentz invariant equation in dimension 3, Rev. Math. Phys. 6 (1998), 315–344.

[21] BENCI V., FORTUNATO D. AND PISANI L., Stability properties for solitary waves in 3 space dimensions, Rend. Sem. Mat. Fis. Milano 66 (1996), 333–354.

[22] BENCI V., FORTUNATO D. AND PISANI L., Remarks on topological solitons, Topol. Methods Nonlinear Anal. 7 (1996), 349–367.

[23] BENCI V., MICHELETTI A.M. AND VISETTI D., An eigenvalue problem for a quasilinear elliptic field equation on Rn, Topol. Methods Nonlinear Anal. 17 (2001), 191–211.

[24] BENCI V., MICHELETTI A.M. AND VISETTI D., An eigenvalue problem for a quasilinear elliptic field equation, J. Diff. Eq. 184 (2002), 299–320.

[25] BENCI V. AND VISCIGLIA N., Solitary waves with nonvanishing angular momentum, Adv. Nonlinear Stud. 3 (2003), 151–160.

[26] BERESTYCKI H. AND CAZENAVE T., Instabilitè des etats stationnaires dans des equations de Schrödinger et de Klein-Gordon, C.R. Acad. Sci. Paris, série I 293 (1981), 488–492.

[27] BERESTYCKI H. AND LIONS P.L., Existence d’ondes solitaires dans des problems non linéaires du type Klein-Gordon, C.R. Acad. Sci. Paris, série A 287 (1978), 503–506 and 288 (1979), 395–398.

[28] BERESTYCKI H. AND LIONS P.L., Existence of a ground state in non-linear equations of the Klein- Gordon type, in: “Variational inequalities and complementarity problems” (Cottle R.W., Giannessi F., Lions J.L. ed.), John Wiley & Sons, Chichester, New york, Brisbane, Toronto 1980.

[29] BERESTYCKI H. AND LIONS P.L., Nonlinear scalar field equations, I - II, Arch. Ration. Mech. Anal.

82 (1983), 313–345 and 347–375.

[30] BERGER M.S., Stationary states for a nonlinear wave equation, J. Math. Phys. 11 (1970), 2906–2912. [31] BERGER M.S., On the existence and structure of stationary states for a nonlinear Klein-Gordon equation, J. Funct. Analysis 9 (1972), 249–261.

[32] BIANCHI L., Lezioni di geometria differenziale, Vol. 1, Enrico Spoerri, Pisa 1922. [33] BOUSSINESQ J., Théorie de l’intumescence appelée onde solitaire ou de translation se propageant dans un canal rectangulaire, C.R. Acad. Sci. Paris 72 (1871), 755–759.

[34] BURGERS J.M., A mathematical model illustrating the theory of turbulence, Adv. Appl. Mech. 1 (1948), 171–199.

152 M. Badiale - V. Benci - S. Rolando

[35] CAZENAVE T. AND LIONS P.L., Orbital stability of standing waves for some nonlinear Schrödinger equations, Comm. Math. Phys. 85 (1982), 549–561.

[36] COLE J.D., On a quasi-linear parabolic equation occurring in aerodynamics, Quart. Appl. Math. 9 (1951), 225–236.

[37] COLEMAN S., Quantum sine-Gordon equation as the massive Thirring model, Phys. Rev. 11 (1975), 2088–2097.

[38] COLEMAN S., Classical lumps and their quantum descendants, in: “New Phenomena in Sub-Nuclear Physics” (Ed. Zichichi A.), Plenum Press, New York 1977.

[39] D’APRILE T., Some Results on a Nonlinear Elliptic Field Equation Involving the p-Laplacian, Nonlinear Anal. 47 (2001), 5979–5989.

[40] D’APRILE T., Existence and concentration of local mountain-passes for a nonlinear elliptic field equation in the semiclassical limit, Topol. Methods Nonlinear Anal. 17 (2001), 239–275.

[41] D’APRILE T., Behaviour of symmetric solutions for a nonlinear elliptic field equation in the semiclassical limit: concentration around a circle, Electron. J. Differential Equations 2000 (2000), 1–40.

[42] D’AVENIA P., Non-radially symmetric solutions of nonlinear Schrödinger equation coupled with Maxwell equations, Adv. Nonlinear Studies 2 (2002), 177–192.

[43] DERRICK G.H., Comments on nonlinear wave equations as models for elementary particles, J. Math.

Phys. 5 (1964), 1252–1254.

[44] DODD R.K.,EILBECK J.C., GIBBON J.D. AND MORRIS H.C., Solitons and nonlinear wave equations, Academic Press, London, New York 1982.

[45] DRAZINP.G., Solitons, Cambridge University Press, 1983.

[46] EKELAND I., Le Meilleur des mondes possibles. Mathématiques et destinée, Éditions du Seuil, Paris 2000.

[47] ENZ U., Discrete mass, elementary lenght, and a topological invariant as a consequence of a relativistic invariant variational principle, Phys. Rev. 131 (1963), 1392–1394.

[48] ESTEBAN M.J. AND SÉRÉE., An overview on linear and nonlinear Dirac equations, Discrete Contin.

Dyn. Syst. 8 (2002), 381–397.

[49] FADDEEV L.D. AND KOREPIN V.E., Quantum theory of solitons, Phys. Rep. 42 (1978), 1–87. [50] FELSAGER B., Geometry, particle and fields, Odense University Press, 1981. [51] FLASCHKA H. AND NEWELL A.C., Integrable systems of nonlinear evolution equations, in: “Dynamical Systems, Theory and Applications” (Moser J. ed.), Lect. Notes Phys. 38, Springer-Verlag, Berlin, Heidelberg, New York 1975.

[52] FORTUNATO D., ORSINA L. AND PISANI L., Born-Infeld type equations for electrostatic fields, J.

Math. Phys. 43 (2002), 5698–5706.

[53] FRENKEL J. AND KONTOROVA T., On the theory of plastic deformation and twinning, Fiz. Zhurnal 1 (1939), 137–149.

[54] GARDNER C.S. AND MORIKAWA G.K., Similarity in the asymptotic behaviour of collision free hydrodynamic waves and water waves, Courant Inst. Math. Sci. Res. Rep. NYO-9082, New York University, New York 1960.

[55] GELFAND I.M. AND FOMIN S.V., Calculus of variations, Prentice-Hall, Englewood Cliffs, New Jersey 1963.

[56] GIAQUINTA M., HILDEBRANDT S., Calculus of variations I - The Lagrangian formalism, Springer- Verlag, Berlin, Heidelberg 1996.

[57] GIBBON J.D., A survey of the origins and physical importance of soliton equations, Phil. Trans. Roy.

Soc. London A 315 (1985), 335–365.

[58] GORDON W., Der Comptoneffekt der Schrödingerschen Theorie, Zeit. für Phys. 40 (1926), 117–133.

Solitary waves 153

[59] HOPF E., The partial differential equation ut + uux = μuxx , Comm. Pure Appl. Math. 3 (1950), 201–230.

[60] KLEIN O., Elektrodynamik und Wellenmechanik vom Standpunkt des Korrespondenzprinzips”, Zeit.

für Phys. 41 (1927), 407–442.

[61] KORTEWEG D.J. AND DE VRIES G., On the change of form of long waves advancing in a rectangular canal, and on a new type of long stationary waves, Philos. Mag. Ser.5 39 (1895), 422–443.

[62] KUZIN I. AND POHOŽAEV S., Entire solutions of semilinear elliptic equations, PNLDE 33, Birkhäuser, Basel 1997.

[63] KWONG M.K., Uniqueness of positive solutions of △u −u +u p = 0 in Rn , Arch. Ration. Mech. Anal.

105 (1989), 243–266.

[64] LANDAU L.D., Mécanique quantique, Mir, Moscou 1974.

[65] LANDAU L.D. AND LIFSHITZ E.M., Fluid mechanics, Pergamon, London 1959. [66] LEIBOVICH S. AND SEEBASS A.R., Nonlinear waves, Cornell Univ. Press, Ithaca, New York 1974. [67] LICK W., Wave propagation, in: “Handbook of Applied Mathematics” (Pearson C. ed.), Van Nostrand- Reinhold, Princeton, New Jersey 1974.

[68] LIGHTHILL J., Waves in fluids, Cambridge University Press, 1978.

[69] LIONS P.L., Solutions complexes d’équations elliptiques semilinéaires dans RN , C.R. Acad. Sci. Paris Série I 302 (1986), 673–676.

[70] MIURA R.M., GARDNER C.S. AND KRUSKAL M.D., Korteweg-de Vries equations and generalizations. Existence of conservation laws and constants of motion, J. Math. Phys. 9 (1968), 1204–1209.

[71] PERRING J.K. AND SKYRME T.H.R., A model unified field equation, Nuclear Phys. 31 (1962), 550– 555.

[72] RAJARAMAN R., Solitons and instantons, North-Holland Physics Publishing, Amsterdam, Oxford, New York, Tokyo 1987.

[73] LORD RAYLEIGH, On waves, Philos. Mag. Ser. 5 1 (1876), 257–279. [74] RUBINSTEIN J., Sine-Gordon equation, J. Math. Phys. 11 (1970), 258–266. [75] SCOTT RUSSELL J., Report on waves, Report of the 14th Meeting of the British Association for the Advancement of Science, John Murray, London 1844, 311–390.

[76] SCOTT A.C., CHIU F.Y.F. AND MCLAUGHLIN D.W., The soliton - a new concept in applied science, Proc. I.E.E.E. 61 (1973), 1443–1483.

[77] SHATAH J., Stable standing waves of Nonlinear Klein-Gordon equations, Comm. Math. Phys. 91 (1983), 313–327.

[78] SHATAH J., Unstable ground state of nonlinear Klein-Gordon equations, Trans. Amer. Math. Soc. 290 (1985), 701–710.

[79] STRAUSS W.A., Existence of solitary waves in higher dimensions, Comm. Math. Phys. 55 (1977), 149–172.

[80] STRAUSS W.A., Stable and unstable states of nonlinear wave equations, Contemporary Math. 17 (1983), 429–441.

[81] TERNG C.L., A higher dimensional generalisation of the Sine-Gordon equation and its soliton theory”, Ann. Math. 111 (1980), 491–510.

[82] WHITHAM G.B., Linear and nonlinear waves, John Wiley & Sons, New York 1974. [83] ZABUSKY N.J. AND KRUSKAL M.D., Interaction of solitons in a collisionless plasma and the recurrence of initial states, Phys. Rev. Lett. 15 (1965), 240–243.

[84] ZAKHAROV V.E. AND MANAKOV S.V., On the complete integrability of the nonlinear Schrödinger equation, Theo. Math. Phys. 19 (1974), 551–559.

154 M. Badiale - V. Benci - S. Rolando

AMS Subject Classification: 35J60, 35Q57.

Vieri BENCI, Dipartimento di Matematica Applicata “U. Dini”, Università di Pisa, via Bonanno 25/b, 56126 Pisa, ITALIA and Centro Interdisciplinare per lo Studio dei Sistemi Complessi (CISSC) e-mail: benci@dma.unipi.it

Marino BADIALE, Sergio ROLANDO, Dipartimento di Matematica, Università di Torino, via Carlo Alberto 10, 10123 Torino, ITALIA e-mail: marino.badiale@unito.it e-mail: rolando@dm.unito.it

Lavoro pervenuto in redazione il 10.12.2003.